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Abstract

In this paper, closed-form expressions for the variation of the expectation of a given function due
to changes in the probability measure (probability distribution drifts) are presented. They unveil
interesting connections with Gibbs probability measures, mutual information, and lautum information.
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1. Introduction
Let m be a positive integer and denote by A(R™) the set of all probability measures on the mea-

surable space (R", Z(R™)), with Z(R™) being the Borel o-algebra on R". Given a Borel measurable
function i : R” x R™ — R, consider the functional

{Gh tR" X A(R™) x A(R™) — R 1)

(x, Py, Py) — [ h(x,y)dPi(y) — [ h(x,y)dP2(y),

which quantifies the variation of the expectation of the measurable function & due to changing the
probability measure from P, to P;. These variations are often referred to as probability distribution
drifts, in some application areas, see for instance [1,2] and [3]. The functional G, is defined when both
integrals exist and are finite.

In order to define the expectation of G, (x, P;, P,) when x is obtained by sampling a probability
measure in A(R"), the structure formalized below is required.

Definition 1. A family Py x = (Py|x=x)xemrn of elements of A(R™) indexed by R" is said to be a conditional
probability measure if, for all sets A € Z8(R™), the map

{IR" —[0,1]
X— PY\X:x(-A)

is Borel measurable. The set of all such conditional probability measures is denoted by /\(R™|R").

In this setting, consider the functional

. {A(IR’"HR”) x A(R™|R") x A(R") — R
I/

1 2 (1 2) . )
(Pl(/‘;(’ Pi(qg(' PX) — J Gy (x' PYIg(:x’ Pl(/\X:x)dPX(x)
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This quantity can be interpreted as the variation of the integral (expectation) of the function & when

the probability measure changes from the joint probability measure P. 1 Px to another joint probability

Y|X
measure Pl(/‘ ;PX, both in A(R"™ x R"). This follows from (2) by observing that
Gh( }(,&,Pf('g(,Px /h x,y)d Y\XPX v, x /h x,y)d Y‘XPX(y,x). (3)

Special attention is given to the quantity Gy, (Py, Pyx, PX> , for some Py|x € A(R™|R"), with Py
being the marginal of the joint probability measure Py|y - Px. That is, for all sets A € Z(R™),

Py(A) = /PY|X:x(A)dPx(x)- 4)

Its relevance stems from the fact that it captures the variation of the expectation of the function h
when the probability measure changes from the joint probability measure Py xPx to the product of its
marginals Py Px. That is,

6 (P P i) = [ [ 1) aPy(v) = [ )Py xcsty) )P ®
= [ 1 )dPyPx(y,x) — [ h(x,y)dPyxPx(y, ). 6)

1.1. Novelty and Contributions

This work makes two key contributions: First, it provides a closed-form expression for the
variation Gy (x, P;, P;) in (1) for a fixed x € R" and two arbitrary probability measures P; and P,

formulated explicitly in terms of relative entropies. Second, it derives a closed-form expression for

p(1) p2

the expected variation Gy, ( yixs Dy|xs

PX) in (2), again in terms of information measures, for arbitrary

conditional probability measures Pl(/‘ %(, P)(legg, and an arbitrary probability measure Py.

A further contribution of this work is the derivation of specific closed-form expressions for
Gy, (Py, Pyl X PX> in (6), which reveal deep connections with both mutual information [4,5] and lautum
information [6]. Notably, when Py |y is a Gibbs conditional probability measure, this variation simplifies
(up to a constant factor) to the sum of the mutual and lautum information induced by the joint
distribution Py|x Px.

Although these results were originally discovered in the analysis of generalization error of
machine learning algorithms, see for instance [7-11], where the function / in (1) was assumed to
represent an empirical risk, this paper presents such results in a comprehensive and general setting
that is no longer tied to such assumptions. Also, strong connections with information projections and
Pythagorean identities [12,13] are discussed. This new general presentation not only unifies previously
scattered insights but also makes the results applicable across a broad range of domains in which
changes in the expectation due to variations of the underlying probability measures are relevant.

1.2. Applications

The study of the variation of the integral (expectation) of & (for some fixed x € R") due to a
measure change from P, to Py, i.e., the value Gy (x, P;, P») in (1), plays a central role in the definition of
integral probability metrics (IPMs)[14,15]. Using the notation in (1), an IPM results from the optimization
problem

sup|Gy,(x, Py, P2)l, 7)
heH

for some fixed x € R" and a particular class of functions . Note for instance that the maximum mean
discrepancy is an IPM [16], as well as the Wasserstein distance of order one [17-20].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Other areas of mathematics in which the variation Gj,(x, P, P,) in (1) plays a key role is distri-
butionally robust optimization (DRO) [21,22] and optimization with relative entropy regularization
[8,9]. In these areas, the variation G, (x, Py, P,) is a central tool. See for instance, [7,23]. Variations
of the form Gy (x, P;, P») in (1) have also been studied in [10] and [11] in the particular case of sta-
tistical machine learning for the analysis of generalization error. The central observation is that the
generalization error of machine learning algorithms can be written in the form Gy, (Py, Py| X PX) in (6).
This observation is the main building block of the method of gaps introduced in [11], which leads to a
number of closed-form expressions for the generalization error involving mutual information, lautum
information, among other information measures.

2. Preliminaries

The main results presented in this work involve Gibbs conditional probability measures. Such
measures are parametrized by a Borel measurable function / : R" x R™ — R; a o-finite measure Q
on R"™; and a vector x € R". Note that the variable x will remain inactive until Section 4. Although it
is introduced now for consistency, it could be removed altogether from all results presented in this
section and Section 3.

Consider the following function:

JR—R
KhQx - { t — log( [ exp(th(x,y))dQ(y)). o

Under the assumption that Q is a probability measure, the function Kj, g , in (8) is the cumulant
generating function of the random variable h(x,Y), for some fixed x € R"” and Y ~ Q. Using this
notation, the definition of the Gibbs conditional probability measure is presented hereunder.

Definition 2 (Gibbs Conditional Probability Measure). Given a Borel measurable function h : R" x R™ —
R; a o-finite measure Q on R™; and a A € R, the probability measure Pl(/lf;(Q’/\) € A(R™|R™) is said to be
an (h, Q, A)-Gibbs conditional probability measure if

Vx € X, Kyor(—A) < Fo0; 9)

for some set X C R"; and for all (x,y) € X x supp Q,

(hQA)
dPY\X:x

dQ
where the function Ky, g , is defined in (8); supp Q stands for the support of the o-finite measure Q; and the

(h, Q)
PyixZx P(h/Q,/\)
Y| X=x

function —35= is the Radon-Nikodym derivative [24,25] of the probability measure

(y) = exp(=Ah(x,y) — Ky (—A7)), (10)

with respect to Q.

Note that, while P(h’Q’A) is an (h,Q,A)-Gibbs conditional probability measure, the measure

Y|X
Pl(/;‘l;(Q:’);C), obtained by conditioning it upon a given vector x € X, is referred to as an (1, Q, A)-Gibbs

probability measure.

The condition in (9) is easily met under certain assumptions. For instance, if & is a non-
negative function and Q is a finite measure, then it holds for all A € (0,+). Let Ag(R™) £
{P € A(R™) : P < Q}, with P <« Q standing for “P absolutely continuous with respect to Q”. The

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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relevance of (h, Q, A)-Gibbs probability measures relies on the fact that under some conditions, they
are the unique solutions to problems of the form,

PeZan]Rm /h x,y)dP(y) + — D(P||Q) and (11)
pomax, [P + 1 DEIQ), 12)

where A € R\ {0}, x € R, and D(P||Q) denotes the relative entropy (or KL divergence) of P with
respect to Q.

Definition 3 (Relative Entropy). Given two o-finite measures P and Q on the same measurable space, such
that P is absolutely continuous with respect to Q, the relative entropy of P with respect to Q is

D(PIQ) = [ G50 ios( G5 ) dt) 13

where the functzon is the Radon-Nikodym derivative of P with respect to Q.

The connection between the optimization problems (11) and (12) and the Gibbs probability
measure Pl(/‘ )? M in (10) has been pointed out by several authors. See for instance, [8, Theorem 3] and
[26-35] for the former; and [10, Theorem 1] together with [36-38] for the latter. In these references a
variety of assumptions and proof techniques have been used to prove such connections. A general and

unified statement of these observations is presented hereunder.

Lemma 1. Assume that the optimization problem in (11) (respectively, in (12)) admits a solution. Then,

if A > 0 (respectively, if A < 0), the probability measure P)((| )? in (10) is the unique solution.

Proof: For the case in which A > 0, the proof follows the same approach as the proof of [8, Theorem 3].

Alternatively, for the case in which A < 0, the proof follows along the lines of the proof of [10,

Theorem 1]. [ |
The following lemma highlights a key property of (h, Q, A)-Gibbs probability measures.

Lemma 2. Given an (h, Q, A)-Gibbs probability measure, denoted by PN with x € R,

Y[X=x"
1 (hQ.A)
1 Kng(~1)= [ (xy)aQ() - 1D (P (14
1,QA) h,Q,
:/h %, y) PN (y) + XD(P%? VIQ); (15)
moreover, if A > 0,
—lK (=A)=_min /h(x )dP(y) + 1D(P||Q) (16)
A QX " PelAg(Rm) NEITR
alternatively, if A <0,
1 1
~yKhox(—A)=, max [ nx,pdPy) + 1 D(PIQ), (17)

where the function Ky, g , is defined in (8).

Proof: The proof of (15) follows from taking the logarithm of both sides of (10) and integrating with

respect to PU"2Y - As for the proof of (14), it follows by noticing that for all (x,y) € R" x supp Q, the
P Y| X=x P y g y pp

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(hQA)
PY‘X*X

Radon-Nikodym derivative —g5- (y) in (10) is strictly positive. Thus, from [39, Theorem 5], it holds

p(1QN) 1
that %(y) = gé:" (y) . Hence, taking the negative logarithm of both sides of (10) and
Y[X=x
integrating with respect to Q leads to (14). Finally, the equalities in (16) and (17) follow from Lemma 1
and (15). ]

Lemma 2, at least equalities (15), (16), and (17), can be seen as an immediate restatement of

Donsker-Varadhan variational representation of the relative entropy [40]. Alternative interesting
proofs for (14) have been presented by several authors including [10, Lemma 3] and [35, Lemma 2.2].
A proof for (15) appears in [29, Lemma 3] in the specific case of A > 0.

The following lemma introduces the main building block of this work, which is a characterization
(h,QA)
PyixZs
ie., Gy (x p, Pyll)? )ch)) . Such a result appeared for the first time in [7, Theorem 1] for the case in which
A > 0; and in [10, Theorem 6] for the case in which A < 0, in different contexts of statistical machine

of the variation from the probability measure in (10) to an arbitrary measure P € Ag(R™),

learning. A general and unified statement of such results is presented hereunder.

Lemma 3. Consider an (h, Q, A)-Gibbs probability measure, denoted by Pl(/]r)? /;) e AR™), with A # 0
and x € R. Forall P € Ag(R™),

Gi(x, P, P )= (D (PIPLRY) + D(P2V1Q) - D(PIQ)). (18)

Proof: The proof follows along the lines of the proofs of [7, Theorem 1] for the case in which A > 0; and
in [10, Theorem 6] for the case in which A < 0. A unified proof is presented hereunder by noticing that
forall P € Ag(R™),

(h,Q, /\ dpP
D(PIFY) = [ 08| — (y)) dP(y) (19)
Y| X=x
- dQ dp
= [1o8| —m W gp )) dP(y) 0)
Y| X=x
dQ
~ 10| G55 ) | dP() + D(PQ) el
dP.
Y| X=x
=7 [ h(x,y)dP(y) + Ky, 0.x(~A) + D(PI|Q) 22)
h,QA h,Q,A)
=Gy (x, P, P2} = D(P(2V1Q) + D(P(Q), (23)
where (20) follows from [39, Theorem 4]; (22) follows from [39, Theorem 5] and (10); and (23) follows
from (15). [ ]
It is interesting to highlight that G, (x p, P}(,T}? x)) in (18) characterizes the variation of the ex-

pectation of the function h(x,-) : R” — R, when A > 0 (resp. A < 0) and the probability measure
changes from the solution to the optimization problem (11) (resp. (12)) to an alternative measure P.
This result takes another perspective if it is seen in the context of information projections [13]. Let Q be
a probability measure and S € Ag(R"™) be a convex set. From [13, Theorem 1], it holds that for all
measures P € S,

D(P||Q) = D(P||P*) + D(P*||Q), (24)
where, P* satifies

p* in D(P||Q). 25
€ argmin D(P[Q) (25)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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In the particular case in which the set S in (24) satisfies

sé{p € No(R™) : /h(x,y)dP(y) - c}, (26)

for some real ¢, with the vector x and the functlon h defined in Lemma 3, the optimal measure P* in

(25) is the Gibbs probability measure Py‘lXQ in (10), with A > 0 chosen to satisfy

[ e arl 2 ) = . @7)

The case in which the measure Q in (25) is a o-finite measure, for instance, either the Lebesgue measure
or the counting measure, respectively leads to the classical framework of differential entropy maxi-
mization or discrete entropy maximization, which have been studied under particular assumptions on
the set S in [36,37] and [38].

When the reference measure Q is a probability measure, under the assumption that (27) holds, it
follows from [13, Theorem 3] that for all P € S, with S in (26),

D(PllQ)=D (PP ) + D(PIEV ), (28)

which is known as the Pythagorean theorem for relative entropy. Such a geometric interpretation follows
from admitting relative entropy as an analog of squared Euclidean distance. The first appearance of
such a “Pythagorean theorem” was in [12] and was later revisited in [13]. Interestingly, the same result
can be obtained from Lemma 3 by noticing that for all P € S, with S in (26),

(hQA) _
Gy (x, P, P ) =0. (29)

The converse of the Pythagorean theorem [41, Book I, Proposition 48] together with Lemma 3, lead
to the geometric construction shown in Figure 1. A similar interpretation was also presented in [11,
Figure 6] and [11, Figure 7] in the context of the generalization error of machine learning algorithms.
The former considers A > 0, while the latter considers A < 0. Nonetheless, the interpretation in
Figure 1 is general and independent of such an application.

p(rlQ)

Figure 1. Geometric interpretation of Lemma 3, with Q a probability measure.

The relevance of Lemma 3, with respect to this body of literature on information projections,
follows from the fact that Q might be a ¢-finite measure, which is a class of measures that includes
the class of probability measures, and thus, unifies the results separately obtained in the realm of
maximum entropy methods and information-projection methods. More importantly, when P ¢ S, with

8 in (26), it might hold that Gy (x, P, Py ) < 0 or Gy (x, P, P\ ) > 0, with G, (x, P, P2

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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in (18), which resonates with the fact that (4, Q, A)-Gibbs conditional probability measures are also
related to another class of optimization problems, as shown by the following lemma.

Lemma 4. Assume that the following optimization problems possess at least one solution for some x € R",

PGAQ b /h x,y)dP(y) (30a)
s.t. D(P||Q) < p. (30b)
and
e / h(x,y)dP(y) (31a)
st.  D(P|Q) <p. (31b)

Consider the (h,Q,A)-Gibbs probability measure P)(/T)?A in (10), with A € R\ {0} such that p =
D ( pQN)

Y| X=x ||Q> Then, the (h, Q, A)-Gibbs probability measure P1(/\ XQ M is a solution to (B0) if A > O; or
to (31)if A < 0.

Proof: Note that if A > 0, then, 1 D(P|| Yh}? );C)) > 0. Hence, from Lemma 3, it holds that for all

probability mesures P such that D(P||Q) < p,

G 2, PUA) = 2 (D(P2Y)1Q) - D(PQ)) 32)
1

= 7(o~D(PIQ) 3)

>0, (34)

with equality if D( P P(h’Q;)‘) — 0. This implies that P9 is a solution to (30). Note also that
q ty Y|X=x p Y| X=x

if A < 0, from Lemma 3, it holds that for all probability mesures P such that D(P||Q) < p,

(h,QA) 1 (h,QA)
G (x P, P ) < < (D(PY1Q) = D(PIIQ)) (35)
1
— +(0=D(PQ) (36)
<0, (37)
with equality if D (P|| Y}‘l)? A)) = 0. This implies that P)(/| )? " is a solution to (31). u

3. Characterization of Gj,(x, P;, P;) in (1)

The main result of this section is the following theorem.

Theorem 1. For all probability measures Py and P», both absolutely continuous with respect to a given o-finite
measure Q on R™, the variation Gj,(x, P, Py) in (1) satisfies,

1
Gh<x,P1,Pz>:A( (PP ) —D (Pl J{)??))+D<Pz||Q>—D<P1||Q>), (38)

where the probability measure Pl(/‘ XQ’ x) with A # 0, is an (h, Q, A)-Gibbs probability measure.

Proof: The proof follows from Lemma 3 and by observing that

Gul(x, Pr, P2) = Gy (x, Pr, Py ) = Gi (x, 2o, P ).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 1 might be particularly simplified in the case in which the reference measure Q is a
probability measure. Consider for instance the case in which P; < P, (or P, < P). In such a case, the
reference measure might be chosen as P, (or P;), as shown hereunder.

Corollary 1. Consider the variation Gy (x, Py, Py) in (1). If the probability measure Py is absolutely continuous
with respect to Py, then,

1 (h,Py,A (h,PyA
Gy(x, Py, Py) = A( (P1|| Yp?x)) (P2|| Ypfzx)) —D(P1||P2)>. (39)

Alternatively, if the probability measure P, is absolutely continuous with respect to Py, then,
1 (h,Py, (h,Py,
G (x, P1, P2) = A( (PilIPy) = D(Balipy ) +D<qupl>), (40)

where the probability measures Pl(/‘ ; ) and Py‘l;z’ ) are respectively (h, Py, A)- and (h, P, A)-Gibbs probability

measures, with A # 0.

In the case in which neither P; is absolutely continuous with respect to P,; nor P; is absolutely
continuous with respect to P;, the reference measure Q in Theorem 1 can always be chosen as a convex
combination of P; and P,. That is, for all Borel sets A € B(R™), Q(A) = aP;(A) + (1 —A)P,(A),
witha € (0,1).

Theorem 1 can be specialized to the specific cases in which Q is the Lebesgue or the counting
measure.

If Q is the Lebesgue measure the probability measures P; and P, in (38) admit probability density
functions f; and f, respectively. Moreover, the terms —D(P;||Q) and —D(P,||Q) are Shannon’s
differential entropies [4] induced by P; and P, denoted by h(P;) and h(P,), respectively. That is, for
alli € {1,2},

(P) 2 — / Fi(x) log fi(x)dx. 41)

(L QM)
PY\X x’

probability density function, denoted by f

with A # 0, x € ]R”, and Q the Lebesgue measure, possesses a

(hQA)
Y|X=x

The probability measure

" — (0, +00), which satisfies

mQA) .y exp(=Ah(xy))
fY‘X W)= [exp(=An(x,y))dy’ “2)

If Q is the counting measure the probability measures P; and P, in (38) admit probability mass
functions p; : Y — [0,1] and pp : Y — [0, 1], with ) a countable subset of R™. Moreover, —D (P, ||Q)
and —D(P,||Q) are respectively Shannon’s discrete entropies [4] induced by P; and P, denoted
by H(P;) and H(P,), respectively. That is, for all i € {1,2},

)= = ) pily) log pi(y)- (43)
yey
The probability measure P." ’Q’A) , with A # 0 and Q the counting measure, possesses a conditional
p y Y|X= g p
probability mass function, denoted by pg,hl )? ); Y — (0, +00), which satisfies
1,Q,A exp(—Ah(x,
P ) = SR AMY) (44)

© Lyeyexp(—Ah(x,y))’

These observations lead to the following corollary of Theorem 1.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Corollary 2. Given two probability measures Py and P,, with probability density functions f1 and f, respec-
tively, the variation Gy, (x, P, Py) in (1) satisfies,

1 nQ, nQ,
Gy(x, P1, P2) = (D(P1||P§|)? )) - D(p (e x)) —h(Py) + h(P1)>, (45)
where the probability density function of the measure P}((| )? x) with A # 0 and Q the Lebesgue measure, is

defined in (42); and the entropy functional h is defined in (41). Alternatively, given two probability measures Py
and Py, with probability mass functions py and p, respectively, the variation Gy (x, Py, P) in (1) satisfies,

1
Gh(X,PLPZ)_)\( (P1|| y’ﬁ??) (P I YhXQ/\))_H(Pz)—i—H(Pl)), (46)

where the probability mass function of the measure Pyll)?f)

in (44); and the entropy functional H is defined in (43).

with A % 0 and Q the counting measure, is defined

4. Characterizations of Gh< 1((1&, Pl(/&, ) in (2)

The main result of this section is a characterization of Gy, (PS&, Pﬁg(, ) in (2).

Theorem 2. Consider the variation Gh( }(,B(, Pl(/&, PX> in (2) and assume that for all x € supp Px, the

probability measures Pl(/‘;( L and P)(/‘g(_ are both absolutely continuous with respect to a o-measure Q. Then,
. (p) — QM) ( (hQA)
Gh<PY\X' vix P A/( Y|X x” Y|X= x) _D(PY\X x” Y|X= x)

D (P, 1Q) - (B, 1) )ars(x) w)

where the probability measure Pé‘ f’A) with A # 0, is an (h, Q, A)-Gibbs conditional probability measure.

Proof: The proof follows from (2) and Theorem 1. [ |
Two special cases are particularly noteworthy.

When the reference measure Q is the Lebesgue measure
both — [ D(Pl(/l‘;(:xHQ) dPx(x) and — fD(Pl(/zlg(:xHQ) dPx(x) in (47) become Shannon’s dif-

ferential conditional entropies, denoted by h (Pl(/l‘;dpx) and h (Pﬁ;APX), respectively. That is, for
alli € {1,2},

( Y\X'PX) /h(P%:x)dPX(x), (48)

where h is the entropy functional in (41).

When the reference measure Q is the counting measure
both — [ D (P)(,B(:x ||Q> dPx(x)and — [ D (PYZ‘;( N Q) dPx(x) in (47) become Shannon’s discrete

conditional entropies, denoted by H (P}((1|;(|PX) and H (P( X|PX> respectively. That is, for all i € {1,2},

H(PyxIPx) é/ H(PY_, ) dPx (), (49)

where H is the entropy functional in (43).
These observations lead to the following corollary of Theorem 2.
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Corollary 3. Consider the variation Gh( }(,1&, Pé&, PX) in (2) and assume that for all x € supp Px, the

probability measures P\(/|;( L and Pl(/|§( . possess probability density functions. Then,
e (p) (1) (hQA) (h,QA)
Gh<PY|X’PY|X’ A/( Py\x x Py\x x) _D<PY|X x||PY|X x))dPX(x)
1 1 (p)
—h(PkIPx) + 0 (P kIPx), (50)

where the probability density function of the measure Pl(/‘ XQ_A) with A # 0and Q the Lebesgue measure, is defined

in (42); and for all i € {1,2}, the conditional entropy h ( Y] X|PX) is defined in (48). Alternatively, assume that

forall x € supp Px, the probability measures PY  and p?) possess probability mass functions. Then,

Y| X=x Y|X=x
p() (hQA) ) (h,QA)
Gh( Y[X’ YIX’ /\/< Y\X x”Py\X x) _D<Py|x x||Py|X x))dPX(x)
1 1 (1)
_XH(PY|X|PX) +XH(PY‘X|PX), (51)

where the probability mass function of the measure P§| )?);) with A # 0 and Q the counting measure, is defined

in (44); and for all i € {1,2}, the conditional entropy H( Yl|)X|PX) is defined in (49).

Note that, from (2), it follows that the general expression for the expected variation Gy, ( )(/1‘;(, Pﬁg(, PX)

might be simplified according to Corollary 1. For instance, if for all x € supp Py, the probability mea-

sure P}(,& the measure P}(,& .

the reference measure in the calculation of Gy, (x, Pl(/|;( o P}(/2|;< ) in (2). This observation leads to the

is absolutely continuous with respect to P can be chosen to be

Y| X=x’
following corollary of Theorem 2.

Corollary 4. Consider the variation Gh( P p2 PX) in (2) and assume that for all x € supp Py, P)(/| ;( <

Yix Fy|x
(2)
PY‘ Nex Then,
p2 (2)
z (p) ( Vxert) (2) (hpnx )
Gh(PY|X’ Y|X’ A/( ( Y|X= P Y|X=x -D PY\X P Y|X=x
( (2)
—D(Piiy_ PV x))dPX(x). (52)
Alternatively, if for all x € supp Px, the probability measure P}(qg(f is absolutely continuous with respect
(1)
to PY‘X v , then,
p@) p)
&, (Pl ) pplPixt) @ plPix?)
Gh<PY|X' yix: P A/( (PY|X x PY|X x —D| Pyjx_ <P Y[X=x

+D(P1(/\x x” Y\X x))dPX(x), (53)

mPU A nP2 A
where the measures P§|X Y=z ) and P£|X Y= ) are respectively (h, %;( A)-and (h, Pl(/& L A)-Gibbs

probability measures.
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(1) (2)
P(h,leX x,A) ol P (h,PY‘ ) x,/\)

Y| X=x Y\X x
interesting as their reference measures depend on x. Gibbs measures of this form appear, for instance,

in [8, Corollary 10].

The Gibbs probability measures in Corollary 4 are particularly

5. Characterizations of G, (Py, Pyx, PX> in (6)

The main result of this section is a characterization of Gy, (Py, Pyl X PX) in (6), which describes
the variation of the expectation of the function 1 when the probability measure changes from the joint
probability measure Py xPx to the product of its marginals Py - Px. This result is presented hereunder
and involves the mutual information [ (PY‘X; PX) and lautum information L (Pylx ; PX) , defined as
follows:

1(PyxiPx)2 [ D(Pyjxel Py )dPy(x); and 54

L(PY|X; PX) é/ D(PYHPY\X:x)dPX(x)- (55)

Theorem 3. Consider the expected variation Gy, (Py, Pyx, PX) in (6) and assume that, for all x € supp Px:

1. The probability measures Py and Py x_, are both absolutely continuous with respect to a given o-finite
measure Q; and
2. The probability measures Py and Py x_, are mutually absolutely continuous.

Then, it follows that

G, (PY, Pyix, Px) = % (I(Py|x} PX) + L(Py\x; PX)

d
+ // log(dpyhé)\x) (y)) dPy (y)dPx (x // o (dlfﬂ’éﬁ(g)) delX_x@)de(x)), (56)

Y| X=x Y| X=x

where the probability measure Pl(,‘ XQ’ ) with A # 0, isan (h, Q, A)-Gibbs conditional probability measure.

Proof: The proof is presented in Appendix A. u
An alternative expression for Gy, <Py, Pyx, PX> in (6) involving only relative entropies is presented
by the following theorem.

Theorem 4. Consider the expected variation Gy, (Py, Py|x, PX) in (6) and assume that, for all x € supp Py,
the probability measure Py|x_, is absolutely continuous with respect to a given o-finite measure Q. Then, it
follows that

Gy (Py, Py|x, Px)

1
- // ( Prix—ssl PR ) = D (Pyix_ | Yh§§1)>dpx<x1>dpx<xz>, (57)

where Pl(/‘ XQ N with A # 0, is an (h, Q, A)-Gibbs conditional probability measure.
Proof: The proof is presented in Appendix B. |
Theorem 4 expresses the variation Gy, (Py, Pyx, PX) in (6) as the expectation (w.r.t. Px Px) of a

comparison of the conditional probability measure Py|x with a Gibbs conditional probability measure
phQA)
Y|X

difference of two relative entropies. The former compares Py|x_,, with ny)? ) , where (x1,x) €

via relative entropy. More specifically, the expression consists in the expectation of the
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X x X are independently sampled from the same probability measure Px. The latter compares these

two conditional measures conditioning on the same element of X'. That is, it compares Py x_,, with

plhQA)
Y ‘ X=x 2 :
An interesting observation from Theorem 3 and Theorem 4 is that the last two terms in the right-

hand side of (56) are both zero in the case in which Py|x is an (h, Q, A)-Gibbs conditional probability
measure. Similarly, in such a case, the second term in the right-hand side of (57) is also zero. This
observation is highlighted by the following corollary.

Corollary 5. Consider an (h, Q, A)-Gibbs conditional probability measure, denoted by )(,T)? M ¢ A(R™|R"),

with A # 0; and a probability measure Px € A\(R"). Let the measure P(h QM ¢ A(R™) be such that for all
sets A € B(R™),

POV ()= [ PUE) (A)dP(x). (58)
Then,
~ (phQA) p(hQA) _1 (LQA). (LOA)
Gy, (Py ’PY|X ,Px)—X(I (PY‘X Px) + L(PY|X ,PX>> (59)
(h,Q,A) h,Q,A
A // Y\XQ % 1(/\XQ x))dPX(xl)dPX(xz)- (60)

Note that mutual information and lautum information are both nonnegative information mea-

PN, p(1Q

sures, which from Corollary 5, implies that G, (
or negative depending exclusively on the sign of the regularization factor A. The following corollary

, PX) in (60) might be either positive

exploits such an observation to present a property of Gibbs conditional probability measures and their
corresponding marginal probability measures.

Corollary 6. Given a probability measure Px € A(R™"), the (h, Q, A)-Gibbs conditional probability mea-

sure Pylle’A) in (10) and the probability measure Pl(,h’Q’A) in (58) satisfy

//hxydp(hQA )dPy( >//hxy PO (y)dPy (x) if A > 0; (61)
or

//h x,y)dpJ M) / h(x,y)dPY2) (y)dPy (x) if A < 0. (62)

Corollary 6 highlights the fact that a deviation from the joint probability measure Py‘lXQ A)PX €

A(Y x X) to the product of its marignals P)(/h’Q’A)PX € A(Y x X) might increase or decrease the
expectation of the function & depending on the sign of A.

6. Final Remarks

A simple re-formulation of Varandan’s variational representation of relative entropy (Lemma 2)
has been harnessed to provide an explicit expression of the variation of the expectation of a multi-
dimensional real function when the probability measure changes from a Gibbs probability measure
to an arbitrary measure (Lemma 3). This result reveals strong connections with information projec-
tion methods, Pythagorean identities involving relative entropy, and mean optimization problems
constrained to a neighborhood around a reference measure, where the neighborhood is defined via
an upper bound on relative entropy with respect to the reference measure (Lemma 4). An algebraic
manipulation on Lemma 3 leads to an explicit expression for the variation of the expectation under
study when the probability measure changes from an arbitrary measure to another arbitrary mea-
sure (Theorem 1). The astonishing simplicity in the proof, which is straight forward from Lemma 3,
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contrasts with the generality of the result. In particular, the only assumption is that both measures,
before and after the variation, are absolutely continuous with a reference measure. The underlying
observation is the central role played by Gibbs probability distributions in this analysis. In particular,
such a variation is expressed in terms of comparisons, via relative entropy, of the initial and final
probability measures with respect to the Gibbs probability measure specifically built for the function
under study. Interestingly, the reference measure of such Gibbs probability measures can be freely
chosen beyond probability measures. When such a reference is a o-finite measure, e.g., Lebesgue
measure or a counting measure, the expressions mentioned above include Shannon’s fundamental
information measures, e.g., entropy and conditional entropy (Corollary 2).

Using these initial results, the variations of expectations of multi-dimensional functions due to
variations of joint probability measures has been studied. In this case, the focus has been on two
particular measure changes, which unveil connections with both mutual and lautum information. First,
one of the marginal probability measures remains the same after the change (Theorem 2); and second,
the joint probability measure changes to the product of its marginals (Theorem 3 and Theorem 4). In the
case of Gibbs joint probability measures, these expressions involve exclusively well known information
measures: mutual information; lautum information; and relative entropy. These expressions reveal
general connections between the variation in the expectation of arbitrary functions, induced by changes
in the underlying probability measure, and both mutual and lautum information. These connections
extend beyond those previously established in the analysis of generalization error in machine learning
algorithms; see, for instance, [26, Theorem 1] and [8, Theorem 14].
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Appendix A. Proof of Theorem 3

The proof follows from Theorem 2, which holds under assumption () and leads to
G (PY, Py|x, PX)

-/ (D (PrlIPY)) =D (Prixes PV ) + D (PrixsllQ) —D(PYHQ))dPX(x)- (A1)
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The proof continues by noticing that
[ D(Prx-rlQ)arsto= | [ rog( “HA= ) )aryxos ()P (42
=/ [ro8( T2 00 ) ) Ry dap () (a3
= o8 S50 )argxe )P
+[ [10 ((]/))dpyx—x(y)dpx(x> (A9
= [ro8( S50 ) argxeit)apa)
+ [ [ S ) og (S 0 ) apy ) apx() (%)

[ [10 df’gg; () ) dPy s () AP 3)

il
+ [1o (dPY )( IZP’;’%y)dPx(x))dPy(y) (A6)
~[ [0 (di;;ji (1) )Py xoely) AP (2

+ [0Sy ) )aretw) (A7)

=1(Pyjx; Px) + D(Py]|Q), (A8)

where (A3) follows from [39, Theorem 4]; (A5) follows from [39, Theorem 2]; and (A7) follows from
[39, Theorem 10], which implies that for all y € R", dpgl‘,);:" (y)dPx(x) = 1.
Note also that

/ (PP )Py (x / / log( s )dPy(y)dPX(x) (A9)
Y\X x
dp
—[ 1 Y ()= 0y | dPy (y)dP A10
// Og(dPY|X y) dp(h)?);)\l/)) Y(y> X(x) ( )
=[] log< dlfyf;_ (y)>dPY(y)dPX(x)
P X
+[]/ log( YY’(;“ y))dPY(y)dPX(x) (A11)

L(Pyx=oPx) + ] log( é"é;‘ ))dPy(y)dPX(x), (A12)

Y|X x

where (A10) follows from [39, Theorem 4]. Finally, using (A8) and (A12) in (A1) yields (56), which
completes the proof.

Appendix B. Proof of Theorem 4
The proof follows by observing that the functional Gy, in (6) satisfies

Gy (PY/ Pyx, PX)

:// (/h(XZry)dPY|X—x1 (v) — /h(aq,y)dPY‘X:x1 (y))dPX(xz)dPX(xl). (A13)
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Using the functional Gy, in (1), the terms above can be written as follows
(h,QA) (h,QA
[ et aPy e, (1)=Go (31, Py PO ) + [ e, ) AP (), (A14)
and
(h,QA (h,QA
[ 2, ) APy, (1) =G (32, Py, UL ) + [ 2 )d P (). (A15)
Using (A14) and (A15) in (A13) yields
Gh<PY/PY|XIPX>
h,Q,A) (h,QA
-// (Gh (32 P P ) + [ 12 )dPYEEA) () (A16)
(h,Q, (hQ,
-Gy, (x1,Py|x:x1, Y|XQ “ /h X1y dpyle x) (y)>dpx(x2)dpx(x1),
h,Q,\) h,Q,A
:// <Gh<x2/PYXx1r ép? o /Gh X1, Py | x=x,/ %XQ x))>dPX(x2)dPX(xl) (A17)
1 (hQA (h,QA
-/ ( Py IPURE ) = D Py IRV x))>dpx(x1)dpx(x2), (A18)
where the last equality holds from Lemma 3, which implies
// Gy [ xp, PYlX:xl,Pyr;?_');))dpx(XQ)dpx(xl)
pnQA) 1 1 (QA)
A// Py x—x 1Py x”, )AdPX(xz)dPX(x1)+X/D( s ||Q)dPX(x2)
1 [ (Prixos, Q) dPx(x0), (A19)
and
h,Q,A
// Gy (x1, Py|x—x,, P§|§:x’ )dPX(xz)dPx(xl)
_ (hQA)
_/ Gy xl,PY‘X:xl,PY‘X Y )dP (x1) (A20)
1 (hQA
/\/ PY|X x1|| y|X x )dPX( )"_X/D( Y|X= leQ)dP (xl)
1
—+ | D(Pyix=y Q) dPx(x1), (A21)

which completes the proof.
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