Pre prints.org

Article Not peer-reviewed version

On the Method for Proving the RH Using
the Alcantara-Bode Equivalence

Dumitru Adam ~
Posted Date: 25 February 2025
doi: 10.20944/preprints202411.1062.v4

Keywords: Integral Operators; Hilbert Spaces; Approximation Methods; Multi-level Discretizations: Riemann
Hypothesis

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/4011594

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 February 2025 d0i:10.20944/preprints202411.1062.v4

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
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Alcantara-Bode Equivalence

Dumitru Adam

Windsor, On, n9a3a5 Ca.; Brasov, Ro.; dumitru_adam@yahoo.ca

Abstract: Among the equivalents of the Riemann Hypothesis (RH), a millennium unsolved problem
([7]), the Alcantara-Bode equivalent ([2]) is of a particular interest due to its formulation: the Riemann
Hypothesis holds iff the null space of the integral operator on L?(0,1) having the kernel function the
fractional part of the ratio (y/x), contains only the element 0 ([2]), i.e. iff the operator is injective. This
equivalent formulation allows us to use techniques outside of the number theory field in order to prove
it and so, to show that RH holds. We introduced in this article a functional analysis - numerical method
for investigating the injectivity of the linear bounded operators on separable Hilbert spaces, updating
and extending the result from [1]. The method is built around the result obtained (Theorem 1) saying
that if a linear bounded operator is strict positive on a dense set, then it is injective. When the operator
- or its associated Hermitian replacing it if needed, is only positive definite on a dense set, additional
operator properties should be considered. Dealing with this case, two are the directions we choose
for obtaining the corresponding criteria, using the operator approximations over finite dimension
subspaces in L2(0, 1) whose union is dense: - involving the operator finite rank approximations on
subspaces or, - involving its adjoint restrictions on subspaces. (Injectivity Criteria [1]). Applying both
versions of the method on the dense set of indicator interval functions, we proved the Alcantara-Bode
equivalent is true so, that RH holds. This solution for RH is not one in pure math. field as seems to
have been expected since 1859. However, it is in line with the Clay Math Inst. principle that has been
expressed (citing [7]) by: "A proof that it is true for every interesting solution would shed light on many of the
mysteries surrounding the distribution of prime numbers.”

Keywords: integral operators; hilbert spaces; approximation methods; multi-level discretizations;
riemann hypothesis
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1. Introduction

For those who need an answer to RH

The Riemann Hypothesis (RH) claims (1859) that the Riemann Zeta function defined by the
infinite sum {(s) = Y_;°; 1/n° has its non trivial zeros on the vertical line ¢ = 1/2 ([7], [11]). The
Hilbert-Schmidt integral operator T, defined on L?(0, 1) having the kernel function p(y, x) = {y/x},
the fractional part of the quantity between brackets,

(Tou)(y) = [ p(y, x)u(x)dx, ueL*(0,1) 1)

O

has been used by Alcantara-Bode ([2], pg. 151) in his theorem of the equivalent formulation of the RH.
Denoting by N7, the null space of this operator, the equivalent formulation consists in:

The Riemann Hypothesis holds if and only if N, = {0}.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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A connection between the Zeta function and the integral operator T, could be observed ([4], pg.
313) reformulating the left term in the equality:

p(0/x)x ldx =0/(s—1) —6°¢(s)/s, o >0,s=0+it

O—

as (Tpx*~1)(6). The equivalent formulation of RH given by Beurling in [4] has been used by Alcantara-
Bode in his equivalence ([2]). Both outstanding equivalences reduced RH, a problem from the pure
math still unsolved since 1859 and listed on Millennium Problems ([7], [16]), to a concrete problem: the
injectivity of the Hilbert-Schmidt integral operator T, defined in (1). Its kernel function p € L?(0,1)?
defined by the fractional part of the ratio (y/x) is continue almost everywhere, the discontinuities in
(0,1)? consisting in a set of numerable one dimensional lines of the form y = kx,k € N and so, being
of the Lebesgue measure zero. The integral operator is Hilbert-Schmidt ([2]) and so compact, allowing
us to consider its approximations on finite dimension subspaces ([3]).

2. Two Injectivity Theorems and Approximations on Subspaces

Let H be a separable Hilbert space and T be a linear bounded operator on H positive on a
dense set S C H: (Tv,v) > 0Vv € S. Then it has no zeros in the dense set otherwise, if there exists
w € S such that Tw = 0 then (Tw, w) = 0 contradicting the positivity of T on S. Follows: its "eligible’
zeros are all in the difference set E := H \ S,i.e. Ny C E. In order to avoid any misunderstanding,
we mention that on finite dimension subspaces the positivity and strict positivity of an operator
coincide. On a infinite dimension (sub)space S, the strict positivity involves a constant C > 0 for which
(Tv,v) > C||v||?,¥v € S and T is only positive when (Tv,v) > 0,Vv € S. The norm on H is the norm
induced by the inner product.

The next theorem (introduced in [11]) proves that if T is strict positive definite on the dense set it
has no zeros in the difference set either, obtaining Nt = {0}.

Theorem 1. A linear bounded operator T strict positive definite on a dense set of a separable Hilbert space is
injective, equivalently Nt = {0}.

Proof. Let’s take in consideration only the set of eligible zeros that are on the unit sphere without
restricting the generality, once for an element w € H, w # 0 and for w/ ||w|| both are or both are not in
Nt. The set S C H is dense if its closure coincides with H. Then, if w € E, for every € > 0 there exists
Ugw € Ssuch that [|[w — ueql|| < e If ||w]| > ||uewl|:

0 < Jlwl| = luewll = lw — tew + tewll — [Uewll < [w—tewl + [[Uewl — [[uewl < e
If ||uew|| > ||w]| instead, then: 0 < ||t — w + w|| — ||w|| < € to obtain:

given w € E, for every € > 0 there exists u¢ € S such that

[wll = lluewll] < e 0

Let w be an eligible element from the unit sphere, ||w|| = 1 and take ¢, = 1/n. Then there exists at
least one element in the dense set u;, ;, € S such that ||ug, -, — w|| < &, holds. Follows from (2), | 1

- ltte,w|l | < 1/n showing that, for any choices of a sequence approximating w, ue,» € S,n > 1, it
verifies || ug, | — 1.

If T is a linear bounded operator on H strict positive on S, then there exists « > 0 such that Vu € S,
(Tu,u) > afju>
Suppose that there exists w € E,|w| = 1 a zero of T, i.e. w € Nr and consider a sequence of
approximations of w, ue, € S,n > 1 that, as we showed, has its normed sequence converging in

norm to 1. From the positivity of T on the dense set S, follows:

| 3)

“H”en,wnz < <T”£n,wr ”sn,w> = <T(”€n,w - w)/”en,w> < En”THH”sn,w
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With c=||T||/«, we obtain ||u., | < c¢/n. Then, |lue, | — 0 with n — oo, in contradiction with its
convergence ||ug, || — 1 with n — oo.

Or, this happen for any choice of the sequence of approximations of w, verifying ||w — e, || < €n,n >
1, when Tw = 0.

Thus w ¢ Nr, valid for any w € E, |[w|| = 1, proving the theorem because no zeros of T there are in S
either. [J

From now on, we suppose that:

- The dense set S is the result of an union of finite dimension subspaces of a family F: S =
Uy>1Sn,S = H. It is not mandatory but will ease our proofs considering that the subspaces are
including: S, C S;41,n > 1.

- The linear operator on H is positive definite on the dense set S. A such operator has no zeros in
the dense set, otherwise if u € S then there exists a subspace containing it such that Tu = 0 attracting
the violation of its positivity: (Tu, u) = 0.

Observation 1. Let B, (1) := ||u — uy|| be the normed residuum of the eligible element u € E after its
orthogonal projection on Sy. Then, By (u) — 0 with n — co.

Proof. Given € > 0, from the density of the set S in H there exists ue € S verifying ||u — u¢|| < €, as
per the observations made in the proof of the Theorem 1. Let S;,. be the coarsest subspace, i.e. with the
smallest dimension, from the family of subspaces containing u.. Because the best approximation of u
in S, is its orthogonal projection, we obtain

Bue (1) = lu — Pugu]] < [l — ue|l < e,
inequality valid for every € > 0, proving our assertion. [

Theorem 2. Let T be a linear bounded operator on H, positive definite on a dense set S result of the union of
including finite dimension subspaces of a family F. Consider {T,,n > 1} be a sequence of its approximations on
the family F. If

i) (Tyo,0) > ayl|v||?, Vo € Sy, withay > a > 0,n > 1;

ii) €y = ||T — Ty|| = O withn — oo,
then Ny = {0}.

Proof. Being positive on S, the operator has no zeros in the dense set. Showing now, that T has no
zeros in the difference set. For u € E := H\ S, ||u|| = 1 having the not null orthogonal projections
Pyu,n > ng := np(u), from Observation 1 we have its residuum sequence on the approximation
subspaces By, := Bn(u) = |[u — Pyul| = 0.
If there exists u € Nt N E, then:

|| Patt||* < (T Putt, Patt) < || Ty Pe] || P

< (ITwPyu — TPyu + TPyu — Tul|)|| Pyul|

< (IT = Tl Pt} + T {11 — Pt )] P,
obtaining

a < (en+||T||Bn//1—pB2) — 0.
The inequality is violated from an nq > np, n > ny involving u ¢ Nr, valid for any supposed zero of T
in E. Once T has no zeros in the dense set, Ny = {0}. O

Lemma 1 (Finite rank approximations). Let T be positive definite on the dense set S. If {P,,n > 1} isa
sequence of finite rank operator orthogonal projections converging strong to identity operator such that:

(P (T)v,0) > an|v||?, an > & > 0Vv € Sy, for every S, € F,
then T is injective.

Proof. Taking T, = P;(T),n > 1 then
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\IT —Tu|l = ||(I=P)T| < ||IT|I|II —P}|| — 0. Follows: both requests of the Theorem 2 are
fulfilled proving our assumption.
In Note 2(Appendix) we showed that a such operator satisfies the requests of the generic Theorem 1
being strict positive on the dense set. [J

3. Dense Sets in L%(0,1)

The intervals of equal lengths h = 27", m € N,nh=1, Ay, = ((k—1)/2",k/2"|,k =1,n—1
together with A, , are defining for m > 1 a partition of (0,1), k=1n, n = 2™,nh = 1. Consider the
interval indicator functions having the supports these intervals (k=1,n), nh=1:

Ix(t) = 1for t € Ay and 0 otherwise 4)

The family F of finite dimensional subspaces Sj, that are the linear spans of interval indicator functions
of the h-partitions defined by (4) with disjoint supports, S; = span{l},;;k = 1,n,nh = 1}, builton a
multi-level structure, are including S, C Sj,/, by halving the mesh h. In fact, due to (4) any I;, € Sy, is
contained in Sy, /2 by Ik (t) = I, /2 (k-1 (£) + Ins2.2k(t) for any t € (0.1), k=1,n, nh=1 (or (2n)(h/2)=1).

h/2 : h/2 h/2 .
So, Sy D up = Yp—1p CZIh,k = Yj=12n cj/ Insaj € Spyo with CZ = Czl{—l = 02]{ ,k =1,n; equivalently,
h/2 _ h/2 _ _h Py — —
¢ily=¢'"=cipy forj/2 =1,n,nh =1.

We now consider the indicator open-interval functions I kk=1,nnh=1 having the supports
AF = ((k—1)/2™, k/2™),k = 1,n that differ from the semi-open intervals Ay,  of the defined partitions
only by the end-points ki, k = 1, (n — 1). Denoting with F° the family of subspaces S spanned by the
open interval indicator functions {I kk=1,nnh= 1}, and denoting with S° = U,,>,5Y, then from
I I¥(H)dt = Ja Inx(t)dt,k = 1,n,n > 2,nh = 1, we obtain || IF — I k|| = 0in L2(0,1); moreover:

Remark 2. If one of the sets S and S° is dense, then another is dense.

Proof. Let S° be dense, known in literature. If f is orthogonal on any Iy, € S then:

[, I = [(f, IF = L) < [IFIIK = Ll = 0, k=1,n, Vi, nh = 1, proving that f is orthogonal to any
I;l‘ and so f should be 0 because S° is dense. So, S is dense. Now, the reverse statement is also true, if S
is dense then S° is dense using the same arguments. [

Note 1. Because on every level of discretization any pair of indicator functions in each dense set
have disjoint supports, then on S (or on S°):

i) for any ¢ € L?(0,1)%, Ik (y) ¢ (v, x) I (x) = O, for every k # j;

ii) because Y ;1 ,, I,;(t) = 1 for every t € (0,1), fo R () ey, x)I,j(x) = 0 for k # j, and

1313 oy, xX) I j(x) = N @(y, x)Ij(x), valid also for replacing the arguments of ¢.

iii) Let Mj (T,) and M (T,) be the matrix representations of the integral operator on the finite
dimension subspaces in F° and F spanned by the corresponding orthogonal indicator interval functions.

Then both matrices Mj and Mj, are identical and sparse diagonal matrices with the entries
verifying

di; = (Tolnk Inj) = [, [, Ink(x)@(y, x)1yi(y)dxdy = 0 for k # j and,

Remark 3. Ifd}, := T S p(y,x)dxdy > 0,k =1,n,nh =1 then

- on every level, the matrix representations of its restrictions on Sy, and Sj, are diagonal, identical and strict
positive definite;

- the integral operator T, defined in (1) is positive definite on the dense sets S and S°.

Proof. From Note 1-ii), both matrices are sparse diagonal on every level /1, identical and strict positive.
Now, we have for v = Y1 , cilpx € Sp,n > 2,nh = 1 from (Tply i, Inx) = <TPIL‘, IL‘) = di‘k:
(T0,0) = Tt uTedly = (01, oer ) My (Tp) @, o)
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= (c1, oy Cn) [diag (i )] (T1, oy &) T > h Y ming_y , (d}y) [[0]|? > 0
Then, T, is (strict) positive definite on S;, with the positivity parameter:
ap(Tp) = hilminkzllnd,i’k; n>2,nh=1. (5)

and so, Vv € Sy, (Tpv,v) > 0, following: (Tpv,v) >0, Vv € S.
Because on S) Mj(T,) = My (T,), T, has its restriction strict positive definite with the same parameter
ap(Tp). So, if dﬁk >0,k =1,n,nh =1, then T}, is positive definite on the dense sets S and S°. [J

4. The Proof of the RH Equivalent

The entries in the diagonal matrix representation M (T, ) of the integral operator T}, restriction to
Sy € F, de = [ny. o, Py, x)dxdy, are valued (see [1]) as follows:

d = h2(3 —2v)/4

2
dy= [ [ [ /mde— [ dxdy="0(14 2t Koy ©
Apje Ap (k—=1)h

for k > 2, where 7 is the Euler-Mascheroni constant (~ 0.5772156). The sequence

flk) :=h72dl, = (=1 + Z=Lin(£;)F1) /2 is monotone decreasing for k > 2 and converges to
0.5 for k — co. Then: Vh, df, > h?/2 > di; k > 2.
So, the Remark 3 is fulfilled T, being positive definite on the dense set S with the positivity parameters
of the integral operator restrictions on Sy, in (5) given by

ap(Tp) = h(3—27)/4 > 0,n > 2,nh = 1. Then we will take in consideration the finite rank
approximations of the integral operator on the same dense set in order to apply Lemma 1.
Citing [5], (pg 986), the integral operator P}, n > 1 having the kernel function:

r(y,x) =1 Y L (y) I e(x) )
k=1n

is an finite rank integral operator orthogonal projection having the spectrum ({0, 1}) with the eigenvalue
1 of the multiplicity n (nh=1) corresponding to the orthogonal eigenfunctions I}, s, k = 1, 7.

Thus, ||[I — P}|| — 0 for n — co,nh = 1. As result, the integral operator approximation of T, on S, is
an finite rank operator approximation, Tj,, having the kernel function ([5])

on(y,x) = h*kZ Ik ()p(y, %) Ik (x) = h’lkZ o (v, %) 8)
=1n =1n

From (T, Iy, Ink) = h_ld,’jk, we have My, (T,,) = h~'M;(T,) := h_ldiag[dﬁk]; k=1,nnh=1,and
the positivity parameter of the finite rank approximation of T, is a result of: for v, = Y1 ,, ¢k Ik € Sy,

(Toonon) =h™' Y ace [ [ Iup(y, x)gdxdy = Y crcdly

k=1n Api Bk k=1n
> h*Z : dh 2. T 2 9
> h= (ming—y i) |on]|” == an(Tp, )| onll O
Follows:
ap(Tp,) = h2d", = (3 —27)/4, a constant mesh independent. (10)

Theorem 3. (Finite Rank Approximations): The Alcantara-Bode equivalent holds and, the Riemann Hypothesis
is true.

Proof. From (10), the sequence of the positivity parameters corresponding to the finite rank operator
approximations T, on the dense family F is inferior bounded, obtaining from Lemma 1 that Ny, = {0}.
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Now, obtaining N7, = {0} half from equivalent formulation of the Alcantara-Bode is holds. Then, the
other half should be true i.e.: the Riemann Hypothesis is true. O

5. Appendix

In [1] we introduced the Injectivity Criteria method on the discretizations of the operator like in
[5]. At that time, we did not have the Theorem 1 nor the finite rank operator approximations defined
for our scope. Here we will use this method considering the operator restrictions on the subspaces F°
taking advantage of the correlations between both dense sets S and S° obtained previously.

Next, with Note 2 we will show that the finite rank approximations is a method that satisfies the
requests of the generic Theorem 1.

Lemma 2. (Injectivity Criteria for operator restrictions.) Let T be an bounded linear operator positive
definite on the dense set S in the separable Hilbert space, obtained by the union of finite dimension
including subspaces of the family F having its positivity parameters sequence corresponding to the
operator restrictions on the family subspaces inferior unbounded, i.e.:

(Tv,v) > ay(T)|v||? Vo € Sy, with a,(T) — 0 and, consider

tn = an(T)/wy, where wy, verifies | T*v|| < wyl|v||, Vv € Sy, n > 1.
If there exists C > 0 such that y, > C, for every n > 1, then Ny = {0}.

Proof. Suppose that there exists u € (H\ S) N N, ||u|| = 1 and let u,, its orthogonal projection on
Su,n > 1. Then, from the strict positivity of T on the subspaces S,,,n > 1 (see (3)):

tn (T) || |* < (Titn, tn) = (T(ttn — 1), 10n) = ((ttn — w), T un) < Bucwn |[ttu]|
Then, from

C < pn < Bn/+/1— B2 — 0 where B, := Bn(u) = ||u — uy||, we obtain a contradiction. Thus,
u ¢ Nrforanyu € H\ S. Follows: Nr = {0}. O

With H := L?(0,1) and taking the family F° in place of S, on S the positivity parameter in (5) is
valued above by a;,(T,) = h(3 —27)/4, we could go directly by invoking the adjoint operator of T,.

In order to apply Lemma 2 we have to invoke the adjoint operator whose kernel function is
defined by p*(y,x) = p(x,¥) = p(x,y). For vy, = Y41, ckI’,; € 57 and from Note 1-i):

Toon = Yt &k Jyp OO (W)Y = Tt Cic Sy 4 (%, 9) Y,
where pf = IF(x)p(x, y) IF(y). Follows:

ITooul® = (S ag 01 (V) Ay, Ejman €y 03,3 y)dy)

= Tecrn et ( Ly [as 0 ) @) dy] I (2)dx)

Because p(x,y) is valued in [0,1), p(y, x) < 1 for every x,y € (0,1), we obtain:
IT5onl1* < Ti1,n ckckh® = 2 [|on]|* and, (| T ol < Rjon]].

Taking wy(T;) = h, the injectivity parameter of T on Sj, is given by:

up = (3—27)/4, ameshindependent constant Vn, nh =1 (11)
Theorem 4. (Injectivity Criteria): The Alcantara-Bode equivalent of RH holds.

Proof. Because ji, is a constant (see (11)) for any h,nh = 1, applying Lemma 2 we obtain Ny, =
{0}. O

Observation 2. We could obtain the positivity parameters for the restriction operators as follows. Denoting
with P, : E C H — S} C H the orthogonal projection onto Sj, then:
Es>u—uy,:=Pu=Y,1, I’,jml—k‘ Jaxu(s)ds € S holds. Or,
, K Jag

uy(t) = (Pyu) (1) = h™1 0 cli(8); e = [ u(s)ds (12)
k=1 Ak

do0i:10.20944/preprints202411.1062.v4
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For obtaining the positivity parameters, we have to evaluate the inner product between (Tyuy) ¢ Sj and uj, € Sj)
applying the formula (12), where uy, is the not null orthogonal projection of an eligible u € E := H \ S. Doing
it, we will retrieve (5) and from (6) on S° the positivity parameters of T on Sj,n > 2.nh = 1 are:

ay(Tp) = h~tdly = h(3—27)/4—0 (13)
showing that T, is (only) positive definite on the dense set S°.

Note 2. An operator satisfying Lemma 1 is strict positive on the dense set and so, being one from
the class of the linear operators satisfying the Theorem 1.

Proving it as follows. From the convergence to zero of the sequence €, > 1 there exists €y a
‘compactness’ parameter verifying € := max,{e,; €, < a} corresponding to a subspace S, 1p < 0.
The parameter ¢( in independent from any v € S.

For an arbitrary v € S there exists a coarser subspace (i.e. with a smaller dimension) S,,n > ng :=
ng(v), for which v € S,,. We have:

(Tv,v) = (Tyo,v) — ((Ty — T)v,v) > 0. Because T and T, are positive definite on S both inner
products being real valued, (T,v,v) > ((Ty — T)v, v).

Reminding that from subspaces including property, v € S, Ym > ng and (T;,v, v) is bounded by
a||v||? for any m > ng. Meantime, | ((T,, — T)v,v)| — 0 telling us that there exists an index 11 such that
for n > ny, «||v||> > |((T, — T)v,v)|. Then for n > ny:

(Tv,0) > a0l = [((T = Tu)v,0)| = (« —en)[[0]* = (« — o) 0]]?

Again, from the subspaces including property, the previous inequality is valid for any n > ny, just
"moving" v from S, where ny < m < n; in the right subspace where the inequality holds. Moreover,
because v has been arbitrary taken from the dense set, follows with «(T) := (a — €p) a constant:

(Tv,v) > a(T)||v||?> Vo € S, showing the strict positivity of Ton S. [

If T := T, is an Hilbert-Schmidt integral operator, it is compact and so, it can be approximated
by finite rank integral operators. These finite rank approximations denoted by T,;,n > 1 verify
€y, = ||T — Ty|]| = 0 for n — oo meaning, the second property in the Theorem 2 is automatically
fulfilled.

Observation 3. A kernel discretization like in (8), has been used in [5], [6] for dealing with the decay rate of
convergence to zero of eigenvalues corresponding to the Hermitian integral operators having the kernels like the
Mercer kernels ([9]).

If one wants to use a finite element discretization in which to every node kh is associated a linear "trial’
function with the compact support [(k-1)h, (k+1)h], valued to 1 in the middle node and zero in the endpoint
nodes, then the resulting matrix on every level n,nh = 1, will be a sparse 3- or 5-diagonal one. But, we have to
deal in this case a least with the density of the union of finite element subspaces.

If there exists a basis in H, let it be {e;,i € N} then the finite dimension subspaces could be defined
as Sy = spani_1,(e;, i = 1,n) and now, we are dealing probably with full associated matrices because the
basis orthogonality in H is not induced by their supports like in (4) or like in finite element discretizations not,
eigenvectors of the operator.

The references [13-16] are related to other RH equivalents, [8] to exotic integrals and [12] to multi-level
discretizations on separable Hilbert spaces.
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