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Abstract
We give expansions for the distribution, density and quantiles of any smooth function of the sample
cross-moments of a stationary process. We do this by showing that the sample cross-moments are

standard estimates. The 8 examples include the sample autocovariance and the sample autocorrelation.
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1. Introduction and Summary

In Withers and Nadarajah (2012), we gave the extended Edgeworth-Cornish-Fisher expansions,
the eECF expansions, for smooth functions of the sample cross-moments of a linear process. Here we
extend these results to a stationary process.

Suppose that @ is a standard estimate of an unknown parameter € R7 of a statistical model, based
on a sample of size n. That is, its cross cumulants can be expanded in the form (3.3), orif g = 1, in
the form (2.1). Then eECF expansions are available for its distribution that improve upon the Central
Limit Theorem. In order to be self-contained, Section 2 summarises these expansions to O(n~3/2), and
Section 3 gives the leading cumulant coefficients for functions of an unbiased standard estimate. In
Section 4 we show that the sample moments of a stationary process are standard estimates. (In fact
their cumulant expansions have exactly 2 terms!) So by Withers (1982, 2024), smooth functions of them
are also standard estimates, and so have the eECF expansions of Sections 2 and 3.

Theorem 4.1 gives 2 choices for the cumulant coefficients needed for these expansions. The
examples of Section 5 include the distributions of the sample mean, the sample autocovariance and
the sample autocorrelation. Section 6 shows how to extend these results to a multivariate stationary
process.

This nonparametric approach removes the need for modelling time series parametrically as a
moving average or autoregressive or ARIMA process. One weakness of such approaches is that a
wrong model will have the wrong asymptotic variance, so that inference will not be even asymptotically
correct. Another is the difficulty of estimating their parameters. A vast collection of software has
been developed for economists and others for this purpose, all now unnecessary if one moves to our
non-parametric method.

Note 1.1. Withers and Nadarajah (2010c, 2012) considered the general stationary linear process

Xi =) pjei-j
=0

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.2407.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 September 2025 d0i:10.20944/preprints202509.2407.v1

20f24

where {p;} are constants, and {e;} are independent and identically distributed random variables from a
distribution on R with finite cumulants {t;}. We showed that its cross-cumulants are

Kiy...i, = &(i1ip - - - ir) T, where (1.1)

[e9)
a(iviy---ip) = a(lil - L) = Y 0iv1,0j41, - - Pjslyr
=0

for Iy of (4.3), and that a(iyia - - - iy) is finite for processes like ARMA processes where pj — 0 exponentially
as n — oo. See there for a simulation study. For {X;} an autoregressive process, see p158 of Withers and
Nadarajah (2012).

2. eECF Expansions for Standard Estimates

This section summarises results to be found in Withers (1984, 2025a).
Univariate estimates. Suppose that 0 is a standard estimate of an unknown 6 € R with respect to 1,
typically the sample size. That is, E @ — 6 as n — o0, and its cumulants can be expanded as

Y nla,forr>1, (2.1)
j=r—1

where the cumulant coefficients a,; may depend on n but are bounded as n — o, and ay; is bounded
away from 0. Here and below ~ indicates an asymptotic expansion that need not converge. So (2.1)

holds in the sense that -

wr(0) Za,]n]+O( Dfor1>r>1,
j=r—1
where v, = O(x,) means that y, /x, is bounded in n. For non-lattice estimates, the distribution and
quantiles of

Y, = (n/a3)"%(0 - 0) (2.2)

have asymptotic expansions in powers of n~1/2 of the form
Py (x) = Prob(Y, < x) =~ ®(x) — ¢(x) i n "2, (x), (2.3)
pu(x) = dPa(x)/dx ~ g(x) [1+ il 0/ (1)) 4
*1(pn(x))zx—in*f/2fr(x P (®(x) Nx—i—Zn 2¢,(x), (2.5)

where ®(x) = Prob(N < x), N ~ N(0,1) is a unit normal random variable with density ¢(x) =
(271)_1/2e_x2/2, and hy(x), hy(x), fr(x),gr(x) are polynomials in x and {A,;} where A,; = an/a’/Z.
The expansions (2.3)—(2.5) are given in Withers (1984) to O(n -5/ 2) and Withers and Nadarajah (2010a)
to O(n=3), starting

hi(x) = fl( ) =g1(x) = A1y + A3Hy /6, hy(x) = Ay Hy + A3 Hz /6, (2.6)
ha(x) = (A} + Axn)H1/2+ (A1 A + Ay /4)H3 /6 + A3, H5 /72,

fo(x) = (An/2 — A1 Az /3)Hy + AggHz /24 — A%y (4x° — 7x) /36,

@2(x) = ApHy /2 + A Hs /24 — A% (2x% — 5x) /36,

ho(x) = (A3 + Ap)Ho /2 + (A Asy + Ags/4)Hy /6 + A3 He /72, (2.7)
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where for k > 0, Hy is the kth Hermite polynomial,

Hy = Hy(x) = ¢(x) "} (~d/dx)"¢(x)
= E (x+iN)ffori = +v/—1, N ~ N(0,1). (2.8)
So, Hk+1 = (x - d/dx)Hk, (d/dx)HkH = (k + 1)Hk/
Ho=1 Hy=x Hy=x*—1, Hy=x>—3x, Hy=x*—6x2+3,...
So (2.3)- (2.8) give the eECF expansions to O(n~3/2) for the distribution and quantiles of Y;, of (2.2) in

terms of ay1,a11,a32, 422, 443, while . a1, a11, azp alone only give the eECF expansions to O(n’l), and
a1 alone gives the eECF expansions to O(n~1/2).

Note 2.1. Cornish and Fisher (1937) and Cornish and Fisher (1960) gave (2.5) for r < 6 for the special case
when a,; = 0 for i # r — 1. This was extended to standard estimates in Withers (1984). For (2.8), see Withers
(2000).

We now reserve i1, 1, ... for any sequence from 1,2,...,p. To avoid double subscripts, we
introduce the bar notation.
The multivariate Hermite polynomial, H' =% = A'*(x, V), is

H*(x,V) = ¢y (x)71(=01) ... (—9k)¢pv(x), where d; = 3/0x; and Jy = 0;,.
By Withers (2020), fori = v/ —1,
Ak, Vv)=E H;‘Zl(]]]- +1Y}) where 7; = y;,, y = Vlx,
Y=Y, Y~ N (0,VT).
So, H' = y1, H' =31, H? = y1y2 — V%, A? = i, — V2,
3 3
H'3 = y1yoys — Y V'2y3, where Y V123 = V125 + VBy, + VPy,,

V12 is the (i1,i;) element of V~1, and V172 is the (ij,,1j,) element of V~L. For their dual form see
Withers and Nadarajah (2014). Their integrated form, HI % = Hl7¥(x, V), is

Al7F = (=81)...(—d) @y (x) = /_xoo H' ¢y (x)dx. (2.9)

Multivariate estimates. Suppose that @ is a standard estimate of
w € RP with respect to n. Thatis, E®b — wasn — co,and forr > 1,1 <1y, ..., i, < p, the rth order
cumulants of @ can be expanded as

o0 . .
(W, ..., W)~ Y '}—f n~/ where I_cjl._’ =K, (2.10)
j=r—1

and the cumulant coefficients I_cjl._’ = k;l"'ir may depend on 1 but are bounded as n — o0. So k} = @; =
w;,. Then

X, = n2(d — w) 5 N, (0, V) where V = (Ki12), p x p, 2.11)

with density and distribution

X

pr(x) = (2m) 2 (det (V)2 exp(—'V1x/2), By(x) = [ gy ().

—00

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.2407.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 September 2025 d0i:10.20944/preprints202509.2407.v1

40f24

V may depend on 7, but we assume that det(V) is bounded away from 0. By Withers and Nadarajah
(2010b) or Withers (2024), the distribution and density of X, = n'2(@ — w) can be expanded as

Prob.(X, < x) Z n~"2Py(x), px, (x Z n~"/2p,(x), x € R?, (2.12)

where Py(x) = ®y(x), po(x) = pv(x), and forr > 1, (2.13)

P(x) = ir: [PIF A *(x, V) : k—reven], (2.14)
. 3r

pr(x)/¢py(x) = Z[P}*kHl*k(x, V) : k—reven| = p,(x) say. (2.15)
k=1

(2.14) and (2.15) use the tensor summation convention of implicitly summing iy, ..., i, over their range
1,...,p and P!~ are the Edgeworth coefficients. These are polynomials in the cumulant coefficients l_c}_’
of (2.10). See Withers (2025a) for their definition. The Edgeworth coefficients needed for Edgeworth
expansions to O(n~3/2) are

pl =k}, P/ 2 =ki3/6, P2 = kik3 + k3% /2,
Pyt =ki /24 + Skik3™ 4/6+Sk4k1 3/6, P, 6 = Sky3k37%/36,

where S is the operator that symmetrizes f1=% = fi1-+ik. So,

Pi(x) =k Hi(x, V) + Kk ° Hi % (x, V) /6,

pr(x) =k B'(x, V) +ky 2 H' 3(x, V) /6,

Py(x) = Y. Py (=01)...(=9) Pv(x), pa(x) = P, F A (2, V).
k=246 k=246

For Pg_k see Withers (2025a). These give the Edgeworth expansions for the distribution of X;, =
n/2( — w) to O(n~2). See Withers (2025a) for more details.

eECF expansions for parametric and nonparametric standard estimates were first given in Withers
(1984), and extended to functions of them in Withers (1982, 1983).

In Section 4 we show that for # and @ sample cross-moments, only the first 2 terms in (2.1) and
(2.10) are non-zero for r > 2.

3. Cumulant Coefficients for Functions of Unbiased Standard Estimates

This section summarises the results needed in Section 5 from Withers (1982, 2024).
Suppose that @ € R” is a standard estimate satisfying (2.10), and that

6 =t(w): R — RY (3.1)
is a smooth function with finite derivatives
t.ayay-. = 04,04, - - - t(w) where 9, = 9/0w,. (3.2)

Forb=1,---,q, let 6’ be the bth component of . Then by Withers (1982, 2024), 6 = tH(W) € Ris
a standard estimate of 8 = t(w). So its rth order cross-cumulants are of magnitude n'~" with an
expansion of the form

K(ébll e ’éhr) ~ Z n_]KZ}br (33)
j=r—1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where by, - - - b, liein1,- - - ,g, K¢, = 6%, and the cumulant coefficients for 6, Kbl.'”b’, are given in terms
q n0 nj g

of the cumulant coefficients for @, {I_c}*’ = k;.“"'”’} of (2.10) and the derivatives t 4 4,..., by the appendix
to Withers (1982), and in more detail in Theorem 2 of Withers (2024), where we now assume that
E @ = w. So,

Zy =nV/2(6—6) 5 N,(0,V) as n — co where V = (K112), (3.4)

b1by by paia2 by by _ b
Knl =ta k tﬂz’ Knl tﬂlﬂz

K12 /2, (3.5)

where we use the tensor summation convention of implicit summation of the repeated pairs, in this
case ay, 4y, over their range 1,- - - , p. That is,

b1b ? by 1414z b b aa
Knllzz Z tlklztﬂzz’Knll: Z tﬂlﬂzklz/z'

ay,a2=1 ay,ap=1
Similarly,
bbb, by by ,b 3 by b b b
1 2b3 1 4by (b3 g ayapa3 14b2 1 ayaz by
Kpp?? =g b2t k5P 4+ Y s ulifamsa3 where s;! = k't , (3.6)
b1bybs
blbz _ bl by 14142 bz a1a2a3 bz ayay
- altazk + Z 10y u3k + t 110203 113k ]/2
biby
+ 001%202% /2 where vhl®2 = tballask‘””2 (3.7)
bl...b4 _ b] b4 ai...a4 ai1axa3 bz b3 b]b4 bz b3 b4
K5 =t .t kg™ 4k Ztaztu3 i +Zta1a3a5 250350
+ Z blb3k””a2 b2b4 where ub1b4 = tballu4 Zi, (3.8)

These are the coefficients needed for Pr(x), p;(x) of (2.12) for r = 1,2 when X, of (2.11) is replaced by
Zy of (3.4).
The case g = 1. By (2.1), we can replace Kb1 -br by a,; where by (3.3)-(3.6),

a1g = 0, ay = t.a, k7" ta, = t.a,Sa, for sq, = k1'%t (3.9)
111 = taa,k11 /2, a3 = ta,taytasky! ™™ + 354, tayas5as, (3.10)
A2 = ta ko ™ty + Luayarks 2 iy + Saytuayarask ™ + V5205, (3.11)
g3 = tay - ta kgt ™ 4 1200, k512t g, t gy + 4t .0y 050550, Sas Sas

+ 1210, k] 11, fOr V32 = t.a,0,k7"", Ua, = t.ayaySa,- (3.12)

This gives the a,; needed for {1, h,, fr,&r, ¥ = 1,2} of Section 2. So if ay1 is bounded away from 0 as
1 — oo, then Y, = (1n/az)'/?(f — ) has the eECF expansions (2.3)—(2.5).

For any f1, set Zle = f12 + f21, and Zle = fi2 + fo3 + f31- (3.13)
123

If p =1, thens; = t ki, uy = ty1s1 = tatkil, o1 = takll,

ay; = t kl =1t481, 411 = i’11k1 /2, azp = i’3 klll —|—3S%t_11, (3.14)
Ay = tz k2 + t1t, sz + Slt.lllk% (Z)l) /2,
= t4 kllll + 12k111t2 t1181 + 4t_1115? + 12k%1u%.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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If p = 2, as in Examples 5.3 and 5.4 below, then s; = 212:1 k]iit.i,
U, = 212:1 tkjSis and (3.9)— (3.12) can be written using (3.13) as
2 - 2 B
aj| = t_ziklll + 2t4 t_zk%z, a)p = Z t_iiklf/z + t_lzk%z, (3.15)
i=1 i=1
azp = Z tiklzll +3 Z t_zl t_zk%u +3 Z sz»t_]‘]' + 65155t .12, (3.16)
i=1 12 j=1
i 2 . 2 2 N
ap = ikt + Y ti(tiks' +2t10ky™) + Y tky o+ Y sit ik
i=1 12 i=1
2 12 22 i J o
+ %sl(Zt_lukl + taook??) + v;.v; /2= k; Aok sy, (3.17)
4 2 2
43 = a3 where a3 = Z ti-k};,lll +4 Z t_31 t_zkéllz + 6t_21 t?zk%ln, (3.18)
k=1 i=1 12

2
ayaxa 3 2 2
430 = 1205, by taas ks, agzz /4 =Y | s7tii + 3sTsat a1z + 35155122,
i=1
2 27101 12
a434/12 = Z u;j klll + 2u1u2k1 .
i=1

If p = 3, as in Examples 5.5 and 5.6 below, then s; = Z?:l k]ft_i, and (3.9) and (3.10) can be written
using (3.13), as

3 3 3 3 3 3
ay = Y 2K +2) tatoki, ann = Y bk /24 Y taoki, (3.19)
i=1 123 i=1 123
3 3 3 3
ay = Y K +3Y taky T 4 6tatotaky +3) st 42 s1satan.
i=1 123 i=1 3

4. The Cumulants of the Sample Cross-Moments

This section uses the notation of Section 2 of Withers (2025b). Let - - - , X_1, Xo, X1, - - - be any real
stationary process with finite mean, cross-moments, and cross-cumulants,

u= E Xo, Mil"'ir =E Xil s Xi,r Hiyeip = E (Xil - ]1) s (Xi, — ]/[), (41)
k(i1, s ,iy) = K(X,'l, s ,X,’r). SO, ]/lor = ,‘I/lr(X()), k(Or) = Kr(Xo), (4.2)

where 0" denotes a string of r zeros. For relationships between them see Section 3.30 of Stuart and Ord
(1987). Multivariate relations can be written down from their univariate versions. For example for
M,;, pr and x, the rth central moment and cumulant of X € R,

2
My = 1y + 17 = M1 = K11 + K10Ko1,

Ky = pg — 3u3 = k(1234) = pyo3s — p1opas — Pa3tos — P14z

Given a sequence of integers iy, - - - , i, set

. T . . . . r ro, .

1p = miniy, Ik =1 —1y > 0, Ip = 10(11 .. .lr) = maXx Ik = maXli; — 1p. (4.3)
k=1 k=1 k=1

SO, Mir--ir = MIl“'Ir’ Hiy-ip = KL L Kigeoiip = KL I (4.4)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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These are not changed by permuting subscripts. Also at least one I is zero. For a > 0 and k(.) of (4.2),
the ath autocovariance and autocorrelation are

covar(Xo, X;) = k(0,a), and corr(Xg, X,) = k(0,a)/k(0?). 4.5)
Also, k(0,T) = k(0,|T|), andif Ty < T, < 0or T; < 0 < Ty, then
k(OI Tl/ T2) = k(O, TZ - Tl/ _Tl) = k<0’ |T2 - T1|/ |T1|>

Now suppose that we observe only Xy, -+, X,. For I,..., L, and n > Iy = Iy(ij .. .17,) of (4.3), define
the sample non-central cross-moment

N
M.y =Mp..,, =N'Y Xip - Xipp, where N = n — I, (4.6)
t=1

This is an unbiased estimate of M;,...;, of (4.1). For example p = E Xy and My, = E XX, have
unbiased estimates

n
p=X=My=n"Y X, “7)
j=1

N
My, =N'Y XiXjy,forN=n—a>0, (4.8)
j=1
and a > 0 an integer. We can write (4.6) as
. N
M;=N"1Y"Xi(n)for N =n—Iy(n) > 0, thatis, for n > Iy(r).
t=1
Given p > 1 and sequences of integers 71, -+, 7Tp, forj=1,...,p, set

w] = MT[j/ w] = Mﬂ’j/ w = (wll o /wp)/ W= (wll' o ,'d]p), N] =n- 10(71']) (49)

We shall see that (2.10) holds with l_c}_r =0forj > r > 2. S0 @ is a standard estimate.

1 N N T ... T
K(dy, -+, ) = (Np...Ny)~H Y oo ZK(t ; ) (4.10)
=1  t=1 1e-wtr
where K(T? ZTr) =x(Xp, (1), ..., X4, (71r)), (4.11)
1..-Lr

and Xt(il cee lr) = Xt+11 cee Xt+1r.

Example 4.1. If 711 = (0) and 71y = (0, a), then Iy(7r1) =0,
Ip(mp) =a, Ny =n, Ny =n—a,

Xi(m) = Xi, Xi(m2) = XiXiya, K(iig) = «(X¢,, Xt, Xty4a),
n Np
k() =n"2 Y k(Xe, Xp,), K2(D2) =Ny 2 Y &(Xe, Xty 4a, Xt, Xtyta)s
ty,t2=1 t,tp=1
n Ny
K(Z’l\Jl, Z’l\)z) = (nNz)_l Z Z K(thlxtzxterg).
t1=1t=1

K (%) can be written in terms of the cross-cumulants of {X;} using p254-265 of McCullagh
Bty ]

(1987)if L = L1 + - - - + L; < 8 where L; the length of the sequence 7;. See his p58 and the appendix
below for some examples. So this covers K4(Mi1i2), which has L = 8, but not K3(Mi1i2i3>, which has

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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L = 9. So at present we can obtain the eECF expansions for M; ;, to O(n~3/2), but the eECF expansions
for Mi1i2i3 only to O(n™1).

Under mild conditions, n’_lx(wil, --+,1; ) is bounded as n increases, as the examples show.

irip

Theorem 4.1. Taker > 2. Let K(t, ..., t,) be any symmetric function of integers t1, ..., t, such that
for any integer, K(ty,...,t,) =K(t1 = T,...,t, — T).

Take n > 1 and integers a; < n,...,a, < n. Then for Nj=n-—aj,

% e % K(ty,- - ,t) = Z Dt K(0,To, - -+, Ty), (4.12)
h=1  t=1 ~Ni<T;<Nj, j=2, 1
where Dyt = min(Ny, N — To, -+ - , N, — T;) + m, (4.13)
=n—461=N;— (5£T, myr = min(0, Ty, -+, Ty), (4.14)
6,1 = max(ay, Tp +az,- -+, Ty +a,) — m,t, (4.15)
Sy =61 —a; =max(0, T +ax —ay, -, T +ar —ay) — m. (4.16)
So LHS (4.12) =n af,,,l +aK =N af,,,l + a/,I,( where 4.17)
(k1 af,a%) = Y (1, =61, —6/7) K(0, T, -+, T,) (4.18)
—Ni<T;<Nj, j=2,
— (y 1, Apr, Ahy) = Y (1, =61, —6,7) K(0,Tp, -+, Ty) (4.19)

|T]v|<oo, =2,

as n — oo, when finite, and

’
ah =af —ayal,_q, ay=a,—aa,,_ (4.20)
af = Y KOT)—an= Y K(©OT), (4.21)
—N1<T<N;y T=—o0
ak = K(0, Ty, Ts) — azp = K(0, Ty, T3), (4.22)
32
*N1<T]'<N]', j=2,3 Ty, Tz3=—o0
[ee]
af=— Y &rKOT) =way=— Y & K(OT), (4.23)
—N;<T<N, T=—0c0

where 87 = max(0, T + a, — a;) — min(0, T),

[e9)

all = ) K(0,T,, T3, Ty) — a43 = Y K(0,Ty, T3, Ty). (4.24)
*N1<T]'<Nj, j:2,3,4 Tz,T3,T4:—OO
Now suppose that a; = a. Then N; = N =n —a,
't =max(0,Tp,---,T,) —min(0, T, - -, Ty), by = | To|, (4.25)
Jé"[‘ =HI<TL<T)+(T:—T) (T, <0< T3)—TL, (T, < T3 <0),
(ayp_1 apam) =Y, (1, =01, —67) K0, T2, -, Ty). (4.26)

|Tj|<N, j=2, 1

PROOF Transform from t; to T; = t; — t; fori =2,--- ,r. So (4.12) holds with

N
DNt = Z I(—T]‘ <t SN]'—T]',]'IZ,...,T)
=1

= min(Nl, Ny, —T5,--- ,N, — Tr) — max(O,—Tz,. .., —Tr). O
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For i = r — 1,r this will give us two choices for (a,,_1,ar) needed for (2.1)—(2.5), namely
(ufr_l,aﬁ) of (4.18) and its limit, (a,,1,4,) of (4.19). When a; = a, we have another 2 choices
for a,r, namely a X of (4.18) and its limit, a/, of (4.19). These limits can be used when the differences, for
example aX —al,, are exponentially small in #, that is, they have magnitude O(e~"") for some A > 0.
When a; = a, 8/ of (4.25) is simpler than &, = a + J/., so aXis simpler than X, and the expansions
of Section 2 may be simpler if n is replaced by Nj as in Example 5.2.

Corollary 4.1. Take a; = Iy(7t;), N; = n — a;, w;, ®; of (4.9), and D,NT, 6,1, &' Of (4.13)—(4.16). Then for
ry j j)r Nj jr Wi Wj T

Kof (4.11),
r .
K(®y, -, @) = Y, nIk}" wherekj" = n"(Ny...N;) ", (4.27)
j=r—1
7170 ... TT
@)= T a-mk(gEr). 428)

—Nl <T]‘<Nj, j:2,~~~ T

So Dyt =1 — &1 = Njy — 5;’%, and (4.17)—(4.24) hold with K(0, T, . . ., Tr) replaced by K(”g 7;122T7T1r)

PROOF By (4.10), (4.12), and (4.18), for k}l---’ of (4.27), LHS(4.10) =

r .
(N1...N;) "' RHS(4.12) = (Ny...N) ™" (naf,_y +af) = Y nikj’. D
j=r—1

-1/2

For its univariate version, we have the option of expanding in N~1/2 rather than in n as in Section

2.
Corollary 4.2. Given a sequence of integers 7, set

N=n—-Iy(n), 7" =(x,...,mn).

Then k(M) = N'7"aX,_| + N7"aX (4.29)
’ 7w ... 7T

ahere af, 0¥ = L - k(g7 ). (4.30)
|Tj| <N, j=1,....r 2e-cdr

or ak of (4.28). So the eECF expansions for Yy, of (2.2), that is, (2.3)—(2.5), hold with (n, Yy, a, ,_1, ay) replaced
T] P 2 p
by (N, Yy, afrfl,arlf),
where Yy = (N/agl)l/z(]\?bT — Mp).

5. Examples

Example 5.1. The eECF expansions to O(n=3/2) for the sample mean, i of (4.7).
Take p = 1, 7T = (0) so that My = ji = X. Forr > 2and K(.) = k(.) of (4.2),

K (X) = nl_’a’r‘,r_l +n~"ak, of (4.18) with Ny = n (5.1)
=n'Ta,, 1+ n"ay, +O(e ™) of (4.19) where A > 0,

under mild conditions. (2.1)—(2.5) hold for
W = Xwithayg = p, ay; = 0forj>1.
S0 (2.3)(2.7) hold for Yy, = (n/az1)V/*(X — p) where forr > 2,

(A1, 0rr) = (a’,‘,,_l,a’r‘r) of (4.18) or (ayy—1,ar) of (4.19),
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and a,; = 0 for i > r. This example was the subject of Withers (2025b). See there for extensions to missing
values and weighted means.

Example 5.2. The eECF expansions to O(n=>3/2) for the sample autocovariance assuming that y = 0. (This
assumption is common in the literature on the grounds that the series can be adjusted by subtracting the
estimated mean. But by Example 5.3, it gives the wrong variance if yu # 0!) In this case, p = 1 and for
a>0, w= My, = E XoX, has unbiased estimate & = My, of (4.8). So w = (0,a), N = n — a, and by
Corollary 4.2,

kr(Mog) = N'"aK,_; + N~7a X

ror—1
~ Nl—rarﬁ1 +N""a), of (4.18) and (4.19), (52)
where K(ty,...,t,) = x(Xp (71),..., X, (71)) for Xi(71) = X Xi4q- :3)

So (2.3)~(2.5) hold with (n,Yy) replaced by (N, Yy ) where
Yn = (N/axn)"*(Moq — Moa),
for ay; = ak of (4.26), or its limit when the difference is exponentially small. Alternatively, by (4.27),

(M) = nl”afF1 +n"ak = nlfram,l +n""a,, (5.4)

so that (2.3)~(2.5) hold for Yy, = (n/ay )" ? (Mo, — Mo, ). We now give K(.) needed for (4.21)~(4.24), that is,
K(0,Ty,...,Ty) of (5.3) for 2 < r < 4, in terms of the cross-cumulants of the process, k(.) of (4.2). By (A2),
since y =0, Ap = Ay =0, K(0, T) needed by (4.21) and (4.23) for a1 and apy, is
K(O, T) = K(X()Xu, XTXT+a) = A1+ A3 (5.5)
where Ay = k(0,a,T, T +a), A3 = k(0,T)? +k(0,T + a)k(a, T).

asp of (4.22) needs

1
K(0, Ty, T3) = (X0Xa, X1, XTya, X1, X134a) = Y Cj (5.6)
=1

is given by identifying (0,a,To, To +a, T3, T3 + a) with (1,...,6) in (A13). So Cj=0forj=2,4,7,89,11,
Ci =k(0,a,T5,T) +a,T3,T3 +a),

2
Cs =) _[k(0, T2)k(0, Tp, T3, Ts — a) + k(0, T + a)k(0, T, — a, T3, T3 — a)
23

+ k(O, T, — a)k(O, T+a, T3, T5 + ﬂ) + k(O, Tz)k(o, Ty, T3, T3 + a)
+k(0, —a, To, T3)] by (A14).

2
Cs =Y [k(0,a,T)k(0,a, T, — T3 + a) + k(0,a, T, + a)k(0,a, T, — T3)
23

+ k(O, T, Tr + a)k(O, T3, T3 — a)] b]/ (A15).
Ce = k(O, Ty, T3)2 + k(O, Ty, +a, Tz + a)k(O, T, —a,T; — ﬂ)

2
+ ) _k(0, To, T3 + a)k(0, To, T3 — a) by (A16).
23
2
By (A17), Cio = k(T2, T3) Y _k(0, T») [k(a, T3) + k(0, T3 + a)]
23

2 2
+k(0, To)k(0, T3) Y "k(To, T3 +a) + Y _k(0, T, + a)k(0, Ts — a)k(T», T5 + a).
23 23
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This completes K(0, T, T3) needed for asy = a%, of (4.22) or its limit. Lastly as3 of (4.24) needs
K<0/ 1>, T3r T4) = K(X()Xa, XTZ XTz-HZ/ XT3 XT3+11/ XT4XT4+II)' (57)

This is given by identifying (0,a, Ty, Tp +a, T3, T3 + a, Ty, Ty + a) with (1,...,8) in (A23), starting with
Dl = K(XO, Xlll XTz! XTQ-‘rﬂI XT3/ XT3+HI XT4/ XT4+H)‘

Example 5.3. The eECF expansions to O(n~>/2) for the sample autocovariance without assuming that y = 0.
In this case we take p = 2 in (3.1),a > 0,

wy = p, wy = Mog, 0 = t(w) = x(Xo, Xa) = wp — wi.

The non-zero derivatives are t] = =2y, tp =1, t11 = —2. Fori=r—1landr, kl = a ; of Example 5.1,
and k2 = ak of Example 5.2. So,

(k' KL gt M) = (aby, aby, ab, als) of (418),
and (K32, k32, k522, k3%%%) = (aby, ab,, a5, ) of (5.4)(5.7).

By (3.15) and (3.16),

ay = 42kt — 4pki? + k32, ayy = ki, (5.8)

a3 = — 8Pk + 1242K412 — 6kl + 132 — 282, 5j = —ZVkij +k§j. (5.9)

By (4.27) withr =2, Ny =n, Ny =N=n—a,

2 .
xk(fi, Mog) = (nN) " (naX +ab,) = Z n_]k]l-2 where

N-1

k12 (n/N) az], ak = 2 K(0 =— Y &rK(OT), (5.10)
T=1-n

dr = max(0, T +a) — mm(O, T), and

K(0,T) = x(Xo, X1 X744) = k(0, T, T +a) + u [k(0, T + a) + k(0, T)], (5.11)

by (A1). This gives ay of (5.8). By (3.15), a1 = —kiL.
asy of (5.9) needs k312 and k3?2
By (4.27) withr =3,N] =Np =n,N3 =N =n—a,

K(f, b, Mog) = (12N) ! (nak) +akl) = En ]k112 where
]_
ki'? = (n/N) a31 631 = max(0, To, T3 + a) — mzy, and by (A3), (5.12)
Kq(0, Ty, T3) = x(Xo, X1, X1, XTy4a) = k(0, T2, T3, T3 + a) + pu k(0, T, T3 + a)
+u k(O, T, T3) + k(O, T3)k(T2, T3 + (1) + k(O, T3 + ﬂ)k(Tz, T3).

By (4.27) withr =3, Ny =n, Ny =N3 =N=mn—a,

3 .
k(ft, Mo, Mog) = (nN?) " (nas2 + as2) = = Y nIk}? where
=2
ki*? = (n/N) a3] and S31 = max(a, To, T3) — min(0, Tz, T3), (5.13)
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and by (A6), K2(0, Tp, T3) = x(Xo, X1, X1y 4a, X15 X1y 4a) = ), B; where

j=1
B1 =k(Ty, T, +a,T3,T3 +4a,0), Bo/p =k(0,Tp, T +a, T3)

+k(0, Ty, T, +a,Ts +a) +k(0, T, T3, Ts + a) + k(0, T +a, T3, T3 + a),

Bs = k(Ty, Tp + a,T3)k(0, T3 + a) + k(To, To + a, T3 + a)k(0, T3)

+k(Ty, T3, T3 + a)k(0, T, + a) + k(To + a, T3, T3 + a)k(0, To),
By + Bs = k(0, T, T3) (k(T2, T3) + %) + k(0, To, T3 + a) (k(T> + a, T3) + p?)
+k(0, Ty +a,T3)(k(To, T3 + a) + p?) + k(0, Tr + a, T3 + a) (k(Ta, T3) + p?),

B6/‘Ll = k(Tz, Tg)[k(o, T + a) + k(O, T3 + a)] + k(Tz, T3 + a)[k(O, T + ﬂ)

+ k(O, Tg)] + k(O, Tz) [k(Tz +a, T3) + k(Tz, T3)] + k(Tz +a, T3)k(0, T + a)
+ k(T, T3)k(0, T3).

This completes asy of (5.9), giving hy, hy, f1, g1 of (2.3)~(2.5).
Next we give ay. By (3.17),
Ay = Z(aZZJ' 1 j=1,2,3,6) where

ayr1 = 4“112](%1 — 4]1](%2 + k%Z, Az = 4]4](%1, azy3 = —Zkélz, a0 = Z(k%l)z.

Finally we give as3. By (3.18), ags is the sum of

Agz = 16‘114](%111 o 32‘u3k%112 + 24#2](:1”122 o 8]1](%222 + k§222,
ayzp = —24sy (4p2K5T — 4pkl2 + K2, s; = —2ukl + K, wy = —2s5, up = 0,

433 = 0, a434 = 1211%](11 = 4S%k%1.

So we need kgkl. Set

Ka1 = «(f, fi, i, Moa), Koz = x(, ft, Moa, Mog), Ki3 = (1, Moa, Moa, Mog).-
By (4.27) withr =3,N] =N, =Nz =n, Ny=N=n—a,
4 .
K31 = n >N~ Y(nals +ak)) = Z:;n*]k]ulz where k]l‘112 = (n/N)aff]',
]:
dg1 = max (0, Ty, Tz, Ty + a) — myy for myy of (4.14). By (A10),

3
K(0, Ty, T3, Ty) = x(Xo, X1, X135, X1, X1y 40) = ) Ej where
j=1
E1 = k(O, Tz, T3, T4, T4 + ﬂ), Ez/]/l = k(O, Tz, T3, T4 + IZ) + k(O, Tz, T3, T4),
E; = k(O, T4) k(Tz, T3, Ty + a) + k(Tz, T4) k(O, T3, Ty + a) + k(O,a) k(O, Ty, T3)
+k(0, Ty + a) k(Tp, T3, Ty) + k(To, Ty + a) k(0, T3, Ty) + k(T3, Ty + a) k(0, To, Ty).
By (4.27) withr =3,N] =Ny =n, N3=Ns=N=n—a,
4 .
Ky = (nN) *(nag +ay) = Y n*]k]l-122 where kjl-112 = (n/N)Zaffj,
j=3
041 = max(0, Tp, T3 +a, Ty + a) — myr,

and by (A20),
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10
K(0, T, T3, Ty) = E i where for example F; = k(0, Ty, T3, T3 +a, Ty, Ty + a),
j=1

2
F/pu =Y [k(0,Ty, T3 +a,Ty, Ty +a) + k(0, Tp, T3, Ty, Ty + a)].
3
By (4.27) withr =3,N; =n, Ny=N3 =Ny =N=n—a,

4 .
Kiz = (nN*) Y (nals 4+ ak)) = Y n_]k]l-222 where kjl-122 = (n/N)3aff]-,
j=3

d4r = max(0, T +a, T3+ a, Ty + a) — myr,

and by (A21),

9
K(0, Ty, Ts, Ty) = Z G; where for example Gy = k(0, T2, T3, T3 + a, Ty, Ty + a),

j=1

3
Go/p = Z[k(O, T) k(Ta+a,T3, Tz +a, Ty, Ty +a)
234

+k(0, T2 +a) k(Tp, T3, T3 +a, Ty, Ty + a)].
This completes ay3, giving ho, hy, f3, g3 of (2.3)—(2.5).

Example 5.4. The eECF expansions to O(n™1) for the ath sample autocorrelation assuming that u = 0.

Take w1 = My, wy = Mo, at a; =0, ap = a. Then 0 = {(w) = wy /w1 is the ath autocorrelation and
0 = Mo,/ My is the ath sample autocorrelation. So Moy = X2, p = 2, ap1,a11, a3 are given by (3.15) and
(3.16), and

th = —wy/wi, ty = 1/wy, tay = 2wy /w3, tap = —1/wi, ton = 0.
So, ay = (£ki! — 2tk}* + k3w %, ayg = (0k}! — ki%), wi %,

a3 = (—0°k3M + k32 + 317312 — 3tk3* + 6wast — 6wisisy)wy >,
s1= (—0ki' + kP )w; !, so = (0K + k3w L.

These need kilj and k;jk. kIZ’ is aX of Example 5.2. So,

2= Y K(OT)of(55), kK= Y. K(0,T,Ts)of (5.6).
|T|<N |T;|<N,i=2,3

k}r is k%’ ata = 0. So,

ki' = Y K(0,T) where K(0,T) = k(0,0,T, T) +2k(0, T)?,

|T|<N
kM= Y KTy, Ts) where K(0, T, T3) = Y. G
|T;|<N,i=2,3 j=1,3,5,6,10

C1 =k(0,0, Ty, To, T3, T3),

2
C3 =4) _[k(0, T2)k(0, Ty, T3, T3) + k(0, T3 — T2)k(0,0, T, T3)].
23

2
Cs = Y [2k(0,0, T2)k(0,0, T, — T3) 4 k(0, T», T2 )k(0, T3, T3)].
23

Ce = k(0, T, T3)? 4 3k(0, Tz, T3)?. C19 = 8k(T», T3) k(0, T) k(0, T3).
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This completes K(0, T», T5) needed for as, = a%, or its limit. We now give ki?,k}12, k2. By (4.27) with
r=2,N=n,Np=N=n-—a,

2 .
k( Moo, Mos) = (nN) 71 (na¥, + aky) = Z n_]k}2 where
j=1

]
Al = k(0,0, T,T+ﬂ), Ay = A4 =0, Az = 2k(0, T)k(O,T—I- {1)

4
k]1_2 _ (n/N)agj, K(0,T) = 3 Aj by (A2) where

By (4.27) withr =3,N] =N, =n, N3y=N=n—ag,

3 .
(Moo, Moo, Mo,) = (nZN)_l(na§<2 + a§3) = Z n_]k]l-12 where k}lz = (n/N) agj,
j=2

11
and K(0, Ty, T) = x(X§, X7,, X1, X1340) = Y, G
j=1
of Example 5.5. By (4.27) withr =3, Ny =n, Ny =N3 =N =n—a,

3 .
K(Moo, Mo, MOu) = (nNz)fl(na:{fQ + a§3) = Z rf]k]l-22 where k}-m = (n/N) a§<j,
j=2

11
and K(0, Ty, T3) = x(X§, X1, X1, 40, X1, X1340) = 3_ Cj 0f (A13)
j=1

with (123456) identified with (0,0, Ty, Tp + a, Ts, T3 + a). Similarly ayy, ass needed for the eECF expansions
to O(n=3/2), can be obtained from (3.17) and (3.18).

Example 5.5. The eECF expansions to O(n~') for the ath sample autocorrelation without assuming that
u = 0. Take

wy = p, wa = Moo, w3 = Moa,

W = X, ©y = X2, W3 = My, of (4.8),

D = var(Xo) = wy — w3, E = covar(Xo, Xz) = w3 — w3,

0 = t(w) = covar(Xo, Xa)/var(Xo) = E/D. (5.14)

So p = 3 and ayy, ay1, asy are given by (3.19) with

tg=2u(@—1)/D, to=D"1, t3=—0D"", t;; =2(0 — 1)wsD?,
tip =2wD7?, ty3 = 2w (1—20)D2, ton =0, tp3=—D"2, tz =20D 2

kit and kK3 are a%, and ak, of (5.1). k3% and k3% are ak| and a%, of (5.2). k32 and k32 are just k3 and k333 with
a = 0. ki%is ki% of (5.10), Ki? is ki3 with a = 0. k313 is k312 of (5.12). k12 is k}13 with a = 0. k33 is k1?2
of (5.13). ky*? is k3% with a = 0. k3% is k" of Example 4.6 of Withers and Nadarajah (2012). (This corrects
the derivatives of t given in Example 4.5 there.) azy also needs ky?3,k322,k333. Set N = n — a. By (4.27) with
r:3,N1:N2:n,N3:N:n—a,
10, K | K S
Kk (o, Wy, W3) = (n?N) Y (nak, +a%5) = gn_]k} 2 where
]:
ki?® = (n/N) aj;, and K(0, Ty, T3) = x(Xo, X3,, X1, Xy 14)-
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Identifying (12,34,5) of (A6) with (T,, T, T3, T3 + a,0) gives

6
K(0,T,, T3) = E - where By = k(0, Ty, Ty, T3, T3 + a),

= u [k(0, Tz, T, T3) + k(0, Ty, To, T3 + a) + 2k(0, T», T3, T3 + a)],
B3 = k(Ty, T», T3)k(0, T3 + a) 4 k(Ty, Tp, T3 + a)k(0, T3) + 2k(Ty, T3, T3 + a)k(0, Ty),
By = 2k(T, T3)k(0, Tp, T3 + a) + 2k(Ty, T3 + a)k(0, T», T3),
Bs = 2u% [k(0,0, T3 4 a) + k(T», T3, T3 + a)],
B = 2u k(0, To) [k(Ty, T3) + k(T2, T3 + a)] + p k(0, T3)[k(0,0) + k(Ty, T3 + a)]
+ 1 k(0, T3 + a)[k(0,0) + k(Ty, T3)].

This qives k323, Next we give k323. By (4.27) withr =3, Ny =N, =n, Ny=N=n—a,
8 2 gtve Ky Y

3 .
K(tp, Wo, W3) = (N?N) "L (naky +a%5) = 2 n*]k]z23 where k223 (n/N) a3],

and K(0, T, T3) = x(X§, X7,, X1, X1y 4a)-

Identifying (12,34,56) of (A13) with (0,0, Ty, T, T3, T3 + a) gives

K(0, Ty, T3) = x(X5, X3, X1, X1y 4a) = Z , C1 =k(0,0, Ty, Tp, T3, T3 + a),

Cy = 1 [k(0,0, T, Tp, T3) + k(0,0, T, Tz, Ts +a) +2k(0,0, T, T3, Ts + a)
+2k(0,Tp, Tp, T3, T3 + a)],

C3 = 2k(0, T2)k(0, Tp, T3, T3 + a) + 2k(0, T5)k(0, Tp, T, T3 + a)
+2k(0, T3 + a)k(0, Ty, To, T3) + 2k(0, T2 )k(0, Tp, T3, T3 + a)
+ 2k(T,, T3)k(0,0, T, T3 + a) + 2k(Tp, T3 + a)k(0,0, T, T3),

Cy = 4? [2k(0, T, T3, T3 4 a) + k(0, Tp, Tz, T3 + a) + k(0, To, T, T3)
+k(0,0, Ty, T3+ a) + (0,0, T», T3),

2
Cs =2)_k(0,0, T2)k(Ty, T3, Ts + a) 4 k(0,0, T3)k(T2, T2, T3 + a)
23

+k(0,0, T3 + a)k(T2, T2, T3),
Co = 4k(0, Tp, T5)k(0, To, T + a),
Cy = 1 [2k(Ts, T3)k(0,0, T2) + 2k(0, T3)k(0, To, To) + 2k(To, T3 + a)k(0,0, T»)
4 K(0, T3 + ) (2k(0, To, To) + k(0, T, T3)) + k(Ts, T + a)k(0,0, T»)
+ k(Ta, Ts + a)(k(0,0, Ts) + k(0, To, T5))].
Cs /41t = k(0, To, T3) [k(0, T) + k(0, Ts + a) + k(To, Ts + a)]
+k(0, To, Ts +a) [k(0, To) + k(0, T3) + k(To, T5)),
Co = 414° [k(0, Ta, T3) + k(0, T, T3 + a)],
Cro = 4k(0, Ty) [k(0, T)k(Ts, Ts + a) + k(0, T + a)k(Ty, T)],
Cu1/4p* = k(0,Ty) [k(0, T3) +k(0, T3 + a) + k(Tz, T3) + k(Ta, Tz + a)]
+ (0, T3)k(Ta, Ts + a) + k(0, T + a)k(Ta, T3).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202509.2407.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 29 September 2025 d0i:10.20944/preprints202509.2407.v1

16 of 24

Finally az needs k5%°. By (4.27) withr =3, Ny=n, Ny=N3 =N =n—a,

3 .
K (W, W3, M3) = (nN?) " (nazy + a3) = Y n k7> where k7** = (n/N)? ay;,
=2

and K(0, Ta, T3) = x(X3, X1, X1y, X1, XTy 4a)-

Identifying (12,34,56) of (A13) with (0,0, To, T, +a, T3, Tz + a) gives

11
K(0, Ty, T3) = x(X3, X1, X1y 0 X1, X1y40) = 3_ Cj, C1 =k(0,0, T, To+a, T3, T5 + a),
=1

Cy = u[k(0,0, Ty, Tp +a,T3) + k(0,0, Tp, Ty +a, T3 +a) + k(0,0, T, T3, T3 + a)
+k(0,0, T, 4+ a,T3, T3 +a) + 2k(0, Tp, To + a, T3, Ts + a)],
Cs = 2k(0,T2)k(0, T +a, T3, T3 + a) + 2k(0, To + a)k(0, T, T3, T3 + a)
+2k(0, T3)k(0, T, To + a, T3 + a) + 2k(0, T3 + a)k(0, T, T + a, T5)
+k(Ty, T3)k(0,0, To + a, T3+ a) + k(To, T3 + a)k(0,0, T» + a, T3)
+k(Ty +a, T3)k(0,0, To, T3 + a) + k(To, T3)k(0,0, T, T3),

Cs/p2 =2k(0, To +a, T5, Ts + a) + 2k(0, T, T, Ts + a)
+2k(0, Ty, To +a, T3 + a) + 2k(0, Tp, T + a, T3) + k(0,0, T + a, T3)
+k(0,0, T, 4+ a, T3) + k(0,0, T, T3 + a) + k(0,0, T, T3),

and similarly for Cs, ..., Cq1.

Example 5.6. Fixa; > 0and ap > 0. Fori = 1,2, set N; = n — a; > 0. We give a1 needed for the eECF
expansions for = t(w) when

0 = t(w) = k(X0 Xa,, X0Xa,) = w3 — W1W3,
w1 = Mog,, W2 = Moy, W3 = Mooaya, = E X§Xa, Xa,-

N3
So, @3 = N3 ' Y " X7 X 4, Xjya, where N3 = min(Ny, Ny).
j=1

So p = 3, and ay1, aq1, azy are given by (3.19) with non-zero derivatives
tg=—wy, tp=—wy, t3=1,t1n=—-1

The eECF expansions for 6 = t(@) to O(n~'/2) is given by ay. By (3.19), ap needs kzlj Fori =
1,2, (K, kity = (aX, a%,) of (5.4) with a = a;. By (4.27) withr = 2,

2 .
Kk (b, W) = (N1 Np) " (n a£<1 +ab) = Z n_]k]l2 where k}z = (nz/NlNz)agj,
j=1

4
K(0,T) = k(XoXa,, X1 X714,) = Y, Aj by (A2) where
=1

A1 =k(0,a1, T, T+az), Ao/pu=k(ay, T, T+ ap) +k(0,T, T+ ap)
+k(0,a1, T+ ap) +k(0,a1,T),

Az = k(0,T)k(ay, T + az) +k(0, T + az)k(ay, T),

Ay/u? = k(ay, T +ap) +k(ar, T) +k(0, T + ap) +k(0, T).
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By (4.27), fori = 1,2,

2 . - .
Kk(W;,®3) = (N;N3) " H(n ak| +aby) = Y n_]k}3 where k}3 = (le/NiNg,)aé(j,
j=1
19
K(0,T) = (XoXa;, X3 X110, XT4ay) = ) Aj by (A11) where for example
=1

Al = k(O,ﬂi, T/ T,T+a1,T+a2),
Ay/u=k(0,T,T,T+ay, T+ay)+k(a, T,T,T+ay,T+ay),
A3/]/l = k(O,ﬂi, T, T,T+LZ1) —|—k(0,ai, T, T,T+612) +2k(0,ﬂi, T,T+L11,T+LZ2).

By (4.27),
2 .
Ko (W3) = N3_2(n a5 +ak) = Y n_]k}?’3 where k;’c’ = (n/N3)2a§j,
j=1

16
and by (A22), K(0, T) = «(X§Xa, Xay, X3 X140, XT4ay) = 3, H;

j=1
where for example Hy = k(0,0,a1a, T, T, T + a1, T + az).

This gives k3°. ay; is now given by (3.19). However a, needs the joint cumulants of length L = 9, which are
not given in McCullagh (1987).

Example 5.7. Fix ay,a;. Let us find a for w = Mog,q,, © = M0a1a2 of (4.6):

1=z

W=N"1Y Xy, Xips, where N = n— I, (5.15)

t=1

and Iy = max(0, a1, a3) — min(0,ay, ap). By Corollary 4.2, we can take

¥, = (n/N)?Y_{K*(0,T) : |T| < N} where
15
K* (0’ T) = K<X0Xll1 Xllz/ XTXTJral XT+!12) = 2 Ai
i=1
is given by identifying 0,a4,a2, T, T 4+ a1, T+ ay with 1,...,6 in (A12). But it has 1+6+6.4+9.5+18.6=178
terms, so software is needed.

Example 5.8. Take p =5,

w1 = U, wy = Mog,, w3 = Mog,, Wg = Ma,a,, Ws = Mog,a,,
0 = t(w) = x(Xo, Xay, Xa,) = w5 — w1 (wa + w3 + wyg) + 23

So,ty = 6wi —wy — w3 —wy, ty =tz =ty =—wy, t5=1.

ay is given by (3.9) in terms of k'™, ay,ap = 1,...,5. By Example 5.1, k' = Y.{k(0,T) : |T| < n}. For
a >0, set k3(a) = ax of (5.8). Then fori = 2,3, ki = k¥(|a;]), k{* = k¥ (|ay — az|). k3° = ap; of Example
5.8. Set ki?(a) = kI> = (n/N) L{K(0,T) : —n < T < N}, for N = n — |a| and K(0, T) of (5.11). Then
K2 = k2(|aq|), kB3 = k1%(|aa), K1* = k22(|ay — az|). By (4.27), for N of (5.15), ki> = (n/N) ©{K(0, T) :
—n < T < N}, where now K(0, T) = x(Xo, X7 X714, XT+a,) = Mo, T, T+ay,T+a, — #Moa,a,-

k2% = k12 of Example 5.6. k3* needs x(Moa,, Moa, ), a special case of
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A ~ 2 ;
K (Moa,, Mayay) = Z n_]k]24, where (5.16)
j=1
k]24 = (nz/N2N4)a§j, Ny =n—|a1|, Ny=n—|ap —a3|,
4
K(0,T) = (XoXa,, X140, XToa3) = ) A (5.17)
by (A2) is given by identifying (0,a1, T + ap, T + a3) with (1,2,3,4). By (4.27),

(A, Mogya,) = (n/N) Y K*(0,T) where (5.18)

—n<T<N
N=n-— max(O, ay, ﬂz) + rnin(O, al,ﬂz), K* (O, T) = K(XQ, XTXT+a1 XT+a2)/

given by identifying 0, T, T + a1, T + ap with 1,2,3,4 in (A4).

Next we obtain k3%, k3°, ki°. k3* is a special case of (5.16). k3° is covered by k¥ of (5.18). k{° is a special
case of the lead coeﬁ‘zczent in K(MalueraauMs)- In this case, for N; = max(al,az) min(ay,a;), Ny =
max(az, ag, as) — min(as, ay, as),

KPP = n*/NiNy) Y. K*(0,T) where K*(0, T) = x(Xay Xay, XT3 XT-+-2, XT-+a5)
—N1<T<N;

is given by identifying ay,ax, T + a3, T + a4, T 4 as with 12345 in (A5). This completes the terms needed for
anq.

Note how Example 5.5 built on Example 5.1, Example 5.6 built on Example 5.5, and Example 5.9
built on Example 5.7. So the above results form a catalogue upon which other examples can build.

Example 5.1 gave a31 = k1 ,a3p = k111 ay = k%l, a43 = k%lll for fi.

Example 5.3 gave a31 = k1 L3 = k111 for My,.

Example 5.5 gave k ], k] ford; = X, W = X2 , W3 = My,.

Example 5.6 gave k1] for W = Mom, Wy = M0a2/ w3 = Mooﬂ]az.

Example 5.7 gave ay1 = k%l for W = Momaz.

Example 5.8 gave ay; = k%l for x(Xo, Xa,, Xa,)-

6. Multivariate Stationary Processes

Suppose that ---, X 1, Xg, Xq,- -+ lie in R and are stationary with finite moments. For j =
1,---,p, denote the jth component of X; by XZ and the cross-moments,and the cross-cumulants, by

j 1 j Jr
u=E Xy, y] E X, M fEX1 Xir,

111

e j ' jr odr N i jr
Jh =B () =

Given a sequence of integers iy, - - - , ir, define iy, Iy as in (4.3). (4.4) becomes

J1ejr ]1 ]T J1ejr Jijr J1 ] JA!
M11 iy M r Py = PLgy k(l... > (11 1r>

iy

However in general k(%jlz) # k(glizl). An unbiased estimate of M(ﬁ{:) is

M= N 12Xt+1 XJ', for N=n—I > 0.

11y

We can abbreviate 2 sequences of integers of the same length r,as w = (i1 - - - i), T = (j1- - - jr). Given
P > 1 and finite sequences of integers 71, - -+, 7tp and 13, - - - , Tp not depending on n with T; of the
same length as 7;,
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setw, = M, W, = M;ﬂa, w=(wy, -, wp), ®= (g, - ,Bp). (6.1)
r .
Then K(wall e /zba,> = Z ni]k;ll.“ur for ai, - ,4ar € {1, s ,p}
j=r—1

Let§ = t(w) : R” — RY be a function with finite derivatives (3.2) at w = E Xo. Then § = t(@) satisfies
(3.3), and Y, = n"/2(d — w) and Z, = n'/?(f — §) have multivariate Edgeworth expansions. The
results of Section 5 apply with K(#; ... ;) replaced by its extension K (ﬁ{:)

7. Discussion

For the mean of a random sample, the coefficients of the Edgeworth expansions are functions of
the cumulants. However when the observations are dependent, the usual unbiased estimate of var(Xy)
fails, so we use empirical estimates. The role of the empirical distribution is eclipsed by having to deal
with the cross-cumulants.

Winterbottom (1979, 1980, 1984) showed that Cornish-Fisher expansions gave substantial im-
provements to the Central Limit Theorem, even for lattice estimates like the binomial and the Poisson.
Phillips (1987) gave an extension to nonstationary processes. Bose (1988) obtained an Edgeworth
correction by bootstrap in autoregressions. Loh (1996) gave an Edgeworth expansion for U-statistics
with dependent observations. Kitamura (1997) used an Edgeworth expansion to study empirical
likelihood methods for dependent processes. Lieberman et al. (2001) gave an Edgeworth expansion
for the sample autocorrelation function under long range dependence. For a review of a paper by
Taniguchi and Kakizawa on Edgeworth and saddlepoint expansions for time series, see Lieberman
(2002). Andrews and Lieberman (2005) gave an Edgeworth expansion for maximum likelihood estima-
tor for stationary long-memory Gaussian time series. Lieberman et al. (2003) gave expansions for the
maximum likelihood estimator for a stationary Gaussian process.

However until now, there has been no non-parametric theory for the distribution of the general
standard estimate based on a sample from a stationary process. Consequently, econometrics, the
foremost user of time series, has been dominated by software contructing estimates for parametric
autoregressive (AR), moving average (MA), ARMA, and integrated ARMA processes. But parametric
models suffer from a severe drawback: if the model is wrong, the results will generally not even give
1st order (Central Limit Theorem) accuracy. This is where a non-parametric method is far superior.
Software is still needed when the required a,; of (2.1) have a large numbers of terms.

Future directions.

1. These results can easily be extended to both weighted estimates, and estimates based on
missing data, as done in Withers (2025b).

2. Lahiri (2003) gave ap; and a Central Limit Theorem for weighted sums of a spatial process. It
should not be too hard to extend this to give the other leading a,;.

3. Software to implement the results of Section 3 for arbitrary +(w) would also be very useful.

4. There is a need to extend the results of McCullagh (1987), and to spell out his succinct notation
as done in the appendix below. As noted, his results cover ay3 for x4 (]\711-1 i,) but not az; for x3 (1\711-1 iniz)-

5. To extend these results to confidence intervals for a general function of cross-cumulants,
say t(w), would be a huge advance. The 1st step is to extend them to Edgeworth expansions for its
Studentized form, § = (t(d) — t(w))/ﬁ;{Z, where 451 = Y{K(0,T) : |T| < I, is a consistent estimate
of ay; of (4.21), and one can take I,, = Kn!/2 for some K > 0. Lahiri (2010) gave Edgeworth expansions
for the case t(w) = p, so that K(0, T) = x(Xo, X7) and K(0, T) = Myt of Example 5.3. The expansions

are a superposition of three distinct series, respectively, given by one in powers of n~1/2

, one in powers
of (n/1,)~1/? (resulting from the standard error of the studentizing factor), and one in powers of the
bias of d,;. But this is typicallly exponentially small, taking us to the choice I, = Kn'/2.

6. It may be useful to replace our empirical estimate of the cross-cumulant, by estimates with
lower bias. While a jack-knife or bootstrap could be used, analytic results are more easily obtained by

adjusting it with an estimate of its bias.
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Appendix A. Some results of McCullagh (1987)

Here we spell out some results from p254-265 of McCullagh (1987). His results are not specified
clearly for application. For example the 12 terms that we have written out in full for C3 below, are
merely denoted as 1235|46[4][3]. For applications like ours, all such terms need to be made specific.
McCullagh and Wilks (1988) gives the software used to obtain his results. It should be possible to
extend these using Matlab in a way that they can be easily applied to examples like ours. We have not
been able to access McCullagh and Wilks (1985). Set

K120 = (X1, Xa, ., Xy), K125 = (X1 X, X3 X4 Xs, ... ),

and so on. McCullagh denotes these by 1|2| ... |r and 12|345| ... His formulas give the cross-cumulants
like 12345 in terms of the raw cumulants x".

By 12|3 p254, 123 = k2% 4 i 13x2 4 1243, (A1)

4 2 4
By 12|34 p254, K12,34 — K1,2,3,4 + ZK1K2,3,4 + ZK1,3K2,4 _|_ ZK1K3K2,4

4 2 4 4
=1234+) 1234+) 1324 +) 1324 =) A;say. (A2)
j=1
2
By 12[3]4 p254, 123 = 1234 £ V" (1% 4+ 22, (A3)
4
By 123|4 p254, '* = Y~ A; where Ay = x4, (A4)

i=1
3 3 3
Ay = ZK1,2,4K3’ As = ZK1,2K3,4, Ay = ZK1’4K2K3.

10
By 123]45 p255, k2% = Y~ A; where A; = !, (A5)

i=1
2 3 6 3

Ay = 2K1’2’3’4K5, Az = 2K1’2’4’5K3, Ay = 2K1’2’4K3’5, As = 2K1’4’5K2’3,
6 3 6

A6 — ZK1’2’4K3K5, Ay = ZK1’4’5K2K3, A8 — ZK1’2K3’4K5,

6 6
Ag = ZK1’4K2’5K3, Ay = ZK1’4K2K3K5.

4 4 4 4 8 6
By p255, '3 = 12345+ Y+ Y +Y +Y +Y =) 'B, (A6)
1 2 3 4 1 j=1
where By = 12345 = 234 and for 1235.4 = %354,
4 4
By =) =) 12354 =12354+ 12453+ 1345.2 + 23451,
1
4 4
By =) =Y 12345 = 123.45 + 124.35 + 134.25 + 234.15, (A7)
2
4 4
By =Y =Y 13524 = 13245 + 14.235 + 23.145 + 24.135,
3
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4 4
=) =) 13524 =13.245+ 1.4.235+ 2.3.145 + 2.4.135,
. s
Be =) =) 13254 =15(234+243) +25(13.4 + 14.3) +35(12.4 + 24.1)
1
+45(13.2 +12.3). (A8)
By p255, k134 = Z Ej where Ey = 12345, E, = 4.1235 + 5.1234, (A9)
j=1
E3 = 41.235 + 42.135 + 45.231 + 51.234 + 52.134 + 53.124. (A10)
By 1234(56 p256, k12345 = Z Aj where for example
j=
Ay = 123456, Ay = 12345.6 + 12346.5,
Az = i 12356.4 = 1.23456 + 2.13456 4 3.12456 - 4.12356. (A11)
By 123|456 p255, x1234% = ): A; where A = k19, (A12)
i=1
Ay = iK1,2,3,4,5K6 Ay = ZK1'2'3'4K5'61 Ay = ZK1,2,4,5K3,6, and so on.
By p256, 1234 — Z C;, where (A13)
j=
C; = 123456 = k23456 ¢, = 212345.6,
C3 = i 1235.46 = 13.2456 + 14.2356 + 15.2346 + 16.2345 + 23.1456
4 24.1356 + 25.1356 + 26.1345 + 35.1246 + 36.1245 + 45.1236 + 46.1235, (A14)
Cy = ﬁ 1235.4.6 = 1.3.2456 + 1.4.2356 + 1.5.2346 + 1.6.2345 + 2.3.1456
4 2.4.1356 + 2.5.1346 4 2.6.1345 + 3.5.1246 + 3.6.1245 + 4.5.1236 + 4.6.1235,
Cs = i 123.456 = 123.456 + 124.356 + 125.346 + 126.345 + 341.256
+ 342.156, (A15)
Co = i135.246 = 135.246 + 136.245 + 145.236 + 146.235, (A16)
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24
C7 =Y 123.45.6 = 6.(54.123 + 53.124 + 52.134 4 51.234) + 5.(64.123
+ 63.124 + 62.134 + 61.234) + 4.(65.123 + 63.125 + 62.135 + 61.235)
+ 3.(46.125 + 45.126 + 42.156 + 41.256) + 2.(16.345 + 15.346 + 14.356 + 13.456),

24
Cs = ) 135462 = 135.(2.46 +4.26 + 6.24) + 136.(2.45 + 4.25 + 5.24)
+145.(2.36 + 3.26 4 6.23) + 146.(2.35 + 3.25 + 5.23) + 235.(1.46 + 4.16 + 6.14)
+236.(1.45 + 4.15 4 5.14) 4 245.(1.36 + 3.16 + 6.13) + 246.(1.35 + 3.15 + 5.13),

8
Co = ) 135.24.6 = 135.(24.6 + 2.46) + 136.(24.5 + 2.45) + 235.(14.6 + 1.46)
+236.(14.5 + 1.45),

Cio = i;{l'sxz'SKM = i13.25.46 say, = 13(25.46 + 26.45)

+14(25.36 4 26.35) + 15(23.46 + 24.63) + 16(23.45 + 24.35). (A17)
C11 = 13.(25.4.6 + 26.4.5) + 14.(25.3.6 + 26.3.5) + 15.(23.4.6 + 24.3.6)

+16.(23.4.5+ 24.3.5) + 31.(45.2.6 + 46.2.5) + 32.(45.1.6 + 46.1.5)

+35.(41.2.6 + 42.44.6) + 36.(41.2.5 4+ 42.1.5) + 51.(63.2.4 + 64.2.3)

+52.(63.1.4 + 64.1.3) + 53.(61.2.4 + 62.1.4) + 54.(61.2.3 + 62.1.3). (A18)
10
By p256, x'***°¢ = Y F; where for example F; = 123456, (A19)
j=1
4
F, =) =3.12346 + 4.12356 + 5.12346 -+ 6.12345. (A20)
1
9
By p258, x 1234567 — Z G; where for example G, = 1234567, (A21)
j=1

6
Gy = Z = 12.34567 + 13.24567 + 14.23567 + 15.23467 + 16.23457 + 17.23456.
1

16
By p259, k12342678 — Z Hj where for example (A22)

j=1
12
Hy = 12345678, H, = ) _123456.78.

12
By p263, 1234778 = Y~ D, where D; = 12345678, (A23)
j=1

24 24 32
D, =) 123457.68, D3 = ) 12345.678, D, = ) 13578.246,
1 2
24 8 72
Ds =) 1235.4678, Dg = ) 1357.2468, D; = ) 1235.47.68,
3 1
48 72 48
Dg =) 1357.24.68, Dg = ) |123,457.68, D1g = ) _,134.567.28,
1 2 2
96 48
Dyy =) 137.258.466, D1, = ) 13.25.47.68.
3
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