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Abstract

We develop a centered geometric and combinatorial framework for the distinct-prime Goldbach
problem—the assertion that every even integer 2N ≥ 8 is the sum of two distinct primes. The rigorous
content is an exact geometric reformulation: for each N ≥ 4, the problem is equivalent to finding
an integer M ∈ [1, N − 3] such that N − M and N + M are both prime, or equivalently such that the
L-shaped region between nested squares of side lengths N and M has area (N − M)(N + M) with
both factors prime. We define the centered sets CN = {M : N − M is prime} and DN = {M : N +

M is prime} inside {1, . . . , N − 3}; then CN ∩ DN ̸= ∅ is exactly the distinct-prime Goldbach assertion
for 2N. We also study the diagnostic set EN of admissible half-differences arising from straddling
prime pairs; its elements correspond to Goldbach partitions of nearby even numbers. A decomposition
by upper primes expresses |EN | in terms of the half-differences generated by each prime Q ∈ (N, 2N)

minus explicit collision sets. Under a fixed upper-prime collision hypothesis, explicit estimates of
Rosser–Schoenfeld and Dusart imply positivity of the statistic H(N) = log2(2N)− ((N − 3)− |EN |)
for all sufficiently large N, and finite computation verifies the remaining tested range. Positivity
of H(N) gives a pigeonhole result CN ∩ EN ̸= ∅. The distinct-prime Goldbach conjecture is not
proved here; the remaining gap is a centering theorem, equivalently a uniform lower bound for
R(2N) = |CN ∩ DN |.

Keywords: Goldbach conjecture; geometric construction; semiprimes; prime distribution; Dusart’s
theorem; computational evidence

MSC: 11P32; 51M15; 11A25

1. Introduction
The Goldbach conjecture, proposed in 1742, asserts that every even integer greater than 2 can

be expressed as the sum of two prime numbers [1]. Despite centuries of effort and computational
verification up to 4 × 1018 [2], the conjecture remains unproven. This paper develops a centered
geometric and combinatorial framework for studying a natural variant: every even integer 2N ≥ 8 is
the sum of two distinct primes. Our variant requires the two primes to be distinct, thus excluding the
trivial representations 4 = 2 + 2 and 6 = 3 + 3. This restriction emerges naturally from a geometric
reformulation. For N ≥ 4 (so 2N ≥ 8), finding a Goldbach partition with distinct primes is equivalent
to finding nested squares whose L-shaped difference region has area (N − M)(N + M) with both
factors prime. The framework combines three elements. First, a geometric equivalence (Section 3)
establishes that the variant Goldbach conjecture is equivalent to the existence of M ∈ [1, N − 3]
such that N − M and N + M are both prime. Second, an exact centered intersection criterion defines
CN = {M : N − M is prime} and DN = {M : N + M is prime} inside the admissible interval; the
condition CN ∩ DN ̸= ∅ is precisely the desired partition. Third, a half-difference set EN is studied
as a computational diagnostic for partitions of nearby even numbers by straddling prime pairs. The
centered set DN records primality of the specific upper endpoint N + M. The diagnostic set EN records
half-differences of prime pairs that straddle N, independently of whether a pair is centered at N. This

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 2 June 2026 doi:10.20944/preprints202511.0701.v7

Disclaimer/Publisher’s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and
contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://orcid.org/0000-0001-8210-4126
https://doi.org/10.20944/preprints202511.0701.v7
http://creativecommons.org/licenses/by/4.0/


2 of 12

separation keeps the exact Goldbach criterion and the exploratory prime-pair statistic conceptually
distinct. For the diagnostic set EN , we consider the statistic

H(N) = log2(2N)−
(
(N − 3)− |EN |

)
,

which measures how close EN is to filling the admissible interval. The computational evidence in
Section 4 is presented as heuristic support for the framework, together with direct verification of
partitions in the tested range. The main results are conditional in two places. First, the derivation
of H(N) > 0 for all large N requires a fixed upper-prime collision hypothesis controlling repeated
half-differences. Second, even H(N) > 0 yields only CN ∩ EN ̸= ∅ by pigeonhole; a complete proof
of the distinct-prime Goldbach conjecture still requires a centering theorem that upgrades this to
CN ∩ DN ̸= ∅. The remainder of this paper is organised as follows. Section 2 collects the analytic
number theory prerequisites used in the quantitative discussion. Section 3 develops the geometric
framework and proves the centered set-intersection criterion. Section 4 presents computational
evidence. Section 5 records the rigorous consequences, the remaining conditional statement, and the
gap that must be closed for a complete proof. Section 6 discusses significance and future directions.

2. Preliminaries: Prime Distribution Results
In this section we collect the results from analytic number theory that are used in the quantitative

discussion. We use explicit estimates of Dusart [3] and Rosser–Schoenfeld [4].

2.1. Primes in Short Intervals

The following result guarantees the existence of at least one prime in every sufficiently short
interval. It is the principal tool for controlling the density of primes in (N, 2N).

Proposition 1 ([3, Théorème 1.9, p. 35]). For every real number x ≥ 3275, there exists a prime p satisfying

x < p ≤ x
(

1 +
1

2 ln2 x

)
.

Proposition 1 is derived from the following bound on consecutive primes.

Proposition 2 ([3, Proposition 1.10, p. 34]). For k ≥ 463 (equivalently, pk ≥ 3299), the consecutive primes
pk and pk+1 satisfy

pk+1 ≤ pk

(
1 +

1
2 ln2 pk

)
.

The proof of Proposition 1 in [3] proceeds by using Proposition 2 for all x ≥ p463 = 3299 and then
verifying the claim computationally for 3275 ≤ x < 3299.

2.2. Bounds on the Prime-Counting Function

We also require explicit bounds on π(x), the number of primes not exceeding x.

Proposition 3 ([3, Théorème 1.10, p. 36]). The following inequalities hold:

(1)
x

ln x

(
1 +

1
ln x

)
≤ π(x) for all x ≥ 599.

(2) π(x) ≤ x
ln x

(
1 +

1.2762
ln x

)
for all x > 1.

(3) π(x) ≥ x
ln x − 1

for all x ≥ 5393.

(4)
x

ln x

(
1 +

1
ln x

+
1.8

ln2 x

)
≤ π(x) for all x ≥ 32299.

Throughout this paper, log denotes the natural logarithm (i.e., log ≡ ln).
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2.3. Primes in Dyadic Intervals

We shall also use the following classical explicit form of Bertrand’s postulate due to Rosser and
Schoenfeld [4].

Proposition 4 ([4, Corollaries 3.8–3.9]). For every real number x ≥ 41/2,

3x
5 log x

< π(2x)− π(x) <
7x

5 log x
.

3. Geometric Construction and Reformulation
We now develop the geometric framework used in the reformulation.

3.1. Nested Squares and Semiprime Areas

Consider a square SN with integer side length N ≥ 4, having area N2. Inside SN , inscribe a
smaller square SM with side length M, where 1 ≤ M ≤ N − 3, sharing the bottom-left corner with SN .
The region between SN and SM forms an L-shaped annulus with area

N2 − M2 = (N − M)(N + M).

Define P = N − M and Q = N + M. The bounds on M translate to constraints on P and Q: M ≥ 1
gives P ≤ N − 1 and Q ≥ N + 1, while M ≤ N − 3 gives P ≥ 3. Thus 3 ≤ P ≤ N − 1 and Q ≥ N + 1,
with P < Q since M ≥ 1.

3.2. Connection to Goldbach Partitions

The sum and difference of P and Q are:

P + Q = (N − M) + (N + M) = 2N ≥ 8,

Q − P = (N + M)− (N − M) = 2M.

Since both the sum and difference are even, P and Q have the same parity. For both to be prime
with P ≥ 3, they must both be odd primes, hence distinct. The area N2 − M2 = P · Q is a semiprime
(product of exactly two primes) if and only if both P and Q are prime.

3.3. The Geometric Equivalence

Theorem 1 (Geometric Goldbach Variant). The following are equivalent for all N ≥ 4:

(i) The even integer 2N can be written as the sum of two distinct primes.
(ii) There exists M ∈ [1, N − 3] such that P = N − M and Q = N + M are both prime.
(iii) The L-shaped region between squares SN and SM (sharing a corner) has area (N − M)(N + M) that is a

semiprime for some M ∈ [1, N − 3].

Proof. (i) ⇒ (ii): If 2N = p + q with distinct primes p < q, set M = (q − p)/2. Since p and q are
distinct odd primes (as 2N ≥ 8), both (q + p)/2 = N and (q − p)/2 = M are positive integers. We
have P = N − M = p and Q = N + M = q, both prime. To verify M ∈ [1, N − 3]: distinctness
gives q − p ≥ 2, so M ≥ 1; and M ≤ N − 3 is equivalent to p ≥ 3, which holds since p is an odd
prime. (ii) ⇒ (iii): Immediate, as N2 − M2 = (N − M)(N + M) with both factors prime. (iii) ⇒ (i): If
N2 − M2 = (N − M)(N + M) is a semiprime and M ∈ [1, N − 3], then both factors N − M and N + M
are greater than 1. Hence the two displayed factors must be prime, and their sum is 2N. Since M ≥ 1,
they are distinct.
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N

M

N

M

P = N − M = 3

Q = N + M = 7
N2 − M2 = 21 = 3 × 7

Example: N = 5, M = 2 gives 2N = 10 = 3 + 7

Figure 1. The geometric construction for N = 5, M = 2: The L-shaped region has area N2 − M2 = 25 − 4 = 21 =

3 × 7, a semiprime. The factors P = 3 and Q = 7 are both prime and sum to 2N = 10, providing the Goldbach
partition 10 = 3 + 7.

3.4. Reformulation as a Centered Set Intersection Problem

Let
AN = {1, 2, . . . , N − 3}

be the admissible range for M. For each N ≥ 4, define two centered subsets of AN :

• Lower-prime candidate set: CN = {M ∈ AN | N − M is prime}.
• Upper-prime candidate set: DN = {M ∈ AN | N + M is prime}.

Both centered sets lie in a single parity class. Indeed, if N − M or N + M is an odd prime, then M has
parity opposite to N. Thus

CN , DN ⊆ BN := {M ∈ AN | M ̸≡ N (mod 2)}.

Proposition 5 (Centered intersection criterion). The distinct-prime Goldbach conjecture holds for the even
integer 2N (N ≥ 4) if and only if CN ∩ DN ̸= ∅.

Proof. (⇒) Suppose 2N = p + q with distinct primes p < q. Set M = (q − p)/2. As in the proof of
Theorem 1, M ∈ AN , p = N − M, and q = N + M. Hence M ∈ CN ∩ DN .

(⇐) Suppose M ∈ CN ∩ DN . Then N − M is prime by the definition of CN , and N + M is prime
by the definition of DN . Their sum is 2N, and they are distinct because M ≥ 1.

3.5. The Half-Difference Diagnostic Set

It is useful computationally to compare the centered sets with a set of half-differences arising
from straddling prime pairs. Define

EN =

{
Q − P

2
∈ AN

∣∣∣∣ 2 < P < N < Q < 2N, P, Q prime
}

.
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The restriction Q−P
2 ∈ AN is part of the definition, so every listed element of EN lies in {1, . . . , N − 3}.

The set EN measures the availability of prime-pair differences near N, while DN measures primality of
the centered upper endpoint N + M. The proof target remains the centered intersection CN ∩ DN .

3.6. Nearby Even Numbers Represented by EN

Each element of EN arises from a Goldbach partition of a nearby even number. If M ∈ EN , then
there exist odd primes P, Q such that

2 < P < N < Q < 2N, M =
Q − P

2
,

and the even number
S = P + Q

has a Goldbach partition with half-difference M. Conversely, any Goldbach partition S = P + Q
satisfying these inequalities and Q−P

2 ∈ AN contributes its half-difference to EN .
The possible sums S lie in the even part of the interval

N + 4 ≤ S ≤ 3N − 2,

with endpoint adjustments forced by parity and by the primality of P and Q. If one excludes the
endpoint possibility Q = 2N − 1, the upper endpoint becomes 3N − 4 when N is even. The centered
Goldbach problem for 2N is the special case S = 2N, where the partition has the form

2N = (N − M) + (N + M).

3.7. Counting EN by Upper Primes

The preceding interpretation leads to a concrete counting decomposition. Let

LN = {P | 3 ≤ P < N, P prime}, aN = |LN | = π(N − 1)− 1,

and let
UN = {Q | N < Q ≤ 2N − 3, Q prime} = {Q1 > Q2 > · · · > Qr}.

If 2N − 3 is prime, then 2N = 3 + (2N − 3) is already a centered Goldbach partition with M =

N − 3. Thus the endpoint 2N − 3 is included in UN and is also a trivial-success endpoint for the
centered problem. For estimates of r, the only possible prime counted by π(2N)− π(N) but not by
π(2N − 3)− π(N) is 2N − 1. Hence

π(2N)− π(N)− 1 ≤ r ≤ π(2N)− π(N).

Proposition 4 therefore gives, for N ≥ 41/2,

3N
5 log N

− 1 < r <
7N

5 log N
.

For each Qj ∈ UN , define

M(Qj) =

{Qj − P
2

∣∣∣∣ P ∈ LN

}
.

Because 3 ≤ P < N < Qj ≤ 2N − 3, every element of M(Qj) lies in AN , and the map P 7→ (Qj − P)/2
is injective. Hence

|M(Qj)| = aN

for every j.
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Let

E−
N =

r⋃
j=1

M(Qj) ⊆ EN .

When M(Qj) is added after M(Q1), . . . ,M(Qj−1), the excluded values are exactly those produced
by lower primes P ∈ LN for which

Qj − P
2

=
Qi − P′

2

for some i < j and some P′ ∈ LN . Equivalently,

P′ − P = Qi − Qj > 0.

Define the collision set

Xj = {P ∈ LN | P + Qi − Qj ∈ LN for some i < j}.

Then

|E−
N | = aN +

r

∑
j=2

(aN − |Xj|) = raN −
r

∑
j=2

|Xj|.

Consequently, since E−
N ⊆ EN , the inequality H(N) > 0 follows from the collision bound

r

∑
j=2

|Xj| < raN − (N − 3) + log2(2N).

This is the precise form of the exclusion problem: each new upper prime contributes aN possible
half-differences, minus those already created by earlier upper primes through equal lower-prime gaps.

For a fixed upper prime Qj, define the set of upper gaps already present above it by

Γj = {Qi − Qj | 1 ≤ i < j}.

Then
|Γj| ≤ j − 1.

Thus the number of distinct upper-prime gap sizes that can collide with values generated by Qj is at
most j − 1. The actual number of repeated M-values contributed by Qj satisfies the sharper bound

|Xj| ≤ ∑
d∈Γj

ρL(d),

where ρL(d) counts lower-prime pairs with difference d. The following hypothesis asserts that, in the
sequential construction, the total number of repeated M-values contributed by Qj is bounded by the
number of upper primes already considered:

|Xj| ≤ j − 1 (2 ≤ j ≤ r).

This assertion is stronger than the bound |Γj| ≤ j − 1: the latter counts only distinct upper-gap sizes,
whereas a single gap size d may have several lower-prime realizations P′ − P = d.

Hypothesis 1 (Fixed upper-prime collision hypothesis). For every N ≥ 3275 and every 2 ≤ j ≤ r,

|Xj| ≤ j − 1 (2 ≤ j ≤ r).
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Under Hypothesis 1,
r

∑
j=2

|Xj| ≤
r

∑
j=2

(j − 1) =
r(r − 1)

2
.

Therefore H(N) > 0 follows whenever

r(r − 1)
2

< raN − (N − 3) + log2(2N).

Proposition 6 (Rosser–Schoenfeld support for H(N) > 0). Assume Hypothesis 1. Then H(N) > 0 for
every N ≥ 3275.

Proof. Hypothesis 1 gives

|EN | ≥ raN − r(r − 1)
2

= r
(

aN − r − 1
2

)
.

By Proposition 4,
3N

5 log N
− 1 < r <

7N
5 log N

.

By Proposition 3(1), for N ≥ 3275,

aN = π(N − 1)− 1 ≥ N − 1
log(N − 1)

(
1 +

1
log(N − 1)

)
− 1.

Combining these explicit inequalities yields

|EN | >
(

3N
5 log N

− 1
)[

N − 1
log(N − 1)

(
1 +

1
log(N − 1)

)
− 1 − 1

2

(
7N

5 log N
− 1
)]

.

Let Φ(x) denote the right-hand side of the preceding displayed inequality, with N replaced by the real
variable x, minus

(x − 3)− log2(2x).

An elementary differentiation check gives Φ′(x) > 0 for x ≥ 3275, and

Φ(3275) > 38088.

Hence Φ(N) > 0 for every integer N ≥ 3275, so

|EN | > (N − 3)− log2(2N),

which is equivalent to H(N) > 0.

Corollary 1 (Conditional positivity of H(N)). If Hypothesis 1 holds, and the finite range 4 ≤ N ≤ 3274 is
verified directly, then H(N) > 0 for every N ≥ 4.

Proof. The range N ≥ 3275 is Proposition 6. The remaining range is finite.

This exclusion problem can be restated in terms of prime-difference sets. Let

∆L = {P′ − P > 0 | P, P′ ∈ LN}, ∆U = {Qi − Qj > 0 | Qi, Qj ∈ UN , i < j}.

Then collisions can occur only for gap sizes in ∆L ∩ ∆U . The number of distinct lower-prime gaps is
bounded by

|∆L| ≤
(

aN
2

)
< a2

N ,
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and the number of distinct upper-prime gaps is bounded by

|∆U | ≤
(

r
2

)
< r2 ≤

(
π(2N)− π(N)

)2
<

(
7N

5 log N

)2
(N ≥ 41/2),

Thus the number of distinct gap sizes that can produce collisions is at most

|∆L ∩ ∆U | ≤ min
{

a2
N ,
(
π(2N)− π(N)

)2
}

.

Under the Rosser–Schoenfeld upper bound, the second term is < (7N/(5 log N))2.
For multiplicities, define

ρL(d) = #{(P, P′) ∈ L2
N | P′ − P = d}, ρU(d) = #{(i, j) | i < j, Qi − Qj = d}.

The total number of collision witnesses is bounded by the additive-energy-type quantity

CN := ∑
d>0

ρL(d)ρU(d).

Since every excluded value in the sequential construction has at least one such witness,

r

∑
j=2

|Xj| ≤ CN .

Consequently, a sufficient condition for H(N) > 0 is

CN < raN − (N − 3) + log2(2N).

The crude universal bound

CN ≤
(

∑
d>0

ρL(d)

)(
∑
d>0

ρU(d)

)
≤
(

aN
2

)(
r
2

)

is generally too coarse to prove positivity of H(N), but it isolates the needed refinement: one must
exploit the distribution of prime gaps, not merely the number of available lower and upper primes.

3.8. A Half-Difference Coverage Statistic

For the diagnostic set EN , define

H(N) = log2(2N)−
(
(N − 3)− |EN |

)
.

Rearranging, H(N) > 0 is equivalent to

|EN | > (N − 3)− log2(2N).

Intuitively, H(N) > 0 means that the half-difference diagnostic set EN is “almost full”, with fewer
than log2(2N) admissible values missing. This is a useful diagnostic for the distribution of straddling
prime-pair differences.

Hypothesis 2 (Half-Difference Density Hypothesis). For every integer N ≥ 3275, we have H(N) > 0.

Hypothesis 3 (Centered Prime-Correlation Hypothesis). For every integer N ≥ 3275, the centered
prime-pair count

R(2N) := |CN ∩ DN |
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is positive.

Remark 1 (Status of the hypotheses). Hypothesis 1 is a sufficient condition for Hypothesis 2 by Proposition 6.
Hypothesis 2, in turn, is sufficient for the pigeonhole conclusion CN ∩ EN ̸= ∅ by Proposition 8. Neither
statement is by itself sufficient for the centered Goldbach partition; that requires Hypothesis 3.

Theorem 2 (Conditional Main Result). If Hypothesis 3 holds, and the remaining cases 4 ≤ N ≤ 3274 are
verified directly, then every even integer 2N ≥ 8 is the sum of two distinct primes.

4. Computational Evidence
We computed |EN | and H(N) for all N ∈ [4, 214] using Python 3.12 with the Gmpy2 library [5].

The results are summarised in Table 1. Three features of these data merit attention. First, H(N) > 0 for
every N ∈ [4, 214], providing empirical support for Hypothesis 2. Second, the minimum value of H(N)

in each successive dyadic interval [2m, 2m+1] strictly increases with m, suggesting that the positivity
margin for the half-difference diagnostic set widens as N grows. Third, the N-values at which the
minima are attained tend to be primes or near-primes, consistent with the expectation that |EN | is
smallest when primes near N are sparse.

Table 1. Minimum H(N) values in dyadic intervals [2m, 2m+1]. Note that H(N) > 0 for all tested values, and the
minima strictly increase with m.

Interval (m) Range [2m, 2m+1] N achieving min Min H(N)
2 [4, 8] 5 4.301898
3 [8, 16] 9 7.354249
4 [16, 32] 19 10.232033
5 [32, 64] 61 14.078618
6 [64, 128] 73 17.836335
7 [128, 256] 151 20.608977
8 [256, 512] 269 23.537165
9 [512, 1024] 541 28.812111
10 [1024, 2048] 1327 33.154668
11 [2048, 4096] 2161 35.081569
12 [4096, 8192] 7069 42.329014
13 [8192, 16384] 14138 44.057758

5. Rigorous Consequences and Conditional Statement
5.1. What Follows from the Short-Interval Estimate

The results of Dusart imply useful lower bounds for primes above N, and hence for the diagnostic
set EN .

Proposition 7 (Primes in (N, 2N)). For every integer N ≥ 3275, the interval (N, 2N) contains at least
⌊log2 N⌋ − 1 primes.

Proof. Starting with x0 = N, form consecutive intervals(
xj, xj(1 + 1/(2 log2 xj))

]
, j = 0, 1, 2, . . . ,

until the first index m + 1 for which xm+1 ≥ 2N. By Proposition 1, each of the first m intervals contains
a prime lying in (N, 2N). Since xj ≤ 2N and log xj ≥ log N throughout the construction, each interval
has length at most N/ log2 N. Reaching total length N therefore requires at least log2 N such interval
lengths. Thus m ≥ log2 N − 1, and the number of primes in (N, 2N) is at least ⌊log2 N⌋ − 1.

Corollary 2 (Baseline half-difference coverage). For every integer N ≥ 3275,

|EN | ≥ ⌊log2 N⌋ − 2.
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Proof. Let Q be a prime in (N, 2N). If Q ≤ 2N − 3, then with P = 3 the value M = (Q − 3)/2 lies in
AN and belongs to EN . Distinct primes Q give distinct values of M. The only possible prime in (N, 2N)

excluded by the admissible range in this construction is Q = 2N − 1, which would give M = N − 2.
Proposition 7 therefore gives the stated lower bound.

Corollary 2 is much weaker than Hypothesis 2, which asks that EN be almost full. The centered
proof target is the stronger prime-correlation condition R(2N) = |CN ∩ DN | > 0.

Proposition 8 (A pigeonhole consequence of H(N) > 0). For N ≥ 3275, if H(N) > 0, then

CN ∩ EN ̸= ∅.

Proof. The condition H(N) > 0 gives

|AN \ EN | < log2(2N).

On the other hand, |CN | = π(N − 1)− 1. By Proposition 3(1),

|CN | ≥
N − 1

log(N − 1)

(
1 +

1
log(N − 1)

)
− 1 > log2(2N)

for every N ≥ 3275; the last comparison is elementary and is already true at N = 3275, after which the
left side grows on the order of N/ log N while the right side grows on the order of log2 N. Hence CN

cannot be contained in AN \ EN , and so CN ∩ EN is nonempty.

Proposition 8 is the natural pigeonhole consequence of the statistic H(N). It says that at least
one lower-centered prime N − M has the same half-difference as a straddling prime pair. To obtain a
Goldbach partition of 2N, this must be strengthened to CN ∩ DN ̸= ∅.

5.2. The Gap to a Complete Proof

The missing ingredient is a uniform lower bound for the centered binary prime correlation

R(2N) = |CN ∩ DN | = #{p < N | p and 2N − p are prime}.

A complete proof within this framework would follow from

R(2N) > 0 (N ≥ 3275).

Equivalently, one must prove that the prime set below N and its reflection across N intersect at an
admissible odd prime. Separate density bounds for primes below and above N, and high coverage
of the diagnostic set EN , are not enough unless they are supplemented by a centering theorem that
controls this reflected correlation.

In the pigeonhole route suggested by Proposition 8, the needed centering theorem can be stated as

H(N) > 0 =⇒ CN ∩ EN ∩ DN ̸= ∅

for all sufficiently large N. Equivalently, one must show that among the lower-centered primes N − M
whose half-differences occur in nearby straddling partitions, at least one has the centered partner
N + M prime.

A strong sufficient form would be an explicit Hardy–Littlewood-type lower bound

R(2N) ≥ c
N

log2 N
∏
p|N
p>2

p − 1
p − 2
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with a positive constant c and an error term small enough to keep the right-hand side positive for every
N ≥ 3275. A weaker but sufficient target is simply a proven inequality R(2N) ≥ 1 for all N ≥ 3275.

5.3. Proof of Theorem 2

Proof. Assume Hypothesis 3. For every N ≥ 3275, Proposition 5 immediately gives a representation
of 2N as the sum of two distinct primes.

It remains only to check 4 ≤ N ≤ 3274. The first few cases illustrate the centered sets explicitly:

• N = 4 (2N = 8): C4 = {1} and D4 = {1}, giving 8 = 3 + 5.
• N = 5 (2N = 10): C5 = {2} and D5 = {2}, giving 10 = 3 + 7.
• N = 6 (2N = 12): C6 = {3, 1} and D6 = {1}, giving 12 = 5 + 7.
• N = 7 (2N = 14): C7 = {4, 2} and D7 = {4}, giving 14 = 3 + 11.
• N = 8 (2N = 16): C8 = {5, 3, 1} and D8 = {3, 5}, giving 16 = 3 + 13.
• N = 9 (2N = 18): C9 = {6, 4, 2} and D9 = {2, 4}, giving 18 = 5 + 13.
• N = 10 (2N = 20): C10 = {7, 5, 3} and D10 = {1, 3, 7}, giving 20 = 3 + 17.
• N = 11 (2N = 22): C11 = {8, 6, 4} and D11 = {2, 6, 8}, giving 22 = 3 + 19.
• N = 12 (2N = 24): C12 = {9, 7, 5, 1} and D12 = {1, 5, 7}, giving 24 = 5 + 19.

For 13 ≤ N ≤ 3274, direct computation verifies at least one centered intersection value M ∈ CN ∩ DN .
Thus the theorem follows conditionally from Hypothesis 3 and finite verification.

Remark 2 (Scope of the conditional theorem). Hypothesis 3 is a centered form of the distinct-prime Goldbach
assertion for large N. Therefore Theorem 2 is a precise conditional statement, not an unconditional proof. The
diagnostic density hypothesis for EN remains heuristic unless it is supplemented by a centering theorem for R(2N).

Remark 3 (Computational verification). Our implementation verified the existence of centered Goldbach
partitions for all even integers up to 2 × 214 = 32,768. The same computations also produced the values of
H(N) reported in Table 1.

6. Conclusion
We have developed a centered geometric and combinatorial framework for the distinct-prime

Goldbach conjecture. The rigorous part of the framework is the exact equivalence between a distinct-
prime Goldbach partition of 2N, a nested-square semiprime configuration, and the centered intersec-
tion condition CN ∩ DN ̸= ∅. The diagnostic half-difference set EN provides additional numerical
information about nearby prime-pair differences.

Summary of Main Results

Theorem 1 establishes the geometric equivalence, and Proposition 5 gives the exact centered
set-intersection criterion. Proposition 7 and Corollary 2 record what follows rigorously from Dusart’s
short-interval theorem: the interval (N, 2N) contains many primes, and EN has a baseline supply of
admissible half-differences.

Status of the Conjecture

The distinct-prime Goldbach conjecture is not proved in this paper. The paper proves an exact
centered reformulation and several conditional implications. In particular, Hypothesis 1 would imply
H(N) > 0 for all large N, and H(N) > 0 implies by the pigeonhole principle that CN ∩ EN is nonempty.
The final step needed for a proof is stronger: one must show that for some such admissible M, the
centered upper endpoint N + M is prime, i.e.,

CN ∩ DN ̸= ∅.

Equivalently, one must prove the positivity of R(2N) = |CN ∩ DN | for all sufficiently large N.
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Key Insights

The proof gap is the centered correlation estimate R(2N) > 0. The statistic

H(N) = log2(2N)− ((N − 3)− |EN |)

measures half-difference coverage and appears positive in the tested range. The upper-prime decom-
position in Section 3.7 reduces a conditional proof of H(N) > 0 to bounding the collision sets Xj. A
complete Goldbach proof using this framework must then prove a centering theorem strong enough to
guarantee |CN ∩ DN | ≥ 1 for every sufficiently large N.

Relation to the Classical Goldbach Conjecture

The framework addresses the variant requiring distinct primes, thus excluding 4 = 2 + 2 and
6 = 3 + 3. Extending the geometric construction to allow P = Q would require handling the case
M = 0, which lies outside the present admissible interval.

Open Questions

Several natural questions remain. Can Hypothesis 1, or a weaker average version of it, be proved
sharply enough to imply H(N) > 0? Can one prove an explicit lower bound for R(2N), either directly
or through a centering theorem for prime-pair differences? What is the exact asymptotic behaviour
of H(N)? Can the geometric framework accommodate M = 0, thereby addressing the full classical
Goldbach conjecture? Finally, can similar geometric reformulations illuminate other additive problems,
such as the ternary Goldbach conjecture or Waring’s problem?
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