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Abstract

Active vibration control is crucial for mitigating harmful resonant vibrations in structures subjected
to harmonic loads. While antiresonant (zero-placement) methods are effective for this purpose,
existing state-feedback solutions require full state measurement, and output-feedback approaches
often prioritize resonance assignment over direct harmonic cancellation. This work bridges this
gap by proposing a novel systematic design for a Proportional-Derivative (PD) output-feedback
controller to achieve antiresonance for second-order linear systems with time-delay in the actuators.
The method first computes a homogeneous gain solution. It then leverages the parametrization of all
antiresonant solutions as a constraint within a genetic algorithm optimization. The algorithm optimizes
both the stability margin, characterized by an M;-disk criterion, and the number of encirclements
of the critical point (—1,0) in the complex plane, as assessed by the Generalized Nyquist Stability
Criterion. The proposed approach provides a practical, optimized output-feedback strategy for precise
rejection of harmonic disturbances, as demonstrated through three numerical examples from real-world
applications. The results confirm the method’s effectiveness in synthesizing stabilizing controllers that
enforce antiresonance while ensuring robust stability margins.

Keywords: output feedback; vibration control; time-delay; zero assignment; Nyquist criterion;
optimization; stability margin

1. Introduction
1.1. Motivation

Mechanical vibration of structural systems is a ubiquitous phenomenon across various contexts
and real-world applications. In industrial processes, piping, chimneys, compressor and pump bases, for
example, are among the structures that can experience harmful vibrations due to harmonic loads and
perturbations [1-6]. Possible causes include gust winds, earthquakes, misalignment, and flux pulsation;
they can induce resonance with the structure’s natural frequencies. To mitigate the effects of harmonic
loads, passive [7,8], semi-active [9,10], and active techniques [11] can be used. Passive or semi-active
techniques have some disadvantages, such as being generally ad hoc and addressing only localized
vibrations, although they are inexpensive. Active vibration control methods based on linear dynamic
models are more costly to implement but are flexible and can mitigate vibrations across the structure.
Active vibration control methods include resonant and antiresonant approaches. In the resonant case,
a prescribed location - strict or regional for the system eigenstructure is determined by the designer,
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and feedback controllers, as state-feedback [12-14], output feedback - static or dynamic [15,16], are
computed to achieve the specified spectrum or eigenstructure. Antiresonant methods are designed
to address the so-called harmonic loads or perturbations. In that case, a harmonic excitation enters
the system in a given degree of freedom, and the goal is to cancel its effect in steady-state on another
target degree of freedom of relevance. To achieve this, zeros are placed at the chosen impedance. Since
the seminal work [17], a series of prominent contributions for antiresonance or zero placement using
system frequency response - also known as receptance - have been made to the state of the art, as
summarized in the next subsection.

1.2. State of the Art

The harmonic perturbation decoupling was initially characterized by Mottersehead et al. [7,17],
who proposed zero-placement conditions and a formulation for single-input systems based on system
receptance. Subsequently, several contributions were made, including the extension to multi-input
systems and the concept of an adjunct system [18] . For systems with delay, a recent work [19]
synergises the results with the Nyquist stability criterion explored in [14,20,21], incorporating time
delays in the measurements. In that work, state-feedback controllers are designed, which demand
the full state measurement - displacements and velocities. Output feedback for an antiresonant
optimized design was proposed in [22] using displacement and velocity measurements. The use of
output feedback PD controllers for active vibration control in systems with actuation delays to cancel
harmonic perturbations is, to the best of our knowledge, a novel solution.

1.3. Contribution of This Work and Paper Organization

In this paper, the antiresonant/zero placement is proposed by computing a proportional-
derivative (PD) output feedback controller that matches closed-loop stability based on the Generalized
Nyquist Stability Criterion [23]. To this end, a homogeneous solution for the proportional and deriva-
tive feedback gains that stabilizes the system is computed. Then, the parametrization of all antiresonant
solutions is used as a constraint in a genetic algorithm search for an optimal solution that minimizes
the stability margins represented by an M;-disk and the number of encirclements of the critical point
(—1,0) in the complex plane [24,25]. The rest of the paper as organized as: (i) Section 2 presents the
preliminary concepts and gives the statement of the problem to be solved; (ii) Section 3 describes the
proposed approach to the output feedback PD controller design in a systematic way; (iii) Section 4
presents the numerical examples borrowed from real world application to illustrate the proposal;
(iv) Section 5 outline a brief discussion on the results and the advantages/drawback of the proposal;
(v) and Section 6 presents some conclusions and perspectives.

2. Preliminaries and Statement of the Problem

Let the second order linear, n-DOF system be defined as:

Myj(t) + Cq(t) + Kq(t) = Bu(t) + e4d(t), 1)
y(t) =Dq(t), 2)
w(t) = epq(t), 3)

in which M, C, K € R"*" are, respectively, the mass, damping, and stiffness matrices; B € R"*"

is the influence matrix for the control input u(t) € R"; ep, e; are standard vectors of dimension ;
k
a(t) = Z d;sinw, ;t is a harmonic disturbance; D € R?*" is the sensing (measurement) matrix that
i=1
defines the measurement output vector y(t) € R'; and w(t) is the p-th DOF of the system.
For the statement of the problem, the approach will be considered using a proportional-derivative

(PD) output feedback solution of the form:
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u(t) = Kpy(t) + Kqy () (4)

with Ky, K, € R™ I 1f the input vector is subject to fixed time delays of (possibly) different values,
then by taking the Laplace Transform with relaxed initial conditions, one can write in the frequency
domain the following relation:

[Ms? + (C — BE(s)K;D)s + (K — BE(s)K,D)]Q(s) = e;D(s) (5)

in which the delay diagonal matrix Z(s);xm is given as:

eiTls O o 0

0 eiTZS o 0

2(s) = '
0 0 oo e TS

The antiresonant control for this closed-loop dynamics can then be stated as:

Problem 1. Given the second-order system defined by Egs. (1 )-(3), and the PD output feedback controller (4),
compute the feedback gain matrices K, Kz € R™!, such that, ¥q(0),4(0), tlim w(t) =0.
—»00

k
In summary, the influence of the harmonic disturbance d(t) = ) _ d; sinwy;t entering the system
i=1
throughout the p-th DOF over the displacement of the g-th DOF is perfectly canceled at the steady-state
with the computed PD output feedback controller.

3. The Proposed Approach
3.1. Zero Assignment

By developing (5), one can find the frequency domain generalized displacement:

Q(s) = H(s)egD(s), 6)

from witch left-multiplying by e,f gives:
Wi(s) = egﬁ(s)qu(s). )

The matrix H(s) = [Ms? + (C — BE(s)K;D)s + (K — BE(s)KpD)] ! is the well-known closed-loop
receptance. Notice that for annihilation of w(t) at steady-state, as required in the Problem 2.1, an
undamped complex zero pairs +jwy;, i = 1,-- -,k must be zeros of the cross-receptance hgp(s) =
eFT,I_{(s)eq. Let Z(s) be the closed-loop dynamic stiffness matrix of the controlled system, that is:

Z(s) =H !(s) = Ms® + (C — BE(s)K;D)s + (K — BE(s)K,D)
Thus, the receptance H(s) can then be written as:

H(s) = detlz(S)Zf‘(s) ®)

in which Z4 (s) is de adjoint matrix of the dynamic stiffness. As can be found in [26], this matrix has,
by construction, the entries [Z4(s)],, 4 given by:

[ZA(S)]M = (_1)p+q det ZNq,Np(S) )

In the above equation, detZ.;,~p(s) is the minor, computed after the deletion of the g-th row and p-th
column of the dynamic stiffness matrix. Notice that the zeros of hgp are the roots of the equation:
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detZ.;p(s) =0

Denoting the basis for the right null spaces of the standard vectors e; and e, , respectively, as the
n —1 x n matrices N; and Ny, it can be verified that:

Z.4p(s) = Np[Ms® + (C — BE(s)K;D)s + K — BE(s)K,DIN, = (10)
= M4s? + (C4 — BAE(s)K,D")s + K* — BE(s)K, D",

with:

M* = N,MN; (11)
c? = N,CNJ (12)
K4 = N,KN; (13)
BY = N,B (14)
D% = DN; (15)

The dynamic stiffness matrix Z ~,(s) and its respective matrices above are called the adjunct

system ofr (1). The poles of the associated receptance HA (s) = Z;%,Np(s) are the zeros of fip,(s). In

summary, to proceed with the zero assignment that is a solution for problem 2.1, the pole assignment
of H4(s) must be performed.
Focusing now in the H (s) for pole assignment, one has:

HA(s) = MAs? + (C4 — BAE(s)K;D)s + K4 — BE(s)K,D"] ! (16)

The Sherman-Morrison-Woodbury formula can be applied to expanding this inverse, resulting in:

-1
A% (s) = HA(s) + HA(s)BAE(s) (Kys + K,) [I — DAHA(s)BAZR(s) (Kys + Kp)} DAHA(s), (17)
with HA(s) = (M4s? + C%s + K#) L. The characteristic equation for (17) is given as:

det [1 — DAHA(5)BAE(s) (Kys + Kp)} =0 (18)

In order to assign a set of roots to this equation, say, Z = {zl, S, zr} in closed-loop, since z; is a
closed loop pole of the system, then:

det [I — DAHA(2)BAE(z;) (Kdz; + Kp)] =0,i=1,-,r
This is equivalent to state that the rank of the matrix:

I(zi)1x1 = I— DAH%(2;)B4E(z;) (Kyz; + Kp)

is equal to I — 1. If one picks a vector from the null space of I'(z;), says, ;, then the following result
is true:

I(z;)y; =0.

Expanding this, one has:
D H” () B & (z) (Kgzi + Kp)7i = ;-

Applying the “vec-trick’ to the above equation and casting fori =1, - - - , r results in:
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1 ®| 21DAHA(21)BAZ(z1) DAHA(21)BAZ(z1) "
vec(Ky) :
| (19)
: vec(Kp) :
7 ®| 2D HA(z)BE(z) DAHA(z)BAE(z) | | —~—F |7
2mlx1 N~
rix1

rlx2ml

Such a system can be written in a compact form as Yk = v, with an obvious definition of the system
matrices. This is a linear system with r/ equations, dictated by the number of zeros to be assigned
and the dimension of the measurement vector, and 2m! unknowns, the elements of the feedback gain
matrices. Some facts regarding the system solutions are:

(1) The system has solutions if for all nontrivial vector v, p(Y) = ], that s, Y is full row rank;
(ii) If this condition is matched, the number of free variables in the solution is (2m — r)[;
(i) The solutions have the form [18,19]:

k = ko + Vk, (20)

where ko € R?"! is a particular solution; V = ker(Y) is the base of the null space of Y; and
k € R(27=1)l is the free parameter of the solution.

Notice that any solution computed using (19) can be used as the homogeneous kg in (20). As an
instance, the Moore-Penrose inverse can be applied to compute:

ko = Y'y (21)
Other generalized inverses can be used to compute ko.

3.2. Optimization-Based Solution

The parametrization of all-antiresonant feedback matrices (20) gives the designer the possibility
of exploring the free parameter for seeking in an in general large space of dimension (2m — r)I [18,27].
An indispensable requirement is that the solution must give a stable closed-loop system. Several
works using state or state-derivative feedback controllers [19-21] addressed this issue using the
Nyquist stability criterion [28], or its generalized version for the multi-input case [23]. The closed-loop
receptance can be deduced as:

F(s) = H(s) + H(s)BE(s) (Kys + K,) [T — DH(s)BE(s) (Kys + K,)] ' DH(s) (22)

The closed-loop poles of (22) are the roots of the characteristic equation:

det[I + L(s)] = 0 (23)

where L(s) = —DH(s)BE(s) (Kys + Kp) is the so-called loop gain function of the controlled system.
Lemma 1 in Appendix A.1 establishes the conditions for the closed-loop system to be stable according
to the Generalized Nyquist Criterion. Thus, given a prescribed value of M that imposes delay and gain
margins for the closed-loop system, and by considering a frequency range sufficient large far from the
highest natural frequency of the open-loop poles, w; € O = [wi,f, Wsup], the following optimization
problem can be solved to compute the feedback gain matrices K, and Kj:
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2
minh(k) = {inf|)Lk[L(jaJi)] +1] - Msl} (24)
k wi
st ) ce{Ax[L(jwi)]} =0
k=1
kZ ce{ Ae[L(jwi)]} = pg
=1
k = ko + Vk

w; € Q)

4. Numerical Studies
4.1. Test Cases Description

Three examples demonstrate the effectiveness of PD controllers for antiresonance performance
when the proposed approach is applied. In the first one, a spring-mass-damper with four DOF,
two control inputs, and two measured displacements in a collocated sensor-actuator scheme is studied.
Such an example can model several kinds of structural systems. In the second example, an unstable
open-loop model for the friction-induced vibration phenomenon in a belt conveyor with a structural
contact point is employed to illustrate the proposed antiresonant design. The third example is a
reduced-order model of a building with active vibration control applied to two target harmonic
disturbance frequencies.

4.1.1. Case I: Collocated Sensors and Actuators in a Structural System

This example illustrates the antiresonant design of a 4-DOF mass-spring-damper, as shown in
Figure 1. The harmonic perturbation d(t) = dg sin wyt, with wy; = 107t rad/s enters in the 1st DOF,
and must be suppressed in the 2nd DOF, that is:

00 o]" 10 0]"
Nqzloole_ooo
010 010
00 1 00 1
q3 q4
= w
SR
— e
ky
q2, w
Cs (ﬁ}'—)
O
5

Z
=
N
=

my k] kz

>
>
=0
=

I
T
I
T
T
I

[
:
[

-
-
-
-
-
-
-
-

PP III DI PP

Figure 1. Mechanical system with 4 DOF of the test case Section 4.1.1
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The system mass, damping, and stiffness matrices together with the influence matrix were
borrowed from the experimental assembly [22], and considering a collocated measurement, are

given as:
0.5050 0 0 0 2.7000 —1.8500 —0.8500 0
M — 0 0.7290 0 0 c_ —1.8500  6.8000 0 0
- 0 0 1.1750 0o | |-0.8500 0 7 —1.8000|"
0 0 0 0.5200 0 0 —1.8000 1.8000
1460 —749 —-711 0 0 0
K — —749 2068 —377 0 B— 0 0 D_gT
—711 =377 2906 —407 -1 1
0 0  —407 407 1 0

The delays at the input are considered as 71 = » = 0.1 s. An M;-disk with radius 0.4, that
is, Ms = 2.5, is chosen to the design. The system is open-loop stable, that is, po+ = 0; then, the
encirclements of the critical point —1 + jO must be null. A stabilizing homogeneous solution ky is
computed using the parameters:

%Zﬁzl

—2.8338 — 0.4653
—0.8520 —j0.1420 |

The feedback matrices were computed, resulting:

p =

l224.1167 120.70231
7 d —

03756  —7.2024
145.3813  40.2374 '

—0.7933 —2.2052

The Nyquist contour with the fixed M; disk is depicted in Figure 2, and the system stability
can be certified using this visualization: no encirclements are observed in the plot. The time domain
responses of the target DOF for harmonic disturbance rejection and the control effort demanded are
displayed respectively in Figures 3 and 4.

5 -

Imaginary Axis
()

-4 -2 0 2 4 6
Real Axis

Figure 2. Generalized Nyquist contour for the closed-loop system of the test case Section 4.1.1
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0.015 ‘ ‘ ‘

T T T T

0.01 - Loop closed (t = 8s)

I
I
0.005 : -
[
I
[

-0.005 1

-0.01 -

-0.015 | | | & | | | | |
0 2 4 6 8 10 12 14 16 18 20

t(s)
Figure 3. Time domain response of the target DOF before and after the loop closing.

|

l | | | | |
0 2 4 6 8 10 12 14 16 18 20
t(s)

Figure 4. Control effort of the test case Section 4.1.1

4.1.2. Case II: Non-Collocated Sensors and Actuators Control of System with Friction-Induced Vibration

In this test case, the well-known friction-induced vibration phenomenon [29] is visited, in an
example borrowed from [30]. The mechanical system is displayed in Figure 5. The belt movement
creates friction at the contact point, and depending on the friction coefficient, unstable vibration can
occur. For design purposes, the system matrices for this system are the following;:

v/
Y
ks
x
T q2,w
d
q §k4 93
4w e i
7 m

C/ rigid contact
v

® O

~— rigid belt —_—

Figure 5. Friction-induced vibration system
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050 0 -050 O
0 0 0 0

M:I ,C: 7
xd 050 0 050 0.05
0 0 0 060
2000 0 —100 0 1 0 0
K| 0 200 0 —t00f L1 0 1| o fi -1 0 of
~100 0 150 50 0 -1 0 0 0 -1 1
0 —100 —-50 350 0 1 -1

Input delays are given as 71 = 0.1s, » = 0.2, and 13 = 0. The system has an unstable pair of
eigenvalues, namely, 0.0050 =+ j8.9462, that is p; = 2. An harmonic perturbation d(t) = dg sinwjt,
with w; = 8.9462 rad /s enters the system in the second DOF, and the effect at itself, that is, the point
inertance hy;(s) must have an annihilator zero pair z = +j8.9462. Thus, one has:

T

_ o O

N, =N, =

o O O -
_ O O O

0

As in the previous Test Case, Ms = 2.5 is adopted. A stabilizing homogeneous solution kg is computed
using the parameters:

. [-04470 +j1.1287
T=T27 01097 - 10.2900 |

The feedback gain matrices are then computed, resulting:

—10.6441 —68.6191 —98.0844 —31.3133 —32.8132 33.9946
Ky, = | —121.4633 —105.1323 10.1432 |, K; = | 11.3842 —53.4080 46.8822|.
—35.1893 40.1336  —42.3496 —23.9824 —45.8159 24.8177

In Figure 6, the generalized Nyquist contour resulting from the computed controller is displayed,
in full view and in detail. It is evident that the double crossing of the critical point —1 + jO of the
complex plane corresponds to pj = 2. A simulation in which the loop is closed in the instant ¢ = 15s
was performed. The effectiveness of the controller can be checked in Figure 7, which shows the
time-domain response of the target DOF, and in Figure 8, where the control effort delivered by the
designed controller is depicted.
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Figure 6. Generalized Nyquist contour for the closed-loop system of the test case Section 4.1.2
O. 1 T T ' T T T T T T
| Loop closed (¢t = 15s)
[
0.05F I 8
|
|
E
&
0.0} : :
|
|
|
_O. 1 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
t(s)
Figure 7. Time domain response of the target DOF before and after the loop closing.
10 T T ’ T T T T T T
5 -
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]
5t Fi
\
|
I
- 1 0 1 1 } 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
t(s)

Figure 8. Control effort of the test case Section 4.1.2
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4.1.3. A Reduced Model of a Hospital Building

In this example, a reduced-order model of a four-DOF hospital building [31,32] is used for
antiresonant design. A collocated sensor-actuator is used as in the case Section 4.1.1. The system

matrices are:

0.5313 —0.0289 0.0190 —0.0128
—0.0292 0.6547 —0.1065 0.0744

0.0195 —0.1072 0.6310 —0.0961|"
—0.0139 0.0760 —0.0967 0.6916

M = I4><4/ C:

347111  —-27.3966 18.0432  —12.1459
—27.6760 151.8575 —101.0590 70.6711

18.5453 —101.7573 129.3924 —91.2128
—13.1524  72.1666 —91.7655  186.8484

4

0.6337 0.0612 0.0572
—0.5053 0.2632  0.2052 D — BT
0.3386 0.4169 0.0962 |’ ‘
—0.2401 0.2060 —0.4088

Input delays are 7 = 0.02s, 7, = 0.05 s, and 73 = 0.1 s. The system is open-loop stable, that is
par = 0. An harmonic perturbation with two mixed frequencies d(t) = dj sin w1t + dj sin wj 5t, with
wg1 = 59678 rad/s and w;, = 10.1494 rad/s enters the system in the first DOF, and the effect at
third DOF, that is, the cross inertance h3; (s) must have two annihilator zero pairs z; = £j5.9678 and
zp = £j10.1494. Thus, one has:

0
0

N =
1 1

S O = O
o O O
S O = O

o O O

0 1

The disk for the margins definition has Ms; = 2.5. A stabilizing homogeneous solution ky is
computed using the parameters:

[ 0.7040 + 0.0465i —0.9390 + 1.5201i
Y1 =75 = | 03019 —1.3044i |, 73 =v; = | —0.5552 4 0.0051i | .
| —0.1872 — 1.0348i 0.2199 + 0.2621i

The feedback gain matrices are then computed, resulting:

[ —4.7276 —4.1396 95272  4.1996
K, = |—67.0538 —3.3116|, K; = | 27963 0.8079 .
| —23.6338  29.1155 20.0145 6.8622

In Figure 9, the generalized Nyquist contour resulting from the computed controller is displayed,
in full view and in detail. It is evident there is no crossing of the critical point —1 + jO of the complex
plane, corresponding to p; = 0. A simulation in which the loop is closed in the instant t = 8 s
was performed. The effectiveness of the controller can be checked in Figure 10, which shows the
time-domain response of the target DOF, and in Figure 11, where the control effort delivered by the
designed controller is depicted.
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Figure 9. Generalized Nyquist contour for the closed-loop system of the test case Section 4.1.3
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Figure 11. Control effort of the test case Section 4.1.3
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4.2. Robustness Margins

To illustrate the closed-loop system margins of the design described in the Appendix A.2, the
test case Section 4.1.1 is stressed to the margins and slightly beyond that. The effective margins of the
system were computed from the eigenloci as:

M 5

1
> == =0. > 2sin~!
GM > M1 3 PM = 0.5486 rad > 2sin <2M

) = 0.4025 rad

S

To introduce the phase margin in the simulation, the critical frequency was identified as w, = 26.4 rad/s,
resulting in a maximum additional delay in the loop of Tj;ax = 0.02078 s. The simulations were running

with no perturbations and an initial displacement of 47 (0) = [0.1 01 01 0.1} . The displacement

of the target DOF is displayed in Figure 12. The system is resilient and exhibits marginal stability with

100% of the computed margins, introduced once at a time. The uncertainty was increased beyond

those values, leading to 102%, and the closed-loop unstable behaviors are then noted.

x10™*

T T
—100% GM
----- 102% GM
oL —100% PM ]

qa(m)

-3
120 121 122 123 124 125 126 127 128 129 130

t(s)

Figure 12. Closed-loop response of test case 4.1.1 with gain and phase stressed on and beyond the margins.

5. Discussion

The proposed approach to antiresonant control has been demonstrated to be effective in silencing
the effect on a chosen DOF of harmonic perturbations entering the system in a given DOF. That is the
better strategy to mitigate perturbations rather than the resonant-pole assignment design. Another
relevant point is that, although in the examples the system matrices are known, the proposal can
leverage experimental identification of the system receptance [17,33] and, subsequently, the dynamic
stiffness matrix to handle the adjoint system for zero assignment. Moreover, the use of proportional-
derivative output feedback further enhances the approach’s advantages, as only displacement sensors
are required, whereas in [22] velocity measurements are used for feedback. Yet, related to this work,
the proposed approach can handle multiple perturbation frequencies rather than a single frequency as
in [22]. The same can be said of the multiple delays considered here, whereas a single delay is explored
in [22].

6. Conclusions

This paper presented a novel systematic approach for designing PD output-feedback controllers
to achieve antiresonance in second-order mechanical systems subjected to harmonic disturbances.
By formulating the zero assignment problem as a pole assignment of an adjoint system, the method
enables direct cancellation of harmonic components at target degrees of freedom. The proposed
optimization framework integrates stability constraints via the Generalized Nyquist criterion and
M;-disk robustness margins, with a genetic algorithm exploring the solution space.
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The effectiveness of the methodology was demonstrated through three numerical examples en-
compassing collocated and non-collocated configurations, stable and unstable open-loop systems, and
multiple disturbance frequencies. Results confirm that stabilizing controllers enforcing antiresonance
while ensuring robust stability margins can be systematically synthesized.

Future work will focus on experimental validation, extension to nonlinear systems, and integra-
tion with data-driven identification techniques to bypass explicit model requirements. Additionally,
investigating adaptive schemes for time-varying disturbance frequencies and exploring alternative
optimization algorithms may further enhance the practical applicability of the proposed approach.
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Appendix A
Appendix A.1

The Lemma presented here can be found in [19], and the complete proof is presented in [23]. Let
be the loop function, as defined in Section 3.2:

L(s) = —DH(s)BE(s)(Kgs + Kp) (A1)

Assume that the characteristic equation det[L(s)] = 0 has p] roots - open-loop poles - in the right
half-plane. Setting s = jw, in which w € Q) is the frequency, the Generalized Nyquist criterion can be
enounced with the help of the following definitions.

Definition A1. The eigenloci is the set of all the geometric branches, in the complex plane, obtained by computing
the eigenvalues A¢[L(jw)] C C, £ =1,...,1, when w varies in the interval of frequencies Q = [wjy ¢, Wsup),
with 0 < Winf < Wsup < W

Definition A2. The number of counterclockwise encirclements of the point —1 +j0 by the k-th branch of the
eigenloci in the complex plane is denoted as c.{ A [L(jw)]}.

Definition A3. The number of counterclockwise encirclements of the point —1 +j0 by the k-th branch of the
eigenloci in the complex plane is denoted as cS{ ¢ [Ljw)]}.

Assumption 1. The eigenloci of the loop function L(jw) has no clockwise encirclements of the critical point
4

—1+j0, that is, ) _ cg{Ax[L(jw)]} = 0.
k=1

Lemma A1. The closed-loop system in Equation (22) with Assumption 1 is exponentially stable iff:

1. =140 ¢ AL(jw)], £=1,...,1;
14

2. k;ce{?\k[L(iw)]} =S
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Appendix A.2. System Margins from the Nyquist Contour

For a controller design that assures the Nyquist contour outside the called M; disk, the following
bounds for gain margin GM and phase margin PM can be certified for open-loop stable models [24]:

M
M;—1’

GM > PM > ZSin—1< ) (A2)

2M5

By the hand, in case of open-loop unstable systems, the margins have the bounds [25]:

M 1
+ > S + > s —1
GM™ > M1 PM™ > 2sin (2M5>' (A3)
M _ (1
< PM~ < -2 . Ad
CM™ < Y1 = 7esm (ZMS) (A4)
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