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Abstract: With the continuous advancement of manufacturing technology, the demand for small and
lightweight structures for various engineering applications has increased. This study examines forced
vibration behaviour of an orthotropic nano-system consisting of an elastically connected nano-plate
and a doubly curved shallow nano-shell. Both nano-elements (plate and shell) are simply supported
and embedded in a Winkler-type elastic medium. Utilizing the Eringen constitutive elastic relation,
Kirchhoff-Love plate theory, and Novozhilov linear shallow shell theory, we derive a system of four
coupled nonhomogeneous partial differential equations (PDEs) describing the forced transverse
vibrations of the system. For forced vibrations, we employ detailed numerical method to solve the
differential equations. The forced vibration analysis is conducted using modal analysis. A key finding
of this study is that the upper excited element of the nano-system (nano-plate) exhibits smaller
amplitude transverse vibrations when the lower element is curved (nano-shell). This phenomenon is
observed by comparing the amplitude of forced transverse responses between an elastically
connected system of two nano-plates (ECSTNP) and a system composed of a nano-plate and a nano-
shell (ECSNPS). We analyse the effects of the nonlocal parameter, external excitation, damping
proportional coefficients, and the radii of curvature of the nano-shell on the ECSNPS in detail. The
study reveals that the amplitude of the excited upper nano-plate decreases with increasing nonlocal
parameter and decreasing radii of curvature of the nano-shell. Additionally, the damping
proportional coefficients and external excitation significantly influence the transverse displacements
of both the nano-plate and nano-shell. Specifically, an increase in damping proportional coefficients
reduces the transverse displacements, while an increase in external excitation to the upper plate
increases them. This study provides measurable data relating the vibration characteristics of the
nano-system to its geometric and material properties. The proposed mathematical model of the
ECSNPS can be applied in the development of new nano-sensors, which respond to transverse
vibrations based on the geometry of the nano-shell element.

Keywords: forced vibration; nonlocal elasticity; nano-shell; nanoplate; modal analysis; coupled nano-
structures; transverse response; dynamic behavior

1. Introduction

Developing a suitable mathematical model is crucial to obtain the accurate response for the
sandwich nano-structures. Generally, an appropriate type of coupling layer is responsible for the
stiffness of the sandwich nano-system. For this reason, this study aims to demonstrate how geometric
and material parameters can affect the stiffness of nano-systems by analyzing the amplitude values
of forced in vibrations of nano-systems. In recent years, nonlocal elastic theory has attracted much
attention because of the necessity for modeling and analyzing of very small mechanical structures in

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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the developments of nanotechnologies [1,2]. It is known that the size effect of nano-structures is
important for their mechanical behavior, because their dimensions are small and comparable to
molecular distances. There are various higher-order continuum theories involving material length
scale parameters. Among them are strain gradient elasticity theory [3] and nonlocal theory [4-6]. In
these theories, the phenomenon known as material size effects arises because internal material
properties, such as inhomogeneity and interatomic interactions, significantly influence elastic
behaviors. Due to the expanding applications of nano-sized structures, this consideration has gained
increasing interest in fields such as sandwich nano-structures which have been widely used in
various applications of aerospace, biomedicine, mechanical, and civil engineering [7,8]. Many
researchers have shown that the advantage of these structures is their high strength and stiffness to
weight ratios [9-12]. The mechanical and geometrical properties of the nano-sandwich system play a
very important role in the overall behavior of a system [13-16]. For this reason, this study aims to
show how would the stiffness of the system change if one element (nano-plate) in the nano system
were replaced with a corresponding other element of the same surface area, only with a radius of
curvature (nano-shell). Additionally, researchers have previously questioned the effect of curvature
upon the vibration frequencies of rectangular shallow shells [17]. The open shallow shells have large
radii of curvatures compared to other shell parameters. A shallow shell can be doubly-curved, and
more applications can be found in engineering practice. Bhimaraddi [18] investigated the free
vibration analysis of homogeneous and laminated doubly-curved shells on a rectangular planform,
using the three-dimensional elasticity equations. In the paper of Dereli, E. et al. [19] an extensive
investigation into the deformation, shear, and normal stress values of sandwich structures with lattice
cores of varying aspect ratios are presented. Their findings suggest a potential for optimization in
lightweight structures, which could lead to innovative advancements in design and manufacturing
processes within the aerospace and automotive sectors. Nonlocal electro-elastic bending analysis of
a doubly curved nano shell has been studied in the paper of Arefi [20] based on nonlocal elasticity
theory and first order shear deformation theory. In the paper of Karami and Shahsavari [21], the
forced resonate vibration of the nano-shells which included four different geometries of the shells,
spherical, elliptical, hyperbolic and cylindrical was studied. The comprehensive free vibration
analysis of doubly-curved shallow shells which are made of an orthotropic material was presented
in the paper of Ghavanloo and Fazelzadeh [22]. In the paper of Hosseini-Hashemi et al. [23], the
influences of changing geometrical parameter and scale parameter on the natural frequency of the
micro/nano spherical shell based on First-order shear deformation theory were investigated. The
increased use of orthotropic shells in the design of various devices including their mechanical
behavior has attracted the attention of many researchers. As fundamental elements, shells are used
in many fields of modern engineering technologies because they provide dynamic stability. Study of
Turan, F. et al. [24] deals with the free vibration and buckling responses of porous orthotropic doubly-
curved shallow shells subjected to non-uniformly distributed edge compressions. In this paper, the
parametric studies were developed to discuss the influence of various factors, such as different
porosity coefficients, aspect ratio, arc length-to-thickness ratio, radius-to-arc length ratio, orthotropy
ratio, shell type on the free vibration and buckling behavior of porous orthotropic doubly-curved
shallow shells. The free vibration of composite sandwich plates and cylindrical shells, composed of
two composite laminated faces and an ideally orthotropic elastic core was considered by Hwu [25].
Based on several different numerical mathematical methods, the natural frequencies of composite
sandwich plates and cylindrical shells [25] were obtained. It was shown that the values of natural
frequencies of such a system agree well with each other.

In the present study, the authors analyze in detail a nano-system composed from elastically
connected nano-plate and nano-shell. The nano-plate and the doubly-curved shallow nano-shell are
made of orthotropic materials. Both nano-elements (plate and shell) are simply supported and
connected by an elastic layer, which is approximated by the Winkler model of discretely distributed
springs of linear stiffness k, acting on the surface of the nano-plate and nano-shell. In this paper, the
forced vibrations analysis are conducted for the Elastically Connected System composed from Nano-
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Plate and nano-Shell (ECSNPS). Based on the Eringen’s constitutive elastic relation, Kirchhoff-Love
plate theory [26-28] and Novozhilov linear shallow shell theory [29], the system of four coupled
nonhomogeneous PDEs of the transverse vibration of ECSNPS system is derived. The forced
transverse vibration analysis is solved by modal analysis. The effect of the nonlocal parameter on the
values of amplitudes forced vibration of ECSNPS system is presented. Additionally, the effects of
external excitation, damping proportional coefficients and radii curvature of nano-shell on the
ECSNPS are analyzed in detail. We rigorously examine the effects of nano-shell curvature on nano-
systems, with a particular focus on its role in reducing the amplitude of transverse vibrations in the
upper nano-plate. This analysis is contrasted with a nano-system comprising two nano-plates. The
advanced mathematical model of the sandwich nano-structure proposed here holds significant
promise for the dynamic analysis of the nano-sensors and nano-antennas. These applications
leverage the unique geometry of the nano-shell element to precisely tune and optimize transverse
responses, thereby driving significant advancements in the field of nanotechnology.

2. Brief Review of the Eringen’s Constitutive Elasticity

Using the fundamental equations of the nonlocal elasticity theory from papers Eringen and co-
workers [4-6], the Eringen constitutive elastic relation from the stress and the strain are given as

(1-u7?)o;i = Cimen (1)

where the 1= (eyd)? is the nonlocal parameter, @ describes the internal characteristic length, and
ey is a constant appropriate to each material that can be identified from atomistic simulations or by
using the dispersive curve of the Born-Karman model of lattice dynamics. Cyy, is the elastic modulus
tensor for classical isotropic elasticity; oj; and ¢ are the stress and the strain tensors, respectively.

Based on expression (1) constitutive relations can be written for one-dimensional structures in
the following forms

BZGXX_ 9
Oxx~l 2 _ngw ( )
GZTXZ_ 3
Tyz 2 _nyz’ ( )

where E is Young’'s modulus of elasticity and G is the shear modulus.
By applying relation (1), the constitutive relation for orthotropic two-dimensional nano-
structures can be expressed as follows

Ex by
Oy Tveyvyy  I-VayVyx Exx
(1—uA) {ny] =| by Ey 0 Eyy 3, 4)
ny Tvayvyy  T-vayvyy ny
0 0 Gy

2 2
. . . . , .
where V _A_EJFW is Laplacian,v,,, and v,, denotes Poisson’s ratios, 0,,, 0,

and shear stresses, &, €, and Yy are normal and shear strains and G,,, is the shear modulus. The

, and o, are normal

internal characteristic lengths u are often assumed to be in the range 0-3 [nm]. When =0, thenonlocal
constitutive relation is reduced to the classical constitutive relation of the elastic body.

3. Mathematical Formulations of the Equations of Motion for an Orthotropic
Nano-Plate

Based on Kirchhoff's plate theory [26,27], the displacement components u(xy,t), v(xy,t) and
w(x,y,t) for an arbitrary point of the middle plane of nano-plate along the axis x, y, z it can be written
in the following forms

ﬁx=u(x,y,t)—z%j’t), 5y=v(x,y,t)—z%, z_uz=w(x,y,t). (5)
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The strain - displacement relations of the linear strain theory are
PR  J W, , Fu ©)
oo T2’ W ooy Ty’ ny oy Ox xdy’

The nonlocal constitutive relation between stress and strain of one orthotropic nano-plate, as
expressed in form (4), based on nonlocal stresses o,,, 0,,, 0,,, can be written as follows

Ey VayE
(At € T S0 )
E
(1 !,LA )O'yy m Exyt 1’nyyVyx Eyy, (72)
(-u8)0 =Gy, 7.3)

Based on the Newton’s second law for the infinitesimal element of the nano-plate, equilibrium
equations can be obtained in the following form
BNXX any 6214
—_—t—=

ot (8.1)

Ny , My _ 5 %0

o T Pl (82)
BZMXX M My
axz ayyy+2 y+q(x/y’t) ph atZ’ (83)

where N,,, N,, and N,, are the in-plane stress resultants and M,,,M,, and M,, are the moment
resultants defined as

h

(Nxx/Nyy/ny)= f_z (axx’ Oyy, Txy)dzz 9.1)
2

h

(M My, Mo )= [3 (0x20 Oy Ty )2z, (9.2)
2

and g(x,y,t) is the external force caused by transverse forces f

q(xy =f(xy,1). (10)
Using expression (6) and (9) and taking into account Equation (7) yields,
[§) ov
(1-pA)Nw=An S+ AR, (11.1)
(1-uA)N,, A12 +A22 o (11.2)
[§] bv
(1-uA )Ny =Ags ( -+, (11.3)
and
%
(1-p A)My= D11 7D (12.1)
w w
(1-u A)My, =Dy, D2 5 (12.2)
w
(1-p A)M,,=2Dgq o (12.3)

where Aqj, Ap, Ay and Ags are extensional and Dy;, Dy, D;; and Dgg are the bending stiffness’s of
the orthotropic elastic nano-plate expressed as
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E.h vy Eyh Eyh
A11=_1 X ’ = ; = A66 G h (13)
“VayVyx 1‘nyVyx I—nyvy
Ed v B vy Egl® E i Goh®
=S === pp=————; Dgg=—" (14)
12(1-viyvy) 12(1 vxva) 12(1- vxyvyx) 12(1-vyvyx)” 12

By using Equation. (11), (12) and (8), the PDEs describing the displacements in the xOy plane
and the transverse displacement in the z-axis direction of a nanoplate subjected to an external load

f(x,y,t) have the forms
(1- VA)Ph 37 All 02 +A12 o +(A12 A65) (15.1)
(1-ua)oh%s Azza © s o+ (A Ags) T 2o (15.2)
(1-u A)phaz—w= - (D . p °4—w+2(D +2D )—5’4’” )+f(1—y A) (15.3)
2 11 5.4 22 6y4 12 66 szayz .

4. Mathematical Formulation of the Equations of Motion for an Orthotropic
Doubly Curved Shallow Nano-Shell
According to Novozhilov’'s linear shell theory presented from Amabili [29], the strain

components in an arbitrary point of the panel are related to the middle surface strains e, ¢, e,
and by changes in the curvature and torsion of the middle surface k,,, k,,, and k,, are defined by

the following relationships

Exx e tZKyy, € vy eyy+Zkyy' nyzenyerXy’ (16)
where are
u  w v w ou v
=4+ — =4 — =4+ —
G Ry oy TRy GV oy o (17.1)
2
o w w 10v 10du
=——t—t——+—— 17.2
e W2 RjRy; R;dy Ryox ( )
2
o w w 10v 10du
= —t—t——t—— 17.
kyy W2 RiR; Rydy Rpdx (17.3)
o du d
ky=22242c (2-2), (17.4)
oxdy dy ox.
11 1

The nonlocal constitutive relation between stress and strain is defined by expression (4). For
nano-shell the constitutive relation between stress and strain can be written in following form

Ex vyEy
O xx Tveyvyy  T-Vayvyx exx‘l'kax
— E E
(1-ud){opi=|mbs B o [ew* 2Ry . (18)
ny T-veyvyx  T-vayvyx exy +kay
0 0 G

Xy

From Equation (18) the nonlocal stresses are in the following forms

(1 #A)Uxx 1—(exx+2kxx)+ oy (e +Zkyy)/ (19'1)

(I_VA)UW_IVW . (exx+kax)+—(eyy+Zk ) (19.2)
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(1-ud)o, =Gy (ext2ks). (19.3)
By integrating Equation (19) and taking into account expression (9) yields
(I—HA)Nxx=A11€xx+A12€y ’ (201)
(1-uA)N,=ApentAre,, (20.2)
(1-uA)Ny=Agsery- (20.3)
and
(1-p A)M,=Dy1ktDiokyy, (21.1)
(1—[.1 A)Myy=D12kxx+D22ky ’ (212)
(1-p A)M,,=2Dgsks, (21.3)

The extensional and bending stiffnesses are expressed by the expressions (13) and (14).
According to Novozhilov’s linear shell theory presented in Amabili [29], the equilibrium
equations of the orthotropic doubly curved shallow shell can be written in the following form

ox oy oy

ON,y  ON. My, 1 (M,  OM &
xx xy +C xy+ ( Xy xy) :ph_u (221)
o dy

ON, ON. oM. 1 [OM, oM.
yy Xy Xy Yy Xy
L (= — .
dy X o Rz( dy o ) =P h btz' (22.2)
azMxx +aMW +2 aZMXy (%_}.M) +g=ph az_w (22 3)
2 dy? dxdy R; Ry =P 5a ’

the displacements in the xOy plane and the transverse displacement in the z-axis direction of a
nano-shell have the forms

azu D11 D12 6 u 1 azu
(1—yA)ph¥= Atz Rj +R 1R, ) ox? (A66+2C( )D66) oy?

D11 D12) v (23.1)

1
<A12+A66—2c (C+R )D66+ RZ Rk, _axay

A, A, Dyj+Dp,\ 0 1 D)\ Ow Dy o
o(f, A DD (o 1y, D) 0w Dudw
Rl Rz RIRZ 6x R1 R] axayz R] 6x3

DZZ D12 ) azu

v 1
(1-ul)ph— 37 (A12+A66+2c (R_ —c) Dget— % Rl R, ) 3xoy

1 g Dy, Dy \v [(Ap ,An DatDp\ 0w
(A66+ZC<R )D66)62+(A22+_2+RR W \R 'R, 5
X R; K4Kp/0y 1 2 RyR3 Y

1 D\ dw D,
(2 9) P ) sy & oy
R,

ox2y R, oy?’
d’w d'w d'w d'w Ay A\ Ou
(1-ud)ph— FYE =Dn~= R Dy~ o -2(Dy, 2D66)a o (R_1+ )ax

(23.3)

R,

ox3

R, R,

D12 Dzz) 631/{ +(D11 Dlz)au <A22 Alz)av
oy

+ (4CD66+ R—l + R—2 axayz
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D]I D]z 630 DIZ Dzz 632) D11+D12 Bzw
o w)sow (7 7)o i )

12 4 — (=222 (T2
TR, 7% )50y '\R, "R, /oy U RiR,

R, R
(D (b b )
RiR, /oy> \ R} "RiR, R

In all three presented Equations (23.1-23.3) figures displacement w. For this reason, all equations
must be taken into account to describe the vibration analysis of orthotropic doubly curved shallow
nano-shell. In the paper of Ghavanloo E. et al. [22], PDEs of the orthotropic doubly curved shallow
shell based on the gradient elasticity were presented.

5. Formulation of Model ECSNPS

A detailed analysis is conducted for the nano-system shown in Figure 1, which is composed of
an elastically connected nano-plate and nano-shell (ECSNPS). The nano-plate and the doubly-curved
shallow nano-shell are made of orthotropic materials. Both nano-elements (plate and shell) are simply
supported and connected by an elastic layer, which is approximated by the Winkler model of
discretely distributed springs of linear stiffness k, which acting on the surface of the nano-plate and
nano-shell. The material characteristics of the nano-shell are the same as of nano-plate with the same
elastic modulus E,=E,, Poison coefficients v,,=v,,, shear modulus G,, and mass density p. The
geometrical characteristics length 4, width b and thickness & are same for nano-plate and nano-shell,
where at shell exist R; and R principal radii of curvature. We assume that transversal
displacement of nano-plate is w;(x,y,t) and displacements of nano-shell u,(x,y,f) in direction x,
vy(x,y,t)  in direction y, and transversal displacement of nano-shell in direction z is w;(x,y,f).

b
| Y

A LY VY| ¢ ¢ ¢
T
T ;

h S
Nanoshel & 7
w \ Ry
Z
Rz

(a) (b)

Figure 2. The double graphene nano-system is composed of nano-plate and nano-shell and coupled by Winkler-

type elastic layer: (a) Physical model; (b) Mechanical model.

A Material properties from Table 1 are used from Pouresmaeeli et al. [30]. Value for the stiffness
coefficient k is used from paper of Radic et al. [31].

Table 1. Material and geometrical properties for nano-plate and nano-double-shallow shell.

El EZ ny vxy = Vyx P h a b h
TPa TPa TPa kg/ms3 nm nm  nm  GPa/nm
2.434 2473  1.039 0.197 6316  0.129 10 45 0.075

If we use the PDEs of transverse oscillations (15 and 23.1-23.3) and if we take into account the
elastic layer connecting the nano-plate and the nano-shell via the displacement of the ends of the
springs wi(x,y,t), i=1,2, (where 1 denotes the nano-plate and 2 the nano-shell), we obtain the PDEs of
the coupled system that represent the small transverse displacements of the mid-plane of the nano-
plate and nano-shell in the following forms

6Zw1 ( 64”(1]1 64w1 ) 64'('1]1

h h + + 64w1
o P\ axzar Tapzar) T ot

d'w
D57 201 2D) 5555 (4D
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dw, dw,\ [(Fw; Fw, Of Of
o)y [( N o )+(6y y? )] f (@ dy )
azuz 641/!2 64112 1 D12 ast Dua w;
G (o) P20
g HP h(6x26t2+6y26t2)+ 2R Pt R, v TR, o
1 621/{2 1 Du D12 bzvz 24.2
(A66+2C (C+R )D66) ayz <A12 A66—2C (C+R )D66 R% +R1R2)_axay ( . )
—(A11+D—121+ Dy, )62L122_(A11 A12+D112+D12>%= ,
R1 Rle ox R1 RZ R1R2 ox
hazvz h 64772 + 64'02 +(2( 1 )D D12> O w» +D226 w»
—- —_—— —-
1o HP\ax2ar 208 R, )74 R, )%y R, o
DZZ D12 azuz ( ( 1 a '02 24
- Ap+A — - <. i ) (24.3)
( 12" 66+2C(R C>D %" R TRR, ) oxay \ et g, C)D 66) o2
(A +D22+ Dy, )azvz (@ @ D22+D12) sz
2"R RiR,Jo2 \R; R, RiR: Joy
dw, o'w, d'w, d'w, d'w,
- +D D 2(D;,+2D
o5 HPh (6x26t2+6y26t2> 15 P2 Ty 2Dzt 66)6 Zay
o(d, Au)auz (D22 22) O, (B, D) a%(@ @)avz
R, ox "Ry R, /Jawy? \R, o3 \R, dy
5 , (24.4)
_(D11 D12 4cD ) 0’0, _<D12+D22)6 (%) (D11+D12)a w2_<D22+D12)a w;
R, R, = /a2y \R, P \ RyR, / ox2 \ RyR, / 2

Au A12 AZZ aw1 asz 62w1 asz _
<R1 2R1R R wy-k(wy-wy)+ky a2 o )’ 32 o =0

The transverse displacements of the midplane of the nanoplate are described by w; in Equation
(24.1). In Equations (24.2-24.4) it can be observed that displacement components in all three directions
uy, v; and w, appear. Therefore, all equations must be considered when describing small transverse
oscillations of an orthotropic doubly curved shallow nanoshell.

The boundary conditions of a simply supported nanoplate and nanoshell, of length a and width
b, are

w; (x,0,H)=w;(x,b,)=0, w;(0,y,t)=w;(a,y,t)=0, i=1,2, (25.1)
Mxxi(or]// t)=MXxi (a/y/ t)=0/ Myyi (x/ Or t) =Myyi (x/ b/ t)=01 i=1/2/ (252)

Nii(0y,£)=Npi(a,y,t)=0, N,y (x,0,)=N,,;(x,b,)=0, i=1,2. (25.3)

where =1 denotes a nanoplate, while /=2 denotes a double-curved shallow nano-shell.

6. Solution Methodology for Determining the Natural Frequencies of ECSNPS

Governing Equations (24.1-24.4) can be solved by assuming displacements in the following

forms

wy(Xy,8)= Ty Brs Wi, (Dsin(a,x) sin(B y), (26.1)

uy () =2 Ty Uy T (Pcos(a,,x) sin(ﬁny), (26.2)
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02 (Y, )= et Bt Va,p (Dsin(a,x) cos (B, ), (26.3)
Wy (xyt)=Zry Ty W, (Vsin(a,,x) sin (,Bny), (26.4)

where am=% and [:’of%, m=1,2,3,...,n=1,23,.....
Unknown time functions are marked by W;__(t), U (1), V,__(t) and W,__(t).

By substituting the assumed solutions (26.1-26.4) into Equations (24.1 -24.4) and applying the

orthogonality conditions, a system of ordinary differential equations (ODEs) of free vibrations is
obtained in the forms

m Wy (D+s; W, (D%, W, (D=0, (27.1)

myll, (D+s, Uy, (D+s3 Vs, (D+s, W), (D=0, (27.2)

mi Vs, (D+ss Vo, (Dtsg Uy, (D+s; W, (D=0, (27.3)
miWy, (D+ssW, (DR, Wy, ()49 U, (D+s19 Vs, (D=0, (27.4)

where my, %, s;, (i=1,2...10) are mass, extensional and bending stiffness constants presented in the
Appendix A.

Taking into account the presented differential Equations (24.1 -24.4) the ODEs (27.1-27.4) of the

time modes of the transverse oscillations that describe the free vibration of the undamped observed
ECSNPS system have the following matrix form

0 0 0 my

m; 0 0 0 Win(t) s; 0 0 Ry, (Wit
0 m; O 0 UZmn(t) 0 s 83 34 Uzpun(t) _
0 0 m 0]V, "o s S5 Sz || Voun(t) 0 (25)
0 0 0 mq WZmn(t) ‘k’w S9 S19 Sg WZmn(t)
or in a more concise form
M{S}+K{S}=0, (29)
where are
Wlmn(t) W]mn(t)
ir | Ty (B Unyn (D
St=< .. , {S}= , 30.1
B v [ ) Vamd (0D
Wy (B) W (£)
m; 0 0 0 s; 0 0 W
o m o0 o0 |0 sz s3 sy
M= 0 0 m 0 and K= 0 s ss s | (30.2)
Ky

S9 510 53
The free vibrations of the ECSNPS  described by the Equation (29) are periodic. Thus, when free

vibrations at a single frequency are initiated for a particular system, the ratio of any two dependent

variables is independent of time. These assumptions lead to hypothesizing the normal-mode solution
of Equation (29) in the form

S(H)=Qe'“rmt,  m=1,2,3,..., n=1,2,3..., r=1,2,3,4, (31)

where Q is the m-dimensional vector of constants (according to mode shapes) and ., represents
the natural frequencies of the ECSNPS system.

By substituting Equation (31) into Equation (29) gives

(-w?, MQ+KQ)e'“rm'=0. (32)

Since e!@rmn)t for any real value of time ¢,
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The mass matrix is nonsingular, and thus M

rearranging gives

where I is the identity matrix. Thus, the trivial solution Q=0 is obtained unless

By solving the determinant (35) for the unknown w,, , four natural frequencies are obtained for
each pair (m, n) and for the chosen set of parameters presented in Table 2. These four natural

2
- n

_MQ+KQ-=0.

-1

(M'K-w?_ 1)Q=0,

det|M"'K-w?__1|=0.

frequencies correspond to four distinct vibration modes.

Table 2. Natural frequencies of ECSNPS w
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(33)

exists. Multiplying Equation (33) by M~* and

(34)

(35)

in - r=1,2,3,4, for Rj=e, R,=150 nm.

epd = I nm
Dimn D21mn D31y Dimn
n=1 4.61953x101 2.99085x1012 7.38604x1012 1.21507x10%3
m=1 n= 9.31595%101 2.30851x1012 1.03814x1013 1.64871x10%3
n= 1.46995x1012 2.15757x1012 1.15336x1013 1.82203x1013
=1 5.70087x101 5.67846x1012 6.99782x1012 1.36309x10"3
m=2 n= 1.01025x10"2 4.20984x1012 1.01672x10%3 1.67344x103
n= 1.52519x10"2 3.45108x1012 1.13942x1013 1.82509x1013
n=1 7.34647x101 6.85678%1012 7.19172x1012 1.51839x10%3
m=3 n=2 1.13034x1012 5.94912x1012 9.69245x1012 1.71264x1013
n=3 1.61201x10"2 4.78913x1012 1.11226x10%3 1.83239x10"3
epd =2 nm
Dimn D2mn D31y Dimn
n=1 3.84471x101 2.07360x1012 5.08588x1012 8.36769x1012
m=1 n= 5.86577x101 1.35492x1012 5.97785x1012 9.49374x1012
n= 8.24879x101 1.19378x1012 6.20668x1012 9.80507x1012
=1 4.33619x10" 3.68099x1012 4.50109%1012 8.78749x1012
m=2 n= 6.24265x101 2.40523x1012 5.77111x1012 9.49987x1012
n= 8.54911x101 1.86919x1012 6.10670x1012 9.78197x1012
n=1 5.04771x101 4.25083x1012 4.25083x1012 9.17758x1012
m=3 n=2 6.77858x101 3.33059%1012 5.40006x1012 9.54656%1012
n= 8.95666x10" 2.56714x1012 5.92601x1012 9.76398x1012
eyd = 3 nm
Dimn W2mn D3 mn Dimn
n=1 3.44521x101 1.53112x10"2 3.71222x1012 6.10881x1012
m=1 n= 4.49233x101 9.63276x101 4.11125%1012 6.52950x1012
n= 5.85347x101 8.49677x101 4.19978x1012 6.63473x1012
n=1 3.73072x101 2.64494x1012 3.19060x1012 6.25442x1012
m=2 n= 4.78425x101 1.66611x1012 3.95389x1012 6.50982x1012
n= 6.15194x101 1.28667x1012 4.12822x1012 6.61318x1012
n=1 4.11932x10" 2.96932x1012 2.96932x1012 6.39772x1012
m=3 n= 5.11162x10" 2.28870x1012 3.68065x1012 6.51242x1012
n= 6.42609x101 1.75086x101"2 4.00041x1012 6.59264x1012
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7. Forced Vibration of the Damped ECSNPS

In this section, the forced vibrations of the damped system of the considered nano-system are
analyzed. Damping is implemented using Rayleigh-type proportional damping, defined by the
coefficients o and B, i.e. Specifically, the damping matrix is a linear combination of the mass matrix
M and the stiffness matrix aK, Kelly [32].

Considering the PDEs of the nano-plate (24.1) and nano-shell (24.2-24.4), the PDEs for the time
modes of the transverse vibrations, which describe the forced vibrations of the damped ECSNPS, can
be presented in the following matrix form:

M{S}H(aK+BM){S}HK{S}={F}, (36)
where M, K, {S} and {S} are presented by the expressions (30.1 and 30.2) and
of
(Fu (Q + @)]
{F}= 4 0 . (37)

Lo )

0

To determine the forced-vibration response of the presented system (36) the standard procedure
of modal analysis is used, based on the principal coordinates from Kelly [32]. For the natural
frequencies Wy, € Woy S W3y < Wy, Obtained from expression (35), the matrix P presents the

system’s modal matrix, the matrix whose columns are normalized mode shapes:

P={X1 X2 X3 X4} (38)

The system of n-differential equations corresponding to the generalized coordinates S(t) canbe

transformed into a system with the principal coordinates p;(t), j = 1,2,3,4 by introducing the modal

matrix P of the system. The columns of this matrix represent the normalized mode shapes. The
transformation is given by

S(H)=Xk p,(®) X, (39)
is equivalent to a linear transformation between the generalized and the principal coordinates of the
system
S(O=Pp(t), (40)
Substituting of Eq. (39) into Eq. (36) yields
MY iij(t) X+(aK+M) T4, ri].(t) X+KYE P, (1) X={F}. (41)

By applying the mode-shape orthogonality condition and multiplying Equation (41) by a scalar
X,, for an arbitrary r=1,2,3,4, we find that only one term in each of the sums is non-zero, specifically
when r=j. With the mode shapes normalized, Equation (41) can be expressed as follows

4 4

D B0 XY p O X)X ]
=1 1 (42)

+ 3hp () X, X k=X, F).
The Equation (42) can also be written in the form
B (D420, (D +hp, (D=5, (O, 1=1,2,3,4, (43)
where is
C~3 (@} B), (44)

For load {F} in expression (37) we take the uniformly distributed surface harmonic load in the
following form
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Sflx,y,t)=Fycos(Qt). (45)
By substituting (45) in expression (37), we obtain
3F
(Fu(E+2))
F={F}cos(Qt)= 4 0 &cos( 0t), (46)
0 )
L 0
Equation (43) can be writen in the form
p,(D+2Cp (D)+@hup, (D)=h, cos(Q1), k=1,2,3,4, (47)
where is
h=(XFo). (48)

The general solution of Equation (43) can be developed as a sum of homogeneous p,(t) and
the particular p,,(t) solutions in the form

p,O=p,, O+p, ®). (49)
Each nonhomogeneous Equation (43) has a corresponding homogeneous equation
p(O+2Cp (D+wip (D=0, r=1,2,3,...,n. (50)
The homogeneous solution is assumed in the form
p,, =(AcosSt+Bsindt)e ", (51)

where A and B are the arbitrary constants obtained from the initial conditions and

9= /wgmn-cf. (52)

Based on the nonhomogeneous term h,. cos(Qt) given in Equation (47), we can predict the type
of function that the particular solution p,,, would be

prp=Ccos(Qt)+Dsin(Qt), (53)
where C and D are the coefficients that are easy to determine.
By substituting the p,,, and p,, in Equation (47), we obtain two equations

(w?m-KQ?*)C+20, QD=h,, (54)

20, QC+(wh,,-Q° )D=0. (55)
From the system of Equations (54 and 55) the coefficients are determined in the forms

Iy (hn2° )

i )

D= zh,zc,Q -
(@n-Q }2 +420

where N is the amplitude of the vibration.
From Equations (56 and 57) it is easy to obtain unknowns N and ¢ in the following form

=NSi7’l§0, (57)

# and =arct i
v (wgmn-Q}ZACfQZ ¢ 8 @)3’””_02) ’ (58)

Now the particular and general solutions have the following forms

N=

pm=Ncos(Qt—g0), (59)
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p,(=(AcosSt+Bsindt)e ' +Ncos(Qt-). (60)

For the arbitrary initial condition p,(0) = p,, and p,(0) = p,o, it is possible to obtain the
constants A and B in the following form

A=p -Ncosp and B= @ —g (C,cosp+Qsing ). (61)

Finaly, the general solution of Equation (47) is obtained

5+
p. (D= (procosSH w sinSt) et
(62)

- /:osqocosSH %Qsmw sinSt/Ne'Crt+Ncos Qt-p).

When the solution from Equation (62) is returned into Equation (40), we obtain

Wi (H) X11(@1mn)p; (D+X12(@2mn)P, (D+X 13 (W30) P, ) +X 14 (@ )P, (1)
S(t)= Uyin (t)l )Xo (1), (D+X22(@2) P, (D+X 23 (W30 )P 5 (D+X 00 , (1)
) Vau® ) X51(@1m)p, (D+X52(@200)P, D+ X35 (@31 (D +X 34 (@4 )p , () [ (63)

Wann 7\ X410 10 )P, (D+X 42 (@020, (D +X 4303000 s (D +X 4 (@ ), ()
m=1,2,3...,00.n=1,2,3,....,00.

Finally, the solutions of Equations (36) for the damped ECSNPS system are in the following
forms

wi(ey )= Y. D sin(an)sin(p,y)

m=1 n=1 (64.1)
[X11 (1P, (O +X12(@2)P, (D +X 13 (@30 )P 5 (D+X 14 (a)4mn)p4(t)]r

u(x8)= Y ) cos(a ) sin(By)

m=1 n=1 (642)
[XZI (a)]mn)pl (t)+X22 (a)Zmn)pZ (t)+X23 (wSmn)pS (t)+X24 (w4mn)p4 (t)]/

o, (xyt)= Z Z sin(a,,x) cos(ﬁny)

m=1 n=1 (643)
[X51 (@1mn)p, (D+X32(032, )P, (D+X 55 (@W3mn)p;(D+X34 (@an)P, (D],

ws(eyt)= Y. D sin(an)sin(B,y)

m=1 n=1
(X1 (@1)p, (D+X 12 (02 )D, (DX 43 (@30 )P 5 () X g4 (@), (D],
1 2 3
m=1,2,3...,0, n=1,2,3,....,0.

(64.4)
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8. Results and Discussion

This section is divided into two parts. In the first part, the natural frequencies of the nano-system
of the presented study are analyzed. The second part presents the results of the forced vibrations of
the nano-system created from elastically connected nano-plate and nano-shell elements (ECSNPS).
Most importantly, a comparison of the transverse response of forced vibrations between the nano-
system elastically composed of a nanoplate and a nano-shell (ECSNPS) and the nano-system
elastically composed of two nanoplates (ECSTNP) is presented. The material and geometrical
parameters for both analyzed nano-systems are given in Table 1.

8.1. Natural Frequencies Analysis

For material and geometrical characteristics given in Table 1, the natural frequencies of the
presented nano-system w, , 1=1,2,3,4,(w;,  <w, <wz <w, ) are given in Table 2. The values of
natural frequencies of the presented nano-system (ECSNPS) are denoted by w;, , @y s =, @4
for the first three eigenmodes m,n=1,2,3.

In Table 2, the values of the natural frequencies are compared based on changes in the nonlocal
parameter. It can be observed that the natural frequencies decrease as the values of the nonlocal
parameter increase.

The general mode shapes of vibration of coupled two plates are presented in the paper
Oniszczuk [33,34]. Assuming that the nonlocal parameter is equal to zero p=0, and radius of
curvatures of the doubly curved shallow shell tends to infinity, ie. R;=R,=- and
A11=A15=A»=A4=0 in the Equations (24.1-24.4), the equations are reduced to two-plates equations
as in paper of Oniszczuk [33,34].

Then the system of four coupled differential Equations (24.1-24.4), is reduced to a system of two
coupled differential equations, which represent the transverse displacements of two elastically
coupled plates Oniszczuk [33,34]. In this way, the considered nano-system is reduced to a system of
two nano-plates interconnected by a Winkler elastic layer.

The values of the natural frequencies of the observed nano-system (ECSNPS) are compared
with the results from the paper Oniszczuk [33,34]. In Equations (24.1-24.4) the geometric and material
parameters from the paper Oniszczuk [33,34] are used. By neglecting the non-local parameter and
assuming that the radii of curvature of the shallow shell tend to infinity, a very good agreement of
the results with the values of the frequencies from the work Oniszczuk [33,34] is obtained, as shown
in Table 3.

If we omit the upper nanoplate and the elastic medium, the validity of the derived equations is
conducted comparing with the published findings of doubly-curved shell from [22], as shown in
Table 4. From Table 4, it can be seen that the natural frequency values are close to those obtained in
[22]. The differences in values arise due to the application of the Gradient Elasticity Theory in the
paper [22].

Table 3. Comparison of natural frequencies w,,

in %, r=1,2, of double plate system from Oniszczuk [33,34],

when are p=0 and R1=R2=co,

Oniszczuk Present study
[33,34]
Dimn D21mn D1mn D21mn
=1 52.8 72.0 52.7975095047  72.0248360629
m=1 n= 84.5 97.7 84.4760152075  97.6534543441
n= 137.3 145.8 137.2735247122  145.7532867105
n=1 179.5 186.1 179.5115323161 186.0763021839
m=2 n= 211.2 216.8 211.1900380189 216.7976756296
n=3 264.0 268.5 263.9875475236 268.4947397018
=1 390.7 393.8 390.7015703349 393.7609897669
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m=3 n= 422.4 425.2 422.3800760378 425.2116280556
n=3 475.2 477.7 475.1775855425 477.6962819637
Table 4. Validation of the frequency parameters Q = w,  R; W of the shallow spherical shells, %=1,
X 2

R E Gy
%=1, —1=25, E—i=0.75, E—Xy=0.2, Vyy=Vyx=0.3, p=0 nm?, a/R;=0.2.

Ghavanloo E. et al. [22] Presented study
O 5.0843 5.2304
O 12.2689 12.3081
Qs 13.4459 13.5241
4 20.1542 20.4447

8.2. Forced Vibration of the ECSNPS

The main objective of this research is to observe the expected occurrence of dynamic absorption
or decrease amplitudes in the excited upper nano-plate of the ECSNPS in comparison with the results
of ECSTNP system. Figure 2 presents the two analyzed nano-systems. This chapter also examines the
material and geometrical influences on the ECSNPS for the first three pairs of forced vibration modes.

5 b
| ¥ ’ Nanoplate I v v
[\ ALELELARINIRIE N 7o anoplate M
SN { : ”ff RN
Nan;pla* —_t Z % X £
h k - k
NanoshelJ& A Nanoplate 2
w \/{ /<1 wv
z z
(a) (b)

Figure 2. The nano-systems coupled by Winkler-type elastic layer: (a) Elastically connected system composed
from nano-plate and nano-shell (ECSNPS); (b) Elastically connected system from two nano-plates (ECSTNP).

In this section the forced transverse vibration response at the mid-points of the nano-systems is
analyzed. The ECSNPS is excited with a periodic force in the form Focos(Qt), where Fo=10 [nN] and
0)=0.8w11. The value of the nonlocal parameter is chosen to be
€o8=1 [nm], in an analysis that does not include the influence of this parameter. The values of the
damping proportional coefficients are chosen to be a==1 nNs/m.

A comparison of the amplitude values of the transverse vibrations of ECSNPS and ECSTNP
nano-systems is shown in Figure 3. The transverse displacements as a function of time for the plate-
plate (ECSTNP) system are shown in gray, while those for the plate-shell system (ECSNPS) are shown
in blue. Figure 3a presents a comparison of the amplitude of forced transverse vibrations of the upper
nanoplate in the ECSNPS with that of the upper nanoplate in the ECSTNP. The most important
observation is that the amplitude values of the upper elements in the plate-shell system (ECSNPS)
are lower than those in the plate-plate system (ECSTNP), as indicated by the blue line. This decrease
in amplitude values in the ECSNPS system is one of the primary findings of this study. In Figure 3,
the radius of curvature values for the nano shell are Ri=eo,R2=450[nm].

Additionally, Figure 3b compares the amplitude values of forced transverse vibrations of the
nano-shell in the ECSNPS system with those of the lower nano-plate in the ECSTNP system. It was
observed that the amplitude value is significantly smaller for the nano-shell in the ECSNPS system
compared to the vibration amplitude of the lower nano-plate in the ECSTNP system.

It can be concluded that with a change in geometric shape, the transverse response decreases,
and consequently, the stiffness of the nano-system increases.
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Figure 3. Comparison of the amplitude values of the forced vibrations of ECSNPS and the ECSTNP systems: (a)
The upper nano-plate of the ECSNPS system with the upper nano-plate of the ECSTNP system; (b) The lower
nano-shell of the ECSNPS system with the lower nano-plate of the ECSTNP system.

The influence of the radii of curvatures Ry, for R;=c0, on the transverse displacement of the
forced vibration for the first three modes of ECSNPS is presented in Figure 4. The values of the radius
of curvature Rz vary from 150 to 850, while the radius of curvature Ri tends to infinity. Lower values
of the radius of curvature Rzlead to a decrease in the amplitude of forced vibration in both the nano-
plate and nano-shell of the ECSNPS system. Notably, the amplitude of forced vibration in the nano-
shell significantly decreases as the radius of curvature decreases, as illustrated in Figure 4b.

It can be observed that as the radii of curvature decreases, the transverse displacement of the
forced vibration for both the upper nano-plate and lower nano-shell of the ECSNPS system also
decreases.

x10710 %1010
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Figure 4. Effect of the radii of curvature Rz on the transverse displacement for the first three modes of ECSNPS

systems: (a) Nano-plate; (b) Nano-shell.
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The effect of the one-sided and double-sided curved nano-shell on the transverse displacement
for the first three modes of ECSNPS system is presented in Figure 5. The doubly-curved shallow
nano-shell has radii of curvature R;=150, R,=150 nm, while one-sided -curved nano-shell has radii of
curvature Ry=e and R,=150 nm. The transverse displacement of one-side curved nano-shell is
marked in blue, while the transverse displacement of the double-sided curved nano-shell of the
ECSNPS system is marked in gray. From Figure 5a it can be seen that the vibration amplitude of the
nano-plate is smaller in ECSNPS system with one-sided -curved nano-shell. Figure 5b also shows that
the amplitude of forced vibration for the nano-shell of the ECSNPS system is smaller with the one-
sided curved nano-shell.

The conclusion is that the amplitude of forced vibration is smaller for both the nanoplate and
the nano-shell for the ECSNPS system with the one-sided -curved nano-shell.
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Figure 5. Effect of the one-sided and double-sided curved nano-shell on the transverse displacement for the first
three modes of ECSNPS system: (a) Nano-plate; (b) Nano-shell.

The effect of the external excitation on the transverse displacement for the first three modes of
ECSNPS system is presented in Figure 6. The magnitude values of the uniformly distributed surface
harmonic loads are used Fy=10nN, 50 nN and 100 nN. It is observed that increasing the magnitude
values of the external load increases the vibration amplitude of both the nanoplate and the nano-shell
of the ECSNPS system

x10718 %1072

ab
- 2 = 2f Fo=10 nN
; Lt/ k é 1t Fo=50 nN
= 0 o 0
: v v \/ y \_S \/ v v \/ o
< gl g 1
]
20
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0. } . 0.8 1
t[s] tls]
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Figure 6. Effect of the external excitation on the transverse displacement for the first three modes of ECSNPS
system: (a) Nano-plate; (b) Nano-shell.

The effect of the nonlocal parameter on the transverse displacement for the first three modes of
the ECSNPS system is presented in Figure 7. The transverse displacements for the nanoplate of the
ECSNPS system are shown in Figure 7a, while those for the nano-shell of the ECSNPS system are
shown in Figure 7b. It is observed that the vibration amplitude of the nanoplate in the ECSNPS
system decreases with an increase in the nonlocal parameter, as seen in Figure 7a. Conversely, the
amplitude of the forced vibration of the nano-shell in the ECSNPS system increases with an increase
in the nonlocal parameter, as shown in Figure 7b. Similar observations regarding the effect of the

nonlocal parameter on a doubly-curved nano-shell are also noted in [20].
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Figure 7. Effect of the nonlocal parameter on the transverse displacement for the first three modes of ECSNPS
system: (a) Nano-plate; (b) Nano-shell.
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The effect of the damping proportional coefficients on the transverse displacement for the first
three modes of the ECSNPS system is presented in Figure 8. It can be observed that an increase in the
damping proportionality coefficients decreases the amplitude of transverse vibrations in both nano-
elements of the ECSNPS system.
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Figure 8. Effect of the damping proportional coefficients on the transverse displacement for the first three modes
of ECSNPS system: (a) Nano-plate; (b) Nano-shell.

9. Conclusion

This work presents a detailed chapter on the forced vibration behaviour of an orthotropic nano-
system composed of an elastically connected nano-plate and a doubly curved shallow nano-shell. It
demonstrates how the stiffness in such a nano-system changes based on variations in geometric and
material parameters. Both nano-elements are simply supported and embedded in a Winkler-type
elastic medium. Using Eringen’s constitutive elastic relation, Kirchhoff-Love plate theory, and
Novozhilov linear shallow shell theory, we derive a system of four coupled nonhomogeneous PDEs
for the transverse vibration of the system. The numerical method for solving these PDEs is presented
in detail. Forced vibration analysis is solved using modal analysis.

The main contribution of this paper is the discovery that the upper excited element of the nano-
system (the nano-plate) exhibits smaller amplitude vibrations of transverse responses only if the
lower element is curved (the nano-shell). This phenomenon is observed by comparing the amplitude
of forced transverse responses in a system composed of two nano-plates (ECSTNP) to a system
composed of a nano-plate and a nano-shell (ECSNPS).

We examine the effects of the nonlocal parameter, external excitation, damping proportional
coefficients, and radii of curvature of the nano-shell on the ECSNPS in detail. The amplitude decrease
of the excited upper nano-plate is related to an increasing nonlocal parameter and decreasing radii
of curvature of the nano-shell. The effect of one-sided and double-sided curved nano-shells on the
transverse displacement of forced vibration for the first three modes of the ECSNPS is also analyzed.
It is concluded that the amplitude of forced vibration is smaller for both the nano-plate and the nano-
shell in the ECSNPS with a one-sided curved nano-shell.

The effects of damping proportional coefficients and external excitation on the ECSNPS are
presented and analyzed in detail. An increase in damping proportional coefficients results in
decreased transverse displacements of the nano-plate and nano-shell, while an increase in external
excitation to the upper plate results in increased transverse displacements. The proposed
mathematical model of the ECSNPS can be implemented in the creation of new nano-sensors that
correspond to the occurrence and tuning of transverse responses due to the geometry of the nano-
shell element.

It is concluded that the influence of geometry at higher modes changes the stiffness of the
system. For higher vibration modes, a decrease in the radii of curvature of the nano-shell results in
decreased forced transverse response and consequently increased stiffness of the ECSNPS.
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Conversely, an increase in the radii of curvature of the nano-shell approximates the transverse
response of forced vibrations to that of the ECSTNP system.

The results obtained in this paper can be used for the development of nano-electromechanical
devices, providing engineers with better insight into the behaviour of the ECSNPS under the
influence of the considered parameters. The proposed mathematical model of the ECSNPS can be
implemented in the creation of new nano-sensors that correspond to the occurrence and tuning of
transverse responses due to the geometry of the nano-shell element. This paper also provides an
opportunity for other researchers to compare the analytically presented results with various
numerical methods.
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