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Article

What's Wrong with Maxwell’s Equations?

Randy Wayne

Laboratory of Natural Philosophy, Plant Biology Section, CALS School of Integrative Plant Science, Cornell
University, Ithaca, NY, USA; rowl@cornell.edu

Abstract: Maxwell’s electromagnetic wave theory has provided the foundation for life- changing and
life-saving technologies from smartphones to magnetic resonance imaging. This is especially
intriguing given that Maxwell’s electromagnetic wave is inconsistent with the fundamental scientific
principles of causality and conservation of energy, as well as the assumption of the Kirchhoff
diffraction integral, which is the fundamental equation used in optics to relate the object to the image.
These contradictions exist because Maxwell arbitrarily considered the waves that represent the
magnetic and electric fields to be in-phase. In this article, I show that the reintroduction of the “evil”
magnetic vector potential resolves the contradictions by giving a first principle approach to the claim
that the waves that represent the magnetic and electric fields are a quadrature out-of-phase.

Keywords: magnetic vector potential; Maxwell’s equations; electromagnetic wave; causality;
conservation of energy; Kirchhoff’s diffraction equation; binary photon

1. Introduction

James Clerk Maxwell [1] is one of the most brilliant and influential scientists who ever lived. By
combining the equations that describe Gauss’, Faraday’s, and Ampere’s laws of electricity and
magnetism, he was able to unify electricity, magnetism, and optics and predict that light propagates
as an electromagnetic wave though a vacuum at a speed characterized by the electric permittivity
and the magnetic permeability of the vacuum [2], and it propagates through a dielectric at a slower
speed characterized by the relative permittivity and relative permeability of the dielectric [3].

Einstein [4] described Maxwell’s discovery like so:

Imagine his feelings when the differential equations he had formulated proved to him that
electromagnetic fields spread in the form of polarized waves, and at the speed of light! To few men in
the world has such an experience been vouchsafed. At that thrilling moment he surely never guessed
that the riddling nature of light, apparently so completely solved, would continue to baffle succeeding
generations. Meantime, it took physicists some decades to grasp the full significance of Maxwell’s
discovery, so bold was the leap that his genius forced upon the conceptions of his fellow-workers.

Maxwell’s electromagnetic wave theory, was based on Faraday’s [5] idea that radiation was “a
high species of vibration in the lines of force which are known to connect particles and also masses of matter
together.” However, Maxwell’s electromagnetic wave equation neglected the particles that served as
the sources and sinks of the electromagnetic vibrations, and which are now known as electrons. Few
[6] worried about the omission after the marvelous experimental researches of Heinrich Hertz [7]
demonstrated the reality of electromagnetic radio waves propagating through free space using a
linear antenna to detect the electric field and a hoop antenna to detect the magnetic field. The
successful application of electromagnetic waves in technologies, including smartphones, television,
radio, radar, microwave ovens, microscopes, CAT scans, and MRI, provided no impetus for
questioning Maxwell’s electromagnetic wave equation.

Maxwell’s equations for free space are typically given in vector form in terms of the electric field
(E, in %) and the magnetic field (B, in %) that exist between the unaccounted-for sources and sinks.
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VE=L (1a)
0
V-B=0 (1b)
B
VXE = _E o (1C)
VX B = ol +gto5; (1d),

where p is the charge density (in %), HUo is the magnetic permeability of the vacuum (in %), g is the

electric permittivity of the vacuum (in %), and J is the current density (in ﬁ), which is set to zero
for free space. By also letting V- E = 0, Maxwell obtained the homogeneous second-order differential
electromagnetic wave equations for the E field and B field:

1 9%E

2p — —

VZE = 72 (2a)
2 _ ia B

VB =S — (2b).

There is nothing in the above equations that stipulate the phase relationship between the electric
and magnetic fields. Nevertheless, Maxwell [8] considered the two fields to be in-phase (Figure 1)
rather than having one precede the other; and to this day, the E and B fields are typically considered
to be in-phase [9,10]. It was as if Maxwell had not removed the possibility of instantaneous action-at-
a-distance from his field theory.

Ty

N\

Figure 1. Electromagnetic wave in free space where the electric field and the magnetic field are in-phase as given

in A Treatise on Electricity and Magnetism by Maxwell [8].

It seems to me that too much fundamental science must be sacrificed to continue to represent
the electric and magnetic fields in-phase.

1.  We sacrifice the cause-and-effect relationship inferred in Faraday’s and Ampere’s laws if the
waves representing the electric and magnetic fields are in-phase.

2. We sacrifice the conviction that the conversion of one form of energy into another form cannot
take place instantaneously as demanded by special relativity. Having the electric and magnetic
fields in-phase implies instantaneous action-at-a-distance.

3. We sacrifice conservation of energy in the electromagnetic field if the waves representing the
amplitudes of the electric and magnetic fields are in-phase, since at successive points in time, the
energy in the electromagnetic field, which is proportional to the square of the amplitudes, will
go from zero to maximum and back to zero [11].

4. We also sacrifice the demand of Kirchhoff’s diffraction equation, based on Green’s theorem, that
both the Neumann and the Dirichlet boundary conditions be simultaneously fulfilled at a
boundary [12].

While Maxwell’s wave equation has been extremely successful in serving as a foundation for
technological development, Maxwell’s electromagnetic wave theory leaves something to be desired
when it comes to creating a consistent and logically-uniform set of laws that coherently explain
natural phenomena. After all, Einstein [4] describes “science” as “the attempt to make chaotic diversity
of our sense-experience correspond to a logically uniform system of thought.” The aim of this work is to take
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a second look at Maxwell’s electromagnetic wave theory in order to develop a logically uniform and
consistent set of equations that coherently explain natural phenomena. To do so, I return to Faraday’s
[6] conception of particles and fields and employ the magnetic vector potential to connect and unite
the particles with the fields.

2. Results

Maxwell [13] considered that the magnetic vector potential represented “the fundamental quantity
in the theory of electromagnetism,” yet by the end of the 19th century, the magnetic vector potential lost
favor. Oliver Heaviside [14] considered the magnetic vector potential “evil” and “cured” Maxwell’s
equations by writing the magnetic vector potential out of them. Generally, with only a few exceptions,
Heaviside’s form of Maxwell’s equations is considered to be Maxwell’s equations, and except for a
few holdouts [15-17], the magnetic vector potential has been considered merely a mathematical
device used to help in calculations but not something that had physical meaning or something that
was based in reality [18,19]. Here I will show that the generation of electromagnetic radiation by
moving electrons in an antenna (Figure 2) is best understood using the magnetic vector potential.
Then I will show that the electromagnetic waves described by the curl of the magnetic vector potential
are consistent with causality, conservation of energy, and the Kirchhoff diffraction equation.

N2

Figure 2. Frame from an animation showing the A) maximal current (I(x)) in and the B) maximal voltage (V(x))
along a transmitting half-wavelength dipole antenna. The waves of current (green) and voltage (blue) reflect
back and forth between the antennae ends to form standing waves where the I(x) wave is a quadrature out-of-
phase with the V(x) wave. Source: Wikimedia commons

https://commons.wikimedia.org/wiki/File:Dipole_antenna_standing_waves_animation_1-10fps.gif.

The magnetic vector potential is defined for a static case like so:
o (f1(To)
A = 10 gy, )

where A (in S) is the magnetic vector potential produced by a current density (J, in %) at a source
point (r,) and measured at a field point (r) where r and r, are position vectors in a Cartesian
coordinate system starting at the origin (0,0,0), and R = |r — 1,|. The magnetic vector potential is
integrated over an infinitesimal volume dv, that includes the source point. The magnetic vector
potential vanishes at infinity. p, is the magnetic permeability of the vacuum and is equal to
4mx 1077 I,
m
In magnetostatics, the static magnetic field (B) is related to the magnetic vector potential in the
following manner:
B=VxA
(4).
When the current density is time-varying, the magnetic vector potential is time dependent, and
to take into consideration the fact that it takes time for the magnetic vector potential to propagate
from r, to r, the retarded time (t,) must be used to characterize the source when the field is
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measured at the present time (#). Assuming that the magnetic vector potential propagates a distance
R from the source point to a point in the field at the speed of light (c), then the retarded time is given

by:
t,=t—=
),
and the time-dependent magnetic vector potential is given by:
_ Ko ] (To,to )
A(rt) = 2 [[f =% dv, (6).

This form of the equation establishes temporal causality between the source and the field and
ensures that the magnetic vector potential propagates at the speed of light. While the static case of
the magnetic vector potential implies instantaneous action-at-a-distance, the time-dependent case
that includes the retarded time is based firmly on causality where the magnetic vector potential
propagates from source point to the field point at the speed of light. Equation 6 bridges potential
theory with field theory.

I propose that the electric and magnetic fields produced by the curl of the time-varying current
density (V X J(r,t,)) can be calculated from the curl of the magnetic vector potential (V x A(r,t)).
I will show that when taking the curl of the time-dependent magnetic vector potential, the two
complementary fields emerge. The magnetic field emerges directly as it does when taking the curl of
the static magnetic vector potential; however, in the time-dependent case, the electric field also
emerges after multiplying the semi-integral by the speed of light.

Taking the curl of both sides of Equation 6, we get:

VX A(r,t) = Lo [ DJ0oko) gy, @)

To simplify Equation 6, we use the vector 1dent1ty:

Vx X = Pg(Vx X)— XX (V{) (8)
where X = J(r,t,) and ¢ = %. Thus
Ho 1 1
VXA, ) = L2 [[[2(V X J(rot,) —J(Tots) X (VE)dv,, )
We solve for the first term in the integrand, using the definition of curl of J in Cartesian
coordinates:
Xy z
a o9 @
VxJ= x oy 92 (10)
I« Jy I
Then resolve the curl into its three orthogonal components (V x J(roto )) , (V X J(roto )) ,
y
. ato s 0] aJ, c 0ty 0ty
and (V X ](r,,,to ))Z, multiply each term by 1 = let = J, —y =7y, o, = Iz Pl
% _ 1 and to get:
5y, = o and rearrange to get:
o, _aly U0ty _ Uy dte) o _ (Uzdto _ Aydte) 4
(ay az)x_ (ay a, oz ato)x - (ata ay at, 02) (]z ]J’)x (11a)
Ox _z\s _ (Ux0to _ 9z0to) 5 _ (9x0to _ 0Jz 0t 1
(E_E)y_ (az at, ox at.,)y_ (at,, az  ot, ax) - (]x ]Z)y (11b)
3y dx\, _ (ydty  0Jxto) . Ayodty _ xdte) s _ 1ry _
(6x ay)z - (6x at, ay at.,)z (ato ax  at, ay) - (]y ]")Z (11¢)

Simplify by using the definition of curl in Cartesian coordinates, (]Z — ]y)’i + (]x — ]Z)? +
(Jy—J)z= Vx]J:

VxA(r,t) =2 (cR (V X j(rot,) X R) —J(roto) X (V%)dv,, 12)
Then solve for the Iast term in the integrand.
1_dp1_ _1p
ViTaR = ~mR (13

Then insert Equation 13 into Equation 12:
0 1 . = 1 «~
VxA(rt) = L fff (E (V X j(rot,) X R) —J(Tots) X (—FR ) dv, (14)
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After rearranging, we get:
0 1 : = 1 =~
VxAGrt) = L2 ff (E (V X j(rot,) X R) + = J(roto) X Rdv, (15)

Now, split the integral into two parts:

VxA(rt) = f:—;fff (%].(r,,,t—g) xﬁ) dv, + Z_;fff (%](r,,,t—%)xf?) dv, (16)

and define each part.
The first part is proportional to j and inversely proportional to R. It represents the electric part

. v
(in Tesla or m—sz):
_ M 1 . R =
=2 if (5 (rot—7) X R) dv, az).
The second part is proportional to ] and inversely proportional to R%. It represents the magnetic
part (in Tesla or 5):
0 1 R\ _ 5
=20 (I (rot—2) xR) dv, (18).

Tesla is the unifying unit of the electromagnetic field.
Equation 17 is directly equal to the magnetic field (B, in Tesla or V—sz):
m

B(r,t) = Z—;fff (%](ro,t— g) X IAZ) dv, (19).
To express the electric part as the electric field (E in %), we must multiply the r.h.s. of Equation
17 by c:
E(rt) = 22 []] (] (rot —2) X R) dv, (20).
Since c is a constant, we can take it out of the integral and cancel:
E(r,t) =% [ff (% j (r,,, t— g) X Tz) dv, @1).

B(r,t) and E(r,t) in Equations 19 and 21 describe the magnetic and electric fields produced by
a dipole antenna. R? and R in the denominators of Equations 19 and 21 represent a circular
magnetic wave and a plane electric wave, respectively. The circular wave is consistent with V- B =
0 and J # 0. A linear wave requires acceleration where j #0.

If we assume that the current density in a half-wavelength dipole antenna has the following
form:

] = jsinwt, (22),
where w is the angular frequency, then the magnetic field that results from the sinusoidally-varying
current density will have the identical form. By contrast, the electric field that results from the
sinusoidally-varying temporal derivative of the current density (f) will have this form:

J =jwcos wt, (23)

Consequently, the magnetic and electric fields will be a quadrature out-of-phase with each other,
and this satisfies causality, conservation of energy, and the boundary conditions demanded by
Kirchhoff’s diffraction equation. The contradiction is resolved.

At a given position in the field, the sinusoidal waves described by Equations 24 and 25 are out-
of-phase (Figure 3). They remain out-of-phase from the near-field through the far-field.

B(r,t) =% [f (%] sinwt, X Tz) dv, (24)
E(r,t) = i‘—;fff (%jw cos wt, X IAQ) dv, (25)
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Figure 3. A. An illustration of the magnetic (green) and electric (blue) fields at any point in free space according
to the standard form of Maxwell’s equations. The magnetic and electric fields are in-phase. B. Using Equations
24 and 25 derived by using the magnetic vector potential, at any given point in free space, the magnetic (green)

and electric (blue) fields are a quadrature out-of-phase.

Since the magnetic and electric waves presented here are out-of-phase, the traditional equations
that relate the square of the amplitude of the fields to the energy density are not applicable. Using
Equations 24 and 25, the magnetic energy density (ug, in #) and the electrical energy density (ug, in

#) at any point in space and time are given by:

B2 . B?
up =— instead of — (26)
Ho 2po
EOEZ

up = g,E? instead of (27)

Figure 3 illustrates the magnetic field as if it vibrated in a single plane like the electric field.
According to Equation 24, it is actually a circular wave vibrating in a plane, which is consistent with
the fact that there are no magnetic monopoles (Figure 4).

Magretic Polarization Iagnetic Polarization Magretic Polarization Magnetic Polarization
4,0 00050 0 0
103
s of Propagation Axis of Propagation Axds of Propagation
4 4 4
10 10 10
S5 M S5
‘Electric Polarization H ctric Polarization ‘Electric Polarization
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19.90050 4,0 40
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4
10 10 10 10
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Figure 4. Images captured from an animation of the amplitudes of a circular magnetic wave (green circles) and
a linear electric wave (blue arrow) propagating through free space. The amplitudes are a quadrature out-of-

phase. The images were captured every 1/8 of a wavelength from a .gif.

While the phase relationship between the B and E fields were obtained using the curl of the
magnetic vector potential, we must return to Faraday’s law (Equation 1c) to justify the orthogonal
relationship. The orthogonal relationship between B and E comes directly from the definition of

the curl. Moreover, since % = iw, Faraday’s Law (Equation 1c) can be written
VX E = —iwB (28)

Plotting the electric field on the abscissa and the magnetic field on the ordinate, we get a phasor
diagram that shows that there is a quarter-wave lag between the E field and the B field (Figure 5).
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Figure 5. Phasor diagram that represents the phase difference between the magnetic (green) and electric (blue)
fields in electromagnetic waves propagating in free space. The images were captured every 1/8 of a wavelength

from a .gif.

Heaviside [20] simplified Maxwell’s equations in a way that made them at the same time more
useful and less explanatory. By replacing the temporal derivative in Maxwell’s equations with iw
the form of Maxwell’s equations given below emphasizes the phase relationships between J, B, and
E, incorporates Faraday’s [5] idea that radiation was “a high species of vibration in the lines of force which
are known to connect particles and also masses of matter together,” and makes the theory of the
electromagnetic wave, based on the magnetic vector potential, consistent with causality, conservation
of energy, and Kirchhoff’s diffraction theory.

V-E= fo (29a)
V-B=0 (29b)
VXE =—iwB (29¢)
VX B = ugJ + iwe,uoE (29d)

This form of Maxwell’s equations, which includes the imaginary number i, is like that used by
electrical engineers.

3. Discussion

Maxwell’s electromagnetic wave theory where the magnetic and electric fields are in-phase are
inconsistent with causality, conservation of energy, and the demands of the Kirchhoff diffraction
integral. By reintroducing the “evil” magnetic vector potential to describe the magnetic and electric
fields that emanate from an antenna, I have resolved the contradictions by showing that magnetic
and electric fields are a quadrature out-of-phase from where they are produced in the near-field to
where they radiate in the far-field.

This means that there is no need to perform the technique/trick of a multipole expansion to
convert the out-of-phase magnetic and electric waves in the reactive near-field through a complicated
mixture of phases in the radiative near-field to in-phase magnetic and electric waves in the far-field
in order to be consistent with Maxwell’s electromagnetic wave theory where the magnetic and electric
fields are in phase [21].

The model of the binary photon is consistent with the phase relationships of the magnetic and
electric fields described above [22,23].
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