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Abstract: Let ({f; [y {7 1) and ({8k}_1, {wr}i_;) be two p-orthonormal bases for a finite
dimensional Banach space X'. Let M, N C {1,...,n} be such that

v
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where g is the conjugate index of p. Then for all x € X', we show that
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We call Inequality (1) as Functional Ghobber-Jaming Uncertainty Principle. Inequality (??)
improves the uncertainty principle obtained by Ghobber and Jaming [Linear Algebra Appl., 2011].
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1. Introduction

Letd € Nand ~: £2(R?) — L%(RY) be the unitary Fourier transform obtained by extending
uniquely the bounded linear operator

LY RYNLARY) 3 fs FeCoRY); f:RY3¢E s F(E) = [ f(0e —2mitxd) gx e C.

In 2007, Jaming [1] extended the uncertainty principle obtained by Nazarov for R in 1993 [2] (cf. [3]).
In the following theorem, Lebesgue measure on R¥ is denoted by m. Mean width of a measurable
subset E of R? having finite measure is denoted by w(E).

Theorem 1 ([1,2]). (Nazarov-Jaming Uncertainty Principle) For each d € N, there exists a universal
constant C (depends upon d) satisfying the following: If E,F C RY are measurable subsets having finite
measure, then for all f € £L2(R?),

1 1
2 < Cy min{m(E)m(F),m(E)dw(F),m(F)dw(E)} 2 Trx\|2
[P ax < Cae [P [ F@Ra]. @

In particular, if f is supported on E and ]?is supported on F, then f = 0.

Theorem 1 and the milestone paper [4] of Donoho and Stark which derived finite dimensional
uncertainty principles, motivated Ghobber and Jaming [5] to ask what is the exact finite dimensional
analogue of Theorem 1? Ghobber and Jaming were able to derive the following beautiful theorem.
Given a subset M C {1,...,n}, the number of elements in M is denoted by o(M).

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Theorem 2 ([5]). (Ghobber-Jaming Uncertainty Principle) Let {Tj}?:l and {wj}}?zl be orthonormal bases
for the Hilbert space C". If M,N C {1,...,n} are such that

1
o(M)o(N) < 5 2)
max |(7j, wy)|
1<jk<n

then for all h € C",

1

i 3 3
h h, )| h, wi)|?
Il < | 1+ 1—+/o(M)o(N) 1g%§n|<7}'rwk>| [(]’EXA;/JEH il ) i (keZNC s o) >

In particular, if h is supported on M in the expansion using basis {'L']-}]’-‘:1 and h is supported on N in the
expansion using basis {w;}7_,, then h = 0.

It is reasonable to ask whether there is a Banach space version of Ghobber-Jaming Uncertainty
Principle, which when restricted to Hilbert space, reduces to Theorem 2? We are going to answer this
question in the paper.

2. Functional Ghobber-Jaming Uncertainty Principle

In the paper, K denotes C or R and X" denotes a finite dimensional Banach space over K. Identity
operator on X is denoted by Iy. Dual of X is denoted by X*. Whenever 1 < p < oo, q denotes
conjugate index of p. For d € N, the standard finite dimensional Banach space K* over K equipped
with standard || - ||, norm is denoted by ¢7([d]). Canonical basis for K? is denoted by {(5]-};?:1 and
{C j};'i:l be the coordinate functionals associated with {5]-};?:1. Motivated from the properties of
orthonormal bases for Hilbert spaces, we set the following notion of p-orthonormal bases which is
also motivated from the notion of p-approximate Schauder frames [6] and p-unconditional Schauder
frames [7].

Definition 1. Let X be a finite dimensional Banach space over K. Let {Tj};?:] be a basis for X and let { f; ]’-‘:1
be the coordinate functionals associated with { T i1~ The pair ({fi }]V.‘:l, {Tj}]’.‘zl) is said to be a p-orthonormal
basis (1 < p < oo) for X if the following conditions hold.

(i) ||f]|| = ||’L']|| =1foralll <j<n.
(ii) For every (a;)7_; € K",

_ (}imjv’);.

Given a p-orthonormal basis ({ fj};?:l, {Tj}]’.’:l ), we easily see from Definition 1 that

n
Y4
j=1

p

_<i|fj(x)|iﬂ> , Vrex.
=

€]l =

Y £
j=1

Example 1. The pair ({; le, {(5]-}7:1) is a p-orthonormal basis for (P ([d]).

Like orthonormal bases for Hilbert spaces, the following theorem characterizes all
p-orthonormal bases.

doi:10.20944/preprints202306.0116.v1
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Theorem 3. Let ({f; ;7:1,{ }] 1) be a p-orthonormal basis for X. Then a pair {g]}] 1,{w]}] 1) isa
p-orthonormal basis for X if and only if there is an invertible linear isometry V : X — X such that
g =fiV'w=Vy Vi<j<n

Proof. (=) DefineV:X 3> x — Z 1 fi(x)w; € X. Since {w]-};?zl is a basis for X, V is invertible with
inverse V71: X 3 xb—>2" 18j(x )T] € X.Forxe X,

- (2 Ifj(X)I”>p -
j=1

Therefore V is isometry. Note that we clearly have w; = V1;, V1 < j < n.Now let 1 <j < n. Then

n

Y filx)T

=1

V|| = = [|xl[-

if]-(x)w
j=1

fj(Vﬁlx) =fj (I:Zlgk(x)Tk> ng Vfi(t) = gj(x), Vxe .

(<) Since V is invertible, {w]}” | is abasis for X'. Now we see that gj(wi) = f;(V V1) = fi(1) =
Sjxforalll <jk<n. Therefore {gi}t j11s the coordinate functionals associated with {w; }]7-‘:1. Since

V is an isometry, we have [|w;|| = 1 forall 1 < j < n. Since V is also invertible, we have
Igill = sup lgi(x)|= sup [f(VTIx)[= sup |fi(v)l
xed [x[<1 xed x| <1 Vyed vyl <1
= sup fi=Ifill=1 vi<j<n
Vyed, [ly|<1

Finally, for every (aj);’zl e K",

gl el (£0r)

In the next result we show that Example 1 is prototypical as long as we consider
p-orthonormal bases.

O

Theorem 4. If X' has a p-orthonormal basis ({ f; |=r {'L'j};?zl), then X is isometrically isomorphic to £F ([n]).

Proof. Define V: X 5 x — Yi'; fj(x)d; € £¥([n]). By doing a similar calculation as in the direct part
in the proof of Theorem 3, we see that V is an invertible isometry. [

Now we derive main result of this paper.

Theorem 5. (Functional Ghobber-Jaming Uncertainty Principle) Let ({f; }]’.‘:1, {T]-};?:l) and
({8} F_q, {wi}i_q) be p-orthonormal bases for X. If M, N C {1,...,n} are such that

1

max T
1<jk<n 18x(5)I"

a\»—-

o(M)io(N)? <

doi:10.20944/preprints202306.0116.v1
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then forall x € X,

Il < {16 —— [(zm<x>|v)"+(z|gk<x>|p)”} ®
1—o(M)70(N)r 1;[1]‘532” |8k (T7)] jeMe keNe

In particular, if x is supported on M in the expansion using basis {Tj}]'-‘zl and x is supported on N in the
expansion using basis {wy }_,, then x = 0.

—_

Proof. Given S C {1,...,n}, define

Pox= Y fix)7, Vxed, |xlssi= (ij(xw)p, Ixlls,g = (Dg] )

jes jes jes

Also define V : X 5 x — Y/ _; g(x)7 € X. Then V is an invertible isometry. Using V we make
following important calculations:

1

[Psx|| = ||} fi(x)Tj|| = (Z:Vj(x”p) = |lx[lsf, VxeX
jes jES
and
IPsVxll = | Y fi(Vx)T|| = || ) f; (Z Sk(x ) ). ng )fi(T)T,
jes jes jeSk=1
1
Z
Y 8i(x)T| = <Z|8j(X)|”> = |xllsg VxeX.
je€S jE€S
Now lety € X be such that {j € {1,...,n} : fj(y) # 0} C M. Then |[PyVy|| = [[PNVPpmy| <

|PnV Py |||y|| and
lyline,g = [IPne VYl = [[Vy — PnVyl| > [[Vy|| — [IPNVyYIl = [lyll = IPn VY[l > [lyll — IP8NVPusm| [yl

Therefore

[Ylineg = (1= [IPnVPu[D ]yl (4)
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Let x € X'. Note that Pyx satisfies {j € {1,...,n} : fj(Pmx) # 0} C M. Now using (4) we get

]| = [[Ppmx + Pupex|| < || Ppx|| 4 || Pppex|| < 1—||PlNVPM||HPMx|NC'g+ || Parex||
= e P VPl + [Pl = PV (5 = Par) + [P
K 1_|ple»M|||IPNchII + M||PNCVPMcx|| Pyl
< T v PV T gy 1P+ e
= 1|plNVpM||||PNfo|I + (1 + 1|PlNVPM||> 1P|
< || Pne Vx| + 1_||PlNVPM||||PNch|| + (1 n 1—||PlNVPM||) | Pagex|
— (1+ =g ) PseVsl + DPwexl) = (1 T ) sl + IPuexl)

1 % %
= (1 + l_HPNVPM”> [<]§V[C f](x)|]9> + (kEZNC |gk(x)|P>

For x € X, we now find

P 5 p
PNV Pyx[|P = || ) fil(VPyx)T (Z | fi(V Pumx) [P ) Y. (V) (Zf] )
keN keN keN jeM

p p p
- T |E 5| = L] E s (Sams)| - B| L aw Estmnm
keN |jeM keN |jeM keN |jeM

P p p
=Y | L fog(m)| < <2m<x>gk<rj>|> S(éﬂ%ﬁ 8(7) ) )y (ZIf] )
keN |jeM keN \jeM Jsn keN \jeM

_ b N p< ’ N P % 1 s
= (s ) o (5601 ) < (o) oo (5 o) ()

p n ) % ] E p » P
< ((max ()l ) o) <J§|fj(x)’> (El) — (max [5i(5)] ) oM xlPo(an)f.

JEM

Therefore
PNV < max [g(x))lo(N) o(M)?
which gives the theorem. O
Corollary 1. Theorem 2 follows from Theorem 5.
Proof. Let {T7;}" 1 {w;i}? j—1 be two orthonormal bases for a finite dimensional Hilbert space #{. Define
firHoh—= (h7) €K, g :H3h— (hw)eK, VI<j<n

Then p = g =2 and |f;(wy)| = [{(wi, )| forall1 < j,k <n. O

doi:10.20944/preprints202306.0116.v1
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By interchanging p-orthonormal bases in Theorem 5 we get the following theorem.

Theorem 6. (Functional Ghobber-Jaming Uncertainty Principle) Let ({ J‘j};?zl, {Tj}}‘:l) and
({817, {wi }i_,) be p-orthonormal bases for X. If M, N C {1,...,n} are such that

1

B T
max ilw,
max [ ()

o(M)io(N)P <

then forall x € X,

ol < |1+ ! [( Y |gk<x>|P> g (2 Ifj(x>|”>p

1 1
1—0o(M)70(N)? max |fi(w ke M¢ jeNC
(M)To(N)? max [fj(wy) j

In particular, if x is supported on M in the expansion using basis {wy }}_, and x is supported on N in the
expansion using basis { T ;1:1, then x = 0.

Observe that the constant
CeCi min{m(E)m(E)m(E)d w(F)m(F)dw(E)}
in Inequality (1) is depending upon subsets E, F and not on the entire domain R of functions f, f Thus

it is natural to ask whether there is a constant sharper in Inequality (3) depending upon subsets M, N
and noton {1,...,n}. A careful observation in the proof of Theorem 5 gives following result.

Theorem 7. Let ({f; ;7:1,{'(]-};?:1) and ({gk}i_1, {wk}}_,) be p-orthonormal bases for X. If M,N C
{1,...,n} are such that

o

pax 18k(T)]

then forall x € X,

lxf < | 1+

I

1—o(M)70(N)

=
~~
x
v
oq
A
—
=
S—
=
~_—
<=

[( Y Ifj(x)\”>p+
max |2 (7j)| jeme

jEMkeN

Similarly we have the following result from Theorem 6.

Theorem 8. Let ({f; ;7:1,{13}7:1) and ({k}i_1, {wk}i_,) be p-orthonormal bases for X. If M,N C
{1,...,n} are such that

v

ax, i)l

then forall x € X,

1

{( v |gk<x>|f’> g ( y |f,-<x>|*’> ] |
max | fi(wy)] keMe jENe

jENkeM

—_

lxll < {1+

=

1—o(M)io(N)
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Theorem 5 brings the following question.

Question 9. Given p and a Banach space X of dimension n, for which subsets M, N C {1,...,n} and pairs of
p-orthonormal bases ({ f; j= {Tj};?:l), {8k 71 {wr}iq) for X, we have equality in Inequality (3)?

It is clear that we used 1 < p < oo in the proof of Theorem 5. However, Definition 1 can easily be
extended to include cases p = 1 and p = oo. This therefore leads to the following question.

Question 10. Whether there are Functional Ghobber-Jaming Uncertainty Principle (versions of Theorem 5) for
1-orthonormal bases and co-orthonormal bases?

We end by mentioning that Donoho-Stark-Elad-Bruckstein-Ricaud-Torrésani Uncertainty
Principle for finite dimensional Banach spaces is derived in [8] (actually, in [8] the functional uncertainty
principle was derived for p-Schauder frames which is general than p-orthonormal bases. Thus it is
worth to derive Theorem 5 or a variation of it for p-Schauder frames, which we are unable).
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