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Abstract

In this paper, for any real number λ, we transform the complete max-plus semiring R∞ into a
commutative, complete, additively idempotent semiring Rλ∞, called the lower λ-truncation of R∞. It
is obtained by removing from R∞ all real numbers smaller than λ, inheriting the addition operation,
shifting the original products by−λ, and appropriately modifying the residuum operation. The purpose
of lower truncations is to transfer the iterative procedures for computing the greatest presimulations
and prebisimulations between max-plus automata, in cases where they cannot be completed in a finite
number of iterations over R∞, to Rλ∞, where they could terminate in a finite number of iterations. For
instance, we prove that this necessarily happens when working with max-plus automata with integer
weights. We also show how presimulations and prebisimulations computed overRλ∞ can be transformed
into presimulations and prebisimulations between the original automata over R∞. Although they do
not play a significant role from the standpoint of computing presimulations and prebisimulations,
for theoretical reasons we also introduce two types of upper truncations of the complete max-plus
semiring R∞.

Keywords: semiring; max-plus semiring; complete max-plus semiring; max-plus automaton
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1. Introduction

Weighted finite automata constitute a natural and widely studied generalization of classical finite
automata, obtained by associating weights from a given semiring with transitions, initial states, and
final states. Instead of merely accepting or rejecting input words, weighted automata assign to each
word a value that aggregates the weights of all runs labeled by that word, according to the operations
of the underlying semiring. This framework provides a uniform and expressive model for describing
quantitative behaviors, and it has found numerous applications in areas such as language and speech
processing, image analysis, control theory, performance evaluation, and the modeling of discrete-event
dynamical systems. The choice of the semiring plays a central role in determining both the semantics
and the range of applications of weighted automata. Classical examples include probabilistic automata
over the probability semiring, cost automata over the tropical semiring, and automata over Boolean or
arithmetic semirings.

Within this general setting, max-plus automata arise as a particularly important and well-studied
class. They are weighted finite automata defined over the max-plus semiring, in which addition is
interpreted as taking the maximum and multiplication corresponds to ordinary addition. The max-plus
semiring has proved to be a powerful mathematical tool for modeling and analyzing systems in which
synchronization, timing, and resource sharing are fundamental. Typical application domains include
manufacturing systems, transportation networks, communication protocols, scheduling problems, and
discrete-event systems. In these contexts, the max-plus operations naturally capture the propagation of
delays, the accumulation of processing times, and the synchronization of concurrent events, making
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max-plus models both intuitive and analytically tractable. Max-plus automata can be interpreted
as quantitative models of timed behavior, where transition weights represent durations, costs, or
delays, and the value assigned to a word corresponds to the maximal accumulated weight among
all runs labeled by that word. From this perspective, max-plus automata describe the worst-case or
longest execution time associated with a given sequence of events. This interpretation makes them
especially suitable for performance analysis and verification tasks, where extremal timing behavior
is of primary interest. Due to their strong algebraic structure and rich expressive power, max-plus
automata form a central object of study at the intersection of automata theory, algebra, and systems
theory. Understanding their properties, equivalences, and computational aspects is therefore of both
theoretical significance and practical relevance.

Two fundamental decision problems associated with weighted finite automata are the equivalence
problem and the containment problem. Given two weighted automata over the same semiring, the
equivalence problem asks whether they assign the same value to every input word, whereas the
containment problem asks whether the value assigned by one automaton is less than or equal to the
value assigned by the other for all words, provided that the semiring from which the weights are taken
is ordered. These problems generalize classical language equivalence and inclusion problems, and they
play a central role in verification, optimization, and model comparison. In the context of max-plus
automata, these problems admit a particularly intuitive interpretation – the containment problem
asks whether the behavior of one system is always no slower than that of another, while equivalence
asserts that both systems exhibit identical worst-case timing behavior for every possible sequence of
events. These interpretations make the equivalence and containment problems especially relevant for
performance analysis and refinement checking in timed and discrete-event systems.

Despite their conceptual simplicity, both problems are computationally challenging. For general
weighted automata, decidability and complexity heavily depend on the chosen semiring. In the
max-plus setting, equivalence is known to be decidable under certain restrictions, but it becomes
difficult or undecidable in more general frameworks, particularly when infinite behaviors or unre-
stricted weights are allowed. Similar difficulties arise for containment, which is often harder than
equivalence due to its inherently asymmetric nature. To address these challenges, simulation and
bisimulation relations have been introduced as sound, and in some cases complete, proof techniques
for establishing containment and equivalence. Simulations provide sufficient, but most often not
necessary, conditions for containment, while bisimulations serve as sufficient, but most often not
necessary, conditions for equivalence. Originally introduced in the setting of classical (Boolean) finite
automata and labeled transition systems, simulations and bisimulations were defined as binary
relations between states, typically represented by Boolean matrices. In this classical framework, a
simulation relation ensures that every transition of one system can be matched by a corresponding
transition of another system, whereas a bisimulation realizes mutual simulation.

When extending these concepts to weighted finite automata, and in particular to automata over
the max-plus semiring, the classical Boolean relational approach proves insufficient for capturing
quantitative aspects of behavior. Boolean matrices can express the existence of a correspondence
between states, but they cannot encode quantitative discrepancies in accumulated weights, such
as differences in execution times or costs. As a result, classical simulations often lead to overly
coarse abstractions when applied to max-plus automata, and classical bisimulation may fail to reflect
meaningful quantitative distinctions between systems. To overcome this limitation, a quantitative
approach was developed in [11,31,40], in which simulations and bisimulations are defined as matrices
over the max-plus semiring rather than as Boolean relations. In particular, two types of simulations and
four types of bisimulations were defined in [11] as solutions of specific systems of matrix inequations,
thereby reducing the problem of testing the existence of a simulation or bisimulation of a given type,
as well as computing the greatest simulation or bisimulation of that type, if it exists, to the problem of
solving the corresponding system of matrix inequations. However, solving these systems is a rather
challenging task, which will be examined in more detail below.
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The matrix inequations defining any of the aforementioned types of simulations and bisimulations
can be divided into three groups. The system consisting of the inequations from the second and third
groups is always solvable, and its solutions are called presimulations or prebisimulations of the given
type. Moreover, this system always has a greatest solution, which we call the greatest presimulation
or the greatest prebisimulation of that type. The inequations from the first group are used to test the
greatest presimulation or prebisimulation. Specifically, if the greatest presimulation or prebisimulation
of a given type is a solution of the system consisting of the inequations from the first group, then it is
also the greatest simulation or bisimulation of that type. Otherwise, if the greatest presimulation or
prebisimulation is not a solution of this system, then no simulation or bisimulation of that type exists.

While testing the greatest presimulation or prebisimulation on the inequalities from the first
group is a relatively simple task, computing the greatest presimulation or prebisimulation is a signif-
icantly more difficult task and requires special attention. The procedure for computing the greatest
presimulation or simulation of a given type between two max-plus automata, proposed in [11],
consists of constructing a non-increasing sequence of matrices {Us}s∈N whose infimum Û is the greatest
simulation or prebisimulation being sought. A central place in constructing this sequence of matrices
is held by the residuum operation, which is fully defined on the complete max-plus semiring R∞ and
extends to matrices over this semiring. For this reason, the max-plus automata we work with are
treated as automata over the complete max-plus semiring R∞ rather than over the usual max-plus
semiring Rmax, even if +∞ does not appear in the transition matrices and the vectors of initial and
final weights of these automata.

In cases where the sequence {Us}s∈N is finite, its infimum can be computed efficiently. Namely,
in such cases we can find the smallest s for which Us = Us+1, the sequence then stabilizes at Us, and
Us is the infimum of the sequence, as its smallest member. However, problems arise in cases where
the sequence is infinite. In some of these cases, the infimum of the sequence could be determined
theoretically, for instance by using the Principle of Mathematical Induction, but whenever the sequence
of matrices {Us}s∈N is infinite, its infimum cannot be computed efficiently using standard algorithms
and software. Even in cases where all real weights appearing in the transition matrices and in the
vectors of initial and final weights of the automata we consider are positive numbers, the use of the
residuum operation on R∞ in constructing each member of the sequence of matrices {Us}s∈N may
lead to the appearance of negative entries in these matrices, and at certain positions in these matrices
one may even obtain infinite descending sequences of real numbers converging to −∞. To overcome
this problem, we came up with the idea of truncating the semiring R∞ from below at some real
number λ, by discarding all elements of R∞ that are smaller than λ, except for −∞. Replacing R∞ with
Rλ∞ = [λ,+∞)∪ {−∞,+∞} also requires a modification of the multiplication operation, which is very
simply done by shifting the original products by −λ, which also entails a somewhat more substantial
modification of the residuum operation. The modified residuum operation allows the aforementioned
descending sequences of real numbers, which appear in the sequence of matrices {Us}s∈N and converge
to −∞, to become finite, roughly speaking, by setting all elements of these sequences that are smaller
than λ to −∞. Thus, the essence of truncating the semiring R∞ is that in cases where the computation
of the greatest presimulation or bisimulation cannot be carried out in a finite number of steps, this
computation is transferred to the new truncated semiring Rλ∞, where it could be performed in a finite
number of steps.

The main results of the paper are as follows. First, we prove that, for any real number λ, the
set Rλ∞, equipped with the addition operation inherited from R∞ and the multiplication operation
obtained by shifting the products in R∞ by −λ, forms a commutative, complete, additively idempotent
semiring, and we provide a characterization of the residuum operation in this semiring (Theorem
3.1). This semiring is called the lower λ-truncation of R∞ with shifted multiplication. Although only
lower truncations are needed for the applications discussed above, for theoretical reasons we also
deal with truncations of the semiring R∞ from above at some real number υ. We introduce two types
of such truncations: one in which the carrier set is Rυ∞ = (−∞, υ] ∪ {−∞,+∞}, with +∞ included,
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and another in which the carrier set is Rυmax = (−∞, υ] ∪ {−∞}, where +∞ is not included and
the role of the greatest element is taken by υ. We show that both Rυ∞ and Rυmax, equipped with
the addition operations inherited from R∞ and the multiplication operations obtained by shifting
the products in R∞ by −υ, form commutative, complete, additively idempotent semirings, and we
provide characterizations of residuum operations in these semirings (Theorems 3.2 and 3.3). Although
the addition and multiplication operations in both semirings are almost identical, the absence of the
element +∞ in Rυmax causes the residuum operations in Rυmax and Rυ∞ to differ significantly.

The key idea behind lower truncations is to find, for a max-plus automaton A over R∞, a real
number λ such that all entries of the basic transition matrices and the initial and final weight vectors
of this automaton are contained in Rλ∞, and to transform A into an automaton Aλ over Rλ∞, which is
called the lower λ-shift of A . The original automaton A and its lower λ-shift Aλ have the same basic
transition matrices and initial and final weight vectors, but their behaviors are different due to the
differences between the multiplication operations in R∞ and Rλ∞. However, the behaviors of these
automata are naturally related, and this relationship is expressed by the formula proven in Theorem
4.2. As a consequence, there exists a containment or equivalence relation between two automata over
R∞ if and only if such a relation exists between their lower λ-shifts (Theorem 4.3). In the context
of computing the greatest presimulations and prebisimulations, for the transition from the original
automata to their lower shifts to make sense, this transition should be justified by the efficiency of
the computations performed over these lower shifts. Such a justification is provided by Theorem
4.4, which states that for max-plus automata with integer weights, the greatest presimulations and
prebisimulations between their lower shifts can always be computed in a finite number of steps. On the
other hand, Theorem 4.5 provides a method by which presimulations, prebisimulations, simulations,
and bisimulations between the lower shifts can be converted into presimulations, prebisimulations,
simulations, and bisimulations between the original automata.

We also provide numerical examples illustrating the application of lower truncations in computing
the greatest presimulations and prebisimulations. These examples present a case in which the greatest
presimulation over the complete max-plus semiring R∞ cannot be computed in finitely many steps,
but this becomes possible over a lower truncation of R∞, as well as a case in which the greatest
presimulation can be computed over R∞ in a finite number of steps, but over a lower truncation of R∞ it
can be computed in fewer steps. The examples also point to one drawback of lower truncations, namely
that it may happen that a simulation exists between the original automata, but not between their lower
shifts. The reason for this is that the modified residuum operation can make the greatest presimulation
between the lower shifts so small that it no longer satisfies the inequalities from the first group. It is
also shown that, in the context of computing the greatest presimulations and prebisimulations, the use
of upper truncations does not yield results as good as those obtained by using lower truncations.

At the end of the paper, we also provide some observations on weak simulations and bisimula-
tions. These are generalizations of ordinary simulations and bisimulations that better detect the existence
of containment or equivalence between two automata, but are significantly harder to compute. Weak
simulations and bisimulations are also defined by means of particular systems of matrix inequations,
where these inequations can be divided into two groups. The system consisting of the inequations from
the second group is always solvable, and its solutions are called weak presimulations or prebisimulations of
the given type, while the greatest solution of this system, which always exists, is called the greatest weak
presimulation or prebisimulation. If the greatest weak presimulation or prebisimulation is a solution of
the system consisting of the inequations from the first group, then it is the greatest weak simulation or
bisimulation of that type, and otherwise, if it is not a solution of that system, then no weak simulation or
bisimulation of that type exists. The main problem that arises here is how to compute the greatest weak
presimulation or prebisimulation, since the system that defines them may consist of infinitely many
inequalities, in which case they cannot be computed efficiently. The numerical examples we provide
show that lower and upper truncations of the semiring R∞ do not help in resolving this problem, and
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they also point to some other aspects of the problem and suggest other possible approaches to its
solution, which we will address in our future research.

It should be noted that simulations for max-plus automata first appeared in [40], where
they were defined as matrices over the max-plus semiring that are solutions of systems of ma-
trix inequations similar (though not identical) to those presented here, in Section 4. That pa-
per established a connection between simulations and mean payoff games and proposed an
algorithm for testing the existence and computing simulations, which reduces this problem to the solu-
tion of two-sided linear equation over the max-plus semiring (cf. [3,6]). Defined in the same way, but as
Boolean matrices (i.e., as ordinary binary relations), simulations also appeared in [26], where they were
used in the study of max-plus automata with partial observations, and in [31], where they were employed
in the determinization of max-plus automata. It should be noted that these papers relied on the results
from [13] concerning simulations considered in the somewhat more general context of weighted finite
automata over an additively idempotent semiring, which are also defined as Boolean matrices. In the
second part of [31], simulations were also considered as matrices over the max-plus semir-
ing, and it was shown that the problem of the existence of simulations can be reduced to the
problem of the non-emptiness of a tropical polyhedron (the set of solutions of a two-sided
linear inequality over the max-plus semiring). The conditions for the existence of a simula-
tion between max-plus automata were also studied in [16]. As we have already noted, the
iterative approach to solving the systems of matrix inequations that define simulations and
bisimulations, which we use here, was introduced in [11] and is based on the approach to
solving somewhat more general weakly linear systems of matrix inequations developed in [36].

The paper consists of five sections. After this introductory section, Section 2 introduces the basic
concepts and notation related to semirings, in particular complete additively idempotent semirings, as
well as the concepts and notation concerning vectors and matrices over these semirings. In Section
3, we first recall the definitions of the max-plus semiring and the complete max-plus semiring, and
then introduce the notions of lower and upper truncations of the complete max-plus semiring and
prove the basic results concerning these truncations. Next, in Section 4, we first introduce the basic
concepts and notation related to weighted automata over a semiring and max-plus automata, and
then prove the fundamental results that enable the successful application of lower truncations in the
efficient computation of presimulations and prebisimulations between max-plus automata. In the final
section, Section 5, we present observations on weak simulations and bisimulations between max-plus
automata, as discussed above.

2. Preliminaries

Throughout this paper, R denotes the set of real numbers, Z the set of integers, N the set of natural
numbers without zero, and N0 the set of natural numbers including zero. For n ∈ N, we denote by
[1..n] the set of all natural numbers from 1 to n.

A semiring is an algebra S = (S,⊕,⊗, 0, 1) with a carrier set S, two binary operations ⊕ and ⊗ on S,
and two constants 0, 1 ∈ S such that

(S1) (S,⊕, 0) is a commutative monoid with identity 0,
(S2) (S,⊗, 1) is a monoid with identity 1,
(S3) (a⊕ b)⊗ c = (a⊗ c)⊕ (b⊗ c) and c⊗ (a⊕ b) = (c⊗ a)⊕ (c⊗ b), for all a, b, c ∈ S (distributivity laws),
(S4) 0⊗ a = a⊗ 0 = 0, for every a ∈ S (absorption laws).

We call 0 the zero and 1 the identity of the semiring S. The operation ⊕ is caled addition, and the operation
⊗ is called multiplication. If the multiplication is also commutative, then S is called a commutative
semiring. It is customary to identify an algebraic structure with its carrier set, so the carrier set of the
semiring is denoted by the same symbol.
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A semiring S is called additively idempotent if its addition operation is idempotent, i.e., if a⊕ a = a,
for every a ∈ S. In such a semiring, a partial order ⩽ defined by

a ⩽ b ⇔ a⊕ b = b, for all a, b ∈ S

is called the canonical partial order on S (cf. [22]). The canonical partial order is compatible both with
addition and multiplication, and 0 is the least element. In other words, with respect to the canonical
partial order, S is a positive semiring (cf. [17,21]).

For arbitrary a, b ∈ S, the sum a⊕ b is the supremum of the set {a, b}, that is, the addition operation
coincides with the (binary) supremum operation and (S,⊕) is an upper semilattice. In the case when
(S,⊕) is a complete upper semilattice, that is, when every subset {ai}i∈I ⊆ S has a supremum, that
supremum will be denoted by

⊕
i∈I ai and will be treated as an infinite sum. Note that it satisfies all the

conditions of the definition of an infinite sum from [17] (that definition differs from the definition of an
infinite sum given in [21, Ch. 22], which also includes infinite distributivity, while in [17] and here,
infinite distributivity is considered separately).

If S is an additively idempotent semiring such that (S,⊕) is a complete upper semilattice
(with suprema represented as sums), and if it satisfies the infinite distributive laws

a⊗
(⊕

i∈I

bi

)
=

⊕
i∈I

(a⊗ bi),
(⊕

i∈I

bi

)
⊗ a =

⊕
i∈I

(bi ⊗ a), (1)

for all a ∈ S and {bi}i∈I ⊆ S, then we call S a complete additively idempotent semiring. This definition is
consistent with the definition of a complete dioid from [2, Def. 4.32], as well as with definitions of
a complete semiring from [17,21]. As we have already mentioned, complete additively idempotent
semirings also possess the structure of a complete lattice, and in terms of lattice theory, structures with
properties identical to those defining complete additively idempotent semirings are known as unital
quantales (cf. [18,23,34,35]).

For a complete additively idempotent semiring S and arbitrary elements a, b ∈ S, the inequation
a⊗ x ⩽ b, where x is an unknown taking values in S, has the greatest solution, which is denoted by a\b
and called the left residual of b by a. Similarly, the inequation x⊗ a ⩽ b has the greatest solution, which
is denoted by b/a and called the right residual of b by a. The operations \ and / are called residuum
operations adjoined to the multiplication ⊗. It immediately follows from those definitions that

a⊗ b ⩽ c ⇔ b ⩽ a\c ⇔ a ⩽ c/b, (2)

for all a, b, c ∈ S. This formula is called the residuation property or the adjunction property.
Another important property of residuals in a complete additively idempotent semiring S is the

following:
0\a = a/0 = ⊤, (3)

for every a ∈ S, where ⊤ denotes the greatest element of S.
A complete additively idempotent semiring S whose multiplication operation ⊗ is commutative

is called a commutative complete additively idempotent semiring. In such a semiring we have that a\b = b/
a, for all a, b ∈ S, which means that there is only one residuum operation denoted by →, that is,
a→ b = a\b = b/a, for all a, b ∈ S. In this case the residuation property becomes

a⊗ b ⩽ c ⇔ b ⩽ a→ c (4)

for all a, b, c ∈ S, and→ is said to be the residuum operation adjoined to ⊗.
Let S = (S,⊕,⊗, 0, 1) be a semiring. Throughout the paper, for m, n ∈ N, the set of all m × n

matrices with entries in S is denoted by Sm×n, and the set of all vectors of size n with entries in S is
denoted by Sn. When vectors from Sn are written as row vectors (1 × n matrices), then instead of Sn

we write S1×n, and when they are written as column vectors (n × 1 matrices), then instead of Sn we
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write Sn×1. For a matrix M ∈ Sm×n, the entry of M located in the i-th row and j-th column is denoted
by M(i, j), and for a vector α ∈ Sn, the i-th entry of α is denoted by α(i). The transpose of a matrix
M ∈ Sm×n is the unique matrix M⊤ ∈ Sn×m such that M⊤( j, i) = M(i, j), for all j ∈ [1..n] and i ∈ [1..m]. A
matrix of an arbitrary type whose all entries are equal to the zero of S is called a zero matrix, and an
n× n matrix In whose entries on the main diagonal are equal to the identity of S, while all the others
are equal to the zero, is called the identity matrix of order n.

For matrices M ∈ Sm×n and N ∈ Sn×p, their matrix product is a matrix M⊗N ∈ Sm×p defined, for
arbitrary i ∈ [1..n] and k ∈ [1..p], by

(M⊗N)(i, k) =
n⊕

j=1

(
M(i, j) ⊗M( j, k)

)
. (5)

For a matrix M ∈ Sm×n, a row vector α ∈ S1×m and a column vector β ∈ Sn×1, the product α⊗M ∈ S1×n

is called the vector-matrix product of α and M, while the product M⊗ β ∈ Sm×1 is called the matrix-vector
product of M and β. More precisely,

(α⊗M)( j) =
m⊕

k=1

(
α(k) ⊗M(k, j)

)
, (M⊗ β)(i) =

n⊕
k=1

(
M(i, k) ⊗ β(k)

)
, (6)

for all j ∈ [1..n] and i ∈ [1..m]. In particular, the product α⊗ β of a row vector α ∈ S1×n and a column
vector β ∈ Sn×1 is a 1× 1 matrix, which is usually identified with its single entry. In other words, we
assume that α⊗ β is an element of S defined by

α⊗ β =
n⊕

i=1

(
α(i) ⊗ β(i)

)
. (7)

This product is known as the scalar product or dot product of vectors α and β.
The operation of scalar multiplication of a matrix is defined, for s ∈ S and M ∈ Sm×n, in the following

way: the scalar multiplication of M by s is a matrix s⊗M ∈ Sm×n given by

(s⊗M)(i, j) = s⊗M(i, j), (8)

for all i ∈ [1..m] and j ∈ [1..n]. The properties of scalar multiplication that we need later are

s⊗ (t⊗M) = (s⊗ t) ⊗M, s⊗ (M⊗N) = (s⊗M) ⊗N, (9)

for all s, t ∈ S, M ∈ Sm×n and N ∈ Sn×p.
In the case when S is an ordered semiring, for matrices of the same type a matrix ordering can be

defined. It is defined coordinatewise, as follows

M ⩽ N ⇔ M(i, j) ⩽ N(i, j), (10)

for all i ∈ [1..m] and j ∈ [1..n]. When vectors from Sn are considered as matrices (either row or column
vectors), this definition gives the coordinatewise ordering of vectors.

In what follows, let S = (S,⊕,⊗, 0, 1) be a complete additively idempotent semiring with residuum
operations \ and / adjoined to the multiplication ⊗. The residuum operations can also be defined for
matrices and vectors with entries in S, as follows. For matrices M ∈ Sm×n and P ∈ Sm×p, the left residual
of P by M is a matrix M\P ∈ Sn×p defined by

(M\P)( j, k) =
m∧

i=1

M(i, j)\P(i, k), (11)
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for all j ∈ [1..n] and k ∈ [1..p]. Similarly, for matrices N ∈ Sn×p and P ∈ Sm×p, the right residual of P by N
is a matrix P/N ∈ Sm×n defined by

(P/N)(i, j) =
p∧

k=1

P(i, k)/N( j, k), (12)

for all i ∈ [1..m] and j ∈ [1..n]. The matrix residuum operations defined in this way satisfy the following
residuation property (adjunction property):

M⊗N ⩽ P ⇔ N ⩽M\P ⇔ M ⩽ P/N, (13)

for all M ∈ Sm×n, N ∈ Sn×p and P ∈ Sm×p.
On the other hand, for vectors α ∈ Sm and β ∈ Sn, the left residual α\β of β by α and the right residual

β/α of β by α are matrices α\β ∈ Sm×n and β/α ∈ Sn×m defined by

(α\β)(i, j) = α(i)\β( j), (β/α)( j, i) = β( j)/α(i), (14)

for all i ∈ [1..m] and j ∈ [1..n]. If the multiplication ⊗ is commutative, then β/α = (α\β)⊤, that is,
α\β = (β/α)⊤. The residuation property (adjunction property) for vector residuum operations is

α⊗U ⩽ β ⇔ U ⩽ α\β, V ⊗ α ⩽ β ⇔ V ⩽ β/α, (15)

for all α ∈ Sm, β ∈ Sn, U ∈ Sm×n and V ∈ Sn×m.

3. Truncation and Shifting of Multiplication in the Complete Max-Plus Semiring

In the sequel, R denotes the set of real numbers, while

Rmax = R∪ {−∞} and R∞ = R∪ {−∞,+∞},

where −∞,+∞ < R are different symbols which are interpreted as minus and plus infinity. In addition,
we will also use the following notation:

R+ = {a ∈ R | 0 ⩽ a} and R− = {a ∈ R | a < 0},

where ⩽ is the usual linear ordering of real numbers and < is its strict version. By the same symbol ⩽we
will also denote a linear ordering on R∞ that is an extension of the usual linear ordering of real numbers
such that −∞ is the smallest and +∞ is the greatest element. It is well-known that R∞, with respect to
this ordering, is a complete lattice. Let ∧ and ∨ be the common notations for the lattice-theoretical finite
meet and join operations, and let big symbols

∧
and

∨
be used to denote infinite meets and joins.

In addition, a binary operation ⊕ on R∞, called addition, is defined with ⊕ = max = ∨, while
another binary operation ⊗ on R∞, called multiplication, is given by the following Cayley-like table

⊗ b ∈ R −∞ +∞

a ∈ R a + b −∞ +∞

−∞ −∞ −∞ −∞

+∞ +∞ −∞ +∞

The restrictions of the operations ⊕ and ⊗ on Rmax are denoted by the same symbols.
It is well-known that Rmax = (Rmax,⊕,⊗,−∞, 0) is a commutative semiring with the zero −∞ and

the identity 0. This semiring is also additively idempotent, and the above linear ordering coincides
with the canonical partial order. We call Rmax the max-plus semiring.

On the other hand, R∞ = (R∞,⊕,⊗,−∞, 0) is a commutative complete additively idempotent
semiring, and it will be called the complete max-plus semiring. We can also consider R∞ from the
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lattice-theoretical point of view, and then, R∞ is a unital quantale with the identity 0, so sometimes it is
also called the max-plus quantale.

As we said in the previous section, every commutative complete additively idempotent semiring
has a unique residuum operation adjoined to the multiplication, and in the case of the semiring R∞,
the residuum operation→ adjoined to ⊗ is given by the following Cayley-like table

→ b ∈ R −∞ +∞

a ∈ R b− a −∞ +∞

−∞ +∞ +∞ +∞

+∞ −∞ −∞ +∞

Note that ⊕ and ∨ represent the same operation on Rmax and R∞, but we use the notation ⊕ rather
than ∨ in order to emphasize its role in the semirings Rmax and R∞.

The sets Z∞ = Z∪ {−∞,+∞} and Zmax = Z∪ {−∞} are subsets of R∞ closed under operations
⊕ and ⊗, whereas Z∞ is also closed under infinite sums and the operation→. Therefore, with the
operations inherited from R∞, which are denoted by the same symbols as the corresponding operations
in R∞, Z∞ = (Z∞,⊕,⊗,−∞, 0) constitutes a commutative complete additively idempotent semiring,
which we call the complete max-plus semiring of integers, while Zmax = (Zmax,⊕,⊗,−∞, 0) constitutes an
additively idempotent semiring, called the max-plus semiring of integers.

Now we turn to the introduction of some new concepts and the presentation of the results related
to them. For an arbitrary λ ∈ R, let

Rλ∞ = [λ,+∞)∪ {−∞,+∞} and Rλmax = [λ,+∞)∪ {−∞},

and let the restrictions of the ordering on R∞ to Rλ∞ and Rλmax be denoted by the same symbol ⩽ as the
original ordering on R∞.

Theorem 3.1. For any λ ∈ R, let ⊕λ be the addition operation on Rλ∞ inherited from the addition operation on
R∞, and let ⊗λ be the multiplication operation on Rλ∞ defined as follows:

⊗λ b ∈ [λ,+∞) −∞ +∞

a ∈ [λ,+∞) a + b− λ −∞ +∞

−∞ −∞ −∞ −∞

+∞ +∞ −∞ +∞

Then (Rλ∞,⊕λ,⊗λ,−∞,λ) is a commutative complete additively idempotent semiring with the zero −∞ and the
identity λ, and the residuum operation→λ on Rλ∞ adjoined to ⊗λ is defined by

b ∈ [λ,+∞)

→λ a ⩽ b a > b −∞ +∞

a ∈ [λ,+∞) b− a + λ −∞ −∞ +∞

−∞ +∞ +∞ +∞ +∞

+∞ −∞ −∞ −∞ +∞

Proof. For arbitrary a, b ∈ [λ,+∞), from a ⩾ λ and b ⩾ λ it follows that a + b ⩾ 2λ, which implies
that a + b − λ ⩾ λ, and this means that ⊗λ is a well-defined operation on Rλ∞. Let us note that
a⊗λ b = (a⊗ b) − λ = (a− λ) ⊗ b = a⊗ (b− λ), for all a, b ∈ [λ,+∞). It is also clear that Rλ∞ is closed
under finite and infinite sums (where infinite sums in Rλ∞ are also inherited from R∞), and when
working with infinite sums, we will use the same notation as for infinite sums in R∞.

It is clear that the multiplication operation ⊗λ is commutative, and it is easy to check that it is
also associative and that λ is the identity for ⊗λ. On the other hand, since the addition operation ⊕λ is
inherited from R∞, it is also commutative and associative, and −∞ is the zero. For the sake of simplicity,
in the sequel we will denote the infinite sums in Rλ∞ and R∞ with the same symbol (without writing
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the subscript λ for the sums in Rλ∞), which does not lead to confusion because these sums coincide
when applied to the elements of Rλ∞.

To prove infinite distributivity, we first consider any a ∈ [λ,+∞) and {bi}i∈I ⊆ [λ,+∞). Then we
have that

a⊗λ

(⊕
i∈I

bi

)
= (a− λ) ⊗

(⊕
i∈I

bi

)
=

⊕
i∈I

(
(a− λ) ⊗ bi

)
=

⊕
i∈I

(a⊗λ bi).

Next, if a = −∞, then

a⊗λ

(⊕
i∈I

bi

)
= −∞ =

⊕
i∈I

(a⊗λ bi),

for each {bi}i∈I ⊆ Rλ∞.
Further, if a ∈ Rλ∞ such that a , −∞, and if {bi}i∈I ⊆ Rλ∞ such that b j = +∞, for some j ∈ I, then

a⊗λ b j = +∞ and

a⊗λ

(⊕
i∈I

bi

)
= a⊗λ +∞ = +∞ =

⊕
i∈I

(a⊗λ bi).

Finally, if a ∈ Rλ∞ such that a , −∞, and {bi}i∈I ⊆ [λ,+∞)∪ {−∞}, then

a⊗λ

(⊕
i∈I

bi

)
= a⊗λ

(⊕
j∈J

bi

)
=

⊕
j∈J

(a⊗λ bi) =
⊕

i∈I

(a⊗λ bi).

where J = { j ∈ I | b j , −∞}. Here we used the fact that infinite sums we work with are suprema, and all
terms in a supremum which are equal to the smallest element (here −∞) can be omitted, while in the
case when the set J is empty, we used the usual convention that the supremum of the empty set is
equal to the smallest element.

Therefore, we have completed the proof of the statement that Rλ∞ is a commutative complete
additively idempotent semiring with the zero −∞ and the identity λ.

It remains to prove that →λ is the residuum operation on Rλ∞ adjoined to the multiplication
operation ⊗λ. This will be done by proving that a →λ b is the greatest solution of the inequation
a⊗λ x ⩽ b, for arbitrary a, b ∈ Rλ∞. Before we prove it, it should be noted that for a, b ∈ [λ,+∞) such
that b ⩾ a we have that b− a ⩾ 0, so b− a + λ ⩾ λ, and this means that→λ is a well-defined operation
on Rλ∞.

In the case when a, b ∈ [λ,+∞) such that b ⩾ a we have that

a⊗λ x ⩽ b ⇔ a + x− λ ⩽ b ⇔ x ⩽ b− a + λ, (16)

and hence, b− a + λ = a→λ b is the greatest solution of a⊗λ x ⩽ b. On the other hand, in the case when
a, b ∈ [λ,+∞) such that b < a we have that b− a + λ < λ, which means that b− a + λ < [λ,+∞)∪ {+∞},
and from (16) it follows that −∞ = a→λ b is the only solution of a⊗λ x ⩽ b. Therefore, it is the greatest
solution of that inequation.

If a ∈ [λ,+∞) and b = −∞, then in a similar way we conclude that −∞ = a →λ b is the only
solution of a⊗λ x ⩽ b, so it is the greatest solution of that inequation.

Further, if a = −∞ then a⊗λ x = −∞ ⩽ b, for all x, b ∈ Rλ∞, so each x ∈ Rλ∞ is a solution of a⊗λ x ⩽ b,
and this means that the greatest solution of that inequation is +∞ = a→λ b.

On the other hand, if b = +∞, then for every a ∈ Rλ∞ we have that any x ∈ Rλ∞ is a solution of
a⊗λ x ⩽ b, so the greatest solution of that inequation is +∞ = a→λ b.

Finally, in the case when a = +∞ and b ∈ Rλ∞ such that b , +∞, we have that

a⊗λ x =

+∞ if x ∈ Rλ∞, x , −∞,

−∞ if x = −∞,
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whence it follows that −∞ = a→λ b is the only solution of a⊗λ x ⩽ b, so it is the greatest solution of
that inequation.

Having exhausted all possible cases, we conclude that →λ is the residuum operation on Rλ∞
adjoined to ⊗λ. □

We will call the semiring Rλ∞ the lower truncation of the semiring R∞ by means of λ, with shifted
multiplication, or the lower λ-truncation for short. We will also refer to Rλ∞ as a lower truncated complete
max-plus semiring. If λ ∈ Z, then Zλ∞ = {z ∈ Z |λ ⩽ z} ∪ {−∞,+∞} is a subset of Rλ∞ closed under the
operations ⊕λ, ⊗λ and→λ, as well as under infinite sums, so Zλ∞ = (Zλ∞,⊕λ,⊗λ,−∞,λ) constitutes a
commutative complete additively idempotent semiring, which will be called the lower λ-truncation of
Z∞ with shifted multiplication.

An important special case of lower λ-truncations of R∞ is the one where λ = 0. The semiring R0
∞

has already been studied in [11], where it was denoted by R+
∞. It is clear that the multiplication ⊗0 in

R+
∞ is a restriction of the multiplication ⊗ on R∞, but the residuum operation→0 on R+

∞ differs from
the residuum operation→ on R∞ and is given by the following table:

b ∈ [0,+∞)

→0 a ⩽ b a > b −∞ +∞

a ∈ [0,+∞) b− a −∞ −∞ +∞

−∞ +∞ +∞ +∞ +∞

+∞ −∞ −∞ −∞ +∞

In the sequel, we make few remarks regarding lower truncated semirings Rλ∞.

Remark 3.1. In the case when λ < 0, the interval [λ,+∞) is not closed under the operation ⊗. Namely,
for negative a, b ∈ [λ,+∞) it may happen that a ⊗ b = a + b < λ, which is why we had to shift
a⊗ b = a + b by −λ and bring it back into [λ,+∞).

In the case when λ ⩾ 0, the interval [λ,+∞) is closed under the operation ⊗, and it may seem
that one could retain the original operation ⊗ on [λ,+∞), with no need to shift this operation by −λ.
However, the problem is that in that case we would lose the identity. Therefore, even when λ ⩾ 0, for
a, b ∈ [λ,+∞) it is necessary to shift a⊗ b = a + b by −λ, thereby ensuring that the new operation has
an identity. It is clear that the operation ⊗ is retained on [λ,+∞) only in the case when λ = 0.

It should also be noted that, although the interval [λ,+∞) has the smallest element λ, we must
retain −∞ as the smallest element, that is, as the zero in a semiring, because without −∞ we would not
obtain a semiring. Namely, if −∞were omitted, then λwould simultaneously serve as both the zero
and the identity, which is possible for a semiring only in the case of a single-element semiring.

Remark 3.2. The set Rλmax, equipped with the addition and multiplication operations inherited from
Rλ∞, is a commutative additively idempotent semiring with zero −∞ and identity λ, but this semiring
is not a complete additively idempotent semiring because it does not have the greatest element.
Consequently, the residuum operation is not defined for all pairs of elements from Rλmax, since the
inequation a⊗λ x ⩽ b does not have the greatest solution in Rλmax for all pairs of elements from Rλmax.
More precisely, this inequation does not have the greatest solution whenever a = −∞, although in that
case every element from Rλmax is a solution of this inequation.

We now turn to the case when the complete max-plus semiring is truncated from above. For an
arbitrary υ ∈ R, let

Rυmax = (−∞, υ] ∪ {−∞} and Rυ∞ = (−∞, υ] ∪ {−∞,+∞},

and let the restrictions of the ordering on R∞ to Rυ∞ and Rυmax be denoted by the same symbol ⩽ as the
original ordering on R∞.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 22 December 2025 doi:10.20944/preprints202512.1981.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202512.1981.v1
http://creativecommons.org/licenses/by/4.0/


12 of 26

Theorem 3.2. For any υ ∈ R, let ⊕υ be the addition operation on Rυmax inherited from the addition operation on
Rmax, and let ⊗υ be an operation on Rυmax defined by the following Cayley-like table:

⊗υ b ∈ (−∞, υ] −∞

a ∈ (−∞, υ] a + b− υ −∞

−∞ −∞ −∞

Then (Rυmax,⊕υ,⊗υ,−∞, υ) is a commutative complete additively idempotent semiring with the zero −∞ and
the identity υ, and the residuum operation→υ on Rυmax adjoined to ⊗υ is given by

b ∈ (−∞, υ]
→υ a ⩾ b a < b −∞

a ∈ (−∞, υ] b− a + υ υ −∞

−∞ υ υ υ

Proof. We can prove this theorem in a similar way as Theorem 3.1, so its proof will be omitted. □

We call the semiring Rυmax the upper truncation of the semiring Rmax by means of υ, with shifted
multiplication, or the upper υ-truncation for short. We will also refer to Rυmax as the upper truncated
max-plus semiring.

Remark 3.3. Unlike the semiring Rλ∞, where we had to keep −∞ as the smallest element, in the con-
struction of the semiring Rυmax there was no risk of omitting +∞ and thereby making υ simultaneously
the identity and the greatest element.

In the terminology of lattice theory, Rυmax is an integral commutative quantale, that is, a commutative
quantale with an identity which is identical to the greatest element. Even more commonly, such an
algebraic structure is called a complete residuated lattice.

However, there will be no problems even if we keep +∞ and define the multiplication operation
on Rυ∞ in a similar way as on Rλ∞, which will be done in the next theorem.

Theorem 3.3. For any υ ∈ R, let ⊕υ be the addition operation on Rυ∞ inherited from the addition operation on
R∞, and let ⊗υ be an operation on Rυ∞ defined by the following Cayley-like table:

⊗υ b ∈ (−∞, υ] −∞ +∞

a ∈ (−∞, υ] a + b− υ −∞ +∞

−∞ −∞ −∞ −∞

+∞ +∞ −∞ +∞

Then (Rυ∞,⊕υ,⊗υ,−∞, υ) is a commutative complete additively idempotent semiring with the zero −∞ and the
identity υ, and the residuum operation↠υ on Rυ∞ adjoined to ⊗υ is given by

b ∈ (−∞, υ]
↠υ a ⩾ b a < b −∞ +∞

a ∈ (−∞, υ] b− a + υ υ −∞ +∞

−∞ +∞ +∞ +∞ +∞

+∞ −∞ −∞ −∞ +∞

Proof. This theorem can also be proved in a similar way as Theorem 3.1, so the proof will be omitted. □

The semiring Rυ∞ will be called the upper truncation of the semiring R∞ by means of υ, with
shifted multiplication, or briefly the upper υ-truncation. We also refer to Rυ∞ as the upper truncated
complete max-plus semiring. In order to simplify the terminology, the semiring Rυmax will be treated not
only as an upper υ-truncation of Rmax, but also as an upper υ-truncation of R∞.
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For an arbitrary υ ∈ Z, the sets

Zυ∞ = {z ∈ Z | z ⩽ υ} ∪ {−∞,+∞} and Zυmax = {z ∈ Z | z ⩽ υ} ∪ {−∞}

are subsets of Rυ∞ and Rυmax closed under the operations ⊕υ, ⊗υ and→υ or↠υ, as well as under infinite
sums. Thus, Zυ∞ = (Zυ∞,⊕υ,⊗υ,−∞, υ) and Zυmax = (Zυmax,⊕υ,⊗υ,−∞, υ) constitute commutative
complete additively idempotent semirings, which are respectively called the upper υ-truncations of Z∞
and Zmax with shifted multiplication.

Remark 3.4. Although the multiplication operations on Rλ∞ and Rυ∞ are similarly defined, and the
multiplication operation on Rυmax is the restriction of the multiplication operation on Rυ∞, Theorems
3.1, 3.2 and 3.3 show that the residuum operations on Rλ∞, Rυ∞, and Rυmax differ substantially.

4. Application of Truncation and Shifting to Max-Plus Automata

Let X a non-empty set, which we call an alphabet and whose elements are called letters. The set of
all sequences of elements of X, including the empty sequence, is denoted by X∗, whereas the set of all
non-empty sequences from X∗ is denoted by X+. The elements of X∗ are called words over X. Equipped
with the concatenation operation, the set X∗ is a monoid, called the free monoid over X. The identity of X∗

is the empty sequence, which is denoted by ε and called the empty word. The number of letters that
appear in u ∈ X∗ is denoted by |u| and is called the length of the word u. In particular, |ε| = 0. For any
non-empty set S, a function f : X∗ → S is called a word function. If the set S is ordered, with an ordering
⩽, then word functions can also be ordered pointwise, that is, for two word functions f , 1 : X∗ → S we
set that f ⩽ 1 if f (u) ⩽ 1(u), for every word u ∈ X∗.

Further, let S be a semiring and X an alphabet. A weighted finite automaton over S and X is a
quadruple A = (m, σA, {MA

x }x∈X, τA), where

(A1) m ∈ N is a natural number, called the dimension or the number of states of A ;
(A2) σA

∈ S1×m is a row vector, called the initial weights vector;
(A3) {MA

x }x∈X ⊂ Sm×m is a family of matrices, called the basic transition matrices of A ;
(A4) τA

∈ Sm×1 is a column vector, called the final weights vector.

From the basic transition matrices, which correspond to the letters from the alphabet X, compound
transition matrices are built, which correspond to the words from X∗. This is done in the following way.
For any word u = x1x2 . . . xk ∈ X∗, where x1, x2, . . . , xk ∈ X, the compound transition matrix MA

u ∈ Sm×m

is defined by
MA

u = MA
x1
⊗MA

x2
⊗ · · · ⊗MA

xk
,

and for the empty word εwe define MA
ε to be the identity matrix Im of order m.

The behavior of a weighted finite automaton A = (m, σA, {MA
x }x∈X, τA) is a word function JAK :

X∗ → S defined as follows: For u = x1x2 . . . xk ∈ X+, where x1, x2, . . . , xk ∈ X, we set

JAK(u) = σA
⊗MA

u ⊗ τ
A = σA

⊗MA
x1
⊗MA

x2
⊗ · · · ⊗MA

xk
⊗ τA, (17)

and in addition,
JAK(ε) = σA

⊗MA
ε ⊗ τ

A = σA
⊗ τA. (18)

We also say that JAK is the word function computed by A .
For a weighted finite automaton A = (m, σA, {MA

x }x∈X, τA), its reverse automaton A is defined as
a weighted finite automaton of the same dimension m, obtained from A by mutually swapping the
vectors σA and τA, and replacing each transition matrix MA

x with its transpose.
One of the main general problems in computer science is the problem of comparing the behavior

of two computational systems, algorithms, or models of computation, known as the comparison
problem. That problem generally manifests itself in two main forms. One of them is the equivalence problem,
where one must determine whether two computational entities produce the same output or exhibit the
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same behavior for every possible input. The other is the containment problem, where it is necessary to
determine whether the behavior or output of one computational entity is completely included within
that of another. These problems have a broad range of applications, for example in model checking and
verification (to verify whether an implementation matches its specification), compiler optimization (to
ensure transformed code behaves the same as original code), and other areas of computer science. In the
context of weighted finite automata, the equivalence problem requires determining whether two
given automata A and B have the same behavior, that is, whether JAK = JBK, while the containment
problem requires determining whether JAK ⩽ JBK (under the condition that the underlying semiring is
ordered). If JAK = JBK, we say that A and B are equivalent automata.

However, in many cases, including most types of weighted finite automata, the equiva-
lence and containment problems are undecidable or computationally hard (cf. [14,15]). In such
situations, it is natural to search for procedures for determining containment or equivalence that may
not work in all cases, but can be implemented efficiently. The most known such procedures are based
on the concepts of simulation and bisimulation.

Let two weighted finite automata A = (m, σA, {MA
x }x∈X, τA) and B = (n, σB, {MB

x }x∈X, τB) over an
ordered semiring S be given. A matrix U ∈ Sm×n is said to be a forward simulation between automata A
and B if it satisfies the following conditions:

(fs1) σA ⩽ σB
⊗U⊤,

(fs2) U⊤ ⊗MA
x ⩽MB

x ⊗U⊤, for all x ∈ X,

(fs3) U⊤ ⊗ τA ⩽ τB.

Conditions (fs1), (fs2), and (fs3) can also be treated as a system of matrix inequations, with an
unknown matrix U taking values in Sm×n, and forward simulations are also defined as solutions of
this system. The second type of simulations are backward simulations between A and B , which can be
defined as forward simulations between the reverse automata of A and B . By combining the concepts
of forward and backward simulations for the matrix U and its transpose U⊤, four types of bisimulations
are defined. The full definitions of backward simulations and the four types of bisimulations, given via
systems of matrix inequalities of a similar form, can be found in [10,11]. Here we will focus only on
forward simulations.

Informally speaking, simulations between A and B allow automaton B to mimic the moves of
automaton A , and if they exist, they testify to the presence of containment relation between A and B
(i.e., they confirm that JAK ⩽ JBK). On the other hand, bisimulations also allow reverse mimicking, and
if they exist, they detect the presence of equivalence between A and B . It is also worth noting that
simulations and bisimulations, represented by matrices, specify the degree of connectedness between
the states of automata A and B , which is generally not the case when containment or equivalence is
determined in some other way.

The fundamental problem related to simulations and bisimulations is how to test the existence of
a simulation or bisimulation of a given type, and, in cases where it exists, how to compute the greatest
simulation or bisimulation of that type. In other words, it is the problem of testing the existence of
a solution to the corresponding system of matrix inequations and computing the greatest solution,
if it exists. Here, this problem will be considered in the context of weighted finite automata over the
complete max-plus semiring R∞, which we call max-plus automata. The name max-plus automaton will
also be used for weighted finite automata over certain related semirings, such as the max-plus semiring
Rmax, the above introduced truncations Rλ∞, Rυ∞ and Rυmax of R∞ and Rmax, as well as semirings
Z∞ and Zmax, and their truncations Zλ∞, Zυ∞ and Zυmax. Max-plus automata originated as a means of
representing the behaviour of timed discrete event systems with synchronization of tasks and resource
sharing, such us, for instance, production systems, railroad networks, urban traffic networks, queuing
systems, array processors, and others. The motivation for using the max-plus semiring as the structure
of weights also stems from the fact that many phenomena, like synchronization, which are nonlinear
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in the classical systems theory, become linear by moving from the field of real numbers to the max-plus
semiring. For information on the general properties of max-plus automata, as well as bibliographic
notes about them, we refer to the papers [4,11,12,15,16,19,25–32,39–41].

In applications of max-plus automata within the theory of discrete event dynamic systems, letters
from the input alphabet X are called events, the initial weights vector is called the vector of initial delays,
the final weights vector is called the vector of final delays, and transition matrices are called matrices
of transition times. In addition, word functions taking values in R∞ are called daters (cf. [19,26]). For
a sequence of events u ∈ X+, JAK(u) can be interpreted as the date when that sequence of events is
completed, and JAK(u) = +∞means that the sequence of events will never be completed.

A procedure for testing the existence of forward simulations for max-plus automata over R∞, and
for computing the greatest forward simulation when it exists, was proposed in [11]. The main part of
this procedure is the construction of a non-increasing sequence of matrices {Us}s∈N from Rm×n

∞ , defined
inductively as follows:

U1 = τA
\τB = (τB/τA)⊤, Us+1 = Us ∧

(∧
x∈X

(
(MB

x ⊗U⊤s )/MA
x

)⊤)
. (19)

The infimum of that sequence, denoted by Û, is the greatest solution of the system of inequations
consisting of the inequations from (fs2) and (fs3). Solutions of this system are called forward presimulations
between A and B (cf. [37,38]), and therefore, Û is the greatest forward presimulation.

It is interesting to note that U1 is the greatest solution of the linear inequation (fs3), and when Us

is given, for some s ∈ S, then Us+1 is computed as the infimum of Us and the greatest solution of the
system of linear inequations

U⊤ ⊗MA
x ⩽MB

x ⊗U⊤s , for all x ∈ X,

obtained from (fs2) by replacing the unknown matrix U on the right-hand sides of the inequalities
with the matrix Us.

If the greatest forward presimulation Û is a non-zero matrix (it contains an entry different from−∞)
and satisfies condition (fs1), then Û is the greatest forward simulation between A and B . Otherwise, if
Û is either the zero matrix (all its entries are −∞) or does not satisfy (fs1), then there exists no forward
simulation between A and B .

Obviously, the key problem that arises in the practical application of this procedure is the efficient
computation of the greatest forward presimulation Û. One way to efficiently compute Û can be applied
in situations where s ∈ N can be found such that Us = Us+1. If this happens, then one obtains that
Û = Us. Therefore, after constructing the matrix Us+1 from Us, we need to check whether they are
equal, and once we find the smallest index s such that Us+1 = Us, if such an index exists, we conclude
that Û = Us and the procedure for constructing the sequence (19) terminates. However, it may happen
that all members of the sequence are different and that the sequence is infinite. For instance, for some
i ∈ [1..m] and j ∈ [1..n] it may happen that {Us(i, j)}s∈N is an infinite strictly decreasing sequence of real
numbers that converges to −∞. Behind our idea of lower λ-truncation lies the effort to make such
sequences finite, to stop them whenever their members fall below λ. We will see that such truncation
works particularly well when dealing with max-plus automata whose vectors of initial and final delays
and matrices of transition times have integer entries, that is, when working with max-plus automata
over Z∞.

Before we move on to max-plus automata over truncated max-plus semirings, we will show how
matrices over these semirings are multiplied.

For arbitrary r ∈ R and k ∈ N0, in order to distinguish between the k-th multiplicative power
of r in the semiring R∞ and the k-th multiplicative power of r in the field of real numbers, the k-th
multiplicative power of r in the semiring R∞ will be denoted by r[k].
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Theorem 4.1. For an arbitrary ξ ∈ R let Rξ∞ be either a lower or upper ξ-truncation of R∞, and for an arbitrary
s ∈ N let M1, M2, . . . , Ms be matrices with entries in Rξ∞ such that the matrix product M1 ⊗ξM2 ⊗ξ · · · ⊗ξMs

exists. Then
M1 ⊗ξM2 ⊗ξ · · · ⊗ξMs = (−ξ)[s−1]

⊗ (M1 ⊗M2 ⊗ · · · ⊗Ms), (20)

where (−ξ)[s−1] denotes the (s− 1)st power of −ξ in the multiplicative monoid of Rξ∞.

Proof. Before proving the theorem, we will show that a⊗ξ b = (−ξ) ⊗ a⊗ b, for all a, b ∈ Rξ∞. Indeed,
for a, b ∈ [ξ,+∞) we have that a⊗ξ b = a + b− ξ = (−ξ) + a + b = (−ξ) ⊗ a⊗ b, whereas in all other
cases it follows that a ⊗ξ b = a ⊗ b = (−ξ) ⊗ a ⊗ b, since either a ⊗ b = −∞ or a ⊗ b = +∞, whereby
(−ξ) ⊗−∞ = −∞ and (−ξ) ⊗+∞ = +∞.

We can now proceed to the proof of the theorem itself, which will be proved by induction on s. It
is clear that (20) is true for s = 1, seeing that

(−ξ)[1−1]
⊗M1 = (−ξ)[0] ⊗M1 = 0⊗M1 = M1.

To make the proof clearer, we will also prove the case s = 2. Therefore, we consider the matrices
M1 ∈ Sm×n and M2 ∈ Sn×p. Then for arbitrary i ∈ [1..m] and k ∈ [1..p] we obtain

(M1 ⊗ξM2)(i, k) =
n⊕

j=1

(
M1(i, j) ⊗ξM2( j, k)

)
=

n⊕
j=1

(
(−ξ) ⊗M1(i, j) ⊗M2( j, k)

)
= (−ξ) ⊗

( n⊕
j=1

(
M1(i, j) ⊗M2( j, k)

))
= (−ξ) ⊗

(
(M1 ⊗M2)(i, k)

)
=

(
(−ξ) ⊗M1 ⊗M2

)
(i, k),

and hence, M1 ⊗ξM2 = (−ξ) ⊗M1 ⊗M2, which is what was to be proved.
Assume now that the assertion is valid for some s ∈ N, s ⩾ 2, i.e., that (20) holds. Let Ms+1 be a

matrix with entries in Rξ∞ such that the product M1 ⊗ξM2 ⊗ξ · · · ⊗ξMs ⊗ξMs+1 exists. According to
the induction hypothesis and the properties of scalar multiplication, we get

M1 ⊗ξM2 ⊗ξ · · · ⊗ξMs ⊗ξMs+1 = (M1 ⊗ξM2 ⊗ξ · · · ⊗ξMs) ⊗ξMs+1

= (−ξ) ⊗
(
(M1 ⊗ξM2 ⊗ξ · · · ⊗ξMs) ⊗Ms+1

)
= (−ξ) ⊗

((
(−ξ)[s−1]

⊗ (M1 ⊗M2 ⊗ · · · ⊗Ms)
)
⊗Ms+1

)
= (−ξ) ⊗

(
(−ξ)[s−1]

⊗ (M1 ⊗M2 ⊗ · · · ⊗Ms ⊗Ms+1)
)

=
(
(−ξ) ⊗ (−ξ)[s−1]

)
⊗ (M1 ⊗M2 ⊗ · · · ⊗Ms ⊗Ms+1)

= (−ξ)[s] ⊗ (M1 ⊗M2 ⊗ · · · ⊗Ms ⊗Ms+1)

This completes the proof of the theorem. □

Let A = (m, σA, {MA
x }x∈X, τA) be an arbitrary max-plus automaton over the complete max-plus

semiring R∞, and let Rλ∞ be the lower λ-truncation of R∞, where λ is a real number such that all entries
of matrices MA

x , x ∈ X, and vectors σA and τA, belong to Rλ∞. The max-plus automaton over Rλ∞ having
the same transition matrices MA

x , x ∈ X, and initial and final weights vectors σA and τA as A , will be
denoted by Aλ and called the lower λ-shift of A .

Similarly, if Rυ∞ is the upper υ-truncation of R∞, where υ is a real number such that all entries
of matrices MA

x , x ∈ X, and vectors σA and τA, belong to Rυ∞, then the max-plus automaton over Rυ∞
having the same transition matrices MA

x , x ∈ X, and initial and final weights vectors σA and τA as A ,
will be denoted by Aυ and called the upper υ-shift of A . This definition can also be adapted to the case
when the upper υ-shift Aυ is regarded as an automaton over Rυmax.
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When we say that Aλ is the lower λ-shift of A , this includes the assumption that Aλ is well-defined,
i.e., that all entries of the transition matrices and initial and final weights vectors of A belong to the
lower λ-truncation Rλ∞ of R∞. Similarly, when we say that Aυ is the upper υ-shift of A , this includes
the assumption that Aυ is well-defined, i.e., that all entries of the transition matrices and initial and
final weights vectors belong to the upper υ-truncation Rυ∞ of R∞.

Theorem 4.2. Let A be a max-plus automaton over the complete max-plus semiring R∞, and let ξ ∈ R. If Aξ
is either the lower or the upper ξ-shift of A , then

JAξK(u) = (−ξ)[s+1]
⊗ JAK(u), (21)

for every word u ∈ X∗ of length s.

Proof. This assertion follows immediately from the definition of the behavior of weighted automata
and Theorem 4.1. □

Theorem 4.3. Let A and B be max-plus automata over the complete max-plus semiring R∞, and let ξ ∈ R. If
Aξ and Bξ are either the lower or the upper ξ-shifts of A and B , then

(a) JAK ⩽ JBK if and only if JAξK ⩽ JBξK;

(b) JAK = JBK if and only if JAξK = JBξK.

Proof. From (21) it follows directly that JAK ⩽ JBK implies JAξK ⩽ JBξK. From (21) we also obtain that
JAK(u) = (−ξ)[s+1]

⊗ JAξK(u), for each word u ∈ X∗ of length s, from which it follows that JAξK ⩽ JBξK
implies JAK ⩽ JBK. This completes the proof of statement (a).

The statement (b) follows directly from (a). □

Theorem 4.4. For any λ ∈ Z and arbitrary max-plus automata A = (m, σA, {MA
x }x∈X, τA) and B =

(n, σB, {MB
x }x∈X, τB) over the lower λ-truncation Zλ∞ of Z∞, the sequence (19) is finite.

Proof. First we note that the semiring Zλ∞ satisfies the descending chain condition, that is, every
descending sequence in Zλ∞ is finite. Therefore, for any pair (i, j) ∈ [1..m] × [1..n], the descending
sequence {Us(i, j)}s∈N is finite, so there exists a smallest member of this sequence. This means that there
is a smallest number ki, j ∈ N such that Uki, j(i, j) is the smallest member of the sequence {Us(i, j)}s∈N,
and since the sequence is decreasing, we obtain that

Uki, j(i, j) = Ul(i, j), for every l ∈ N, l ⩾ ki, j.

Now, for
k = max{ ki, j | (i, j) ∈ [1..m] × [1..n]}.

we have that Uk(i, j) = Ul(i, j), for all (i, j) ∈ [1..m] × [1..n] and l ∈ N, l ⩾ k, and consequently, Uk = Ul,
for every l ∈ N, l ⩾ k. This completes the proof that the sequence (19) is finite. □

The following example demonstrates the application of lower truncations of the complete max-plus
semiring.
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Example 4.1. For X = {x, y}, let A = (2, σA, {MA
x , MA

y }, τA) and B = (3, σB, {MB
x , MB

y}, τB) be max-plus
automata over Z∞ given by

MA
x =

[
4 1
−∞ 2

]
, MA

y =

[
−∞ −∞

−∞ 1

]
, σA =

[
−∞ 2

]
, τA =

[
−∞

0

]
,

MB
x =


−∞ 4 −∞

−∞ 4 −∞

−∞ −∞ 2

, MB
y =


−∞ −∞ 0
−∞ −∞ −2
−∞ −∞ 1

, σB =
[
1 −∞ 2

]
, τB =


−1
−3
0

.
(a) Computation over the complete max-plus semiring Z∞: Using formulas from (19), by induction on s we
obtain that the members of the sequence {Us}s∈N are given by

U1 =

[
+∞ +∞ +∞

−1 −3 0

]
, Us =

[
0 0 5− 2s
−1 −3 0

]
, for s ∈ N, s ⩾ 2,

and obviously, the infimum of this sequence is

Û =

[
0 0 −∞

−1 −3 0

]
.

As we have already said, Û is the greatest forward presimulation between A and B . Since

σB
⊗ (Û)⊤ =

[
1 −∞ 2

]
⊗


0 −1
0 −3
−∞ 0

 = [
1 2

]
>

[
−∞ 2

]
= σA,

we conclude that Û satisfies (fs1), so it is the greatest forward simulation between A and B .
(b) Computation over the lower λ-truncation Zλ∞ of Z∞, for an arbitrary λ ⩽ −3: By means of formulas

(19) we compute the members of the sequence {Uλs }s∈N and obtain

Uλ1 =

[
+∞ +∞ +∞

−∞ −∞ λ

]
, Uλ2 =

[
+∞ +∞ 1 + λ
−∞ −∞ λ

]
, U3 = U4 = Ûλ =

[
−∞ −∞ −∞

−∞ −∞ λ

]
,

where Ûλ denotes the infimum of this sequence. Now we have that

σB
⊗λ (Ûλ)⊤ =

[
1 −∞ 2

]
⊗λ


−∞ −∞

−∞ −∞

−∞ λ

 = [
−∞ 2

]
= σA,

which means that Ûλ satisfies (fs1) and it is the greatest forward simulation between the lower λ-shifts
Aλ and Bλ.

c) Computation over the upper υ-truncation Zυ∞ of Z∞, for υ = 4: In the case when A and B are
regarded as weighted automata over Zυ∞, for υ = 4, we obtain an infinite sequence

Uυ1 =

[
+∞ +∞ +∞

3 1 4

]
, Uυs =

[
4 4 8− 2s
3 1 4

]
, for s ∈ N, s ⩾ 2,

whose infimum is

Ûυ =
[
4 4 −∞

3 1 4

]
.

It is easy to verify that Ûυ satisfies (fs1), which means that it is greatest forward simulation between
the upper υ-shifts Aυ and Bυ.
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(d) The same automata with changed initial weights vectors: Let us change initial weights vectors of A
and B so that

σA =
[
1 −∞

]
, σB =

[
1 −∞ −∞

]
.

Since the initial weight vectors do not affect the computation of the elements of the sequence {Us}s∈N,
we obtain the same sequence as in (a) and its infimum Û, and now we have that

σB
⊗ (Û)⊤ =

[
1 −∞ −∞

]
⊗


0 −1
0 −3
−∞ 0

 = [
1 0

]
>

[
1 −∞

]
= σA.

Therefore, Û still satisfies (fs1), and it is the greatest forward simulation between A and B .
When we perform computation over Zλ∞, for automata Aλ and Bλ, we also get the same sequence

as in (b) and its infimum Ûλ. However, Ûλ no longer satisfies (fs1), since

σB
⊗λ (Ûλ)⊤ =

[
1 −∞ −∞

]
⊗


−∞ −∞

−∞ −∞

−∞ λ

 = [
−∞ −∞

]
≯

[
1 −∞

]
= σA,

which means that in this case there is no forward simulation between automata Aλ and Bλ.

Let us analyze the previous example. First, it should be pointed out that in cases where the greatest
forward presimulation between two max-plus automata over R∞ cannot be computed effectively using
standard algorithms and software, because the sequence of matrices that determines it is infinite, one
may instead attempt to compute it over a lower truncation of R∞. Namely, the previous example shows
that even in such a case it may happen that the greatest forward presimulation between the lower shifts
of these automata can be computed in a finite number of steps, that is, that the sequence of matrices
defining it is finite. Moreover, Theorem 4.4 shows that this always occur for max-plus automata with
integer weights. In accordance with Theorem 4.3, this can transfer the problem of determining the
existence of a containment relation from max-plus automata over R∞ to their lower shifts.

However, the previous example also shows that the application of the method described above
has its limitations. Namely, although a slightly modified residuum operation on Rλ∞ can ensure that the
greatest forward presimulation Ûλ is computed over Rλ∞ in a finite number of steps, we have seen here
that such a residuum operation can cause Ûλ to be so small that it can no longer satisfy (fs1). Therefore,
it is possible to reach a situation where we have two max–plus automata between which a containment
relation exists, for the original automata over R∞ it can be detected by a forward simulation that cannot
be effectively computed using standard algorithms and software (except perhaps by some AI system
capable of using mathematical induction), but it cannot be detected over the lower λ-truncation Rλ∞ of
R∞, even though over Rλ∞ the greatest forward presimulation can be computed effectively.

Finally, this example also shows that the application of upper truncations does not yield results as
good as those obtained with lower truncations.

The second example, presented below, shows that even when the greatest forward presimulation
between two max-plus automata over R∞ can be computed in a finite number of steps (when the
corresponding sequence of matrices is finite), the use of lower truncations can still yield better results,
in the sense that the computation can be carried out faster, in fewer steps.
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Example 4.2. For X = {x, y}, let A = (3, σA, {MA
x , MA

y }, τA) and B = (2, σB, {MB
x , MB

y}, τB) be max-plus
automata over Z∞ given by

MA
x =


10 3 4
5 10 3
4 6 7

, MA
y =


5 6 2
3 3 4
7 7 10

, σA =
[
5 0 0

]
, τA =


1
1
1

,
MB

x =

[
10 6
6 7

]
, MB

y =

[
6 6
7 10

]
, σB =

[
5 0

]
, τB =

[
1
1

]
.

(a) Computation over the complete max-plus semiring Z∞: Computing the members of the sequence
{Us}s∈N using formulas (19) we obtain

U1 =


0 0
0 0
0 0

, U2 =


0 −3
0 −3
−4 0

, U3 = U4 = Û =


0 −4
0 −4
−4 0

,
and since Û satisfies (fs1), it is the greatest forward simulation between A and B .

(b) Computation over the lower λ-truncation Zλ∞ of Z∞, for λ = 0: When the computation from (a) is
performed over Zλ∞, we obtain a sequence {Uλs }s∈N whose members are given by

Uλ1 =


0 0
0 0
0 0

, Uλ2 = Uλ3 = Ûλ =


0 −∞

0 −∞

−∞ 0

,
and Ûλ is also a forward simulation between Aλ and Bλ, since it satisfies (fs1).

The last theorem of this section establishes a connection between forward presimulations and
simulations between max-plus automata overR∞ and forward presimulations and simulations between
their lower and upper shifts.

Theorem 4.5. Let A and B be max-plus automata of dimensions m and n over the complete max-plus semiring
R∞, let ξ ∈ R, let Aξ and Bξ be either the lower or the upper ξ-shifts of A and B , and let U be an m× n matrix
with entries in Rξ∞. Then

(a) U is a forward presimulation between Aξ and Bξ if and only if (−ξ) ⊗U is a forward presimulation
between A and B .

However, even if U is the greatest forward presimulation between Aξ and Bξ, (−ξ) ⊗U need not be the
greatest forward presimulation between A and B .

(b) U is a forward simulation between Aξ and Bξ if and only if (−ξ) ⊗U is a forward simulation between A
and B .

However, even if U is the greatest forward simulation between Aξ and Bξ, (−ξ) ⊗U need not be the
greatest forward simulation between A and B .

Proof. (a) According to Theorem 4.1 and the properties of scalar multiplication, for an arbitrary x ∈ X
we get

U⊤ ⊗ξMA
x ⩽MB

x ⊗ξ U⊤ ⇔ (−ξ) ⊗U⊤ ⊗MA
x ⩽ (−ξ) ⊗MB

x ⊗U⊤

⇔

(
(−ξ) ⊗U⊤

)
⊗MA

x ⩽MB
x ⊗

(
(−ξ) ⊗U⊤

)
⇔

(
(−ξ) ⊗U

)⊤
⊗MA

x ⩽MB
x ⊗

(
(−ξ) ⊗U

)⊤
,
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and also

U⊤ ⊗ξ τA ⩽ τB
⇔ (−ξ) ⊗U⊤ ⊗ τA ⩽ τB

⇔

(
(−ξ) ⊗U⊤

)
⊗ τA ⩽ τB

⇔

(
(−ξ) ⊗U

)⊤
⊗ τA ⩽ τB,

and therefore, U is a forward presimulation between Aξ and Bξ if and only if (−ξ) ⊗U is a forward
presimulation between A and B .

Further, consider max-plus automata A and B over R∞ from Example 4.1. If we assume that
ξ = λ and U is the greatest forward presimulation between the lower λ-shifts Aλ and Bλ computed in
Example 4.1 (b), that is,

U =

[
−∞ −∞ −∞

−∞ −∞ λ

]
,

then

(−λ) ⊗U = (−λ) ⊗

[
−∞ −∞ −∞

−∞ −∞ λ

]
=

[
−∞ −∞ −∞

−∞ −∞ 0

]
<

[
0 0 −∞

−1 −3 0

]
,

where the last matrix is the greatest forward presimulation between A and B computed in Example 4.1
(a). Thus, (−λ) ⊗U is not the greatest forward presimulation between A and B .

(b) According to Theorem 4.1 and the properties of scalar multiplication, we have that

σA ⩽ σB
⊗ξ U⊤ ⇔ σA ⩽ (−ξ) ⊗ σB

⊗U⊤ ⇔ σA ⩽ σB
⊗

(
(−ξ) ⊗U⊤

)
⇔ σA ⩽ σB

⊗

(
(−ξ) ⊗U

)⊤
,

and in accordance with (a), U is a forward simulation between Aξ and Bξ if and only if (−ξ) ⊗U is a
forward simulation between A and B .

The remaining part of the proof of claim (b) is contained in the proof of (a). □

Remark 4.1. Let us once again consider the automata A and B from Example 4.1. As shown in part (c)
of that example, for ξ = υ = 4, the greatest forward simulation between the upper υ-shifts Aυ and Bυ
is

U =

[
4 4 −∞

3 1 4

]
.

Then

(−ξ) ⊗U = (−4) ⊗
[
4 4 −∞

3 1 4

]
=

[
0 0 −∞

−1 −3 0

]
,

and it coincides with the greatest forward simulation between A and B .
Thus, if U is the greatest forward presimulation or simulation between Aξ and Bξ, then (−ξ) ⊗U

need not be, but may be, the greatest presimulation or simulation between A and B .

5. Remarks on Weak Simulations and Bisimulations for Max-Plus Automata
Let A = (m, σA, {MA

x }x∈X, τA) be a max-plus automaton over the complete max-plus semiring R∞
and an alphabet X. For any word u ∈ X∗ we define vectors σA

u ∈ R1×m
∞ and τA

u ∈ Rm×1
∞ by

σA
u = σA

⊗MA
u , τA

u = MA
u ⊗ τ

A. (22)

According to this definition, for the empty word ε we have that σA
ε = σA and τA

ε = τA. The vectors
σA

u and τA
u will be referred to, respectively, as the σ-vector and the τ-vector corresponding to the word

u ∈ X∗.
In the context of max-plus automata, the vectors σA

u are known as generalized daters (cf. [20,30]) or
state vectors (cf. [16,31]). The vectors σA

u and τA
u play a very important role in the determinization of

max-plus automata, and recently, they have also been used to define generalizations of simulations
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and bisimulations for max-plus automata, called weak simulations and weak bisimulations [33]. Namely,
for max-plus automata A = (m, σA, {MA

x }x∈X, τA) and B = (n, σB, {MB
x }x∈X, τB), a matrix U ∈ Rm×n

∞ is
called a weak forward simulation between A and B if it satisfies the following conditions

(wfs1) σA ⩽ σB
⊗U⊤,

(wfs2) U⊤ ⊗ τA
u ⩽ τ

B
u , for all u ∈ X∗,

Weak backward simulations between A and B are defined as forward simulations between the reverse
automata of A and B , and by combining the concepts of forward and backward simulations for the
matrix U and its transpose U⊤, two types of bisimulations are defined. Here, the conditions (wfs1)
and (wfs2) can also be treated as systems of matrix inequations with the matrix U as the unknown,
and weak forward simulations can therefore be defined as the solutions of that system. Other types of
weak simulations and bisimulations can also be defined as solutions of appropriate systems of matrix
inequations. A matrix U ∈ Rm×n

∞ that is a solution of the system composed of inequations from (wfs2)
will be called a weak forward presimulation between A and B .

The procedure for testing the existence of a weak forward simulation between A and B , and
computing the greatest one when it exists, is partly similar to the procedure described above for
ordinary forward simulations, but there are also significant differences. First, the greatest solution Û
of the system consisting of the matrix inequations from (wfs2) is computed, which is given by the
following formula

Û =
∧
u∈X∗
τA

u \τ
B
u . (23)

In other words, Û is the greatest weak forward presimulation between A and B . If Û is a non-zero matrix
and satisfies (wfs1), then Û is the greatest weak forward simulation between A and B . Otherwise, if
Û is either the zero matrix or does not satisfy (wfs1), then there exists no weak forward simulation
between A and B . The main problem that arises when computing the matrix Û is the possibility that
the system (wfs2) consists of infinitely many inequations, which means that, before computing the
matrix Û, one must compute infinitely many pairs of the form (τA

u , τB
u), which will be called τ-pairs

in A . In the following example, we will see that this problem cannot be resolved by passing to the
lower or upper truncations of the semiring R∞, that is, to the corresponding lower or upper shifts of
the original automata, since the sets of τ-pairs may be infinite in these cases as well.

Example 5.1. For X = {x}, let A = (2, σA, {MA
x , MA

y }, τA) and B = (3, σB, {MB
x , MB

y}, τB) be max-plus
automata over Z∞ given by

MA
x =

[
4 −∞

−∞ 2

]
, σA =

[
−∞ 2

]
, τA =

[
−∞

0

]
,

MB
x =


−∞ −∞ 1
−∞ 4 −∞

1 −∞ 2

, σB =
[
1 −∞ 2

]
, τB =


1
−3
0

.
(a) Computation over the complete max-plus semiring Z∞: The τ-pairs computed over Z∞ are given by

(τA
xk , τB

xk) =


[
−∞

2k

]
,


2k− 1
4k− 3

2k


, for all k ∈ N0,

and the corresponding residuals are

τA
xk\τ

B
xk =

[
−∞

2k

]∖
2k− 1
4k− 3

2k

 =
[
+∞ +∞ +∞

−1 2k− 3 0

]
, for all k ∈ N0.
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As the sequence 2k− 3 is increasing, its smallest member is obtained for k = 0 and is equal to −3, so the
greatest weak forward presimulation between A and B is given by

Û =
∧
k∈N0

τA
xk\τ

B
xk =

[
+∞ +∞ +∞

−1 −3 0

]
.

Û is also the greatest weak forward simulation between A and B , since it satisfies (wfs1).
(b) Computation over the lower λ-truncation Zλ∞ of Z∞, for λ = −3: When we compute the τ-pairs

over Zλ∞ we obtain that

(τA
xk , τB

xk) =


[
−∞

5k

]
,


5k− 1
7k− 3

5k


, for all k ∈ N0,

and the corresponding residuals are

τA
ε \λτ

B
ε =

[
+∞ +∞ +∞

−1 −∞ −3

]
, τA

x \λτ
B
x =

[
+∞ +∞ +∞

−∞ −∞ −3

]
,

τA
xk\λτ

B
xk =

[
+∞ +∞ +∞

−∞ 2k− 6 −3

]
, for all k ∈ N, k ⩾ 2.

Therefore, in this case the greatest weak forward presimulation is

Ûλ =
∧
k∈N0

τA
xk\λτ

B
xk =

[
+∞ +∞ +∞

−∞ −∞ −3

]
,

and since it satisfies (wfs1), Ûλ is the greatest weak forward simulation between Aλ and Bλ.
(c) Computation over the upper υ-truncation Zυ∞ of Z∞, for υ = 4: Computation of the τ-pairs over

Zυ∞ yields

(τA
xk , τB

xk) =


[
−∞

−2k

]
,


−2k− 1
−3
−2k


, for all k ∈ N0,

and the corresponding residuals are

τA
ε \υτ

B
ε =

[
+∞ +∞ +∞

4 1 4

]
, τA

x \υτ
B
x =

[
+∞ +∞ +∞

3 3 4

]
,

τA
xk\υτ

B
xk =

[
+∞ +∞ +∞

3 4 4

]
, for all k ∈ N, k ⩾ 2.

Consequently, here we have that the greatest weak forward presimulation is

Ûυ =
∧
k∈N0

τA
xk\υτ

B
xk =

[
+∞ +∞ +∞

3 1 4

]
,

and since it satisfies (wfs1), Ûυ is the greatest weak forward simulation between Aυ and Bυ.

The algorithm proposed in [33] computes the greatest weak forward presimulation between two
max-plus automata by calculating the infimum (23) step by step, simultaneously with the computation
of the τ-pairs and their residuals. More precisely, in each individual step of the algorithm, a new pair
(τA

xu, τB
xu) = (MA

x ⊗ τ
A
u , MB

x ⊗ τ
B
u) is computed from some previously computed pair (τA

u , τB
u), and after

that, in the same step, the algorithm computes the residual τA
xu\τ

B
xu of that pair, as well as the infimum

of this residual and the infimum of all previously computed residuals of τ-pairs. In other words,
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the infimum (23) is updated at each step, and its computation terminates after all τ-pairs have been
computed, provided that there are finitely many of them.

Besides the fact that passing to the computation of τ-pairs over the lower and upper truncations
of the semiring R∞ does not necessarily ensure the finiteness of the set of τ-pairs, the previous example
shows something else as well. Namely, in part (a) of this example, the infimum (23) is reached already in
the first step, while in parts (b) and (c) it is reached in the second step, and all subsequent computations
of τ-pairs and their residuals are unnecessary, since these residuals do not change the infimum that
has already been reached. This naturally raises the question of whether a termination criterion can be
found for such an algorithm that would recognize that the infimum has been reached and terminate
the further generation of τ-pairs. Such a criterion will be the subject of our future research. Our further
research will also address different methods of truncating the complete max-plus semiring, which will
ensure that the sets of τ-pairs over such truncated semirings are necessarily finite.
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