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Abstract: Let £ be a Hilbert C*-module over a unital C*-algebra A. Let A : D(A) C &€ — &
and B : D(B) € £& — €& be possibly unbounded self-adjoint morphisms. Then for all x €
D(AB) N D(BA) with (x,x) = 1, we show that (1) dy(A)? +dy(B)?> > F({A, B}x,x) +
((A£B)x,y)(y, (A £ B)x) + {(Ax,x),(Bx,x)}, Vy € Esatisfying|ly[| < land (x,y) = 0.
@  d(AP+d(B? = FillA,Blx,x)+ (A£iB)x,y) (y, (ALiB)x) Fil(Ax,x), (Bx,x)], vy e
& satisfying |ly|| < 1and (x,y) = 0. where dy(A) = /(Ax, Ax) — (Ax,x)2, [A,B] = AB— BA,
[(Ax, x), (Bx, x)] :== (Ax, x)(Bx, x) — (Bx, x) (Ax, x). We call Inequalities (1) and (2) as noncommuta-
tive Maccone-Pati uncertainty principles. They reduce to uncertainty principles derived by Maccone
and Pati [Phys. Rev. Lett., 2014] whenever A = C
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1. Introduction

Let H be a complex Hilbert space and A be a possibly unbounded self-adjoint linear operator
defined on domain D(A) C H. For h € D(A) with ||h|| = 1, define the uncertainty of A at the point 1
as

By(A) = || Al = (AR, )| = /1| AR = (AR, )2

In 1929, Robertson [1] derived the following mathematical form of the uncertainty principle of
Heisenberg derived in 1927 [2]. Recall that for two linear operators A : D(A) € H — H and
B : D(B) € H — H, we define the commutator [A,B] :== AB — BA and the anti-commutator
{A,B} == AB + BA.

Theorem 1. [1-4] (Heisenberg-Robertson Uncertainty Principle) Let A : D(A) C H — H and B :
D(B) C ‘H — H be self-adjoint linear operators. Then for all h € D(AB) N'D(BA) with ||h|| = 1, we have

3 (A(AY + 8u(B) 2 {(A4(A) + B4 (B))? 2 Ay (4)(B) >

; (A BB

N =

In 1930, Schrodinger improved Inequality (1) [5].

Theorem 2. [5,6] (Heisenberg-Robertson-Schrodinger Uncertainty Principle) Let A : D(A) CH — H
and B : D(B) C H — H be self-adjoint linear operators. Then for all h € D(AB) N D(BA) with ||h|| =1,
we have

M (AYSMB) = (A, ) () 5,1y — I8 IR FOP TCLA, B, ) 200, ) B,

_ V(({A, B}, h) — 2(Ah, h)(Bh, h))* — ([A, B]h, )
- > ,
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In 2014, Maccone and Pati derived the following uncertainty principles which work for orthogonal
vectors [7].

Theorem 3. [7] (Maccone-Pati Uncertainty Principles) Let A: D(A) CH — Hand B: D(B) CH —
*H be self-adjoint linear operators. Then for allh € D(AB) N D(BA) with ||h|| = 1, we have

(i)
AR(A)? + AR(B)? > |((A+ B)h,k)|* — ({A, BYh, 1) +2(Ah, h)(Bh,h),
Vk € H satisfying || k|| = 1 and (h, k) = 0.
(ii)
Di(A)? + By (B)? = [((A — B)l,k)|> + ({A, BYh, h) — 2{Ah, ) (Bh, ),
Vk € H satisfying ||k|| = 1 and (h, k) = 0.
(iif)
2 _ 2

AR(A)? + Ay(B)2 > [{(A+B)h k)] —; [{(A = B)h, k)| , Vk € H satisfying || k|| = 1 and (h,k) = 0.
(iv)

AR(A)? + Ay(B)? > —i([A, Blh,h) + |((A+iB)h k) |>, Yk € H satisfying ||k|| = 1 and (h, k) = 0.
v)

AR(A)? + Ay(B)? > i([A, Blh,h) + |((A — iB)h, k)|, Vk € H satisfying ||k|| = 1 and (h, k) = 0.
(vi)

: 2 _ s 2

Ap(AY + (B2 > WATIBILEK)] : WA= IBR I ok ¢ 94 satisfying |[k]| = 1 and (k) = o.

(vii)
Ay (A)AL(B) > “UABILRY ke satisfying K] = 1and (1, k) = 0.
2~ [+t )
(viii)
Ay(A)AL(B) > ({4, Bl 1) k€ Hsatisfying k| = 1and () = 0.
2- ‘<<Ah?A) ZAhl?B))h'k

(ix)

2(Ah, hY(Bh, h) — ({A, BYh, )

2= [( (0 + aimy ) 1ok) :

AR (A)AL(B) > Vk € H satisfying || k|| = 1 and (h, k) = 0.
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(x)

—2(Ah, h)(Bh,h) + ({A, B}h,h)

2~ |( (s — w2y )mR)

Recently we derived noncommutative version of Theorem 2 in [8]. We therefore ask: What is

A(A)Ay(B) =

Vk € H satisfying ||k|| = 1 and (h, k) = 0.

noncommutative analogues of Theorems 3? For this, we need the notion of noncommutative Hilbert
spaces known as Hilbert C*-modules which are first introduced by Kaplansky [9] for modules over
commutative C*-algebras and later developed for modules over arbitrary C*-algebras by Paschke [10]
and Rieffel [11].

Definition 1. [9-11] Let A be a unital C*-algebra. A left module £ over A is said to be a (left) Hilbert
C*-module if there exists a map (-,-) : € x € — A such that the following conditions hold.

(i) (x,x) >0,Vx € £ Ifx € & satisfies (x,x) =0, then x = 0.
(ii) (ax+vy,z) =a(x,z) + (y,2), Vx,y,z € £, Va € A

(iii) (x,y) = (y,x)*, Vx,y € €.

(iv) & is complete w.r.t. the norm || x|| == /|| (x, x)||, Vx € &.

In the paper, use the following noncommutative Cauchy-Schwarz inequality.
Theorem 4. [10,11] Let £ be a Hilbert C*-module. Then
Coy)ly ) < [y, )ll(x x), Yry el
We derive noncommutative analogues of Theorem 3 in Theorem 5.

2. Noncommutative Maccone-Pati Uncertainty Principles

Let £ be a Hilbert C*-module over a unital C*-algebra .A and A be a possibly unbounded self-
adjoint morphism defined on domain D(A) C &. For x € D(A) with (x,x) = 1, we define the
noncommutative uncertainty of A at the point x as

Ax(A) = ||Ax — (Ax, x)x|| = \/||(Ax,Ax> — (Ax, x)?||.

We define

dy(A) = \/(Ax, Ax) — (Ax,x)? = \/<Ax — (Ax,x)x, Ax — (Ax, x)x).
Then dy(A) € Aand
Ar(A) = [ldx(A)].
Given two elements a,b € A, we define [a,b] := ab — ba and {a,b} = ab + ba. Similarly, for two
morphisms A : D(A) C &€ — £and B : D(B) C £ — &, we define [A,B] := AB — BA and
{A, B} = AB + BA.

Theorem 5. (Noncommutative Maccone-Pati Uncertainty Principles) Let £ be a Hilbert C*-module over
a unital C*-algebra A. Let A: D(A) C € — Eand B: D(B) C & — & be self-adjoint morphisms. Then for
all x € D(AB) N D(BA) with (x,x) = 1, we have
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(i)
dr(A)? +dx(B)? = —({A, By, x) + ((A+ B)x,y) (v, (A + B)x) + {(Ax,x), (Bx, %)},
Yy € & satisfying ||y|| < 1and (x,y) = 0.
(if)
Ax(A)P + 8:(B)* 2 || = ({A, B}x,x) + ((A+ B)x,y){y, (A + B)x) + {{Ax,x), (Bx,x)},
Vy € & satisfying ||y|| < 1and (x,y) = 0.
(iii)
dy(A)? +dx(B)* > ({A, B}x,x) + (A = B)x,y)(y, (A - B)x) — {(Ax,x), (Bx,x)},
Yy € & satisfying ||ly|| < 1and (x,y) = 0.
(iv)
Ax(A)? + 8x(B)? = [|({A, B}x,x) + (A — B)x,y)(y, (A — B)x) — {{Ax,x), (Bx, %)},
Yy € & satisfying ||y|| < 1and (x,y) = 0.
V)
A (A +dy(B)2 > AT BIXY) Y, (A+ B)x) er (A= B)xvy)(y, (A B)x)
Yy € & satisfying ||y|| < 1and (x,y) = 0.
(vi)
A+ (> LA+ DI (A B)) (A~ D) (A= B
Yy € & satisfying ||y|| < 1and (x,y) = 0.
(vii)
dy(A)? +dy(B)? > —i([A, Blx,x) + ((A+iB)x,y)(y, (A +iB)x) — i[(Ax, x), (Bx, x)],
Yy € & satisfying ||y|| < 1and (x,y) = 0.
(viii)
Ax(A) + 8x(B)? 2 || = i{[A, Blx, x) + ((A +iB)x,y)(y, (A + iB)x) — i[(Ax, x), (Bx, )],
Yy € & satisfying ||y|| < 1and (x,y) = 0.
(ix)
dy(A)? 4 dy(B)? > i([A, B]x,x) + ((A —iB)x,y){y, (A — iB)x) + i[(Ax, x), (Bx, x)],
Yy € & satisfying ||ly|| < 1and (x,y) = 0.
x)

Ax(A)? + Ax(B)? > [|i([A, Blx, x) + (A — iB)x,y)(y, (A — iB)x) + i[{Ax, x), (Bx, x)]
Yy € & satisfying ||y|| < 1and (x,y) = 0.
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(xi)
4o (A +dy(B)? > ((A+iB)x,y)(y, (A+iB)x) er (A= iB)x,y){y, (A~ iB)x)
Yy € & satisfying |ly|| < 1and (x,y) = 0.
(xi)

a7 a8y = LA B0 (1 (A4 iB)x) + (A= iB)3, 1), (4~ iB))]
X X - 2 7
Yy € & satisfying ||y|| < 1and (x,y) = 0.

Proof. Let x € D(AB) N D(BA) with (x,x) = 1. Lety € £ be such that ||y|| < 1and (x,y) = 0.

(i)
(A+B)x,y)(y, (A+ B)x)
= (Ax — (Ax, x)x + Bx — (Bx, x)x,y)(y, Ax — (Ax, x)x + Bx — (Bx, x)x)
< [y, ) {(Ax = (Ax, x)x) + (Bx — (Bx, x)x), (Ax — (Ax, x)x) + (Bx — (Bx, x)x))
< (Ax — (Ax, x)x, Ax — (Ax,x)x) + (Bx — (Bx, x)x, Bx — (Bx,x)x)
+ (Bx — (Bx, x)x, Ax — (Ax,x)x) + (Ax — (Ax,x)x, Bx — (Bx, x)x)
=d,(A)?> +dy(B)? + (Bx, Ax) — (Bx, x)(Ax, x) + (Ax, Bx) — (Ax, x)(Bx, x)
=dy(A)?> +dx(B)? + ({A,B}x,x) — {{Ax,x), (Bx,x)}.
Therefore
dy(A)? +dy(B)? > —({A,B}x,x) + ((A+B)x,y)(y, (A+ B)x) + {(Ax,x), (Bx, x)}.
(ii) Take norm on (i).
(iii) Similar to (i).
(iv) Take norm on (iii).
V)
((A+B)x,y)(y, (A+ B)x) + (A= B)x,y)(y, (A = B)x) = 2(Ax, y)(y, Ax) + 2(Bx, y)(y, Bx)
=2(Ax — (Ax,x)x,y)(y, Ax — (Ax,x)x) + 2(Bx — (Bx, x)x,y)(y, Bx — (Bx, x)x)
< 20|y, ) I {Ax — (A, x)x, Ax — (Ax,2)x) + 2]/ (y, ) | (Bx — (Bx, x)x, Bx — (Bx, x)x)
< 2d,(A)? 4 2dy(B)>.
(vi) Take norm on (v).
(vii)

((A+iB)x,y)(y, (A+iB)x) = (Ax +iBx,y)(y, Ax + iBx)
= (Ax — (Ax, x)x +i(Bx — (Bx, x)x),y)(y, Ax — (Ax, x)x + i(Bx — (Bx, x)x))
< Ky, » || {(Ax — (Ax,x)x) +i(Bx — (Bx, x)x), (Ax — (Ax,x)x) +i(Bx — (Bx, x)x))
< (Ax — (Ax,x)x, Ax — (Ax,x)x) + (Bx — (Bx, x)x, Bx — (Bx, x)x)
+i(Bx — (Bx, x)x, Ax — (Ax,x)x) — i(Ax — (Ax, x)x, Bx — (Bx, x)x)
dy(A)? +dy(B)? +i((Bx, Ax) — (Bx, x)(Ax, x)) — i({Ax, Bx) — (Ax, x)(Bx, x))
= d(A)? +dy(B)? +i([A, B]x,x) +i[(Ax, x), (Bx, x)].
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Therefore
dy(A)? +dy(B)? > —i([A, B]x,x) + ((A+iB)x,y){y, (A +iB)x) — i[(Ax, x), (Bx, x)].

(viii)  Take norm on (vii).

(ix) Similar to (vii).

x) Take norm on (ix).

(xi) Add (vii) and (ix).

(xii) Add (viii) and (ix), then take norm.
O

Corollary 1. Let £ be a Hilbert C*-module over a unital commutative C*-algebra A. Let A : D(A) — &€ and
B : D(B) — & be self-adjoint morphisms. Then for all x € D(AB) N'D(BA) with (x,x) = 1, we have

(1) If A is commutative, then

dy(A)? 4 dy(B)? > —i([A, Blx,x) + ((A+iB)x,y)(y, (A +iB)x),
Yy € & satisfying ||ly|| < 1and (x,y) = 0.

(ii) If A is commutative, then

Ax(A)? + Ax(B)? > || = i([A, Blx, x) + (A +iB)x,y) (y, (A +iB)x)],
Yy € & satisfying ||y|| < 1and (x,y) = 0.

We also have following uncertainty principles.

Theorem 6. (Noncommutative Maccone-Pati Uncertainty Principles) Let £ be a Hilbert C*-module
over a unital C*-algebra A. Let A : D(A) — £ and B : D(B) — & be self-adjoint morphisms. Then for all
x € D(AB) N D(BA) with (x,x) = 1, we have

(i)
Ax(A)? + Ax(B)? > (y, (A + B)x){(A + B)x,y) — [({A, B}x,x) — {(Ax,x), (Bx, x)} |,
Yy € & satisfying ||y|| < 1and (x,y) = 0.
(ii)
Ax(A)? + 8x(B)* = (y, (A — B)x){(A = B)x,y) — [ ({A, B}x, x) — {{Ax,x), (Bx,x)}|
Yy € & satisfying |ly|| < 1and (x,y) = 0.
(iii)
Ac(A) + A (B2 > Wy (AT B (A+B)xy) sz (A= B)x,y){y, (A= B)x)|
Yy € & satisfying ||y|| < 1and (x,y) = 0.
(iv)

Ax(A)* + Bx(B)* > (y, (A +iB)x)((A+iB)x,y) — |[{[A, Blx, x) + [{Ax, x), (Bx, x)]
Yy € & satisfying ||y|| < 1and (x,y) = 0.
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V)

Ax(A)*+ Bx(B)* > (y, (A~ iB)x)((A — iB)x,y) — |[{[A, Blx, x) + [{Ax, x), (Bx, x)]
Yy € & satisfying ||y|| < 1and (x,y) = 0.

Proof. Let x € D(AB) N D(BA) with (x,x) = 1. Let y € £ be such that ||y|| < 1and (x,y) = 0.

(i)
(v, (A+B)x)((A+ B)x,y)
= (y, Ax — (Ax, x)x + (Bx — (Bx, x)x)) (Ax — (Ax, x)x + (Bx — (Bx, x)x),y)
< [[{(Ax = (Ax, x)x) + (Bx — (Bx, x)x), (Ax — (Ax, x)x) + (Bx — (Bx,x)x)) ||y, y)
< [[{(Ax = (Ax, x)x) + (Bx — (Bx, x)x), (Ax — (Ax, x)x) + (Bx — (Bx, x)x)) || [|{y, y) |
< [{Ax — (Ax, x)x, Ax — (Ax,x)x) + (Bx — (Bx, x)x, Bx — (Bx, x)x)
+ (Bx — (Bx, x)x, Ax — (Ax,x)x) + (Ax — (Ax, x)x, Bx — (Bx, x)x)||
= || dx(A)? + dx(B)* + ((Bx, Ax) — (Bx, x)(Ax, x)) + (Ax, Bx) — (Ax, x)(Bx, x)||
< [l dx(A)? +dx(B)?|| + [[{{A, B}x, x) — {(Ax,x), (Bx, )} .
Therefore
Ax(A)? + By (B)? 2 [ldx(A)? +dx(B)|| = {y, (A + B)x){(A+B)x,y) — [[{{A, B}x, x) — {({Ax,x), (Bx, x)}|.
(ii) Similar to (i).
(iif)
{y, (A+B)x)((A+B)x,y) + (v, (A= B)x)((A = B)x,y) = 2(y, Ax) (Ax, y) + 2(y, Bx)(Bx, y)
= 2(y, Ax — (Ax, x)x) (Ax — (Ax,x)x,y) + 2(y, Bx — (Bx, x)x) (Bx — (Bx, x)x,y)
< 2[[{Ax — (Ax, x)x, Ax = (Ax, x)x) |[(y, y) + 2| (Bx — (Bx, x)x, Bx — (Bx, x)x) || (y, y)
< 2A,(A)? +2A,(B)>.
(iv)
(y, (A+iB)x)((A+iB)x,y) = (y, Ax +iBx)(Ax + iBx,y)
= (y, Ax — (Ax, x)x +i(Bx — (Bx, x)x))(Ax — (Ax, x)x + i(Bx — (Bx, x)x), y)
< |I{(Ax — (Ax, x)x) 4+ i(Bx — (Bx, x)x), (Ax — (Ax, x)x) + i(Bx — (Bx, x)x))||{y,y)
< ||{Ax — (Ax,x)x, Ax — (Ax,x)x) + (Bx — (Bx, x)x, Bx — (Bx, x)x)
+i(Bx — (Bx,x)x, Ax — (Ax, x)x) —i(Ax — (Ax, x)x, Bx — (Bx, x)x)||
= |ldx(A)? +dx(B)? +i((Bx, Ax) — (Bx, x)(Ax, x)) — i({Ax, Bx) — (Ax,x)(Bx,x))]|
= |l dx(A)* +dx(B)?|| + ||({Bx, Ax) — (Bx, x){Ax,x)) — ({Ax, Bx) — (Ax,x) (Bx,x)) |
= [l dx(A)? +dx(B)?|| + [[{[A, B]x, ) + [(Ax, x), (Bx, x)]]|.
Therefore
Ax(A)? + 8x(B)? > ||dx(A)* + dx(B)?|
> (y, (A +iB)x)((A+iB)x,y) — [[([A, Blx, x) + [(Ax, x), (Bx, x)] .
(V) Similar to (iv).

O
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Theorem 7. Let & be a Hilbert C*-module over a unital commutative C*-algebra A. Let A : D(A) — & and
B : D(B) — & be self-adjoint morphisms. Then for all x € D(AB) N'D(BA) with (x,x) = 1, we have

@) Ifdy(A), dx(B) are invertible, then

—i{[A, B]x, x)

2= {(atay + a2 ¥) (v (at + af))
Yy € & satisfying ||y|| < 1and (x,y) = 0.

dx(A)dx(B) >

(ii)

—i([A, B]x, x)
Ar(A)Ay(B) = . : ,
2= (5t + alf ) v ) (v (s + ) )
Yy € & satisfying ||y|| < 1and (x,y) = 0.

(iii) Ifd«(A), dx(B) are invertible, then

i([A,B]x, x)

2= (&t — it ) ow) (v (aty — ) )
Yy € & satisfying ||y|| < 1and (x,y) = 0.

dx(A)dx(B) =

(iv)

i([A, B]x, x)

2= (st - st )2 ) (v (s - 2t )x)
Yy € & satisfying ||y|| < 1and (x,y) = 0.

Ax(A)Ax(B) >

(v) Ifdy(A), dx(B) are invertible, then

2(Ax,x)(Bx,x) — ({A,B}x,x)

2= ((at + ) ow) (v (atr + 2l ) )
Yy € & satisfying ||ly|| < 1and (x,y) = 0.

dx(A)dx(B) >

(vi)

2(Ax,x)(Bx,x) — ({A, B}x, x)

2= (st * a2 ) (v (st + =t )x)
Yy € & satisfying ||y|| < 1and (x,y) = 0.

Ax(A)Ax(B) >

(vii)  Ifdx(A), dx(B) are invertible, then

—2(Ax, x)(Bx, x) + ({A, B}x, x)
2= (&l ~ ate)=¥)(v (atn ~ atm) )

Yy € & satisfying ||y|| < 1and (x,y) = 0.

de(A)dy(B) >
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(viii)
—2(Ax, x)(Bx,x) + ({A,B}x, x)

2= (st - alm) v ) (v (sts - =)
Yy € & satisfying ||y|| < 1and (x,y) = 0.

Ax(A)Ax(B) =

Proof. Let x € D(AB) N D(BA) with (x,x) = 1. Let y € £ be such that ||y|| < 1and (x,y) = 0.

(i) Since A is commutative and d(A), dx(B) are invertible,

(&t 2m) =) (a0 + 2m))
_ <Ax (Ax, x)x n i(Bx x y> y Ax — (Ax,x)x  i(Bx — (Bx,x)x)>

1.(A) T LA T du(B)

Ax — (Ax, x)x ,x)x) Ax — (Ax,x)x  i(Bx — (Bx,x)x)

< N G+ RE g, S )

Ax — (Ax,x)x Ax — (Ax,x)x Bx — (Bx,x)x Bx — (Bx,x)x
(R e ) (e )

./ Bx — (Bx,x)x Ax — (Ax,x)x\ ./Ax—(Ax,x)x Bx— (Bx,x)x

S ) e )
i(Bx, Ax) —i(Bx,x)(Ax,x) = —i(Ax, Bx) +i{Ax,x)(Bx, x)
dx(A)dx(B) dx(A)dx(B)

i([A, B]x, x)
dx(A)dx(B)

=1+1+

—24
Therefore
—i([A, B]x, x) A iB A iB
L(AdLE) S <<dx< ) ha <B>)W><y' <d<A> - d<B>>x>
—ill ) : < dy(A)dy(B).
2- <(dx?A) + df(BB))x'y Ys (dx?A) + df(BB))x>
(ii) Since A is commutative,

(e am)=) ¢ (5@ sm))

~ JAx — (Ax,x)x i(Bx — (Bx,x)x) Ax — (Ax,x)x  i(Bx — (Bx,x)x)
(P R ) E wm )

-

Ax — (Ax,x)x  i(Bx — (Bx,x)x) Ax— (Ax,x)x i(Bx — (Bx,x)x)

< HenI{ 25 5 ey ma )

Ax — (Ax,x)x Ax — (Ax,x)x Bx — (Bx,x)x Bx — (Bx,x)x
e e e R Ce R ()

./ Bx — (Bx,x)x Ax — (Ax,x)x ./ Ax — (Ax,x)x Bx — (Bx,x)x

S T v Al S T < )
i(Bx, Ax) —i(Bx, x)(Ax, x) N —i(Ax, Bx) +i(Ax, x)(Bx, x)
Ax(A)Ax(B) Ax(A)Ay(B)

B i([A, B]x, x)
=2 A(A)A(B)’

=1+1+
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Therefore

m =2 <<A£A) - AfB))x’y><y’ (A;?A) +AfB>)x>
([

< Ax(A)Ax(B).

(iii) Similar to (i).
(iv) Similar to (ii).
(v) Since A is commutative and dx(A), dx(B) are invertible,

(atw zm)=)v (oo am)")

_ <Ax ;f&x), x)x  Bx ;jfBJc),x>x’y> <y, Ax :lx<(1i143;,x)x N Bx ;;(BBx), x)x>

Ax — (Ax,x)x  Bx— (Bx,x)x Ax— (Ax,x)x Bx— (Bx,x)x
<o P B G )
Ax — (Ax,x)x Ax — (Ax,x)x Bx — (Bx,x)x Bx — (Bx,x)x
e S 7 i V) A S v i N
Bx — (Bx,x)x Ax — (Ax,x)x Ax — (Ax,x)x Bx — (Bx,x)x
S i ) R S i

(Bx, Ax) — (Bx, x)(Ax, x) n (Ax, Bx) — (Ax, x)(Bx, x)

dx(A)dx(B) dx(A)dx(B)
—2(Ax,x)(Bx,x) + ({A,B}x, x)

dx(A)dx(B)

=1+1+

Therefore

~ —2(Ax,x)(Bx,x) + ({A B}x,x)

4 (A)(B) )
2(Ax,x)(Bx,x) — ({A,

2= ((at + ) o) (v

(vi) Since A is commutative,

(e wm) )l (50w 5m))

_ /Ax —(Ax,x)x  Bx — (Bx,x)x Ax — (Ax,x)x ~ Bx — (Bx, x)x
DA e 1 )L v

—

N
AF =
Ei

Ax — (Ax,x)x  Bx — (Bx,x)x Ax— (Ax,x)x Bx— (Bx,x)x
<o ( 55 NE A mm )
Ax — (Ax,x)x Ax — (Ax,x)x Bx — (Bx,x)x Bx — (Bx,x)x

e i A S T~

Bx — (Bx,x)x Ax — (Ax,x)x Ax — (Ax,x)x Bx — (Bx,x)x

S e e R e v

(Bx, Ax) — (Bx,x){Ax,x)  (Ax,Bx) — (Ax, x)(Bx, x)

A(A)5(B) B(A)5 (B)
2(Ax, x)(Bx, x) + ({A, B}x, x)

Ax(A)Ax(B) '

=1+1+
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Therefore

—2(Ax,x)(Bx, x) + ({A,B}x, x) A B A B
- A (A)AA(B) <2~ (50 * mw) ) (50 207)7)
2(Ax,x)(Bx,x) — ({A,B}x

2~ (s + mtm) 2 v) (v (o + ) %)

(vii) Similar to (v).

=

=

(viii)  Similar to (vi).
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