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Abstract: We formalize the assembly space as an acyclic digraph of strings with 2-in-regular assembly
steps vertices and provide a novel definition of the assembly index. In particular, we show that the
upper bound of the assembly index depends quantitatively on the number b of unit-length strings, and
the longest length N of a string that has the assembly index of N — k is given by Ny _1) = P +b+1
and by Niy_x) = b> + b+ 2k for 2 < k < 9. We also provide particular forms of such maximum
assembly index strings. For k = 1, such odd-length strings are nearly balanced, and there are four
such different strings if b = 2 and seventy-two if b = 3. We also show that each k copies of an n-plet
contained in a string decrease its assembly index at least by k(1 — 1) — a, where a is the assembly index
1(111\1]1)1 = [log,(N)], for all b, and is
the assembly depth of a maximum assembly index string. We also provide the general formula for the

of this n-plet. We show that the minimum assembly depth satisfies 4

lengths of the minimum assembly index strings having only one independent assembly step in their
assembly spaces. Since these results are also valid for b = 1, assembly theory subsumes information
theory.

Keywords: assembly theory; information theory; complexity measures; information entropy; emergent
dimensionality; mathematical physics

1. Introduction

There is an ordered non-physical latent space of patterns which can be studied systematically
and are not dependent on the constants of physics [1,2] and the probability is zero that any perceptual
system has been shaped by natural selection to represent the true structure of an observer-independent
world [3,4], which is, in fact, provably impossible to exist [5]. These patterns underpin not only the
geometry of Platonic solids and polytopes in complex dimensions [6] but also the periodic table of
elements [7], for example. The presence of these patterns makes the Fresnel equation for the normal
incidence of EMR have the same form as the Euclid formula to generate Pythagorean triples [8], connect
Pythagorean triples with the relativistic law for the addition of velocities [9,10], make Pythagorean
triples define metallic ratios of rational argument [11], and so on.

Assembly Theory (AT), discovered in 2017, provides a structured framework for explaining the
evolution of those patterns and understanding complex systems. Remarkably, it does so only by
introducing the concepts of an assembly pool and an assembly step leading to a new item by joining a
pair of items taken from a set of predefined basic items and items assembled in previous steps [12]. A
wealth of results and insights related to AT can be found in the literature [12-22].

Here, we explored this latent space of patterns, extending the results of our previous study [20] on
bitstrings to strings C]EN’b) (we often write them simply as Cy) of length N made of b distinct unit length
strings (basic symbols c) and strings (doublets, triplets, quadruplets,...,n-plets) assembled in previous
steps. In fact, any embodiment of AT, with basic symbols representing LEGO® blocks, chemical bonds,
graphs, monomers, etc. assembled in any space corresponds to the string AT version. This is because in
AT an assembly step always consists in joining two parts only, which can be thought of as the left and
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right fragments of the newly formed string. The ancient Greek verb symbdllein means putting only two
things (“symbols”) together [23]. Put simply, AT explains and quantifies selection and evolution [18]
but it is through the word (aka string or message), in particular a nucleotide sequence in the case of
b = 4, all AT things come into existence [24].

The paper is organized as follows. Section 2 introduces definitions and basic theorems used in the
paper. Section 3 shows certain relations between the minimum assembly index, assembly depth, and
depth index. Section 4 derives the bounds of the maximum assembly index as a function of a string
length and the number of basis symbols. Section 5 presents a method of constructing a string having
the maximum assembly index by maximizing the number of independent assembly steps. Finally,
Section 6 summarizes and discusses the findings of this study.

2. Rudiments

The Definition 1 and Theorems 1 and 2 were already stated in our previous studies [20,22]. We
restate them here for clarity.

Definition 1 (Assembly Space). An assembly space Q) = (C,E, ¢) is an acyclic digraph of strings C =
{Cx}, k € N, where all b € N unit length strings (basic symbol(s)) are inaccessible source vertices and the
remaining strings are 2-in-regular assembly steps vertices, E is a set of edges, and ¢ : E > e — C € Cisan
edge labeling map, wherein an assembly step s > 0 consists of forming a new string C, from two, not necessarily
different, s — 1 + b strings Cy, Cy by concatenating them with each other, establishing edges e = (Cy, C;) and
e’ = (Cy, Cz), and assigning, strings Cy, Cy to edges €', e using the map ¢ as

Cz = Cx o Cy = Strcﬂt(Cx, Cy) p= ¢7(€) = Cy /\ 4)(6/) = —Cx,

(1)
C; =CyoCy =streat(Cy,Cx) &  ¢(e) = —CyAp(e') = Cy,
where "o” denotes the string concatenation (strcat) operator.
In other words, the edge labeling map (1) has the following property
C, = 3J'=(C,C)eEQ): ¢p(e)=—-Cx AC.=CyoC,,
= (Lxs bz E(Q), = v vE Y 2
ve = (G C) € E(Q), 9(e) { —C, = W =(C,C)EEQ) : ple) =Cr  ACi=CyoCy, @

that preserves the commutativity of the assembly step, defines the concatenation order of the strings
Cyx, Cy in the string C; being the endpoint of both edges e and ¢/, as - in general - for different strings
Cy # Cy & CyoCy # Cy o Cy. Although the notion of a concatenation direction is pointless for one
symbol only, we consider such a degenerate case here.

Although all the Q) vertices are strings, it is convenient to separate this set into a set B :=
C\ {CIEN’b) € C: N # 1} of inaccessible source vertices, and aset S := C \ {C,EN’h) € C:N =1} of
2-in-regular assembly steps vertices, associating them with labels {1,2,...,|S|}. At each assembly step
s, the cardinality of the set S of assembly steps vertices increases by one. The relation (1) (based on
the map discussed in [25]) is superfluous if the vertices defining the directed edges of (2 are strings,
as any edge e = (Cy, C;) unambiguously resolves to either e = (Cy,Cy 0 Cy) or e = (Cy, Cy 0 Cy). For
example, the edge e = ([010], [0101]) unambiguously resolves to e = ([010], [010] o [1]). However, we
leave it in Definition 1 for clarity.

Definition 1 is consistent: all vertices are unique (in any standard graph, all vertices should be
unique) and all are strings. Since an assembly step always consists of joining two parts only [12], this
can be thought of as the left and right fragments of the newly formed string, and those strings that
can be the result of concatenation of two shorter strings are assembly step 2-in-regular vertices, while
unit-length strings are inaccessible. Remarkably, the uniqueness of each vertex is a sufficient criterion
to establish the admissibility of an assembly step and to introduce the notion of an assembly pool.
Vertices (strings) present in the assembly space can not be assembled again as new vertices of (), as they
would not be unique.
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Definition 2 (String Assembly Space). An assembly space Q¢ of a string Cs is the assembly space Definition 1
containing the vertex Cs and all the vertices leading to the string Cs.

There can be more than one assembly space of a string reflecting different assembly pathways
leading to this string. The Definition 2 of the string assembly space provides a novel definition of the
assembly index.

Definition 3 (Assembly Index). The assembly index (ASI) aN?) (Cy) of a string N s the minimum
cardinality |S(Qc, )| of the set of the assembly step vertices S(Qc, ) of all assembly spaces Qc, of the string Cs.

Theorem 1. A quadruplet is the shortest string that allows for more than one ASI Vb.

Proof. N = 2 provides b? available doublets with unit ASI. N = 3 provides b> available triplets with
ASI equal to two. Only N = 4 provides b* quadruplets that include b* quadruplets with ASI equal to
lgi’rl:i)n l(?nblim = [* x *%], while the ASI
of the remaining b* — b?> quadruplets is three. [

two, that is b quadruplets C = [* * %% and b(b — 1) quadruplets C

]Ei’fi)n = [0202], we need to assemble the doublet [02]

and reuse it, while there is nothing available to reuse, in the case of the quadruplet Cl(4’4) = [0123].

For example, to assemble the quadruplet C

Where the symbol value can be arbitrary, we write * assuming that it is the same within the string.

If we allow for the 20 possibility different from *, we write x. Thus, C,Ez’b) = [xx], for example, is a
placeholder for all b strings, while Cl(z’b) = [%x] a placeholder for all b(b — 1) strings.

Theorem 2. The minimum ASI a™N)(C,i,) as a function of N corresponds to the shortest addition chain for N
(OEIS A003313) Vb.

Proof. Strings Cpn for which aN) (Copin) = rr}cin({a(N'b) (Ck)}), Vk € {1,2,...,bN} can be formed in
subsequent steps s by joining the longest string assembled so far with itself until N = 2° is reached.
Therefore, if N = 2%, then mkin({a(zs) (Ck)}) = s = log,(N). Only b? strings have such ASIif N = 2,
including respectively b and b(b — 1) strings

(2°,b)

G =[xx...], C = [kkkk...], 3)

and the assembly space of each of the strings (3) is unique. At each assembly step, its length doubles.

An addition chain for N € N having the shortest length s € N (commonly denoted as I(N)) is
defined as a sequence 1 = ag < a1 < --- < a; = N of integers such that V j > 1, a; = a; +a; for
k<l <j Hence,j=1 = k =1=0and the first step in forming an addition chain for N is always
a; = 1+1 = 2, which is an equivalent of saying that the ASI of any doublet is one. The second step
in forming an addition chain canbea, =1+1=2,40 =1+2 =3,0ra; =2+ 2 = 4. The 1 case
does not represent the shortest addition chain but the first step, the 2" one corresponds to assembling
a triplet based on the previously assembled doublet, and the 3'¢ one corresponds to assembling a
minimum ASI quadruplet (3) from this doublet. Maximum ASI quadruplet can be assembled in a third
step a3 = 34 1 = 4, which corresponds to joining a basic symbol to a triplet. Therefore, four is the
smallest number achievable in two ways according to Theorem 1.

Thus, finding the shortest addition chain for N corresponds to finding the ASI of a string contain-
ing basic symbols and/or doublets and/or triplets containing these doublets for N # 2° since due to
Theorem 1 only they provide the same assembly indices {0, 1,2} with no internal repetitions. [

(N)
min
Cr(fi’? = [01010] can be assembled in three steps from four assembly spaces with S(Q)) = {[01],[010]},

S(Q) = {[01],[0101]}, S(Q) = {[10], [010]}, or S(Q2) = {[10], [1010]}.

The assembly spaces of strings a_ .’ of length N # 2° are not unique. For example, a string
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We note in passing that any shortest addition chain for n starts with one, not zero, as zero is the
neutral element of addition. For the same reason, two is considered the smallest prime, as one is the
neutral element of multiplication. Hence, the fundamental theorem of arithmetic can be thought of as
the shortest multiplication chain for 7.

Theorem 3. The strings Céfi;’b) can contain at most two distinct symbols if b > 1. Other minimum ASI strings
of length N # 2° can contain at most three distinct symbols if b > 2.

Proof. Minimum ASI strings of length N = 2° are formed by joining the newly assembled string to
itself, where a clear or mixed doublet is assembled in the first step. Minimum ASI strings of other
lengths admit a doublet and a triplet containing this doublet and an additional basic symbol.

To formally prove the first part, we can also use mathematical induction on the assembly step s.
If s = 1, then the minimum ASI strings Cr(ji’f‘) are doublets of the form [c1¢y], where ¢1, ¢, € B(Q)). If
c1 = ¢y, the string contains one distinct symbol, and if ¢; # ¢y, the string contains two distinct symbols.

In both cases, the string has a form (3) and the number of distinct symbols does not exceed two. Now

k
assume that for some k € N, all minimum ASI strings Cr(r%h;b) contain at most two distinct symbols. We
k+1 k+1
must show that Cl(fin *) also contains at most two distinct symbols. We construct Cr(fin b by joining
k
two identical minimum ASI strings Cr(i.l;b)
@25p)  ~(25b) _ A(25Lp)
Cmin © Cmin - Cmin ’ 4)

(25b)
min
Therefore, their concatenation also contains at most two distinct symbols. By induction, for all s € N,

the minimum ASI string C (2°)

mir,1
We will now show that other minimum ASI strings of length N # 2° can contain at most three

with each other. By the inductive hypothesis, each C contains at most two distinct symbols.

contains at most two distinct symbols.

distinct symbols if b > 2. We provide the construction of minimum ASI strings with three symbols. In
the first step s = 1, we assemble a doublet [c1c3] where ¢1,¢; € B(QQ) and ¢1 # c2. Next, we join the
existing doublet [c1cp] with a new symbol c; €€ B(Q) where c3 ¢ {c1,c2}. This forms a triplet [c1cpc3],
introducing a third distinct symbol and further increasing the ASI by 1. We continue assembling by
joining the longest string formed so far with itself or with previously formed strings, maintaining the
minimal ASI increase.

r(nl\‘fﬁb) of length N # 2° that contains
four or more distinct symbols. But, to incorporate a fourth symbol, at least one additional assembly

Assume a contrario that there exists a minimum ASI string C

step is required beyond what is needed for the three symbols. This additional step implies an increase
(N/b)

in ASI, which contradicts the minimality of C, ;). Thus, Theorem 3 is proven. [J

The strings having non-minimum ASI can contain all symbols. For example, the string [26]

Cr = [01234012340123401234], )
has ASI a(29)(C) = 6 = afliorz + 1 and contains all five basic symbols B(Q)) := {0,1,2,3,4}. We
conjecture [20] that the problem of constructing a non-minimum ASI string is NP-hard, the problem of
determining the ASI of such string is NP, and hence it is an NP-complete problem.

Another quantity quantifying the complexity of a string is the assembly depth (ASD) defined [27]
as
dN (Cp) = max (AN (), d N () ) +1, (6)

where d(()l’b) (c) := 0,and dNi0)(C;) and d(Nwb) (C,,) are the ASDs of two substrings C;, Cy, of the string
Cy that were joined in step s. For N > 3, and if there are more assembly pathways with different
depths w; leading to a string, which happens if at least two independent assembly steps are possible,
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the minimum pathway depth is the ASD of this string. Hence, the ASD captures the notion of an
independent assembly step.

Theorem 4. If an assembly space () contains strings having the same (non-zero) ASD they were assembled in
independent assembly steps.

Proof. Without loss of generality (w.l.o.g.) assume a contrario that (2 contains two strings C;, C;; having
the same ASD, i.e., dNi0)(C)) = d(Nmb)(C,,) # 0, that were not assembled in independent assembly
steps, i.e., that C;;, was used in the assembly of C; along with a basic symbol ¢ in some previous step s.
Then

dN (¢)) = max (d(Nm'b)(Cm),d(lfb) (c)) +1=dNeh)(C,) +1 £ dNnb)(C,), )

which contradicts our assumption and completes the proof. O

In other words, if two strings C;, Cp, in () have the same ASD, their assembly pathways are
unrelated to each other; by the defining equation (6) neither of them could have been used in the
assembly pathway of the other.

Corollary 1. If the ASI and ASD of a string are equal to each other, an assembly space of this string cannot
contain independent assembly steps.

Theorem 5. The maximum length N of any string that can be assembled with the ASD dgN) (6), VD, satisfies
N <2t (8)

Proof. Assume a contrario that N > Zdﬁ(‘N). Then for the ASD dgN) = 0, we have N > 20 = 1 which
is a contradiction as all basic symbols c are unit-length strings and N = 1. Similarly, for dgN) =1,
N > 2 is also contradiction in the case of doublets, and so on. This is a consequence of the ASD

Definition (6). O
Theorem 6. The minimum ASD as a function of a string length N is given by

d'N) = Tlog,(N)], (9)
where [ x| denotes the ceiling function.

Proof. dgN) > log, (N) follows from the relation (8). dr(ii)n = [log,(2)] = 1 satisfies both the definition
(6) and our hypothesis (9). Similarly N = 3. Using induction on length N, assume that for some
N > 3, we can assemble a minimum ASD string with ASD (9). We need to show that for N + 1, we can
assemble a string with the ASD satisfying
N+1
dNTY — Tlog (N +1)]. (10)
Since, by definition (6), the ASD as a function of N is monotonously nondecreasing and can increase at
most by one between N and N + 1, we have

(N) _
I N = [logy(N +1)1, )
dmin +1= [logZ(Nﬂ +1

where we used relations (9) and (10). Solving the relation (11) for N yields

V min 12
min d(N)+1:S+1 lff N:zsr ( )

min

g+ { dN — g iff 271 < N <25,
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and completes the proof. [

The ASD does not have to be a monotonously nondecreasing function of the assembly step. For
example

[11] dy=1; [110] dy=2; [01] d3=1; [00] dy=1; [0001] ds=2; [0001110] de=3. (13)

We cannot consider the ASD apart from the ASI. For example, the ASD of a string Cgé%() =
[0001110] is d,; 7.2) _ = [log,(7)]| = 3 even though this string can be assembled in six steps with three

Amax

larger pathway depths wg € {4,5,6} as

00] di=1, 00] w =1, 00] w =1, 00] w =1,
[01] d2 =1, [01] Wy = 1, [0 } wy =1, [000] wyo = 2,
1] ds =1, 11 ws=1, [0001] ws=2,  [0001] ws=3, "
[110] dy =2, [0001] w;=2,  [00011] ws=3,  [00011] @y =4,
[0001] ds=2,  [000111] ws=3, [000111] ws=4, [000111] ws =S5,
[0001110] d¢ =3, [0001110] we =4, [0001110] we =5, [0001110] ws = 6.
Similarly, the ASD of a string c®? = [00011101] is dgmax) = [log,(8)] =3 as
[00] dl = 1, [00] w, = 1, [00] w1 = 1, [01] w = 1,
01] dy=1, 01] w,=1, 01] w,=1, 001] wo =2,
1] ds=1, 1] ws=1, [0001] w3 =2, [0001] w3 = 3, 5)
[0001] dy =2, (0001] ws =2, (00011] wy=3,  [00011] wy =4,
[1101] ds =2, (000111] ws=3,  [000111] ws=4,  [000111] ws =5,
[ [ [ [

00011101] dg =3, [00011101] we =4, [00011101] we =5, [00011101] we = 6.

However, the non-maximum and non-minimum ASI string C]ES’Z) = [01001011] has only two doublets
that can be assembled in independent steps. Hence, its ASD cannot be decreased to [log,(8)] = 3

01] dlzl, 0} ZU1:1,
1] d2:1, 01 ] w2:2/

[ [
[ [
[010] d3 =2, [010010] w3 =3, (16)
[010010] d4 =3, [0100101] w4 = 4,

[01001011] ds =4, [01001011] ws =>5.

In general, the () that contains a 2d—plet having the ASD d can also contain {Zd’1 +1,24-142,...,24 —
1}-plets having the ASD d and based on the shorter n-plets of length n < 2971 + 1.

Theorem 7. For all b the ASD of any maximum ASI string c,%b), corresponds to the minimum ASD (9) of
Theorem 6, that is
b
Ao’ = [10g(N)], a7)
Proof. Using the property of the ceiling functionn = [x] < n—1 < x <nvalid forn € N,x € R, we
have
I [log,(N)] < alNb g < log,(N) < < dNb) (18)

Amax Amax Amax /

The non-strict inequality (18) corresponds to the non-strict inequality (8) valid for any N and any ASD.

(Nb) log,(N) + 1 holds for all Cpax strings.

Amax
Assume, for contradiction, that there exists a maximum ASI string Cr(nlif ) such that

Therefore, we need to prove that the strict inequality d

(N,b) (N,b)
dND > 106 (N) +1=10og,(2N) = 2%mn >2N = N < 2mx 1, (19)

Amax
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But this relation does not hold for the maximum ASI string Cr(nlgf ) O
For example, as shown in Figure 1(c,d), the string Cr(r}asgz) = [010101000011100] has the ASI
a3 = 10 and the ASD d{}>? = 4, while the string C!">? = [010010100101001] has smaller ASI
agfg = 5 but larger ASD dg}fi;z) = 5. On the other hand, the ASD of the maximum ASI string CE;\?’_Z;)

(A21) and the minimum ASI string (3), shown in Figure 1(a,b), is the same.

;
rv
A

—_
N

W-
e

1

Hi
I

A .
=001 =011 =01 =101

(b)

H ©

Figure 1. Assembly steps vertices S(Q2) of assembly spaces of bitstrings Cr(nl\;f ) (a, ¢) and Cr(nl\i]f) (b, d) for

(d)

N =2°=16(a,b) and N = 15 # 2° (¢, d), where the assembly index is a number in a string (final string for (a,
¢)) and the assembly depth corresponds to the level. For N = 2°,d @) _ g@h) _ 5 general, for N # 2°, the

Amax Amin
(N,b) N,b)

assembly depth d,; '~ < d,(lmn . The distributions of n-plets in Cr(nl\ixz ) strings is shown in Table 2.

Here, we introduce the following definition, which - as we shall see - is also related to the
independent assembly step.
Definition 4 (Depth Index). We call the number of steps ﬁ%g to reach 1 starting from N = Ny and assigning
Ns+1 = Ns — 1if N; is odd and Ns 1 = Ns/2 otherwise (OEIS A014701) the depth index (DPI).
(%) _

Unlike the minimum ASI, DPI is an analytical function of N. For example, 4., = s and

aZ N —2(s—1).

We assume that initially a new string of length N is formed in an assembly space based on a
basic symbol and a string of length N — 1. Subsequently, this string assembly space evolves to reduce
the cardinality |S(Qc, )| of the set of the assembly step vertices until it equals the ASI of this string,
that is until |S(Qc,)| = a(M?)(Cs). This assumption is supported by physics. It was shown [28] by
equating the binary entropy variation on a holographic sphere with the Bekenstein-Hawking entropy
that a black hole can be thought of as patternless string of length Ngg € R having the Hamming
weight of Ny = | Npy /2| active Planck triangles and - in general - containing at least one fractional
triangle having an area smaller than the Planck area and therefore too small to carry a single bit
of information. It was further shown [29] that a black hole represents a pure binary quantum state
(qubit) in an equal superposition, that is the only quantum state attaining three known bounds for the
quantum orthogonalization interval, and generates entropy variation spheres through the solid angle
correspondence that can be thought of as strings of length Nys € R, wherein Npyy < Nysg < 4Npp.
Finally, it was shown [20] based on a simple model of binputation that elegant [30] binary assembling
programs (i.e., bitstrings) assemble minimum ASI bitstrings of lengths expressible as a product of
Fibonacci numbers (OEIS A065108), wherein some binary assembling programs of at least four bits
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can also assemble non-minimum ASI strings or are not elegant. Hence, we assume that the assembly
spaces evolve by reconfiguring the network of edges to decrease the ASD of newly assembled strings,
possibly finding shorter pathways for these strings, and if only such a decrease would not result in
ASl increase (N = 15 shown in Figure 1(d) is the shortest length, where 5 = dg}i)] > [log,(15)] = 4).
The concepts of assembly space, string assembly space, assembly index and depth, as well as the
evolution of assembly spaces are illustrated in Figure 2. The assembly depth naturally divides the

lengths of strings into sections 2971 < N < 24,

Figure 2. Assembly space (), assembly index, and assembly depth. The assembly space of all eight binary

triplets with all pathways (a). Via ¢ mapping blue edge provides the 1% string, red edge provides the ond string in
the assembly step, and the order is irrelevant for two green edges or green edge provides the 1% or 279 string
in dependence of the color of the complementary edge. Dotted edges and question marks indicate alternative
pathways (e.g., ¢(]0], [010]) = [10] A ¢([10], [010]) = —[0] or ¢([01],[010]) = [0] A ¢([0], [010]) = —[01]), showing
that the string [01], for example, is unnecessary to construct any triplet. The assembly space of the bitstring
Cém) = [0001110] showing that its assembly index a72)(C4) = 6 (b). The evolution of assembly spaces of strings
[0101] and [0110] (c-e). Strings [0101] and [0110] are initially assembled from triplets and basic symbols, increasing
the assembly depth (c). New pathways increasing the number of independent assembly steps are found (d), and
the edges of () are reconfigured, decreasing the number of assembly steps of the string [0101] from three to two
steps and the assembly depth of both quadruplets from three to two. Five assembly spaces of the bitstrings [0101],
[010] (two alternatives, one encircled), [011], and [0110] (e).

Theorem 8. A string containing the same three doublets has the same ASI as a string containing two pairs of
the same doublets, provided that both strings have the same distributions of other repetitions and have the same
lengths.

Proof. W.l.o.g., consider the following two strings of the same length N 4 8 with #x # 01 and the
same distributions of other repetitions (if there are any other repetitions)

Ce=1[..01...01...01---%%...], C=[..01...01...22...22...]. (20)

Assembling a doublet takes one assembly step. Each appending of a doublet to an assembled string
counts as another assembly step. Hence, in a general case (i.e., for strings Ci, C; containing also
other symbols), the string Cy requires six additional assembly steps, the same as the string C;, which
completes the proof. O

Theorem 9. A string containing the same three doublets has the same ASI as a string containing the same two
triplets, provided that both strings have the same distributions of other repetitions.
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Proof. W.Lo.g. consider the following two strings of the same length N + 6 with the same distributions
of other repetitions

Ce=[..01...01...01...], C;=1[...010...010...]. (1)

The assembly of a triplet takes two steps. Hence, in the general case, the string Cy requires four
additional assembly steps, the same as the string C;, which completes the proof. [

Theorem 10. A string containing the same two triplets has the same ASI as a string containing two pairs of
the same doublets, provided that both strings have the same distributions of other repetitions and have the same
lengths.

Proof. The proof comes from Theorems 8 and 9. [

Theorem 11. A string containing the same two quadruplets of the minimum ASI has the same ASI as a string
containing the same three triplets, provided that both strings have the same distributions of other repetitions and
have the same lengths.

Proof. W.Lo.g. consider the following two strings of the same length N + 9 with the same distributions
of other repetitions

Cy=1[...0101...0101---%...], C; =/[...010...010...010...]. (22)

The assembly of such a quadruplet takes two steps. Hence, in a general case, the string Cj requires five
additional assembly steps, the same as the string C;, which completes the proof. [J

Theorem 12. A string containing the same two quadruplets of the maximum ASI has the same ASI as a string
containing a doublet and the same two triplets based on this doublet, provided that both strings have the same
distributions of other repetitions.

Proof. W.Lo.g. consider the following two strings of the same length N + 8 with the same distributions
of other repetitions

Cy=1...0001...0001...], C;=]...110...10...110...]. (23)

The assembly of such a quadruplet takes three steps. Hence, in a general case, the string C; requires
five additional assembly steps, the same as the string C;, which completes the proof. [

Theorem 13. A string containing the same two doublets and the same two triplets not based on this doublet has
the same ASI as a string containing a doublet and the same two triplets based on this doublet, provided that both
strings have the same distributions of other repetitions and have the same lengths.

Proof. W.Lo.g. consider the following two strings of the same length N +- 10 with the same distributions
of other repetitions

Cy=1[...110...00...110...00...], C; =[...110...10...110 - % *...], (24)

where s«x ¢ {11,10}. In a general case, the string Cy requires seven additional assembly steps, the
same as the string C;, which completes the proof. [

In general, Theorems 1-13 show that

*  kcopies of a doublet in a string decrease the ASI of this string at least by k — 1;
*  kcopies of a triplet in a string decrease the ASI of this string at least by 2k — 2;
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®  kcopies of a minimum ASI quadruplet in a string decrease the ASI of this string at least by 3k — 2;
®  kcopies of a maximum ASI quadruplet in a string decrease the ASI of this string at least by 3k — 3;

where, the phrase "at least" is meant to indicate that other repetitions, such as e.g., doublets forming
multiple quadruplets, etc. can further decrease the ASI of the string. This observation allows us to
state the following theorem.

Theorem 14. Each k, copies of an n,-plet Cr(n"b)
ky(n, — 1) — a\"P)(C,). That is

N,b)

contained in a string C,S1 decrease its ASI at least by

R
ANB () < Z[ ,—1) —alm >(cr)}, (25)

r=1

where R is the total number of repeated n,-plets.
Proof. W.l.o.g. consider the following string

CV(HN’b) =[..[c1ca...cn] ... [c162. . cn] .. .], (26)

containing two copies of an n-plet Cl(n’b) = [c1c2...cy). The n-plet Cl(n’b) can be assembled in at

least a("?)(C) steps and appended to the assembled string C,, in one step. Consider that the ASI
of the n-plet Cl("’b) is a™?)(C;) = n —1, i.e., the n-plet does not have any repetitions that can be
reused. Then one copy of this n-plet - as expected - does not decrease the ASI of the string C,(nN’b),
as1(n —1) — (n — 1) = 0, while more copies k decrease it by (n —1)(k — 1). On the other hand, if

a")(C;) < n — 1 then even a single copy of this n-plet will decrease the ASI of Cy,. [

For example, due to the presence of three copies of a 5-plet [01001], each with a(>®)([01001]) = 3,
in a string
24,6)

C2*®) — [12/01001|21/01001|235/01001|52], 27)

its AST amounts to a(?40)(C) =24 —1— (3- (5 — 1) — 3) = 14. The relation (25) provides the upper
bound on ASI as it does not describe a situation in which n-plet for n > 2 is assembled based on a
doublet also present in one copy in the string. For example, the string a(1#9) ([56101781014301]) = 10,

while 14 — 1 — (2(3 — 1) — 2) = 11. We note that the maximum ASI decrease is provided by 2°-plets of
the minimum ASI and amounts to k(n — 1) —log,(n) = k(2° — 1) —

3. Minimum Assembly Depth, Assembly Depth of a Minimum Assembly Index,
Minimum Assembly Index, and Depth Index

The minimum ASD as a function of the length of a string ay (9) the ASD of a minimum ASI
string d (whlch we call here the mmzmum ASI ASD), the minimum ASI as a function of the length
of a strmg 11 (OEIS A003313), and DPI 4 a (OEIS A014701) define four distinct sets illustrated in

Figure 4, wherein dEn-) <d (N) a(N) < a( ) . We observed certain salient regularities among them.

Amin —

min

Theorem 15. The minimum ASD, minimum ASI ASD, minimum ASI, and DPI are equal to s € Ny if
N = 25,

Proof. To prove that the minimum ASI ASD equals minimum ASI, we use mathematical induction on
the length N of the string. For the base case (N = 20 = 1), the string consists of a single basic symbol
ceE Péh). Hence, its ASI is ar(rll.) = 0 and its ASD d( ) := 0. Therefore, d(l) = a(l-) = 0. Assume now

Amin Amin min

that for all strings of length 2° less than N, the ASD equals the minimum AS], that is

dZ) =42 yos < N, (28)

Amin min
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For some integer s, we construct the minimum ASI string as follows. First, we assemble a doublet from
two basic symbols:
c10C = C(z'b), c1,0 € P(gb). (29)

Its ASI is a(z) = 1 and its ASD is d(Z) = 1. Then for each s > 2 we have C2Ub) with the ASI

min Amin
2

= s — 1 and the ASD d(zsq)

in 4., = S — 1and we construct C (2°b) by joining two copies of C @7Lb)

a
@b o c@h) — c2h), (30)
The ASI of the string C(2"?) is equal to

(2%) @

fin = Iin - T 1= (-1 +1=5, (31)
and, similarly, its ASD is equal to
di) =max(d, ), d2 ) +1= (-1 +1=5. (32)

@) _ @)

Therefore, a donin
be independent, which follows from Theorem 2. The equation (12) establishes that N = 2° is the
largest N for which dr(fl\ljl)l = s. This proves dr(ilsr)l = a?) gr)l = s. Finally, the even part of the
definition of the DPI Definition 4 is the only defining part of this definition iff N = 2°. Hence,
dZ) _ 4N _ ) _ 400

min min = %min

= 5. At any step, we assemble strings (3), and no two assembly steps can

= a

Theorem 15 can be generalized as follows.

Theorem 16. The minimum ASD, minimum ASI ASD, minimum ASI, and DPI are equal to s € N iff

Kp=2142 1=01,...,5-1, s>1 & 4N —gMh_ g _ ;00 _ 33
Proof. The strings (33) (OEIS A173786 or A048645) are the generalization of the strings of length
N = 2571 4 2571 = 25 of the previous Theorem 15. For other lengths of the strings (33), the base case
for s = 2,1 = 0 describes the assembly of a triplet, by joining a symbol to a doublet made in the first
step, so that both the ASI and the ASD of this triplet increase by one. And so on. For any s we can join
a symbol to a string of length N = 25~ assembled in s — 1 steps or join two such strings, as shown in
Figure 3(a).
To see that 511(111\1[111) = 5 (33) holds for Nj # 2° note that there is only one odd part of the definition
of the DPI Definition 4 that restores N = 2°. For example, we reach one starting from Ny = 20 in five
steps through {20,10,5,4,2,1}. O
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(Na) _

min min Amin min

_ a(Nl) — d(Nl) — Q(Nl =S (a) Lengths N?)/ N5/ N9

+ 1 (b-d). Lengths Nys5, Noy of certain strings having the

Figure 3. Lengths of all strings having the property of d
(N. ) — 4N

of certain strmgs having the property of a, min

() — 4N 5 (e,f).

min

property of a

The assembly spaces of other minimum ASI strings can contain independent assembly steps. The
first such case occurs for N = 7, where, for example, the S(Q)

01 dy =1,
(001],[0101] dy =d3 =2, (34)
(0010101] dy =3

results in a string having ma a( ) =4and dgmm = [log,(7)] = 3, since both [001] and [0101] were
assembled from the doublet [01] in two independent assembly steps at the same depth dp = d3 =2,
which is congruent with Theorem 4.

Theorem 17. The minimum ASI strings [20] (strings (15)) of lengths

Np=27143.2, 1=01,...,d=3, d>3 < a™ —g41=/Tlog,(R5)]+1, (35
have only one independent assembly step in their assembly spaces, and excluding this step, they are assembled by
joining the longest string assembled so far with itself. Therefore, their ASI is one greater than the minimum
ASD (9).

7)

Proof. We begin at d = 3 by assembling a C|; using a quadruplet and a triplet assembled indepen-

= [log,(7)] = 3. For d = 4, the

) can be assembled by joining the string Cr(fi)n assembled in three steps and the triplet,

(14)

min

dently (e.g., using an assembly space (34)) with aggn =4 and d,g?m
string (35) C
while the strmg C

min

by joining two strings Cr(m)n made in the previous step. For any d, the shortest

string (35) C ) can be assembled by joining the string C (3) assembled in d — 1 steps and the
(Ns)

triplet, while the remaining strings C, .>’ - by joining two strlngs made in a previous step d — 1, as

shown in Figure 3(b). O
Theorem 18. The minimum ASI strings of lengths

Ns=27145.2, 1=01,...,d—4, d>4 < o —d11="log,(Rs)]+1,  (36)

min
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have only one independent assembly step in their assembly spaces, and excluding this step, they are assembled by
joining the longest string assembled so far with itself. Therefore, their ASI is one greater than the minimum
ASD (9).

(13)

min

through {2,4, (5,8),13} with a*> = 4% 11 = 5. For

N mind R min
any d, the shortest string (36) Cr(nl\i]i) (27 (3) assembled in

min
d — 1 steps with the 5-plet assembled in the independent assembly step, while the remaining strings
C(NS)

min

Proof. We begin at d = 4 by assembling a C
can be assembled by joining the string C

- by joining two strings made in a previous step d — 1, as shown in Figure 3(c). O

Theorem 19. The minimum ASI strings of lengths

Nog=27149.2, 1=0,1,...,d=5 d>5 < a™ —g41="Tlog,(Ne)]+1, (37
have only one independent assembly step in their assembly spaces, and excluding this step, they are assembled by
joining the longest string assembled so far with itself. Therefore, their ASI is one greater than the minimum
ASD (9).

(25)

min

(25) _ 4(29)

Proof. We begin at d = 5 by assembling a C_ ;' witha ;= =d ./

+1 = 6. For any d, we assemble the
shortest strings (37) as

2, 4, 8, (9, 16), 25},
32, 41},
64, 73}, (38)
128, 137},

N e

with one independent assembly step (9,16) to assemble the string of length N = 27~1 and joining
(No)

9-plet at the last step, while the remaining strings C_ .”" - by joining two strings made in a previous

step d — 1, as shown in Figure 3(d). O
Theorems 17-19 allow for the following generalization.

Theorem 20. The minimum ASI strings of lengths

Ryj1i= 2014 (274 41)2, k>5d>k-21=01,...,d—(k-2), © a2 41) 441 = [log, (Nyrsq)] +1, (39)

have only one independent assembly step in their assembly spaces, and excluding this step, they are assembled

by joining the longest string assembled so far with itself. Therefore, their ASI is one greater than the minimum
ASD (9).

Proof. The lengths of the strings (39) are listed in rows in Table 1 starting after the length of the
substring assembled in an independent assembly step marked green. Hence, the first row contains the
lengths of strings of Theorem 17 shown on the diagonal of Figure 3(b), and so on. [
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Table 1. Certain lengths of minimum ASI strings, which are defined by the ASI and the minimum ASI ASD for

2<s<7.

s a(N*) =1 a(N"> 2 a<N*> 3 u(N*) =4 a<N"> =5 a(N*> =6 a(N*) =7 a(l\-]") =8 a(N*) =9 Non i q
| 2] 2 4 3 7 14 28 56 112 224 N3
15 30 60 120 240 480 | N3,

23 46 92 184 368 | N3y

3 2 4 8 3 11 22 44 88 176 N3
27 54 108 216 432 | N3,

43 86 172 344 | N3,

2 4 8 5 13 26 52 104 208 Ns

45 90 180 360 ... | Nsp

4 2 4 8 16 3 19 38 76 152 N3
51 102 204 408 | N3,

83 166 332 | N3y

2 4 8 16 5 21 42 84 168 Ns

85 170 340 co | Nsp

2 4 8 16 9 25 50 100 200 Noy

5 2 4 8 16 32 3 35 70 140 N3
99 198 396 | Ns,

163 326 | Nsp

2 4 8 16 32 5 37 74 148 Ns

165 330 v | Nsp

2 4 8 16 32 9 41 82 164 Ny

2 4 8 16 32 17 49 98 196 ... | Ny

6 2 4 8 16 32 64 3 67 134 N3
195 390 | N3,

323 | Ny

2 4 8 16 32 64 5 69 138 276 | Ns

325 650 | Nsp

2 4 8 16 32 64 9 73 146 No

2 4 8 16 32 64 17 81 162 .. Niy

2 4 8 16 32 64 33 97 194 ... | Nz

7 2 4 8 16 32 64 128 3 131 N3
387 | N3,

2 4 8 16 32 64 128 5 133 266 | Ns

645 | Nsj

2 4 8 16 32 64 128 9 137 Ny

2 4 8 16 32 64 128 17 145 ... | Ny

2 4 8 16 32 64 128 33 161 ... | Nz

2 4 8 16 32 64 128 65 193 ... | Nes

Theorem 21. The minimum ASI strings [20] of lengths

WN7) _ N7 _ (N g g0 g og (Rp)] 41, (40)

min Amin min min

Ny =271 47.29% € {15,30,60,...}, d>4 <& a

are assembled by joining the longest string assembled so far with itself. Their ASI and ASD are the same, one
greater than the minimum ASD (9) and one smaller than the DPI.

Proof. The equality of ASI and ASD of the strings (40) follows from the proof of Theorem 16. Further-
more,

217l il 70074 c0d . o<yt <2l — 0<7<8 V4, (4])

shows that d,(zi]fn) = [log,(N7)] + 1. Finally, &r(fglll) = [log,(N7)] + 2 follows from the DPI Definition 4:
six steps are required to reach one starting from fifteen and additional steps for thirty, sixty, etc., which
completes the proof. [

Theorem 21 seems to allow for the following generalization, which we have validated numerically
based on the OEIS A003313 sequence for N < 10°.

Conjecture 22. For d, I, and Non 1 defined by the relation (39), the following holds

(N2"+1,n)
min

N1 0= Nonyq +24 =3.2471 4 (2"*4 + 1)2’ Ak=5 o = d+2 = [log,(Nyry1,)] +1, (42a)
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min

N2n+1/b = N2n+1 + 2d+1 =5. 2d71 + (2k74 + 1)21 ANk € {5, 6} 54 H(N2n+1’b) =d +3= |—10g2(N2"+1,b)-| + 1, (4:2b)

The lengths of the strings (42a) and (42b) are listed in rows in Table 1.

I T Y Ll | Ll | | L
123456 8910 12 161718 20 24 323334 36 40 48 6465
N

0

Figure 4. The minimum assembly depth ([log,(N)], blue), the minimum ASI assembly depth (magenta), the
minimum assembly index (OEIS A003313, red; logz(N ), red, dash-dot), and depth index (OEIS A014701, green)
forl < N <65.

Furthermore, we have numerically validated the following conjecture.

Conjecture 23. The minimum ASI strings of lengths

Nis:=29"14+15.2), 1=0,1,...,d—5, d>5, (43a)
Nop:=29"14027.20 1=01,...,d—6, d>6, (43b)
Nspo :=50-29649.2l 1=0,1,...,d—6, d>6, (43¢)
have the property of )
aln) = d+2 = [logy(N.)] +2. (43d)

The shortest strings of length Ni5 (43a) can be assembled with the pathways

{2, 4, (5 8), 13, 26, 31}
{... 39, 47},
{

78, 79}, 44

shown in Figure 3(e); the shortest strings of length N7 (43b) can be assembled with the pathways

{2, (3 4), 7, 14, 28, 31, 59}
14 28, 56, 84, 91}

(... )
{... 11 18, 36, 72, 144, 155}
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shown in Figure 3(f); and for any d, the shortest strings of length N5o9 (43c) can be assembled as

{2, 4, 8 (9, 16), 25 50, 59},
{... 100, 109},
{

46
200, 209} (46)

The remaining strings of length Ni5, Na7, and N9 (43) can be assembled by joining two strings made
in a previous step d — 1.

Strings of lengths (33), (35), and (40), revealed in [20] based on the degree of causation, showed
that there are certain regularities among the minimum ASI strings. Here, we extended these results to
strings of lengths (39), (42), and (43).

In general, Theorems 16-21 (in particular Theorem 21) and Conjectures 23 and 22 show a peculiar
interdependence among the minimum ASD (9), minimum ASI ASD, minimum AS], and DP], as shown
in Figure 4. In particular, they show that

¢ the O) of minimum ASI strings having ASI equal to DPI cannot contain strings assembled in
independent assembly steps,

¢ the Os of other minimum ASI strings can contain at least two such strings, and therefore

¢ the assembly space of a maximum ASI string will tend to maximize the number of strings
assembled in independent assembly steps in the (), taking into account the saturation of the () as
it cannot contain more than b" distinct n-plets, and hence to minimize the possible ASD.

We note that the difference between the DPI and minimum ASI is, in general, larger than one. The
assembly spaces of the minimum ASI strings for N < 65 are listed in Table A1.

4. Maximum Assembly Index Strings

The seven-bit string is the longest string that can have the maximum ASI ag;ﬁ? =7—1=6. There

are four such bitstrings containing two clear triplets and the starting bit at the end or the ending bit at
the start, that is
[# % % ko k k] and  [* s s k k k], (47)

and their lengths cannot be increased without a repetition of a doublet, which keeps the ASI at the
same level aﬁﬁ'a'i) =8—-2=6.

This observation and Theorem 2 motivated us to develop a general method to construct the
longest possible string having the maximum ASI al(rﬁf ) (C(n-1)) = N — 1, as a function of the radix b.
We denote the length of this string by N(y_1) or Nyy_1)(b), and we call this string a C(y_1 string.

After a few groping try-outs, we eventually reached two stable methods (cf. Appendices, Meth-
ods Appendix A and Appendix B). In both methods, we start with an initial balanced string of length

3b containing b clear triplets ordered as
[0001112...(b—2)(b —1)(b—1)(b—1)]. (48)

The doublets that can be inserted into the initial string (48) can be arranged in a b x b matrix

D o1 02 ... 0(b-1)

10 K ... 1(b-1)

20 21 ® ... 2(b-1) )
(b=2)0 (b—2)1 (b-2)2 ... (b=2}b=
(b—1)0 (b—11 (b—1)2 ... T=Bf=1|
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where the crossed out entries on a diagonal cannot be reused, as they would form repetitions in
this string. Due to the order of triplets in the string (48) we can also cross out the entries in the first
superdiagonal of the matrix (49). The strings of odd lengths generated by these general methods are
not only the longest but also the most balanced. This can be stated in the following theorem.

Theorem 24. The longest length of a string that has the ASI of N — 1 is given by
Nn-1) =3b+(b—1>=b*+b+1 (50)
(Squarefree numbers, OEIS A353887) and this string is nearly balanced, that is
Nin-1) =bNc+1, (51)

where N = b + 1 is the number of occurrences of all but one symbol within the string, and its Shannon entropy
is

b1 Niy_q —1 Ny-—1\ Npy.p—1+5b Ny —1+b
H(Cy 1) = — Y pelogy(pe) = — (b — 1) — Y logz<< L) - D log, [ ~ - -

= bN(v-1) bN(-1) bN(v-1) PNovny ) (5
1= b+1 \  b+42 b+2 1\ )
Tl 2\ aor1)  Pabt1 2\ Ripa1) R

The proof of Theorem 24 is given in Appendix D. A C(yy_;) string must contain all clear triplets

and all doublets and if it is generated by Method Appendix A or Appendix B it is terminated with 0
and has a form

C(n-1y = [000111222...0]. (53)

Although the case for b = 1 is degenerate, as no information can be conveyed using only one
symbol (H(C(y_1)) = 0 in this case), nothing precludes the assembly of such defunct strings and

the formula (50) yields the correct result; the string [000] is the longest string with ar(lﬁ’,} J=N-1 by
Theorem 1, as for b = 1 the upper and the lower bound on the ASI are the same, ar(rﬁ'l) = ar(rll\i?\ (OEIS
A003313). This is the only case where the maximum ASI is not a monotonically nondecreasing function
of N.

For b = 3, only two doublets can be introduced without repetitions into the initial string (48),
leading to twelve unique strings of length Ny_q) =13

[000111222/0210], [000111222|1020], [20[21]000111222], [21]02]000111222], [0001112[02|22|10], [0001112|10|22|20],
[21]000/20[111222], [000|20|111222|10], [02|00011122210], [20]00]21/0111222], [21|0001112|02|22], [21|000111222|02].

(54)

Finally, we have to multiply the cardinality of this set by 3! = 6 to account for permutations. For
example, the first string (0001112220210, is equivalent to five strings [0002221110120], [1110002221201],
[1112220001021], [2220001112102], and [2221110002012]. Hence, there are seventy-two different strings
of length N(y_1)(3) = 13.

Subsequently, we considered other C(y_y) strings of length N(y_j) with the maximum ASI
amax(Cn—k)) = N —kfork > 1.

Theorem 25. Forallb > 1and 2 < k <9 the longest length of a string that has the ASI of N — k is given by
N(n-k) ="+ b+ 2k (55)

The proof of Theorem 25 is given in Appendix E. This result disproves our upper bound Conjecture
1 for b = 2 stated in our previous study [20]. If the strings of Theorem 25 are based on strings
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generated by Method Appendix A or Appendix B, for b > 2 they owe their properties to the following
distributions of symbols

— [010000111222...10...0],

— [01010000111222...10...0),

= [0101010000111222...10...0],

= [010101000000111222....10...0],
C(N 6) = [01010100000011111222...10...0],
=
=
=

(56)
0101010000000111111222...10...0],
010101000000011011111222...10...0],
01010100100000011011111222...10...0].
For the strings of the form (56) the fractions in the Shannon entropy are
b+k+ fo b+k+fi b+1
=, =, 1= 57
=i PP w@vprok P2 T ok (57)

where fo =3, fi = —1ifk =5and fo = 2, fi = 0 otherwise, as [00] is inserted into Cy_s), [11] into
C(n—6) and [01] or [10] otherwise. This leads to Shannon entropy

P -b-2 b+1 b+k+ fi b+k+fi b+k+ fo b+k+ fo
HCw-0) = ~p3p 2k °g2<b2+b+2k) b2+h+2k10g2<b2+h+2k> D2+ b+ 2k gz(b2+b+2k) (58)

of any Cmax string having length N —k, for 2 < k < 9. The entropies (52) and (58) are shown in

Figure 5. Radix b = 4 is the smallest one at which the entropy (58) is a monotonically decreasing
function of k. For b € {2,3} there is a local entropy minimum for k = 5 and for b = 2 an additional
local entropy minimum for k = 2. Perhaps, the entropy (58) has other local entropy minima for b < 4
and for k > 9.

26

2.4

2.2 1)

f?l.SV -
i<
O
E/I.GV
1.2
1k b=2
0'8 1 1 1 1 1 1 1 ]
1 2 3 4 5 6 7 8 9

Figure 5. Shannon entropies H(C(N,k)) for1 <k<9and2<b<5.

Theorem 26. Ifb > 1and N > Ny_g) then

gy (N—1,b) (59)

o) - [ a1 i N =21,
all- iff N=21+1,
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or equivalently
N b(b+1
) < {2J TLha)) (60)

Proof. Formulas (59) and (60) capture the stepwise linear relation of Theorem 25, shown in Figure 6 for
all N. In other words, if N > N(y_5), then ASl increases by one, where N increases by two (b(b +1)/2

are triangular numbers, OEIS A000217). Once ar(rﬁ’b) is defined by this relation it can only decrease its
slope for N > N(y_g). U

Conjecture 27. If
4b* iff b=2I,

4b*+1)  iff b=21+1, " (61)

N>Nmux:{

then awy) < [N /2| +b(b+1)/2

W.l.o.g. Conjecture 27 can be proven (or falsified) for b = 2. We note that inserting any doublet

into a Cgll\]z_zg) string (A19) at any position forms a triplet. Using the equation (25) of Theorem 14 we

have

as =as—2+1, Ns=N;—2+2,
Ry

as =Ng—1— Z [k,(nr _ 1) _a(cr(n,,b)>],

r=1

a5 9 =Ns_p—1— 1:212 {k,,(n,, 1y a(cénp,m)],
a5 —as—y =(Ns_p +2) —1— :{; [kr(ﬂr -1) - u(Cfnr,b))] _ <N52 11— ’i [kp(ﬂp 1) - a<cr()np,b))]> _ (62)
=2 B ot 16 + 3y ) o ()] =1,
r= s

Ry

3 [k — 1) — a(cl) ] = Rzpl[k,,(n,, —1)—a(cg")] 41,
=

r=1

for any step s if only N(N—z) < Ns < Nmax. Now, assume that Vr, a(Cr("”b)> = n, — 1 and Vp,
a(C;n”'h)> =n, — 1. Then

R, Rp

Z[(kr —1)(n, — 1)] = Z [(kp - 1)(”;7 - 1)] +1,

r=1 p=1 (63)
R, R, R, Ry R, R,
ank,— an— Zkr—l-Rr = ankp— an— ka—l—Rp—l—l.
r=1 r=1 r=1 p=1 p=1 p=1

The proof of the Conjecture 27 must show the conditions for the equations (62) and (63) to hold. We
note that the assumption used in the equation (63) is valid only for n, < Ny_1) and n, < Niy_1). We
note that maximum ASI must rise. If it were constant for N > Ny4y, then at some even larger N it
would inevitably become lower than the minimum ASI bound 2 which also rises, and this would be a
contradiction. The bounds of Theorems 24 and 25 and Conjecture 26 are illustrated in Figure 6.
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Table 2. Distributions of n-plets in strings of maximum ASI.
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5. A Method of Generating a Maximum Assembly Index String

The results thus far led us to a simple method of determining the ASI of a maximum ASI string
and strengthened our Conjectures 3 and 4 stated in the previous study [20]. The method is based on
unique 2°-plets and powers of two, as shown in Table 2. First, a maximum ASI string is sequenced,
every two symbols to find the number ny4p of unique adjoining doublets x2). In particular, a
C(N-1) string (A3) or (A4) contain the maximum of [N( N-1)/ ZJ unique adjoining doublets, a C(y_»)
string (A13) contains the maximum of N(y_5)/2 — 1 unique adjoining doublets, and so on. In general,
a C(y_y) string contains the maximum of

Nn- b(b+1)/2=%" 1 iffk=1
— (N—k) _ _ 1=1 ’ 64
"tuAD { 2 J ki { b(b+1)/2+1=Y]  1+1 iffk#1, 64)

unique adjoining doublets, where N(n_x) is given by the relations (50) or (55), which is independent
of k.

Subsequently, these doublets form x4 ;) unique adjoining quadruplets, quadruplets form x8
unique adjoining octuples, and so on depending on the length of the string N and the radix b, as there
can be at most b* unique 2°-plets. The columns "last 2°" indicate if the assembled string should be
terminated with a single substring of length 2° in descending order. The empty fields in the respective
columns for N > 1 indicate that a given x2° substring can be interpreted as either a "regular” single
x 2% substring or a last x2° substring if x2° = 1. Furthermore, each x2° step and all last 2° steps are
tantamount to one ASD level.

For example, the Ny _3) string (A20) of length N(y_3) = 18 for b = 3 can be assembled as

001=1[01],000=[00],101=[11],102 = [12],

202=22],100 =[10],200 = [20] (x2(_3, =7),
[01] o [01] = [0101], [00] o [00] = [0000], [11] o [12] = [1112], [22] o [10] = [2210] (x4 = 4)
[0101] o [0000] = [01010000], [1112] o [2210] = [11122210] (x8 = 2), (©5)
(01010000] o [11122210] = [0101000011122210] (x16 = 1),
[0101000011122210] o [20] = [010100001112221020] (last x 2),

7+4+2+1+4+1=15steps,dy5 = 5.

Similarly, the Ny _1) string (A3) of length Ny_1) = 21 for b = 4 can be assembled, as shown in
Table 2 as
000=1[00],001=101],101=[11],202 = [22],203 = [23],
303=[33],100=[10],201 = [21],302=[32],003 = [03] (x2—_4) = 10),
[00] o [01] = [0001], [11] o [22] = [1122], [23] o [33] = [2333],

[10] o [21] = [1021], [32] o [03] = [3203] (x4 =5),
[0001] o [1122] = [00011122], [2333] o [1021],[23331021] (X8 = 2), 6)
[00011122] 0 [23331021] = [0001112223331021] (x16 = 1),
[0001112223331021] o [3203] = [00011122233310213203]  (last x 4),
[00011122233310213203] 0 0 = [000111222333102132030]  (last x 1),

10+5+2+4+1+1+1=20steps,dy = 5.
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Furthermore, for b = 1 the method produces the DPI (OEIS A014701). For example, the string of
length N = 15 can be assembled in six steps as

000=1[00], (x24_y)=1),
[00] o [00] = [0000]  (x4(—1) =1),
[0000] © [0000] = [00000000]  (x8,_1) = 1),
[00000000] o [0000] = [000000000000]  (last x 4), )
[000000000000] o [00] = [00000000000000] (last x 2),
[00000000000000] o [0] = [000000000000000]  (last x 1)

1+14+1414+1+4+1=6steps,ds =4,

where obviously max(x2°) = 1. However, this is the 15 exception for b = 1 as the ASI of this string is
five if it is assembled using doublet [00] and triplet [000].

We further note that the method illustrated in Table 2 cannot be used to construct the maximum
ASI string. For example, both the following two distributions of doublets for N = 6 satisfy the
distributions of Table 2. However, only the left one correctly reflects the maximum ASI of the assembled

string.
000=1[00],001=[01],101=[11] (X2p=2) =3),  000=1[00],100 = [10],101 = [11] (X2(2) = 3),
[00] o [01] = [0001] (x4=1), [00] o [10] = [0010] (x4=1), 68)
[0001] o [11] = [000111] (last x 2), [0010] o [11] = [001011] (last x 2),
3+1+1= 5 steps,ds =3, 3+1+1= 5#4steps,ds =3,
as the right one can be assembled in four steps with P = {0,1,01,... }. Similarly, only the top

distribution of doublets below correctly reflects the maximum ASI of the assembled string for N = 10

001 =[01],000=[00],101 = [11],100 = [10] (X2(pmn) = 4),
[01] o [00] = [0100], [00] o [11] = [0011] (><4 =2),

[0100] o [0011] = [01000011] (x8=1),

]

[01000011] o [10] = [0100001110 (last x 2),
4+24+1+1= 8 steps, dg = 4
(69)
000=[00],001=1[01],100=[10],101 = [11] (X2(p—2) = 4),
[00] o [01] = [0001],[10] o [11] = [1011] (x4=2),
[0001] o [1011] = [00011011] (x8=1),
[0001011] o [11] = [0001101111] (last x 2),
4424141 8#6steps,dg =4,
as the bottom one can be assembled in six steps with P = {0,1,11,011,... }. Furthermore, this

method tends to exaggerate the estimated maximum ASI Value, that is,

b b
amx) < a4 (i), (70)
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(N,b)

etho
the f1rst six strings below contain four unique doublets instead of the required three. Therefore

where a1 1 is the ASI of a string Cy determined by the method illustrated in Table 2. For example,

= [00]10[0111], 82)(&) =5, Gponod(C1) =7,
— [oo[10[11(01], a®?)(Cy) =5, B2 (Cr) =7,
— [oojo1[10[11], a®?)(C3) =5, B2 (C3) =7,
— [o0jo1[11[10], a3 (Cy) =6, B2 (Cy) =7, o
— [o0[11[10[01], a®2)(C5) =5, a®2) (C5)=7,
Ce = [00[11]01|10], 82)(66) =5 a2 (Co) =7,
C7 = [00/01[11]00], a5 (C)=6= 42 (C;) =6.

Further research should consider researching the formula equivalent to (50) that captures a quadruplet
repetition, similarly as b* + b! + b° captures a doublet repetition.

6. Discussion

The mathematical findings of this study, especially the theorems concerning the ASI, DPI, and
ASD, provide a framework for understanding the principles underlying the assembly of biological
macromolecules such as DNA and proteins. These theorems offer insights into how the complexity
and functionality of biological sequences are governed by underlying mathematical principles. For
instance, here we demonstrate that a DNA strand of length N containing four nucleobases cannot
represent a minimum ASI string without violating Chargaff’s rules and Theorem 3, which establishes
that a minimum ASI string can contain at most two distinct symbols if N = 2° and at most three,
otherwise.

The fundamental interplay of entropy, energy, and temperature is inherent in thermodynamics.
Although increasing entropy is a natural tendency of thermodynamic systems following the second law
of thermodynamics, dissipative structures, including biological ones, which are open, can decrease their
internal entropy by increasing the entropy of their surroundings. By evolving sequences with lower
entropies, organisms may achieve more stable and energetically favorable configurations. Despite
the mathematical ideal of maximum entropy in balanced strings, biological systems often deviate
from this balance. This is evident in natural sequences, where certain nucleotides or amino acids
are more prevalent, resulting in lower entropy. For example, the Shannon entropy of the SARS-CoV
genome containing N = 29903 nucleobases decreased from H = 1.3565 to 1.3562 within two years
after the Wuhan outbreak [20,31], (anzugr? 03) _ 19). If the length of a DNA strand is constant, it will
tend to evolve to decrease the Shannon entropy [7,31] and, hence, to become less balanced. Here we
show that any maximum length string without substring repetitions, that is a maximum ASI string
with a%f J=N- 1, is inherently the most balanced: all but one symbol occur b + 1 times and one
symbol occurs b + 2 times within such string C(y_1). However, longer maximum ASI strings Cy_y,
become less balanced and, hence, their entropies (58) decrease. Notably, radix b = 4 is the smallest
one at which the entropy (58) is a monotonically decreasing function of k. Together with Theorem 3
this could be the reason why nature has chosen four nucleobases to encode genetic information. The
tendency of biological sequences to become less balanced and thus exhibit lower entropy may reflect
an underlying drive toward minimizing the energy required for their assembly and maintenance. This
evolution toward energetically favorable states supports the principle that natural systems evolve in
ways that reduce free energy, aligning with fundamental thermodynamic and biological principles.
More complex sequences require more assembly steps and, consequently, more energy. This energy
consideration can influence evolutionary processes, as organisms that synthesize essential proteins
and nucleic acids more efficiently may have a selective advantage. Metabolic efficiency is critical for
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survival, especially in environments where resources are limited, so there is evolutionary pressure to
minimize the energy costs associated with macromolecule assembly. Understanding these relationships
enhances our comprehension of molecular evolution and the factors that influence the complexity of
biological macromolecules.

Analogously, in theoretical physics, black holes - objects of maximal entropy - also consolidate
all available energy, suggesting that systems may reach energy minima through configurations that
balance entropy and energy. The energy of a black hole conceptualized as a balanced bitstring [28],
can be two times the energy of the entropy variation sphere that it generates [29], indicating that a
tendency toward imbalance seems to be associated with the minimum energy condition.

In summary, our theorems provide a mathematical underpinning biological phenomena such as
the preference for radix b = 4 in genetic encoding and the evolutionary trend toward lower entropy.
Integrating AT into biological contexts opens avenues for a fundamental mathematical understanding
of evolutionary processes, responding to the call for a precise and abstract mathematical theory of
evolution [32].
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Appendix A. Method A for Generating C(y_) String

We start with a string of clear triplets (48). In the 15t step, we form a string containing doublets on
the first subdiagonal of the matrix (49) starting with 10

[102132... (b —2)(b—3)(b—1)(b - 2)], (A1)

and we append it to the string (48). With this step, we also eliminate the doublets on the second
superdiagonal starting with the doublet 02, as well as the doublet (b — 1)1. In the 2" step, we form a
string containing doublets on the third superdiagonal beginning with the doublet 03

[0314... (b —5)(b—2)(b—4)(b—1)], (A2)

and append it to the string formed so far. With this step, we also remove the doublet (b — 2)0 and
the middle part of the second subdiagonal containing {31,42,..., (b —2)(b —4)}. And so on. Finally,
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we append 0 if b is even. This process is illustrated in Figure Al and for 3 < b < 13 generates the
following C(y_y) strings

000111222(10|20],

000111222333|102132(030],

000111222333444(10213243|0314/20|40],
000111222333444555|1021324354|031425|0415[20530],
000111222333444555666|102132435465|03142536|041526]2064|0516|30],
000111222333444555666777|10213243546576|0314253647|04152637|2075(051627|306174/0],

... |1021324354657687|031425364758|0415263748|2086|05162738| 306172850718 40],

... |102132435465768798|03142536475869|041526374859|2097 0516273849 (A3)
3061728396|071829]408195|0],
[...]10213243546576879849|031425364758697a|04152637485964|20a8)|
051627384954|306172839447|0718293a(40819246|091a|50],
[...]10213243546576879849ba|031425364758697a8b|0415263748596a7b| 2009
05162738495a6b|3061728394a5b8|0718293a4b|40819243b7|09142b|50a1b60],
[...]102132435465768798a9bach|031425364758697a8b9¢|0415263748596a7b8¢|20ca|
05162738495a6b7c¢|3061728394a5b6¢9|0718293a4b5¢|408192a3b4c8|091a2b3¢|50a1b2¢7|0b1c|60].

3 4 5 6 7 8 9
0 > 2 > 2 3 0 > 2 3 > 2 3 5 0 > 2 3 5 7
J oo Jo1 fo2 [{ oo |o1 o2 O3 [V (0O |01 |02 |O3: J oo |o1 fo2 f03 05 |\ |00 [o1 |02 |03 05 |06 [ [00 |01 |02 |03 05 [06 [07 |1 06 |07 |08
1 |10 |11 J12 1f10 |11 |12 |13 1f10 |11 [12 |13 (14 110 J11 |12 |13 |14 1j10 11 f12 |13 |14 16 1j10 J11 |12 |13 |14 16 |17 16 |17 |18
2 |20 [21 |22 20 |21 [22 |23 4[20 21 |22 |23 |24 4120 |21 |22 [23 |24 [25 4120 [21 |22 [23 |24 [25 4120 |21 |22 |23 |24 |25 27 27 |28
30 31 [32 |33 30 |31 [32 |33 [34 30 |31 [32 |33 [34 |35 6-31 32 [33 |34 [35 |36 Sqé}l 32 |33 [34 |35 [36 36 38
40 |41 [42 |43 [44 40 [41 |42 [43 |44 [45 40 [41 |42 [43 |44 [45 |46 40 [41 |42 [43 |44 [45 |46 (47 46 |47
1 50 |51 |52 |53 |54 |55 50 |51 |52 |53 |54 [55 [S6 50 |51 [52 |53 [54 |55 [56 |57 56 [57 |S8
60 |61 |62 |63 |64 [65 |66 60 62 |63 |64 |65 |66 |67 66 |67 |68
70 |71 (72 |73 75 |76 |77 76 |77 |78
86 [87 |88
10 11 12 13
0 > 2 3 5 7 0 > 2 3 5 7 9 > 2 3 5 7 9 11
4 [00 fo1 o2 |03 05 [06 |07 |08 |09 0a [{ [00 [01 |02 |03 05 [06 |07 |08 0a [ob [{ [00 o1 |02 |03 05 [06 |07 |08 0a Oc
1j10 |11 f12 |13 |14 16 |17 |18 |19 1f10 |11 |12 |13 (14 16 |17 |18 |19 bl 1[10 |11 J12 [13 |14 16 |17 |18 |19 bl
4120 [21 [22 |23 |24 |25 27 (28 |29 2a 4120 |21 [22 [23 |24 |25 27 (28 |29 |2a 4120 [21 [22 |23 |24 |25 27 [28 |29 |2a 2c
6 31 [32 |33 |34 |35 [36 38 |39 3a 6 31 |32 |33 |34 |35 [36 38 |39 |3a [3b 6 31 [32 |33 |34 |35 [36 38 |39 |3a |3b
8 41 |42 [43 [44 |45 |46 |47 49 4a 8 41 [42 [43 |44 |45 |46 |47 49 |4a [4b 8 41 |42 [43 [44 |45 |46 |47 49 |4a |4b |4c
50 [51 [52 |53 |54 |55 [56 [57 |58 5a | 10[50 |51 |52 |53 [54 [55 |56 |57 |58 5a |5b | 10[50 [51 [52 |53 |54 |55 [56 [57 |58 5a |5b [Sc
60 62 [63 [64 |65 |66 |67 [68 |69 60 62 |63 |64 |65 |66 |67 |68 [69 6b | 12|60 62 [63 |64 |65 |66 |67 [68 |69 6b |6c
70 {71 73 |74 |75 |76 |77 [78 |79 7a 70 (71 73 {74 |75 |76 |77 |78 |79 |7a 70 |71 73 |74 |75 |76 |77 [78 |79 |7a 7c
80 82 84 [85 [86 |87 |88 |89 8a 80 82 84 |85 [86 [87 [88 |89 |8a [8b 80 82 84 185 |86 [87 [88 |89 |8a |8b
90 [91 [92 |93 |94 97 [98 [99 9a 190 |91 93 95 |96 |97 [98 [99 [9a |9b 190 |91 93 95 |96 [97 [98 [99 [9a |9b |9¢c
aa a0 |al a2 a4 a6 |a7 |a8 [a9 [aa |ab a0 |al |a2 a4 a6 |a7 |a8 |a9 [aa [ab Jac
b0 |bl |b2 |b3 [b4 [bS |b6 b9 |ba |bb b0 [b1 |b2 |b3 bS b7 [b8 |b9 |ba |bb [bc
0 fc1 |c2 |c3 [c4 |c5 [c6 |c7 ca [cb |cc
14 15 16
0 > 2 3 7 9 11 > 2 3 5 7 9 11 13 0 > 2 3 5 7 9 11 13
(0o fo1 |o2 |03 05 |06 |07 |08 0a Oc [od [ (00 |01 |02 |03 05 |06 [07 |08 0a 0c |0d [0e [{ |oo o1 |02 (03 05 [06 |07 |08 0a Oc |0d [0e [Of
1[10 |11 J12 [13 [14 16 |17 |18 |19 bl 1d 1{10 |11 J12 |13 [14 16 |17 |18 |19 bl 1d |le 1f10 |11 |12 [13 |14 16 (17 |18 |19 bl 1d |le [1f
4120 (21 |22 (23 |24 |25 27 |28 |29 |2a 2c 4120 |21 |22 [23 |24 [25 27 |28 |29 |2a 2c 2e 420 (21 |22 (23 |24 (25 27 |28 |29 |2a 2c 2e |2f
6 31 [32 |33 |34 |35 [36 38 [39 |3a |3b 3d 6| 31 (32 |33 |34 |35 |36 38 (39 [3a |3b 3d 6 31 [32 |33 |34 |35 [36 38 [39 |3a |3b 3d 3f
8 41 [42 |43 [44 |45 |46 |47 49 |4a |4b |4c 8| 41 |42 |43 |44 |45 |46 |47 49 |4a |4b [4c de 8 41 |42 [43 [44 |45 |46 |47 49 [4a [4b |4c 4e
10|50 |51 [52 |53 |54 |55 [S6 [57 |58 5a |S5b [5c¢ [5d | 1050 |51 [52 [53 |54 |55 |56 [57 [S8 5a [Sb |5¢ |5d 10|50 |51 [52 |53 |54 |55 [56 [57 |58 5a [5b [5c¢ |5d 5f
12|60 62 [63 [64 |65 |66 |67 [68 |69 6b |6c |6d | 12(60 62 [63 [64 [65 |66 |67 |68 |69 6b |6c |6d [6e [ 12|60 62 [63 |64 |65 |66 |67 [68 |69 6b |6c |6d |6e
70 |71 73 |74 |75 |76 |77 |78 |79 |7a 7c [7d | 14 71 73 |74 [75 |76 |77 |78 [79 |7a 7c |7d |7e | 14 71 73 |74 |75 |76 |77 |78 |79 |7a 7c |7d [7e |7f
80 82 84 (85 |86 |87 |88 |89 [8a |8b 8d 80 82 84 [85 [86 |87 |88 |89 [8a [8b 8d [8e 80 82 84 |85 |86 [87 [83 [39 |8a |8b 8d |8e [8f
|90 |91 93 95 |96 |97 [98 [99 [9a |9b |9¢c [90 [91 93 95 |96 [97 [98 [99 |9a |9b [9¢ 9e 190 |91 93 95 |96 |97 [98 [99 [9a |9b |9¢ 9e |9f
a0 |al |a2 ad a6 [a7 [a8 |a9 |aa [ab [ac [ad a0 [al |a2 ad a6 [a7 [a8 [a9 |aa |ab |ac [ad a0 |al fa2 ad a6 [a7 |a8 |a9 |aa [ab [ac [ad af
b0 [b1 |b2 |b3 bS b7 [b8 |b9 |ba |bb [bc [bd b0 |b1 |b2 |b3 b5 b7 b8 |b9 |ba |bb [bc [bd |be b0 [b1 |b2 |b3 bS b7 [b8 [b9 |ba |bb |bc [bd |be
cO fel |c2 [e3 |c4 c6 c8 [c9 |ca |cb |cc [cd c0 fel |c2 [e3 |c4 c6 c8 [c9 [ca |cb |cc fcd [ce cO fel fc2 [e3 |c4 c6 c8 |9 [ca [cb fcc |cd |ce |cf
d0 [d1 [d2 [d3 |d4 d5 [d6 [d7 |d8 db [dc [dd d0 |d1 [d2 [d3 |d4 |dS d7 d9 [da [db [dc |dd |de d0 [d1 [d2 [d3 |d4 |dS d7 d9 [da [db [dc |dd |de |df
€0 |el [e2 [e3 |e4 |e5 |e6 [e7 [e8 |eS ec_led [ee e0 HEZ e3 |ed [e5 |e6 e8 ea leb |ec [ed [ee |ef
fo [f1 |f2 |f3 |f4 |f5 [fS 7 f9_|fa fd |fe [ff

Figure Al. Doublet matrices for 1 < b < 16 that illustrate the generation of N(y_1 strings according to
Method Appendix A. Colored doublets are appended to the initial string of clear triplets in the order indicated by
arrows starting from the 1%t column or row. Finally, 0 is appended at the end, if b is even.
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Appendix B. Method B for Generating C(y_1) String
3 4 5 6 7 8 9
> 1 0 > 1 > 3 1 0 > 3 1 > 3 5 1 0 > 3 5 1 > 3 5 7 1
J oo Jo1 fo2 [{ |oo |o1 fo2 [03 |1 IDO |Ol 02 (03 |04 |\ |oo [o1 |02 |03 |o4 [o5 [{ |oo |01 [02 (03 05 06 [{ |00 |01 |02 |03 |04 06 07 [\ |00 |01 (02 |03 |04 06 (07 |08
2 |10 11 |12 2(10 |11 J12 |13 2|10 (11 |12 |13 |14 2|10 (11 |12 |13 |14 15 2(10 |11 |12 [13 |14 16 2|10 (11 |12 |13 |14 |15 17 2|10 [11 )12 |13 |14 |15 17 |18
20 |21 (22 20 |21 |22 |23 4H21 22 |23 [24 20 [21 [22 |23 |24 |25 20 |21 |22 |23 |24 |25 20 |21 [22 |23 [24 |25 |26 20 [21 |22 |23 |24 |25 |26 28
30 |31 |32 |33 30 (31 [32 |33 |34 4 31 |32 |33 [34 35 6(30 |31 |32 [33 [34 |35 |36 4 31 |32 |33 [34 [35 |36 |37 4 31 |32 [33 [34 [35 |36 |37
|40 |41 42 |43 |44 m 42 |43 |44 |45 4 41 [42 |43 [44 |45 |46 40 42 |43 |44 [45 |46 |47 8|40 42 |43 |44 |45 |46 |47 |48
1 2 53 |54 |55 52 |53 |54 |55 [56 6 51 53 |54 |55 |56 [57 50 |51 53 [54 |55 |56 |57 [S8
0 m 63 |64 |65 |66 60 62 64 |65 |66 |67 6 61 |62 64 |65 |66 |67 |68
[00 Jo1 ] 70 [71 73 75 |76 |77 70 72 |73 75 |76 |77 [78
80 [81 83 |84 86 [87 |88
10 1 12 13
0 > 3 5 7 1 > 3 5 7 9 1 0 > 3 5 7 9 1 > 3 5 7 9 11 1
J |00 |o1 fo2 |03 |o4 06 (07 [08 |09 |\ |00 [01 |02 |03 |04 06 (07 09 [0a [ |00 o1 [02 [03 |04 06 |07 |08 0a [0b [{ |00 |01 |02 |03 |04 06 |07 09 0b |Oc
2|10 (11 |12 |13 |14 |15 17 |18 |19 2(10 |11 |12 |13 |14 |15 17 |18 la 2(10 (11 |12 |13 |14 |15 17 |18 |19 bl 2|10 (11 |12 |13 |14 |15 17 |18 la 1c
20 [21 |22 |23 24 |25 |26 28 [29 20 [21 |22 23 |24 [25 |26 28 |29 20 [21 |22 23 |24 [25 |26 28 |29 |2a 20 [21 |22 |23 |24 |25 |26 28 |29 2b
4 31 |32 |33 [34 [35 |36 |37 39 4 31 (32 |33 |34 |35 |36 [37 39 |3a 4 31 (32 |33 |34 |35 |36 [37 39 [3a |3b 4 31 |32 |33 |34 |35 |36 |37 39 [3a 3c
40 42 [a3 a4 |45 a6 [a7 a8 40 42 |43 a4 |45 |46 [a7 48 42 40 42 |43 a4 |45 |46 [a7 48 4a [ab 40 42 [a3 [aa [a5 |a6 [a7 |48 4a |ab
6 51 53 [54 [55 |56 |57 |58 [59 | 10|50 |51 53 [54 |55 |56 |57 [S8 |59 6 51 53 [54 |55 |56 |57 [S8 |59 Sh 6 51 53 [54 |55 |56 |57 [S8 |59 Sb |5¢
60 62 64 |65 |66 |67 |68 |69 6 61 [62 64 [65 |66 |67 |68 [69 |6a 60 62 64 [65 |66 |67 |68 [69 |6a 12 62 64 |65 |66 |67 [68 |69 |6a 6¢
8|70 |71 73 75 |76 |77 |78 |79 70 72 |73 75 |76 |77 |78 |79 |7a 8|70 |71 73 75 |76 |77 |78 |79 [7a |7b 70 |71 73 75 |76 |77 |78 |79 [7a |7b
80 [81 (82 84 86 [87 |88 |89 8[80 |81 83 [84 86 [87 |88 |89 [8a 80 [81 |82 84 86 |87 |88 |89 [8a [8b 8[80_[81 82 84 86 |87 |88 |89 [8a [8b [8c
90 |91 [92 |93 95 97 [98 |99 ng 92 94 |95 97 |98 [99 |9a | 10|90 (91 |92 |93 95 97 [98 |99 |9a |9b 90 |91 [92 |93 95 97 98 [99 |9a |9b |9¢c
a0 [al [a2 |a3 a5 |ab a8 [a9 |aa a0 [al |a2 |a3 |ad a6 a8 |a9 [aa [ab | 10/a0 [al [a2 a3 |a4 a6 a8 [a9 |aa |ab [ac
b0 (bl [b2 |b3 |b4 b5 b7 b9 [ba |bb b0 |bl |b2 |b3 [b4 |bS b7 b9 [ba |bb |bc
c0 [c1 e2 |c3 [e4 [c5 [c6 c8 ca [cb |cc

Figure A2. Doublet matrices for 1 < b < 13 that illustrate the generation of N(y_1) strings according to
Method Appendix B. Colored doublets are appended to the initial string of clear triplets in the order indicated by
arrows starting from the 15t column or row. Finally, 0 is appended at the end, if b is even.

This method is similar to the Method Appendix A. We also start with a string of clear triplets
(48) and the matrix of doublets (49) with a crossed diagonal and the first superdiagonal. In the first
step, we append the doublet 0(b — 1) (top right doublet of the matrix of doublets (49)) at the end of the
string (48). Next, we generally perform the following pairs of iterations:

1.  we check subsequent subdiagonals until we find one that does not contain a doublet present in
the string formed so far, we append it at the end of this string and proceed to step 2;

2. we check subsequent superdiagonals until we find one that does not contain a doublet present in
the string formed so far, we append it at the end of this string and proceed to step 1.

Finally, we append 0 if b is even. The method is illustrated in Figure A2 and for 3 < b < 13 generates
the C(yy_1) strings in the form

[000111222(0210],

[000111222333|03|1021320],

[000111222333444|04|10213243|0314|20],

[000111222333444555(05|1021324354|031425|3041520],
[000111222333444555666|06|102132435465|03142536|405162|041526/30],
[000111222333444555666777|07|10213243546576|0314253647|3041526374|051627|5061720],

[.. . 08]1021324354657687|031425364758|304152637485|05162738|607182|061728|40],

[.. . |09]102132435465768798|03142536475869|30415263748596|0516273849|5061728394|071829|7081920],
[...|0a|10213243546576879849|0314253647586974|3041526374859647|051627384954]
60718293a4|0617283944|809142|081924|50],

[.. . |0b[102132435465768798a9ba| 031425364758697a8b|30415263748596a7b8|05162738495a6b |
5061728394a5b6|0718293a4b|708192a3b4|09142b|90a1b20],

[.. . |0c|102132435465768798a9bach|031425364758697a8b9¢|30415263748596a7b8c9|05162738495a6b7c|
5061728394a5b6c7|0718293a4b5¢|8091a2b3c4|08192a3b4c|a0b1c2|0a1b2c|60).

(A4)
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Appendix C. A String with Exactly Two Copies of All Doublets and No Repeated
Triplets

A string that has exactly two copies of all doublets and no repeated triplets can have a form (for
be{1,2,3,4,5})

[0000]

[00001111]010]

[000011112222|1021|202010] (A5)
[0000111122223333|102132|101202303203130]
[00001111222233334444(10213243|1012023034041304242143203140]

and has a length of
Nop =2b% +b+1. (A6)

A suboptimal method for its generating (with repeated triplets) is illustrated in Figure A3.

1 2 3 4 5 6 7 8
> 2 > 2 4 > 2 4 6 > 2 4 6 8 > 2 4 6 8 10

> 2 4 6 8 10 12

00 Jo1 | +[oo Joa Joz ] +[oo Joa Joz Joa '] +[oo Jox Jo2 Joa | 4 [oo Joa [o2 04 |05 02 o+ J88os | [0 Jox [o2 04 06 [07
120 |11 | 1f10 |11 |22 [ 1|10 11 f12 |13 | 1|10 [11 |12 [13 15 12 |13 1|10 f11 |12 |13 15 17
20 [21 |22 | 3[2021 |22 [23 | 3[20021 [22 |23 |24 22 26 | 320021 [22 [23 [os 26
3233] s 32 [33 |34 35 32 5 32 |33 34 [35 37
40 | 43 |44 45 7|40 43 |44 |45 |46
55 9[50 |51 54 |55 |56 |57

11|60 62 65 |66 |67
70 |71 73 76 |77

Figure A3. Doublet matrices for 1 < b < 8 that illustrate the generation of N,p strings containing exactly
two copies of all doublets. Colored doublets are appended to the initial string of clear quadruplets in the order
indicated by arrows starting from the 1%t column or row. Finally, 0(b — 1)0 is appended at the end. The 15t
superdiagonal is appended as 01234 .. ..

Appendix D. Proof of C(y_1) String Theorem

The N(y_1) given by the formula (50) is an odd number for all b. The first element 3b is the
length of the initial string (48) containing b clear triplets and b? — b — (b — 1) is the number of doublets
available in the matrix (49) after crossing out b doublets on its diagonal and b — 1 doublets on its
superdiagonal that are present in the starting string (48). By definition, a C(y_1) string cannot have
any repetitions. To be the longest, it must contain all doublets in the matrix (49) and all clear triplets.
Furthermore, to be the most patternless, this string must maximize Shannon entropy; must be the most
balanced. For the string of the form (51) the fractions in the Shannon entropy are

Netl N,
— , , ,...,b— =
Nv-yy 7770 Ninvoa

po , (A7)

where w.1.0.g. we assume that the symbol occurring Nc(b) + 1 times within the string is ¢ = 0. To see
that the Shannon entropy (52) of a C(y_1) string can be approximated by log, (b) for large b, first notice
that1 — b2 < 0and V2 +b+1 > 0,Yb > 1. Furthermore, ¥b > 0, b+ 1 < b% + b + 1, which implies

that the first term

log, <bzi—+b:—1> <0. (A8)
Similarly the second term,

log, (%) < 0. (A9)

Hence, the entropy (52) can be approximated by the dominant contribution from the first term, which
is log, (b).
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The strings given by the relation (50) are not the shortest possible ones. Strings satisfying the
equation (51) and satisfying min(bNc(b) + 1) > Ny_1)(b — 1) are given by b% + 1 (OEIS A002522).
They can be constructed to contain all possible doublets but without any triplets, starting with an
initial balanced string of length 2b containing b clear doublets ordered from the main diagonal of the
doublet matrix (49). Furthermore, their entropies are smaller than the entropies of the strings given by
the equation (50). Namely Vb > 1

1-b? o b+1 . b+2 o b+2 >b(1—b)10 b 7b+110 b+1 (A10)
P+l o2\ rpr1 P+l o2\ rpr1 21 o8\ 21 o8\ )

Now, assume a contrario that a string CE N-1) longer than Ny _1) can be constructed, say of length

NéN—l) = N(n-1) + 1. But in this case, the corresponding H(CZN—l)) < H(C(y—1))- The string of the
length given by the formula (50) maximizes the Shannon entropy if it must additionally satisfy the
relation (51). Thus, Theorem 24 is proven.

Appendix E. Proof of C(y_y) String Theorem

We start by noting that for b = 1, N(yy_5)(1) = 5, as the ASI of [00000] is the same as the ASI of
[000000], N(n—_3)(1) = 7, as the ASI of strings of seven and eight same symbols is three, there is no
N(n-4)(1), and so on. Hence, Theorem 25 does not hold for b = 1.

A C(y_1) string contains all doublets. Hence, inserting any basic symbol into any position
inevitably leads to a repetition of a doublet. W.l.o.g. we append it at the start of the C(y_;) string,
obtaining a string

N, 1,b
Cr = [%000111222...], oo+ )(Ck) =N-2. (A11)
Another symbol can be introduced to this string without an additional doublet repetition provided
that it adjoins the previously introduced symbol, which gives a string

C; = [**000111222...], o Nov-n +2) (C)=N-2, (A12)

leading to the repetition of the doublet x* or *0 but not both of them (here we allow * = *). Hence,
both the length and the ASI of this string increase by one. Finally, 0 can be appended at the start of this
string without an additional doublet repetition provided that « # 0 and * = 0 and the string becomes

C(n—2) = [0%0000111222....], o {Nv- +35) (Cin_2)) =N -2, (A13)

leading to the mutually exclusive repetition of the doublet 0x, x0 or 00, so that also both length and the
ASI of this string increase by one. An insertion of another symbol into the string (A13) at any position
will maintain or even decrease the ASI of this newly formed string. For example, appending O at the
start of the C(y_») string (A13), where x =1

[0010000111222...]. (Al14)

forms a 001 triplet based on 00 doublet leading to a decrease of the ASI of this longer stringtoa = N — 4
as compared to a = N — 2 of the string (A13).

C(N—p) string (A13) must contain only two copies of a doublet. Hence, a clear quadruplet (bbbb)
and a pattern binding different symbols adjoining this quadruplet, such as [...abbbbc...abc...],
[...abbbbaba .. .|, etc. must be present, so that any Cy_,) string contains only one pair of repeated
doublets ab, bb, or {bc, ba} (See also Appendix C). For example, for N = 10, sixteen bitstrings

(0100011110], [0111100010], [0111101000], [0100001110],

Al5
[0001011110], [0001111010], [0101111000], [0111000010] (A19)

(an additional eight are given by swapping 0 with 1) have the ASI a = N — 2 = 8, where the underlined
string (A15) is the one that we formed for b = 2. Each string C(n-2) (A15) contains three pairs of
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doublets [01], [10], and [**] overlapped in such a way that only one pair can be reused from the Q) to
decrease the maximum N — 1 ASI by one.
Searching for a C(y_3) string, w.l.o.g. we append « 7 0 at the start of the C(y_) string (A13)

b
Cp = [+010000111222...], a0 ™ (c) = N -3, (A16)

If x = 1, we have the same three doublets 10. Otherwise, we have two pairs of the same doublets *0
and 10. Both cases are equivalent by Theorem 8. An insertion of another symbol to this string may
maintain or even decrease the ASI of this newly formed string. To maximize its ASI, another symbol
must adjoin *. Hence, we append * at the start, where V* and Vx # 0, a string

N, 5,b
C; = [* % 010000111222 ..], A Nov-n ¥ )(q) =N-3, (A17)

has an increased length and ASI. W.Lo.g. for b = 2 we have four bitstrings (A17), wherein three of
them

Ci?% = [000100001110], a(C{*?) =12 -4 =3,
c{®? = [110100001110], a(cSz'Z)) =3, (A18)

c{** = [100100001110], a(c5*?) =3,

have the same non-maximum ASI and only one have the maximum ASI

C&fﬂ) — [010100001110], a'n¥- 5% (cgﬁfg)) =12-3=09, (A19)

and cannot be further extended along with the increment of the ASI. Therefore

Nb (Non-1)+5b) ¢ ~(Nb
CiN'h) = [01010000111222...10. ], ama " (C(y"4) = N =3, (A20)
and the ASI of this newly formed string increases again. However, the insertion of another symbol
into this string will maintain or even decrease the ASI of this newly formed string. Any C(y_3) string
must contain only three copies of a doublet, two copies of a triplet, or two pairs of different doublets.

W.lo.g. we have found the following C(y_y) strings forb =2and 4 <k <8

c192 _ 10100001110], 292 — 8,

(N-2)

C(¢?)) = [010100001110], ez’ =9 ([01] to C ),
Cl\?)) = (0101010000110}, afp? =10 ([01] to 1),
C&“%) — [0101010000001110], abe? =11 (00 o C rﬁfxz)

C(¥2) = [010101000000111110], alhsd = 12 ([11] to ), (A21)
Cix%, = [01010100000001111110], el = 13 (01] to Clgs? ),
Cl2a) = [0101010000000110111110],  az? = 14 ([10] to el ),
Cix™) = [010101001000000110111110], ~ afzy:? = 15 ([01] to Cz”),

which led us to the strings (56) for all b > 1. Thus, Theorem 25 is proven.
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Appendix F. Assembly Spaces of Minimum ASI Strings
Table A1. Assembly spaces of minimum ASI strings for 2 < N < 65.
N dx(nl\ijx)1 = [log,(N)] d,gﬁl afﬂi ﬁg& Lengths of strings in S(Q)) String
2 1 1 1 1 {2} K
3 2 2 2 2 {2,3} 5
4 2 2 2 2 {2,4} Ky
5 3 3 3 3 {2,3,5} IV
6 3 3 3 3 {2,3,6} Ny
7 3 3 4 4 {2,(3,4),7} N3
8 3 3 3 3 {2,4,8} Ny
9 4 4 4 4 {2,4,8,9} IV
10 4 4 4 4 {2,4,8,10} Ny
11 4 4 5 5 {2,(3,4),7,11} N3
12 4 4 4 4 {2,3,6,12} W
13 4 4 5 5 {2,4,(5,8),13} Ns
14 4 4 5 5 {2,(3,4),7,14} N3
15 4 5 5 6 {2,3,5,10,15} Ny
16 4 4 4 4 {2,4,8,16} Ny
17 5 5 5 5 {2,4,8,16,17} IV
18 5 5 5 5 {2,4,8,16,18} 5
19 5 5 6 6 {2,(3,4),8,11,19} N3
20 5 5 5 5 {2,3,5,10,20} I
21 5 5 6 6 {2,4,(5,8),16,21} Ns
22 5 5 6 6 {2,(3,4),7,11,22} N3
23 5 6 6 7 {2,3,5,10,20,23} Nouy1p
24 5 5 5 5 {2,4,8,12,24} W
25 5 5 6 6 {2,4,8,(9,16),25} Ny
26 5 5 6 6 {2,4,(5,8),13,26} Ns
27 5 6 6 7 {2,3,6,12,24,27} Ny y14
28 5 5 6 6 {2,(3,4),7,14,28} N3
29 5 6 7 7 {2,4,8,(9,10),20,29}
30 5 6 6 7 {2,3,5,10,15,30} Ny
31 5 6 7 8 {2,4,(5,8),13,26,31} Nis
32 5 5 5 5 {2,4,8,16,32} V!
33 6 6 6 6 {2,4,8,16,32,33} IV
34 6 6 6 6 {2,4,8,16,17,34} W
35 6 6 7 7 {2,(3,4),7,14,28,35} N3
36 6 6 6 6 {2,4,8,12,24,36} Ny
37 6 6 7 7 {2,4,(5,8),16,32,37} Ns
38 6 6 7 7 {2,(3,4),8,11,19,38} N3
39 6 6 7 8 {2,4,(5,8),13,26,39}
40 6 6 6 6 {2,3,5,10,20,40} N
41 6 6 7 7 {2,4,8,(9,16),25,41} Ny
42 6 6 7 7 {2,(3,4),7,14,28,42} Ns
43 6 7 7 8 {2,3,5,10,20,40,43} N1
44 6 6 7 7 {2,(3,4),7,11,22,44} N3
45 6 7 7 8 {2,3,5,10,20,40,45} Nowy1p
46 6 7 7 8 {2,3,5,10,20,23,46} Nony1p
47 6 7 8 9 {2,(3,4),7,11,22,44,47} Nis
48 6 6 6 6 {2,4,8,12,24,48} K
49 6 7 7 7 {2,4,8,12,24,48,49} I\
50 6 6 7 7 {2,4,8,(9,16),25,50} No
51 6 7 7 8 {2,4,8,16,17,34,51} Non 1,4
52 6 6 7 7 {2,4,(5,8),13,26,52} Ns
53 6 7 8 8 {2,4,(5,8),16,32,48,53}
54 6 7 7 8 {2,3,6,12,24,27,54} Non 1,4
55 6 7 8 9 {2,(3,4),7,11,22,44,55}
56 6 6 7 7 {2,(3,4),7,14,28,56} N
57 6 7 8 8 {2,(3,4),7,14,28,56,57}
58 6 7 8 8 {2,(3,4),7,14,28,29,58}
59 6 7 8 9 {2,(3,4),7,14,28,56,59} No7
60 6 7 7 8 {2,4,8,12,24,48,60} Ny
61 6 8 8 9 {2,4,8,12,24,48,60,61}
62 6 7 8 9 {2,(3,4),7,14,28,31,62} Nis
63 6 7 8 10 {2,(3,4),7,14,21,42,63}
64 6 6 6 6 {2,4,8,16,32,64} K
65 7 7 7 7 {2,4,8,16,32,64,65} K
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