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Abstract

Two damped dynamical systems have been studied for a long time in the literature: The damped
Kepler system and the damped Harmonic oscillator. The damped factor is usually in the first order
in the velocities and it is either time dependent or coordinate dependent whereas the potential is
either autonomous or time and space dependent. One example is the Bateman-Caldirola-Kanai(BCK)
model [1] which uses a time dependent Lagrangian/Hamiltonian for studying different aspects of
dissipative systems at classical and quantum level. In all damped dynamical systems the role of first
integrals is crucial because it simplifies the dynamics and allows for the integration or in general the
study of the dynamical equations. To determine the first integrals of a dynamical system there are
various methods. To mention a few, the Noether theorem, the specification of the functional form of
the first integral I and the subsequent requirement dI/dt = 0 which leads to a system of differential
equations whose solution provides the first integral, the Prelle-Singer method, and the § —formalism
developed by Katzin and Levin. For most of the damped systems, at least for the cases of the Kepler
and the Harmonic Oscillator, there is a Lagrangian which describes the dynamical equations. This
means that for these systems one may use the Noether theorem to compute the first integrals. This
is the approach of the present work. We consider the time dependent damped dynamical systems
described by a Lagrangian L = A(t)Ly where L is an autonomous Lagrangian - usually associated
with the undamped system- and prove a Proposition which allows the computation of the Noether
integrals in a systematic way using the geometric properties of a Riemannian space. The method can
be applied to curved spaces where not much has been done. It is important to note that the metric of
this Riemannian space is defined by the kinetic energy of the dynamical system and it is not the metric
of the space where the motion of the system occurs. In this way the dynamics of the system “locks”
with its own geometry. The purpose of the Proposition is to present an algorithm which applies in
definite steps and determines the Noether integrals using standard calculations. The application of the
algorithm is demonstrated in the case of Kepler motion. We consider the simple case of Kepler motion
with constant damping and a complex one with a time dependent damping of the form A(t) = %. For
the time dependent case we find new results. For example the homothetic vector produces Noether
integrals only for the specific values of ¥y = —1, —%.

Keywords: time dependent noether symmetries; time dependent damped dynamical systems; time
dependent lagrangian; damped kepler dynamics; time dependent damped kepler motion; homothetic
vectors; time dependent first integrals

1. Introduction

Consider a dynamical system with time dependent damping moving in a Riemannian space
under the action of the conservative force V*(x) with equation:

# 4+ Tl + p(H)2 + V7 (x) = 0 1)
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Particular forms of such systems have been considered in the literature including the well known
damped harmonic oscillator [2]. By a suitable transformation (1) takes the form [3,4]:

# 4+ Th i + w(s)V =0 )

which describes a dynamical system with time dependent potential. Equation (2) describes another
important dynamical system which is the time dependent harmonic oscillator.

The purpose of the present work is to present a systematic algorithm (Proposition) which com-
putes the fist integrals of these dynamical systems and particularly of (1).

It is well known that in order to determine first integrals of motion of dynamical equations there
is a number of methods. The common method for Lagrangian systems is the Noether symmetries.
Another method which does not require a Lagrangian is to require that the dynamical system admits
a quadratic (or higher order) first integral of the form

I = K&’ + Kix' + K (3)

and demand dI/dt = 0. This requirement results in a system of differential equations among the
coefficients Kj;, Kj, K and the quantities defining the dynamical equations whose solution provides the
first integrals ( see [5-7] and references therein). A third method is the Prelle-Singer method [8-10].
Finally it should be mentioned the method of the  —formalism developed by Katzin and Levine [11],
[12,13]. The method we shall follow in the present work is that of the Noether integrals.

It is easy to show that (1) coincides with Lagrange equations of the time dependent Lagrangian

L= A(t)Lo (4)

where Ly = % gi]-xixf — V(x) and the conformal factor:
A(t) = e/ P04 o (1) = (In A) . (5)
For example the equation describing the damped harmonic oscillator (with constant damping term) is :
A+ Vvi=0 (6)

where V(x) = %xixi. The Lagrangian for (6) is [14]:

L=e"Lg
where 1
Lo = 5% — V(x). 7)

It is to be noted that the Lagrangian defined by (1) is different than the Lagrangian L = %xl‘xi -
w(t)V(x) defined by (2) regardless of the fact that (1) and (2) are related by a change of parameter.
Consequently - as will be shown - the Noether integrals of the two Lagrangians are different. This is
due to the fact that under transformation of parameter the Lagrangian does not transform in a definite
way, that is, as a geometric object.

In order to demonstrate the application of the algorithm in practice we consider the case of the
Kepler potential with fixed and with time dependent damping. This dynamical system has been
considered in the literature for a long time in various forms although for various damping factors
[15-21]. Applying the same algorithm one is possible to determine the Noether symmetries of the
damped harmonic oscillator, another case which has been considered extensively in the literature
e.g., [22-25]. However for this case the deeper relation of these symmetries and their relation to the
geometric structure of the dynamical system has not yet been revealed. Due to its importance the
damped harmonic oscillator it is preferable to be discussed as a separate case.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The algorithm which computes the first integrals of dynamical systems (1) is given in the following
Proposition (which is proved in the Appendix A).

Proposition 1. Consider a dynamical system with time dependent Lagrangian

_ Lo civi vy
L-A(t)(zg”xx V(x )) 8)
moving in a Riemannian space with metric g;;. Lagrange equations for the system are:
# 4+ Tyl 4 (InA) i + V7 =0 )
The Noether point symmetries X of L are generated by the homothetic algebra of g;; as follows;
The general form of X is:
X =03+ T()Y!(x)2 (10)
where
D -2y
0
t) = T 11

¢ = 0fora KV, ¢ = 1 for the homothetic vector, Y'(x) is an element of the homothetic algebra of gij and the
coefficients D, m, Cy are determined as follows.

Case A: Ty #0

Y is a gradient vector, Y = M say, and satisfies the equation

Y(V) + DV +mM+C; =0

where D, m, Cy are constants and the function T(t)
(a) satisfies the equation

T+ (InA)T —mT =0. 12)
(b) it is constrained by the condition
D-2yp \ _D+2p
(2(1nA) . T) S (13)

The Noether function f(t) is computed from the relation
F=AT:M+C /ATdt

and the Noether integral is:

I= AT(—foi + % (%xfxi + V(x))> + f(t). (14)

CaseB: T; =0, T =m
Y is gradient or non-gradient and satisfies the relation

Y(V)+ DV = C.
The function A(t) satisfies the constraint condition:

D-2yp\ _ D+2y
(2(lnA),t),t_ 7 (15)
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The Noether function f(t) is computed from the relation
£(1) = —Clal/A(t)dt (16)
and the Noether integral is:
. D=2y (1
— _yiad oyl i 17
I A( Y'x +2(1HA)/t<2xxl+V(x)))+f(t) (17)

We note that the classifying parameters are the D, m, C;. The function T in the case T; # 0 is
independently determined by the equation Ty + (InA) ;T — mT = 0 and the constraint (13). The
function A(t) is computed from (5) and in the case Ty = 0 it is constrained by (15). For the applications
it is useful to note that in the case Ty = (InA); = 0 the constraint condition (15) implies that the
Killing vectors produce a Noether symmetry only when D = 0 and the homothetic vector only for the
value D = —2.

In practice the application of the Proposition 1 requires the following steps:

a. Determine the homothetic algebra of g;;

b. Compute the quantity Y (V) for all vectors Y of the homothetic algebra and determine the
parameters D, m, Cy

c. For T; # 0 check the compatibility of the constraint Equation (13) with the T equation for the
gradient vectors of the homothetic algebra

d. For T; = 0 check the constraint (15) for the conformal function A(t) for all the vectors of the
homothetic algebra i.e., the gradient and the non-gradient.

d. Proceed to the calculation of the Noether vector and the Noether integral for Case A and Case
B using the appropriate formulae.

2. Solution of the Equation Ty; + (In A) ;T — mT = 0

The role of the equation Ty + (InA);T; —mT = 0 for T(t) when T; # 0 is central for the
application of Proposition 1. The solution of this equation is the following.
Casel.m =0
The equation becomes
T+ (InA)Ty =0

and has solution

T(t) = Cs / A%t)dt (18)

Case2.m #0
Define A = 92 + 4m.
Case B1: A > 0 (Real and distinct roots)

The roots are:
_r+VA L VA

r 5

The general solution is:
T(t) = Cze"! 4 Cye™!

Case B2: A = 0 (Repeated real root)
In this case:

The general solution is:
_ Xy
T(t) = (C3+ Cyt)e 2

Case B3: A < 0 (Complex conjugate roots)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The roots are:

where

The general solution is:
T(t) = e*%t(Cg cos(wt) + Cy sin(wt))

3. The Case of Euclidian Space E"

We demonstrate the application of Proposition 1 for the damped Kepler potential which has been
considered in the literature for various types of damping (see [21] and references therein). We discuss
two cases, one with constant damping and one with a time dependent damping.

We recall that the homothetic algebra of E” consists of "2+++2 vectors which in Cartesian coordi-
nates are as follows (I, ] =1,2,..,n):

Y! = 9; : gradient KV with gradient function x!
Y3 = el/x;9,; : non-gradient KV

‘ 1,
Y* = x9; : gradient HKV with gradient function M = Exlxi

3.1. The Kepler Potential with Constant Damping in E"
The equation for this system is [17,21]:

1

\/ xxl

the time dependent Lagrangian is:

and 1 is a constant. Using (5) we compute A(t) = ¢7* therefore

where the potential V(x') = —

1 ..
L= €7t (251']'5619&] —

The Hamiltonian is:

1 P 1
H=e"| Z5;%' % + ,
2 x;xi
The homothetic algebra of the metric (Sij consists of the gradient KVs Y; = 9,1 I = 1,2,..n the
non-gradient KVs Y3 = ¢//x;0,; and the gradient HV Y* = x'9,; with gradient function M = Jx'x;.
For the vectors of the Homothetic algebra we compute the quantity Y (V). The results are shown

in Table 1:
xI
YI(V) = R 3 #V
(x'xi)?
Y3(v) = 0
Y4v) = LY

Vxixt

The constraint for T; # 0 is
Y(V)+DV+mM+C; =0 (19)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where Y/ = M is a gradient vector and for T; = 0
YV)+DV=C (20)

where Y’ is a gradient or non-gradient vector. From the Table we infer that only the vectors Y3, Y*
possibly produce Noether symmetries.

Condition (19) applies only to the gradient HV Y# and gives D = 1,m = C; = 0.

Condition (20) applies to both vectors. For Y? gives D = C; = 0 and for Y4, D = 1,C; = 0.

We continue with each Case separately.

Case A

The gradient HV Y*.

For the parameters D = 1,1 = 1 the constraint (13) gives Ty = —39T = Ty = —39T;. Form =0
Equation (12) becomes T + 4T ¢ = 0. The two equations are incompatible (y # 0) therefore the
gradient HV does not give a Noether symmetry.

Case B
For this case T = a1 and the constraint is (15).
The non-gradient KV Y2.
For D = ¢ = 0 we compute £’ = 0. The Noether vector is:

X =TY® =a1ex;0, (21)

Because C; = 0 the Noether function f = 0:
The Noether integral is (conservation of angular momentum along the z - axis)

I= a1Y35cl~ = alsijxix]- (22)

The gradient HV Y*.

For the HV Y* for Case B we have D = 1. Because (InA) ; = 0 and D # —2 the vector Y* does
not produce a Noether symmetry.

We conclude that the damped Kepler potential with constant damping has only one Noether
integral which is the angular momentum along the normal axis to the plane of the orbit. This is the
expected and well known result. This does not mean that there are no other first integrals for this
damping. However they are not point Noether symmetries.

3.2. Kepler Motion with Time Dependent Damping
Consider the Kepler potential with the time dependent damping:

L ST
xl+?xl—r—3—0 (23)
where V(x') = — \/17 and (v # 0). Using (5) we compute A(t) = t7 ((In A) s = y/t) therefore the
x;xt
time dependent Lagrangian is:
1 - 1
L=1t"| =6;x'%x) — = 24
<2 ; Tpcl) (24)

From Table 1 follows that:
Case A: The gradient HV Y* has constants D = 1,m = C; = 0 and possibly produces a Noether
symmetry
Case B: The KV Y2 produces a Noether symmetry with constants D = C; = 0 whereas the gradient
HV Y* has constants D = 1,C; = 0 and possibly produces a Noether symmetry (A(t) has to satisfy
the constraint (15)).

We discuss each case.

Case A

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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The constraint (13) for the values D = 1,m = C; = 0 and ¢ = 1 gives:

T =207 (25)

Differentiating this we find:
tTh = —(2+37) Ty

For m = 0 the T Equation (12) gives:
Ty + %T,t =0.

Replacing in the equation of the constraint we find:
¥=-—1
We conclude that the homothetic vector gives a Noether symmetry only for the Lagrangian
L= %Lo (26)

h
where 1

Vxxt

1. .
LO = E(Sijxlx] —

is the standard autonomous Kepler Lagrangian.
We determine the Noether symmetries of L1 = %LO.
For L1 we have A(t) = %, (InA); = —% and Lagrange equation is:

1 A
- X% — = 0. 27
¥—gt— (27)

We compute T from Equation (25):
2
Ty=5T=T= Ct?

where C is a constant. We compute

D -2y t
0
=—— 1T T=_T.
¢ = 3ma), 2
The Noether vector is:
Xy =9 + Tx'9; = C (%at + xfal) 2. (28)

For the Noether function from (A20) we have (M = %xixi):
f=ATM+C /ATdt — .

Concerning the Noether integral using (14) we find:

ot 1
I=Ct [—rr + 5 (Exlxi + ;)} + Cr2. (29)

Case B
Vector Y3.
For D = C; = 0 and ¢ = 0 we compute ¢ = 0, f = 0. The Noether vector is

X = ulsijxiaj

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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and the Noether integral
I= —ﬂlt’ySZ]xifC]‘
Vector Y4.
In this case the constraint is (15). For D = 1,9 = 1 and (InA); = 7 we compute v = —%.
Therefore Y* produces a Noether symmetry only for the value v = — %, that is for the Lagrangian
L=t13L,
with Lagrange equations
. 1 . xi
N R
¥— ¥ =3 0. (30)
For D =1, = 1 we compute & = 3%, f = 0. The Noether vector is
3t ;
X = 2 or + a1x'0;
2
For C; = 0 we compute f = 0.
The Noether integral is:
3t (ldx'dx; 1
=at"|—ri+ | s————+- |- 31
I alt[rr—|—2<2dt dt+r)} (31)

We conclude that for general  the equation i + %xi - f—; = 0 admits only one integral of
motion which is the expected linear integral of angular momentum. However for the specific values
v =-1, —% the equation (27) admits in addition the quadratic first integrals (29) and (31) respectively.

All Noether integrals have been verified.

4. Relation of a Linearly Damped Dynamical System and a Time Dependent
Harmonic Oscillator

Consider Equation (1) and assume a continuous transformation of the parameter (t,x') —
(s(t),x"). Then (1) becomes:

?x o dxd dxk 1 d?s(t) ds(t) dx’ 1 i
ﬁJrrfkﬁng (ds(t))2<< dar2 )+¢(t) dt )dsJr (ds(t))zv =0 (32)
dt

dt

If we define the parameter s(t) by the requirement:

d;st(zt) +o(h) ds;i(tt) _0 (33)
then the equation of motion becomes:
% + r;k%dd—’:( + (fé)zvff =0. (34)
or ‘ ‘
% + ;k%dd—’j +w(s)V' = 0. (35)
where )
w(s) = <Z£) : (36)
The general solution of (33) is
s(t)=C / LT (37)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202512.1316.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 December 2025 d0i:10.20944/preprints202512.1316.v1

90f13

Because the transformation is continuous the function s(t) has an inverse t(s) which can be used to
compute explicitly w(s) for the damping factor ¢(t). Therefore (1) by a proper transformation of the
parameter ¢ takes the form of (35) which has no damping but instead a time dependent potential of the
form w(s)V(x) where w(s) is given by (36).

The following question arises:

“Do the two dynamical Equations (1) and (35) have the same Noether symmetries and consequently the
same Noether integrals?”

If they do then one may study one equation and by applying the transformation of the parameter
to obtain the results for the other equation.

In order to answer this question we work as follows. Consider the s — space of (35), use the s(t)
transformation to derive the corresponding (1) equation in the ¢t — space, or vice versa, determine the
Noether symmetries for both equations in the corresponding space and see if they coincide if one is
transformed to the other under the ¢ to s transformation.

The obvious (and interesting) case to apply this procedure is that of the damped “oscillator”:

iy +VIi=0 (38)

where ¢(t) = 1. For this system the Lagrangian is [14]:
bl s
Ly =e" (Ex x—V).

so that A(t) = ¢7*. Using (37) and ¢(t) = <y one finds s = Ce™" (plus an unimportant constant). The

inverse transformation is t = —% Ins from which % = —% , therefore w(s) = # It follows that in

the s — space the Equation (38) becomes the undamped “oscillator” with s—dependent potential:

d2xt 1

FEa Vi =o0. (39)

7252
Using Proposition 1 one shows that the oscillator (38) admits the Noether symmetry X = T9;
where T(t) is a solution of the equation (see (12)):

Ty+9Ty+T=0

corresponding to the gradient KVs 9;.

In [4] Theorem 2, the authors compute the Noether symmetries of equations of the form (39).
Applying this Theorem one finds that the gradient KVs 9; define the Noether symmetry X = T;(t)0;
where T (t) is a solution of the equation (see (12)):

1
T,tt+@+T:0.

Obviously the two vectors are different and - as can be shown - the corresponding Noether integrals are
different. Therefore the Noether symmetries of (38) and (39) are different although the two equations
are related by a parameter transformation.

This implies that the present study is independent of the corresponding study of [4].

Appendix A

Proof of Proposition 1.
The Noether point symmetry of the Lagrangian L must satisfy the Noether condition:

g0 df
g —
XL+ =L =— (A1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where: 0
i\ 0 ; dgt dx'dg
1] — 0 iy % i 9 “uo ur us
X0 =t x)g + 8t )al+<dt it dt)a
is the first prolongation of X. Replacing L from (4) one finds:
XU (A Ly + AX Ly + Ad(: _4f (A2)

E-

A standard computation shows that (A2) leads to the following expression:
1 i y
S A| (Logi =208 +280A, ) €8 — 2804102 + 2 (gudh ) #']

SAG(V) + S e 4 e gt — AVES - AVER — 0A v () = £+ 4,

This is an identity, therefore the coefficients of the powers of ' must vanish. This results in the
equations:

ALY
(¥) : A2(V)+ (A V = —f
(#) : Agadl—Avel =,

AR Legy = (C,Ot—COln(A),Jgij
i Az =

The last equation implies ¢°(t,x') = ¢%(t). Taking this into account, the remaining symmetry
conditions become:

AG(V)+ (A = —fy (A3)
Agith = fi (A4)
Legii = (89-¢"In(4),)gij, Alt) #0. (A5)

From equation (A5) follows that & (t,x) = T(t)Y!(x) where Y’(x) is a HV or KV of the metric
with homothety factor ¢ = 1 or 0 respectively, that is, (A5) becomes:

Lygij = 2Py gij (A6)
We have to solve the system of equations:
Ci—=¢"In(A), = 24T (A7)
ATY(V) + (A, V = —f4 (A8)
ATY; = fi (A9)

From (A9) follows that for T # 0 the vector Y’ is a gradient vector. We set

Y =M.
The Noether integral is
;oL
[=-¢— =it OHA+f
I=—TY!(x)e"%; + °H + f (A10)
where H = ?x — L is the Hamiltonian.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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From (A3),(A4) we have for the integrability condition of f :
SIAMNTLY) = -2 [ATY(V) + (AE),V
S AT = = [ATY(V) + (A2),V |
AY(V) | (AL (AT ey, _
F + AT Vi+ AT Y; =0. (A11)
From (A11) follows (T # 0):
0
(AIET),t =D = (InA)& + fjg = DT (A12)
[A(Q;t] t —-—m= ’1"/” + (lnA),t'T,t —mT = O (A13)
aY—m +DV;+mY; =0
oxt ’
For T; # 0 Y'is a gradient, so that Y/ = M. Then (A13) can be integrated and becomes:
Y(V)+DV+mM+ Cy =0. (Al14)

For Ty =0(T =a; #0) the f; = 0and f(t). The Y’ can be non-gradient. In this case we have:
AnY(V) + (AZ) 4V = —f
Using (AZ%) ; = D Aa; we find:
Aa(Y(V)+DV) = —f.
From this we have the three equations:
fi=CimA= f= —alCl/Adt

Y(V)+ DV = C;.
& =mD— (InA) &

The constraint condition.
There is a constraint condition for T and A(t). Using (A7) and (A12) we find:

oy D—2¢
¢(t) = MT (A15)
Q=" ZZ‘PT (A16)

from which follows the important and key constraint condition:

(D—Zt,b T) _D+2p (A17)
ps

2(11'1A),t 2

In the case Ty = 0 this becomes a constraint for A(t):

D-2yp\ _D+2y
(2(lnA),t>/t_ 7 (A18)

It is important to note that in the case Ty = 0 and (In A) = 0 constraint (A18) gives D = —2i).
This implies that for these cases the Killing vectors produce a Noether symmetry only for D = 0 and
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for the homothetic vector only for D = —2.
The Noether function f (¢, x).
Assume T # 0 so that Y = M/
From (A9) we have:
f=AT:M+ R(t) = AT:M + R(t)
The:
(AT)); = mAT = AT; = m / ATdt — C,
m/ATdt — AT, + G,
We compute:
f,t = (AT,t),tS +R; =mATS + R
We use (A8) and find:
ATY(V) + DATV = —mATS — R,
—mATS — Ry = AT(—Cy — mATS)
Ry = ATC,
R=C [ aTat
Finally:
F=AT:M+Cy / ATdt (A19)
Assume Ty =0=T =T = ay.
It follows that f; = 0 = f(t). Then:
ATY(V) + (AZ) 4V = —f
—fir=AT(Y(V)+DV)
It follows that (Y(V) 4+ DV) ; = 0 therefore mY; = 0 and m = 0. Also
Y(V)+DV=C
Then
£(t) = —Cim / Adt (A20)
The Noether vector
For Ty # 0 the Noether vector is:
. D -2y .
_ 0 iy, iy,
X =¢("0+TY'0, (2(1nA),tat+Yal>T (A21)
and the Noether integral:
; OL
I=-¢ — +&H
G OH ]
where H = %xi — L is the Hamiltonian. We compute:
1.,
H=A Exxi-l-V(x)
therefore: Do .
— _yigi —29 (1.
I—AT( Y'x +2(1nA),t<2xx’+V(x)>>+f' (A22)
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This completes the proof of the Proposition.
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