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Abstract

In 1992, Hudzik and Landes [Math. Ann.] derived a breakthrough generalization of the triangle
inequality for two nonzero elements in normed linear spaces, which was generalized to finitely many
nonzero elements independently in 2006 by Dragomir [Bull. Aust. Math. Soc.] and in 2007 by Kato,
Saito and Tamura [Math. Inequal. Appl]. We derive a non-Archimedean version of Hudzik-Landes-

Dragomir-Kato-Saito-Tamura inequality.
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1. Introduction

Let & be a normed linear space (NLS). From the definition of the norm, we have the triangle
inequality
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In 1992, Hudzik and Landes derived a breakthrough generalization of Inequality (1) which is valid for
any two nonzero elements in a NLS [2].

Theorem 1. [2] (Hudzik-Landes Inequlaity) Let X be a NLS. Then for all x,y € X \ {0},
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We note that, in 2006, Maligranda independently derived Inequality (2) [4]. It is natural to ask for
a generalization of Inequality (2) to more than two non-zero vectors. This is done independently by
Dragomir in 2006 [1] and by Kato, Saito and Tamura in 2007 [3].

Theorem 2. [1,3] (Hudzik-Landes-Dragomir-Kato-Saito-Tamura Inequality) Let X be a NLS and
n € N. Then forall x1,...,x, € X \ {0}, we have
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It is natural and important to ask what are non-Archimedean versions of Theorems 1 and 2? We
answer the question by deriving non-Archimedean version of Hudzik-Landes-Dragomir-Kato-Saito-
Tamura Inequality (Theorem 4).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.1097.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 March 2026 d0i:10.20944/preprints202601.1097.v2

20f4

2. Non-Archimedean Hudzik-Landes-Dragomir-Kato-Saito-Tamura Inequality

Let K be a field. Recall thata map | - | : K — [0, o0) is said to be a non-Archimedean valuation if
following conditions holds.
(i) If A € Kissuchthat |A| =0, then A = 0.
(i) |Ap| = |Al|p| forall A, u € K.
(iii) (Ultra-triangle inequality) [A + p| < max{|A|, ||} forall A, u € K.
In this case, K is called as non-Archimedean valued field [6]. Let X be a vector space over a non-
Archimedean valued field K with valuation | - |. Recall thatamap || - || : X — [0, c0) is said to be a
non-Archimedean norm if following conditions holds.

(i) Ifx € Xissuch that|x|| =0, then x = 0.
(i) [[Ax]| = |A]||x|l forall A € K, forall x € X.
(iii) (Ultra-norm inequality) ||x + y|| < max{|/x|, ||ly||} forall x,y € X.

In this case, X is called as non-Archimedean linear space (NALS) [5]. We first derive non-Archimedean
version of Inequality (2).

Theorem 3. (Non-Archimedean Hudzik-Landes Inequality) Let X be a NALS over K. Then for all
x,y € X\ {0} with ||x]|, ||| € K it holds
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Proof. Letx,y € X\ {0} with ||x|, |ly|| € K. Then

1 (g + )+ (0 )
x(x§>( it

- \n |}
vl ™Y

-+ y1 < min ] max {HW Y

|x|| lyll
and
)=+ (g + o)
x+ 1) x e
b+ vl = H< S AN
o (- ) e (g o)1
[l x]| lxll [yl
1 1 X y H}
ax T T T Tl -
{5~ AT
Therefore
X y 1
x+y| < |x max{‘—l— —‘ } 3
-+ 1 < 1 fmae{ | 25+ ol | = el
and
x y 1 1 ’ }
x+y| < maxy || + = ||, |7 — 7| l|x|| ¢- (4)
eyl < ol max | T ETHLEL
Inequalities (3)and (4) give
; x4 ¥ 1 1 X 1 1
I+l < min{ x| max{ || &5 + | | 77 = ip | Il [ max{ k- =i} )

O

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.1097.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 16 March 2026 d0i:10.20944/preprints202601.1097.v2

3o0f4

Note the additional assumption ||x||,||y| € K in the previous theorem. The reason is that,
since the norm is a real number, we generally do not have a guarantee that it belongs to the given
non-Archimedean field. Now we derive non-Archimedean version of Theorem 2.

Theorem 4. (Non-Archimedean Hudzik-Landes-Dragomir-Kato-Saito-Tamura Inequality) Let X be a
NALS over Kand n € N. Then for all x1,...,x, € X \ {0} with ||x1]|,..., ||x|| € K it holds
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Proof. Let xy,...,x, € X\ {0} with ||x1]|,..., ||xx|| € K. Let1 < k < n be fixed. Then
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By varying k and taking minimum in the right side of previous inequality gives

<
r<r}(1n {H|xk|||max{ | ]||}}

Now we derive continuous version of Theorem 4.
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Theorem 5. Let X be a NALS over K and (Q, ) be a non-Archimedean measure space. Let ¢ : Q3 — X \ {0}
be a measurable function such that ||¢p(«)|| € K for every a € Q). Then
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Proof. Let ¢ : QO — X \ {0} be a measurable function such that ||¢(«)|| € K for every a € Q). Let
B € Q be fixed. Then
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By varying § and taking infimum in the previous inequality gives
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3. Conclusions

(1) In 1992, Hudzik and Landes improved centuries old triangle inequality in normed linear spaces
[2].

(2) In 2006, Dragomir extended Hudzik-Landes inequality for more than two vectors [1].

(3) In 2007, Kato, Saito and Tamura extended Hudzik-Landes inequality without knowing the work
of Dragomir [3].

(4) In this article, we extended centuries old ultra-norm inequality.
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