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Abstract

We develop a general framework for quantum field theory in curved s pacetime based on Local

Minkowski Coordinates (LMC), which incorporates curvature effects into local Feynman diagram-
matics. Gravitational influence enters through a curvature-dependent normalization function B(x),
derived from covariant current conservation, and a gravitational phase S(x), obtained via the WKB
approximation. These quantities enter through local phase accumulation and observer-dependent
normalization of external states, without affecting global observables. As a first a pplication, we

analyze the local redshift normalization and phase structure of quantum amplitudes in the vicinity
of a Schwarzschild black hole. Within their range of validity, the curvature-dependent factors B(x)
and S(x) reproduce the expected gravitational redshift of field amplitudes in general relativity. When
amplitudes are propagated to asymptotic infinity and evaluated in a standard global quantum state
(such as the Unruh state), the resulting flux is consistent with the standard Hawking r esult. The

framework refines the local WKB structure and clarifies the separation between local normalization
effects and globally conserved fluxes.

Keywords: quantum field theory in curved spacetime; Local Minkowski Coordinates (LMC); WKB ap-
proximation; curvature-dependent propagators; feynman diagrams in curved backgrounds; hawking
radiation

1. Introduction

Quantum field theory in curved spacetime (QFT-CS) extends the principles of ordinary quantum
field theory to settings where classical gravitational fields influence quantum processes. In contrast to
quantum gravity, which attempts to quantize the spacetime metric itself, QFT-CS treats the geometry
as fixed and non-dynamical. This semiclassical framework has become a cornerstone of modern
theoretical physics, providing essential insight into black-hole thermodynamics, cosmological particle
creation, and early-universe dynamics.

It underlies several central results at the interface of quantum mechanics and general relativity,
including Hawking radiation [1], cosmological particle production in expanding universes [2,3], and
the Unruh effect [4]. All of these arise from quantum field theory in nontrivial backgrounds, including
curved geometries and observer-dependent notions of particles. Despite its success, much of the
standard formalism relies on global mode decompositions and the assumption of preferred vacuum
states, assumptions that can fail in generic or time-dependent spacetimes lacking global symmetries or
Killing vectors.

Recent work on curvature-dependent amplitudes and local WKB constructions has blurred the
distinction between local normalization effects and globally conserved fluxes, leading to claims of
enhanced black-hole emission [5,6]. We develop a local diagrammatic framework that separates
single-point normalization from bi-local geometric propagation and explains why the Hawking flux at
asymptotic infinity remains unchanged when observables are evaluated in a standard quantum state.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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To address these limitations, we employ the Local Minkowski Coordinates (LMC) approach,
which leverages the equivalence principle to approximate small neighborhoods of curved spacetime
as locally flat. In each convex normal neighborhood, fields are expanded in local inertial coordinates,
allowing a patchwise construction of quantum amplitudes without the need for global mode bases
or globally defined vacua. This framework naturally incorporates curvature effects through two
geometric structures: a normalization function B(x), derived from covariant current conservation, and
a gravitational phase S(x), determined from the Hamilton-Jacobi equation. Together they modify
propagators and interaction vertices while leaving the topological structure of Feynman diagrams
unchanged.

As a practical example, we apply the formalism to a Yukawa interaction in a weakly curved
Schwarzschild background to illustrate how gravitational redshift modifies the local normalization
and phase of quantum fields. These corrections are local in nature and vanish in the flat-spacetime
limit. When observables are evaluated at asymptotic infinity within a chosen global quantum state (e.g.
the Unruh state), the total flux and spectral shape are consistent with the standard Hawking result.

Throughout this paper, we adopt units where ¢ = 1. The gravitational constant G is retained
explicitly to keep track of dimensional quantities, particularly in expressions involving curvature
scales and black hole parameters. Mass, energy, and inverse length are therefore interchangeable,
and all curvature tensors have mass dimension two. When needed, we restore physical units for
clarity, especially in the discussion of observational consequences. For derivatives, we distinguish
between covariant and ordinary ones. The symbol V,, denotes the covariant derivative associated with
the background metric g, while d,, is reserved for ordinary derivatives in local inertial coordinates
(Riemann normal coordinates) centered at x, or for partial derivatives acting on scalars in a chosen
chart. In particular, the conserved current takes the form

=B (x)S(x), Vit =0, M

so that current conservation is always expressed with V;, not d;,. This ensures consistency between
the WKB transport equation and covariant flux conservation.

2. Local Minkowski Coordinates and Field Quantization

The starting point of our approach is the equivalence principle, which states that the laws of
physics in a sufficiently small neighborhood of any spacetime point are indistinguishable from those
of flat spacetime. This motivates the introduction of LMC, a system {*} in which the metric g, (x)
approximates the Minkowski metric 77, to leading order. In Riemann normal coordinates centered at
a reference point x(, the metric expansion takes the form

gHV(x> = Nuv — %wavﬁ(x(]) ngg,B + O(€3)' (2)

where the curvature tensor is evaluated at xy. In Riemann normal coordinates centered at x(, the local
Minkowski patch shown in Figure 1 provides the geometric setting for this expansion. Each shaded
region represents a local Minkowski patch, a convex normal neighborhood within which the metric is
well approximated by Equation (2) and curvature effects are negligible. The dashed curves denote
sample geodesics connecting adjacent patches, and the central arrows labeled ¢ and &' indicate the
temporal and spatial axes of the local inertial frame centered at xg. Only the £’~¢! plane of this local
coordinate system is shown.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Curved spacetime

Valid for |§| < Lg

Figure 1. Schematic illustration of LMC patches in a curved spacetime. Three overlapping shaded disks represent
convex normal neighborhoods in which the metric is locally flat and fields admit the WKB form of Equation (3).
The dashed lines depict sample geodesics traversing the patches, while the central arrows labeled & and ¢!
indicate the local temporal and spatial axes of the inertial frame centered at xy. Only the g0_gl plane of this local
frame is shown. The construction is valid for |¢| < Lg and breaks down near horizons where curvature gradients
become large.

In this local frame, a scalar or fermionic field can be expressed using a WKB-inspired ansatz,
®(x) = B(t,x) e S00/1 Dgyy(£), ©)

where B(t,x) is a real amplitude encoding geometric redshift and S(t,x) is a gravitational phase
determined by the local geometry. The flat-space component P, (&) satisfies the standard Minkowski
equation. Equation (3) holds within a convex normal neighborhood where geodesics do not intersect
and curvature variations are small.

Two independent small parameters control this approximation: (i) a geometric locality condition
|¢]/Lr < 1, where Lg ~ \RWW|’1/ 2 is the curvature scale, and (ii) the semiclassical hierarchy
|0B/B| < |0S|, ensuring that the phase varies much more rapidly than the amplitude. When both
conditions are satisfied, the LMC framework provides a consistent procedure for embedding flat-space
Feynman diagrammatics into weakly curved backgrounds.

3. Normalization, Phase, and Validity of the Local Expansion

The functions B(x) and S(x) follow directly from the WKB expansion of the Klein-Gordon
equation (0 — m?)® = 0. Substituting Equation (3) and expanding in powers of 7 yields, to leading
orders,

O(h™?): ¢"9,59,S = m?, 4)
O™ ') :2V,Bo*S + BOS =0, (5)

Equations (4) and (5) represent the leading terms of the WKB hierarchy, corresponding respectively to
the Hamilton—Jacobi and transport equations that determine the phase S(x) and the amplitude B(x).

At the bi-local level, short-distance geodesic focusing is encoded by the Van Vleck-Morette
determinant

A(x,x") = — g 12 (x) g V/2(x') det] — V, Vo (x,x)], (6)

where (x, x’) is Synge’s world function, equal to one-half the squared geodesic distance between x
and x’. The dressed two-point function then has the universal Hadamard form

Al/z(x, x/)

!/
Gr(® %) ~ o i)

+..., ()

which preserves the correct short-distance behavior in curved spacetime. The single-point WKB factor
B(x) remains a local transport amplitude (governing external legs and local insertions) and is distinct
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from the bi-local focusing factor A'/?(x, x’) that appears in Gr. In stationary-phase matching of vertex
integrals, the Hessian determinant at the geodesic saddle combines with the local Jacobian |0 /dx| to
reproduce A'/?(x,x'), ensuring a unitary leading-order matching between patches.

For null propagation the transport equation reduces to V, (B2k") = 0 with k¥ = V#S the local
wave vector, so that B « A!/2 along null geodesics. Hence even in the massless limit the amplitude
varies with the expansion 6 = V k" of the null congruence rather than remaining constant. The

conserved current,
i
2h

satisfies V,j = 0, confirming that B(x) acts as a local normalization ensuring covariant flux conserva-

i (®*VFD — PVFD*) = B2*S, (8)

tion along the classical flow defined by S(x).
For a static metric with

ds* = —f(r)dt* + f~1(r)dr?, )
inserting
S:wt—/dr(cu/f) (10)
into Equation (5) gives
Boc fH% = (—goo) % (11)

Equation (11) represents the redshift normalization factor associated with the time-radial sector
of the metric and the choice of static observers. In a full four-dimensional Schwarzschild spacetime,
additional geometric effects such as angular spreading of wavefronts and greybody transmission
factors further influence the amplitude of radiative modes. These global and geometric effects are not
captured by the local normalization factor B(r) and are treated separately in standard analyses. In the
present framework, B(r) should therefore be interpreted strictly as the local redshift normalization
entering the WKB transport equation, rather than as the complete radial dependence of physical fluxes.
It represents a local normalization factor rather than a global enhancement of radiative power or
particle number. When integrated over a complete hypersurface, the conserved flux derived from j*
remains invariant, ensuring consistency with global energy conservation.

The LMC framework relies on the assumption that curvature effects can be treated perturbatively
inside each local patch. The expansion in Equation (2) is valid as long as

1

_, 12
|Ra[37§ (x0)| ( )

2] <

so that higher-order terms involving curvature derivatives remain negligible.
To quantify the range of validity, it is convenient to introduce dimensionless expansion parameters

€curv = EVZ;VE ’ €grad = EL‘:Vvaj: ’ €int = /\E%vave Ez ’ (13)
where lyave ~ E~1 is the typical wavelength, Lp ~ |RWW|’1/ 2 the curvature radius, and
Lyr ~ |VRWW|’1/ 3 the scale of curvature variation. The LMC expansion is reliable provided
€curv, €grad, €int < 1. For a 10 Mg black hole, using Lg ~ ]R|’1/2 with |R| = v/48 GM /3, one finds
Lr ~29x10*matr = 3GM, implying €cyry ~ 7 X 10~2! for GeV scale quanta. For Schwarzschild,
the Kretschmann scalar is K = Ry;ypo R*'P7 = 48 G2ZM?/v5. With our norm R| = VK, the curvature

radius is
372

Lg ~ RV = ———— . 14

R | | 481/4 \/m ( )

Atr = 6GM and M = 10 M, using Equation (14) to evaluate the curvature radius Ly, one finds
Lg ~ 8.2 x 10* m (~ 82 km). The Hawking temperature corresponds to the angular frequency wy =

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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kpTy/h = 3/ (8nGM).! Numerically wy ~ 8.1 X 102 s~ for 10 My, so the reduced wavelength is
lwave ~ ¢/wp ~ 3.7 x 10° m. Hence

lwave _37x10°m _
Lg ~ 82x104m

€curv =

45 (r=6GM, w ~ wy), (15)

indicating that the geometric-optics/ WKB expansion is not yet parametrically small for quanta at the
thermal peak so deep in the potential. For higher energies or farther out the expansion improves
rapidly: at ¥ = 10GM one has L ~ 1.77 x 10° m, giving €cury &~ 0.21 for w = 10wy (and ~ 0.11 for
w = 20 wp). These estimates quantify where the LMC/WKB treatment is accurate: either for quanta
with w > wpy or at radii where Ly is larger (weaker curvature), consistent with the conditions in
Equations (14) to (17).

In what follows we require a quantitative small parameter:

/\ph(x)
Lcurv(x)

e(x) =

N

0.3, (16)

so that subleading transport/Hadamard terms remain controlled. Accordingly, all statements and plots
are restricted to radii/frequencies satisfying Equation (16). Near r ~6GM at w ~ wpy the expansion is
not parametrically small and results are qualitative only.

In black-hole spacetimes, Equation (11) formally diverges as ggo — 0, signaling the breakdown
of the local expansion rather than a physical infinity. The method should therefore be restricted to
regions satisfying

gpatch < Lg, (17)

where (p,¢ch denotes the characteristic size of the local Riemann-normal neighborhood. Otherwise
geodesic convergence and strong-field effects invalidate the Riemann normal coordinate expan-
sion. Outside convex normal neighborhoods, multiple geodesics or conjugate points can occur and
A2 (x,x") may vanish. In such regions the present leading-order LMC description must be patched
across saddles (including the appropriate Maslov phases) or replaced by a full Hadamard expansion.

Condition (17) should be understood as a geometric requirement ensuring that the local Riemann-
normal expansion remains valid within a convex normal neighborhood and that geodesic focusing does
not invalidate the WKB hierarchy. In practice, the operative control parameters of the LMC expansion
are the local smallness conditions |{| < Lg and ¢ = Aph /Leurv < 1, as defined in Equation (16).
For sufficiently high-frequency modes, these conditions may remain satisfied closer to the horizon,
while for modes near the Hawking scale the breakdown occurs earlier. All results presented here are
restricted to regions where these local control parameters remain small.

The radial behavior of the local normalization function B(r), together with the Tolman redshift

factor (—goo) /2

, is shown in Figure 2. Both functions increase sharply as r — 2GM, reflecting the
gravitational redshift of static coordinates in the static frame. The divergence is not physical but marks
the limit of applicability of the WKB and Riemann-normal expansions. Beyond this region, the local

LMC approximation fails.

1 Here, the speed of light c is restored for numerical estimates.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202602.1722.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 26 February 2026 d0i:10.20944/preprints202602.1722.v1

6 of 12

w
&)

—— B(rn)=(1-2GM/r)~ 4

~== (=9goo) ™2
Breakdown region

w
o
1

o
©
O
C
Rel
8 2.5
©
£
22,0+
£
5
- 1l57  ~~— Tt
o | T~ T T
| TUT/|,S T T e e
1.0 T T T T T
2.5 3.0 3.5 4.0 4.5 5.0
r/IGM

Figure 2. Comparison of the local amplitude normalization B(r) = (1 —2GM/r)~'/* and the Tolman redshift
factor (—goo) "1/2 = (1 — 2GM/r)~1/2 in the Schwarzschild geometry. The factor B(r) governs the local normal-
ization of field amplitudes for static observers, while the Tolman factor describes the gravitational redshift of
locally measured energy scales and temperature. Both diverge as r —2GM for static coordinates, reflecting the
infinite redshift of that frame rather than any enhancement of conserved flux at infinity. The shaded band marks a
representative near-horizon region where the WKB and Riemann-normal expansions cease to be reliable. The
precise location of this breakdown depends on the mode frequency: higher-frequency quanta remain within the
domain of validity closer to the horizon, whereas modes with wavelengths comparable to the curvature scale
satisfy € 2 0.3 [see Equation (16)].

When these locality and hierarchy conditions are fulfilled, the LMC construction provides a
reliable and computationally efficient framework for calculating curvature-sensitive amplitudes in
weakly curved backgrounds while remaining consistent with standard semiclassical physics.

4. Curvature-Modified Feynman Rules and Example

Within the LMC framework, the standard Feynman-diagram expansion retains its topological
structure, while curvature effects appear through multiplicative factors derived from the normalization
function B(x) and the gravitational phase S(x). For scalar and spinor fields, we write

®(x) = B(x) eSO Mg (E(x)),  F(x) = B(x) e Mg, (8(x)), (18)

where ¢g,; and g, are ordinary flat-space fields expressed in Riemann normal coordinates. The
corresponding scalar propagator in a convex normal neighborhood is taken in Hadamard form,

i U(x,x")

Gr(x, %) = | )
Pl ) 872 o (x, x') + ie

+ V(x,x)In(p[o(x,x") +i€]) + W(x,x')|, (19)
with U(x,x") = A/?(x,x") the Van Vleck-Morette biscalar and (V, W) smooth. No single-point nor-
malization factors B(-) appear in Gg; all observer-dependent normalizations are assigned to external legs, as
discussed below under External legs and observer frames. Here A'/2(x,x') carries the bi-local geodesic
focusing. It is not duplicated by the single-point transport factors B(x), B(x’). Equation (19) is valid
only inside convex normal neighborhoods, where S(x) remains single-valued and ¢(x) and ¢(x’) are
connected by a unique geodesic. The multiplicative factors B, (x) and S(x) act as a local dressing of
propagators and external lines, while the diagram topology and combinatorics remain unchanged.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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For a Yukawa interaction, we use the usual curved-space vertex density with invariant measure,

Lint(x) = A ¥ (x) D(x) ¥ (x), / 4 \/— (%) Lint(x). 20)

Vertices carry no additional B factors; the invariant measure /—g d*x and the bi-local structure of Gr
already encode the geometric effects. Observer-dependent normalizations B, appear only on external
legs, as discussed below.

All vertex integrals are evaluated with the curved-space measure \/—g(x) d*x, or equivalently
|0¢ /9x| d*¢ in local coordinates. When stationary-phase approximations are used to match adjacent
patches, the corresponding Jacobian factors ensure that the overall normalization of amplitudes
remains covariant. In a stationary-phase evaluation of the vertex integrals, dz[S(x) — S(x’)] = 0 selects
the geodesic saddle. The resulting Hessian determinant combines with [0¢/dx/| to yield the Van Vleck
determinant A'/2(x, x'), ensuring a unitary leading-order matching between patches.

Having established these ingredients, the curvature-dressed version of flat-space perturbation
theory can be summarized by the following modified Feynman (LMC) rules:

1. Internal propagators: Use the Hadamard form (19) with U = A!/2. Do not attach any single-point
B factors to Gp.

2. Vertices: Integrate with the invariant measure f d*x v/—8 Lint(x); no extra B factors at vertices.

3. External legs (observer-dependent): If amplitudes are defined with respect to an observer congru-
ence u#, attach

-1/2
st (5) — Bul) (), Bulo) = () ) = -,

For static observers, By, (x) = (—goo) ~/*.

4.  Patching/caustics: When multiple geodesics connect x and x’, sum saddle contributions, each
with its own A!/2, and include the Maslov phase e~#/2 per conjugate point.

Earlier heuristic formulae that multiplied propagators by B(x)B(x’) double-count the transport ampli-
tude already contained in U = A!/2. In this final convention, B, appears only on external legs. These
rules retain the flat-space diagrammatic structure while incorporating gravitational redshift and phase
effects. They enable local, curvature-sensitive amplitude calculations without requiring global mode
expansions or a preferred vacuum state. We now clarify the observer-dependent normalization factor
that appears on external legs.

External legs, observer frames, and the B, factor

Let u(x) be a timelike unit vector field (observer congruence) with local tetrad e,”. Mode
amplitudes normalized with respect to observer proper time 7 scale as (2wiy.) /2 with wje(x) =
—ulky (x). If asymptotic particle definitions use a Killing time ¢ (where it exists), then we = —¢'ky,
and, in static regions, wjo. = Weo/\/—&2%(x) (Tolman relation). Thus

—1/4

~1/2
Bu(x) = (“’1%5)) , so that Bstatic (¥) = ( — goo(x)) (21)

By, is observer dependent and therefore does not belong to covariant bi-local objects like Gg(x, x"). We
assign By, solely to external legs and local measurements.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Flat spacetime LMC (local dressing)

Bu(x3)eSsVPy(ps) Bu(xa)e Sy (p,)

Bu(x1)e* " u(py) Bu(x2)e"**"u(p,)
Gr(x,x') (Hadamard, U=AY?)
Figure 3. Comparison of a standard flat-spacetime Yukawa scattering diagram (left) with its locally dressed
counterpart in the LMC formalism (right). Each external fermion line carries the observer-dependent normalization
and phase factor B, (x;)e’S()/"_ Internal propagators use the standard Hadamard form [Equation (19)], with
U(x,x") = AV2(x,x"). Vertices are integrated with the invariant measure /—g d*x. Curvature enters exclusively
through external-leg factors and local phases.

To illustrate the formalism, consider tree-level fermion—fermion scattering via scalar exchange
in a weakly curved background. The corresponding diagrams are shown in Figure 3. The left panel
represents the standard tree-level Yukawa vertex in flat spacetime, while the right panel illustrates the
same process in the LMC framework. In the LMC framework, curvature dependence enters amplitudes
through observer-dependent external-leg normalization factors and local phase accumulation, while
internal propagators retain their standard curved-spacetime Hadamard form. Vertices are integrated
with the invariant measure /=g d*x and do not carry additional single-point normalization factors.
This separation avoids double counting of transport effects already encoded in the Van Vleck-Morette
determinant and ensures consistency with covariant flux conservation.

These curvature-dependent terms encode redshift and phase effects locally but do not change the
topology of the Feynman diagram. In flat spacetime, the amplitude is

1
(p1+p2)?—m?+ie

Miar = —iA*ii(ps)u(pr) (pa)u(p2). (22)
In the LMC framework, each external line and internal propagator is dressed according to Equa-
tions (18) and (19), giving

4 .
Mumc = — i A2T ] Bu(x;) en 5560 Mgy, (23)
i=1

where x; denote the external interaction points and (x, x’) the endpoints of the internal scalar line. This
expression incorporates curvature through the local normalization and phase functions while leaving
the internal propagator in its standard curved-spacetime Hadamard form. The curvature dependence
in Equation (23) enters only through the external-leg factors B, and the local phases S(x;). Internal
propagators retain the standard Hadamard form.

The curvature dependence in Equation (23) affects local amplitudes but cancels out of globally
conserved quantities once proper redshift factors are included. The formalism therefore modifies
the local representation of Feynman diagrams without changing their global observables, ensuring
consistency with semiclassical energy conservation.

5. Applications and Phenomenology

We now apply the LMC formalism to describe local pair creation in the vicinity of a Schwarzschild
horizon. This analysis parallels the standard Hawking process but is formulated entirely in terms of
locally defined amplitudes. The Schwarzschild metric,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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-1
ds? = —<1 - 2GrM>dt2 + (1 — ZGrM> dr? +r2dQ?, (24)
admits a local inertial frame near any point rg > 2GM. From Equation (11), the normalization function
becomes »
5 .
B(r) = <1 - GrM> , (25)

which diverges formally as r —2GM. This divergence reflects the infinite redshift of static coordinates

and marks the limit of validity of the local approximation rather than a physical divergence.
Schematic pair-creation amplitudes then take the form of local integrals of Hadamard two-point

functions along with external-leg normalizations B, appropriate to the chosen observer congruence.

Local Flux and Consistency with the Unruh State

The LMC assignment of local normalization and phase factors is arranged so that, when the global
two-point function corresponds to the Unruh state, the standard point-splitting calculation reproduces
the usual Hawking flux at Z+.

We sketch a stress-tensor check consistent with the Unruh vacuum. Using point-splitting with
Hadamard subtraction, the renormalized flux component at future null infinity is

<Tuu>ren = xl’linx Dult[GF(xr x/) - GH(x/ xl)]r (26)

where u is an affine retarded null coordinate, Gr is the exact two-point function in the Unruh state,
Gp the local Hadamard parametrix with U = A2, and D, the standard bi-differential operator for
Ty In the near-horizon region, modes normalized with respect to static observers pick up the Tolman
factor in their external-leg normalization, Bstatic = (— goo)’l/ 4 while the bi-local singular structure is
fixed entirely by U = A2 in (19). Propagating to .# T, the redshift of frequency Wi, = Weo/ /=800
is exactly compensated by the external-leg normalization Bgiatic, SO the renormalized flux at infinity

retains the Unruh value,
T

12

with Ty = «/(27). This result follows from the standard relation (T,,,) s+ = (71/12)T% for the Unruh
vacuum, confirming that the LMC normalization assignment does not alter the conserved flux once

(Tuu) g+ = T (per scalar d.o.f.), (27)

redshift and proper-time normalization are accounted for. Greybody factors are encoded by the global
radial wave operator and remain unchanged by our bookkeeping (since internal lines use the standard
Gr in Hadamard form). This establishes that the LMC assignment-B;, on external legs only, with G
bi-locally Hadamard-is consistent with the Hawking flux in the Unruh state.

The factors B"(x) represent only the redshift normalization of local amplitudes. When the
radiation is propagated to asymptotic infinity, the redshift of energy exactly compensates for the
local amplitude scaling, leaving the overall Hawking flux unchanged. The LMC framework therefore
reproduces the standard Hawking result while providing a transparent local interpretation of the
underlying processes.

The curvature-dependent normalization function B(x) influences how field amplitudes are ex-
pressed in curved backgrounds but does not alter the total emission rate observed at infinity. In
this sense, the LMC formalism provides a refined local description rather than a modification of
Hawking’s global result. It should be emphasized that the LMC construction itself does not determine
the quantum state; the agreement with the Hawking flux follows only when the Unruh state is adopted
as the global boundary condition.

Close to the horizon, the breakdown of the WKB expansion (where goo — 0) sets a natural
cutoff for the applicability of Equation (25). Within its range of validity, the formalism describes a
spatial redistribution of local field amplitudes that, in principle, may be probed in analogue-gravity
experiments. Systems such as Bose-Einstein condensates and optical waveguides, where effective
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horizons can be engineered, may provide accessible laboratory platforms to study curvature-modulated
amplitude profiles and interference effects, as discussed in analogue-gravity systems [7].

Although the LMC factors B(x) and S(x) can be used to parameterize the spectrum locally,
any interpretation of an “effective temperature” must be viewed as phenomenological rather than
fundamental. The true Hawking temperature remains Tyy = 1/(8tGM), determined by the surface
gravity of the black hole.

Overall, the LMC framework supplies a conceptually clear and computationally efficient way
to treat quantum processes in weakly curved spacetimes while maintaining consistency with the
established semiclassical picture of black-hole radiation.

6. Relation to Existing Frameworks

Several recent studies have explored local formulations of quantum field theory in curved space-
time that share conceptual similarities with the LMC approach. Li [5] proposed a WKB-based expansion
in Riemann normal coordinates to study scalar and spinor propagation in weak gravitational fields,
while MacKay [6] analyzed the consistency of this construction and identified the range where the
weak-field approximation remains reliable.

The present work extends these ideas into a complete diagrammatic framework that integrates
curvature effects directly into the building blocks of perturbative quantum field theory. Unlike earlier
qualitative analyses, the LMC formulation provides explicit Feynman rules in which curvature enters
through the observer-dependent factors B, (x) and the geometric phase S(x), both derived from
covariant current conservation and the Hamilton—Jacobi equation, ensuring internal consistency with
the semiclassical limit.

In the limit of weak curvature, the LMC construction reproduces the standard results of QFT-CS
while offering a transparent geometric interpretation of local propagation. For massless fields, B(x)
varies according to the congruence expansion, while curvature dependence enters primarily through
the phase S(x).

This work also clarifies the breakdown conditions emphasized by MacKay, showing that the
WXKB and Riemann-normal expansions become unreliable only very near the horizon (r —2GM < Lg).
Within the permitted domain, the formalism remains consistent with the Hawking result and standard
energy conservation. Possible extensions include incorporating spin connections for fermions and
treating gauge and tensor fields in a similar local manner. It is instructive to compare the LMC
formalism with several well-known approaches to quantum field theory in curved spacetime.

We begin with the DeWitt-Schwinger method [8-10], which constructs the effective action and
Green’s functions through a covariant short-distance expansion characterized by the Seeley-DeWitt
coefficients. While this formalism excels in computing one-loop effects and trace anomalies, it is intrin-
sically nonlocal. In contrast, the LMC approach operates directly at the amplitude level, embedding
curvature effects through the single-point factors B, (x) on external legs and the geometric phase S(x),
while the internal propagators remain the standard Hadamard bisolutions.

The Hadamard condition and algebraic QFT framework (e.g., [11-13]) provide a mathematically
rigorous foundation for quantized fields in curved backgrounds. Although the LMC formalism is
not expressed in this algebraic language, it is fully compatible with the principle of local covariance.
The WKB-derived structures B(x) and S(x) reproduce the leading Hadamard singularity of two-point
functions, ensuring physical consistency with the short-distance behavior prescribed by the Hadamard
expansion.

In the LMC construction the inclusion of the Van Vleck determinant, as discussed in Sec. 3,
guarantees that the two-point function possesses the correct Hadamard singularity. To leading order

we have
Al/z(x, x/) ei[S(x)—S(x/)}/h

472 (o + ie)

GIMC(x, 1) = +0(dY), (28)
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which coincides with the standard parametrix of Hadamard states. As already evident from the local
propagator in Equation (28), the factor A'/2(x, x') ensures that the short-distance structure matches
the Hadamard form given in Equation (19).

In the broader context of semiclassical gravity, the effective field theory (EFT) approach [14,15]
treats general relativity as a low-energy expansion, organizing quantum corrections in powers of
curvature and energy scale. The LMC framework is complementary as it captures the same curvature
dependence directly at the level of local amplitudes rather than in the Lagrangian. In this way, the LMC
construction bridges semiclassical propagation and perturbative QFT techniques while remaining
agnostic about ultraviolet completion. Taken together, these comparisons show that the LMC method
offers a conceptually clear and computationally efficient way to describe quantum processes in weakly
curved backgrounds, connecting global QFT-CS results with local observer formulations.

7. Conclusions and Outlook

The LMC framework provides a concrete way to embed gravitational effects into perturbative
quantum field theory. By introducing a curvature-dependent normalization function B(x) and a gravi-
tational phase S(x) derived from covariant current conservation and WKB methods, the formalism
extends flat-space Feynman diagrammatics to curved spacetimes while maintaining consistency with
the equivalence principle.

A principal outcome of the LMC framework is that local curvature modifies the normalization

of quantum field amplitudes according to B(x)o<(—ggo) /4

in static metrics, while the gravitational
phase S(x) encodes redshift and geodesic propagation. When applied near a Schwarzschild horizon,
these factors lead to a local modulation of field amplitudes but leave the total Hawking flux and
temperature unchanged once redshift to infinity is included. Because the construction is local by
design, it is well suited for applications where global mode decompositions are impractical, including
dynamically evolving backgrounds and analogue-gravity settings. Laboratory systems such as Bose—
Einstein condensates and optical waveguides may provide platforms to explore curvature-dependent
amplitude modulation and interference effects within such local descriptions.

Future work will extend the LMC formulation to include spin connections for fermions, gauge
fields, and linearized gravitational perturbations. Loop corrections and renormalization-group effects
can be organized naturally around the curvature-sensitive factors B, (x) and S(x), offering a new
perspective on semiclassical processes in curved spacetime. Loop integrals can be evaluated patchwise
using the same local measure /—g d*x, with curvature entering through the Van Vleck determinant
A2 and the associated Jacobian factors. These developments will further clarify the connection
between local field dynamics and the global properties of spacetime geometry.

A brief discussion of spinor and gauge-field extensions of the formalism is provided in the
Appendix.

The present treatment is confined to leading WKB order within convex normal neighborhoods.
Global vacuum selection, greybody transmission, and higher-order transport corrections lie beyond
the local construction. Extending the LMC formalism to one-loop order and explicitly matching to the
DeWitt-Schwinger coefficients would be valuable future work.

Appendix A. Spinor and Gauge-Field Extensions

The LMC formalism extends naturally to spinor and gauge fields once the spin connection and
local tetrad structure are introduced. In curved spacetime, the covariant derivative acting on a spinor
field is

DY =9,¥ + i W aop Y9 Y, (A1)

where w gp, is the spin connection built from the tetrad ¢, satisfying g, = €%, eb ap [10,11].

To leading order in weak curvature, the LMC ansatz ¥(x) ~ By(x) ¢/5(")/" g (&) remains valid,
with By (x) determined by the covariant current conservation law, Equation (8). The spin connection
contributes only subleading corrections to S(x) in the WKB hierarchy. For gauge fields, the same
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construction applies in Lorenz gauge V, A" = 0, where curvature enters through the normalization
B4(x) and the gravitational phase S(x) that governs the transport of polarization vectors along
geodesics. These extensions show that the LMC prescription extends straightforwardly to all field
spins in the semiclassical regime.

For ds*> = —f(r)dt?> + f~1(r)dr? + r?dQ?, the WKB ansatz ¥ = Bye'*/"u gives, at leading orders,

(y”e;*ays —m)u =0, (A2)
28;,5 VVBIP + Blp s =0o, (A3)

where V), includes the spin connection w,;;. Current conservation V (¥9"¥) = 0 then yields
By o< (—go0) /4, consistent with the scalar result and confirming that the spin connection affects only
subleading phase corrections in S(x).
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