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Abstract: Shell-like, double curved and thus above-average performance structures, are usually pro-
duced monolithically on site. For industrial advancement, however, they must be divided into trans-
portable modules which can be assembled on the construction site (design for assembly). Models are 
lattice shells made of steel and glass, in which predominantly flat sub-surfaces (modules) are used. 
Therefore, the main question is:  Which modularizations are suitable for flow production with mineral build-
ing ma- terials? In this paper designed free-form surface is going to be discretized as PQ circular 
mesh system, suitable modules for 3D concrete printing. Moreover, the multi-criteria optimization 
is done with Response Surface Methodology (RSM) in order to get optimal final shape. The goal is 
to start from the arbitrary shape, that can be generated from two curves, with possible two-way divi-
sion into modules and compare it with the resulted discretized PQ circular mesh system, realized 
with new algorithm. The comparison can be defined through two main criteria: geometrical and struc-
tural. 
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1. Introduction 
Shells as a construction and architectural systems are very efficient structures. Rein- 

forced concrete stays as one of most used materials. Not only because of its possi- bility to 
be sculptured into any shape, but also for its strength and ductility. If we look at cost 
intensity of buildings [1] and the current demographic and economic developments, the 
demands for cheap, fast and location-independent and flexibly adaptable residential and 
industrial buildings are becoming increasingly clear [2]. Studies assume a market poten-
tial of 520 billion euros in 2020 [3]. To avoid that process, prefabrication of the modules 
that can be assembled on site is the possible solution. Modularization of the free-form 
shells can be quite a challenge when over- looking the manufacturing, material, geometry 
and shape criteria. Discrete differen- tial geometry is promising approach for the free-form 
shape challenges. 

The discretization of concrete shells is prominently used in the Palazetto dello Sport 
by Pier Luigi Nervi (1957), combining prefabricated parts with in situ concrete [4]. The 
disassembly was chosen constructively independent of latitudes and meridians. With re-
gard to dry finished parts for shells, Bletzinger [5] and Gehlen [6] have sub- mitted pro-
posals for cutting and production in SPP 1542. However, the important questions about 
the economic production of the formwork of the freely formed indi- vidual parts remain 
unanswered. The faceting of curved surfaces with flat squares (PQ meshes) according to 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 15 March 2022                   doi:10.20944/preprints202203.0195.v1

©  2022 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202203.0195.v1
http://creativecommons.org/licenses/by/4.0/


 2 of 14 
   

 

manufacturing technology and static aspects is an active research area [7] [8]. The applica-
tions are usually steel-glass constructions, in which the squares are stiffened with diagonal 
ties. Therein lies a creative freedom [9]. The discretization of curved surfaces, in particular 
the quadrilateral faceting of control surfaces, is the subject of further work by Lordick [10]. 
At the center of interest are elegant constructions with special curved ruled surfaces that 
allow exact square fac- eting due to their geometrical properties. 

The work of the BLOCK Research Group (BRG) at ETH Zurich shows how durable 
constructions, which are essentially pressure-stressed, can be manufactured and joined 
from relatively small individual parts [11]. Blok [12] also comes up with pro- posals for the 
fitting of concrete ceilings by means of special edge shapes. These are geared towards ad-
ditive manufacturing methods [13]. With regard to curved patches for discretization, in 
particular hyperbolic paraboloids (HP), the work by Pottmann on ruled surface strips and 
by Kotnik on the statics of HP patches should be men- tioned [14] [15]. 

2. Methods and tools for the production, design and optimization 
2.1. Technology for the flow production process 

As mentioned, the production with 3D printed concrete limits and leads the con- 
strains, therefore defines the geometry and construction limitations when it comes to pro-
duction modules. There are limitations in the size of the printing area (a, b, c, d size of edges), 
specified angles between the edges, for example not sharper than 45° (α, ß, γ and δ), radius 
of the corner, thickness of the edge, edge side inclination and different reinforcement 
placement in the edge and infill (Figure 1 left). One of the biggest problems in the free-
form geometry design is the offset option that gives shell the thickness. Depending of the 
chosen segmentation of these surfaces, not every offset direction will result the flat con-
nection surface between the elements, rather a ruled surface. This is one of the top prob-
lems for production as we need to have planar contact surface in between modules. More-
over, the module edge side represents the position of connections, so the geometry of will 
influence the design and production of connectors as well (Figure 1 right). That limitation 
brings out the geometry condition called “zero geometry torsion” in the nodes in order to 
keep the contact surface flat rather than ruled. For this reason, authors turn to methods 
from discrete differential geometry to enable optimization or construction of efficient ge- 
ometry shapes. Scalability and adaptability is a must, which means that bigger vari- ation 
in size and shape will be an issue and will inquire multiple concrete extruders for different 
size cross sections as well as more printing areas, which is not optimal solution. One of 
the biggest printing conditions is that the extruder cannot go simul- taneously in x-z or y-
z direction, which means that modules should be planar. All this influenced a lot the im-
plemented geometry methods that are analysed in the next section. 

 

 

 

Figure 1. Schematic representation of the 3D printing properties of module (left), connection of the two modules with flat 
edge side (right). 
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When it comes to construction demands, the forces have to be analysed in the overall 
structure. Starting from a combination of membrane and bending stress state [16] in the 
shell-like structure, in the edge zones, which form a lattice structure, predomi- nantly nor-
mal forces are decisive. The infill is necessary for the dissipation of the occurring shear 
stresses, serves to stiffen the module and can experience local bend- ing stresses. 

2.2. Geometry methods used for the design and optimization 
Free-form shape in an arbitrary sense does not have a lot of distinctive properties but 

discrete differential geometry contributes with one of the largest range of methods for 
defining their characteristics. The most important geometry property that can re- flect the 
free-form surface are principle curvature directions. Discretization of the free-form sur-
face in the direction of principle curvature lines brings the PQ mesh system [17] [18]. These 
PQ strips are actually tangent planes of the surface. The authors choose the PQ circular 
mesh properties to guide them into the process of principle curvature directions, as they 
represent discrete versions of them [19]. By using their geometrical properties, the process 
of the free-form shell modulation is generated. 

The first one is the circularity of the mesh and its projection on the unit sphere. There 
are two systems of the discrete normal (Figure 2). The first defines the vector that connects 
the centre of the unit sphere with the mesh vertices and the second with the centre of the 
circumcircle. The second system of normals is gained by generating the offset mesh on the 
constant vertex-vertex distance (d – discrete normal = r – sphere radius). The first one is 
used for the measurement of the deviation from geometry torsion free nodes. The second 
is used as a part of the generating algorithm explained in section 3.3. One of the usage of 
the second normals is to create the matching PQ system that gives similar shape with po-
tential better preforming results. This could be explored in the future research. 

 

 
Figure 2. Display of the two sets of discrete normals of the circular mesh system on the unit sphere (Tošić et al. 2020). 

The principal curvature lines allow for a supporting edge layout with optimal node 
(placement of vertices in the modular shell) properties. Moreover, the offset mesh prop-
erty brings a few advantages when it comes to individual elements but also over- all struc-
ture. 

One of the biggest problems is the geometric torsion in the edges that has large in- 
fluence on the production of the connections (nodes) with rectangular cross sections. This 
happens if the symmetry planes of the cross sections of the four elements in a node are not 
intersecting into a single line (Figure 3 b)). Nevertheless, because of the offset mesh prop-
erty, that can be avoided, as the vertex-vertex distance (Figure 3 a)) actually defines the 
node axis and is at the same time normal of the surface in the chosen point. Direction of 
the offsets can be easily defined thought the mapping of the parallel mesh system in the 
unit sphere (Figure 3 b)). 
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Figure 3. a) Mesh offset properties of the circular mesh system within the unit sphere, b) computed for the entire structure 
[20]. 

3. Workflow 
In this section the authors are going to show the workflow of the process of discreti- 

zation of the free-form shapes that can be generated from two curves. One case study is go-
ing to be analysed taking the final chosen solution. The task states: “Starting from the two 
curves, generate the free-form PQ circular mesh system with optimal geometry and construction 
properties for the individual elements and overall con- struction suitable for 3D concrete printing 
manufacture.” The workflow goes as fol- lows: 
1. Analysing starting surface for principle curvature and stress directions 
2. Choosing the two curves for generation 
3. Establishing PQ circular mesh shell 
4. Implementing Response Surface Methodology (RSM) for multi-functional optimiza-

tion and finding the final shape 
5. Comparing the starting shell with the final one on the construction and ge- ometry 

level 

3.1. Analysis of the starting free-form shell 
Before any intervention on the shell the geometrical and construction features have 

to be analysed to be able to determine the treatment and potential effectiveness in the 
usage of the circular PQ mesh system. From the analysis it is important to estab- lish 
whether are principal directions of curvature and stresses close. Although, the algorithm 
can make the PQ system for many arbitrary shapes resulting from multiple intersected 
curves and it is possible to find compromise between the construction and geometry de-
mands in other examples, surfaces with this property are going to have the most potential 
in this process of PQ circular mesh optimization. This is due to maximum potential of the 
mentioned edge reinforcement would be used in total for normal forces in the shell. This 
means that the surfaces geometry complements the construction capacity. 

3.2. Determination of the initial curves for generation 
The analysis from the previous section is necessary to help us in determination of the 

initial curves for the process of generation. The idea to start from two curves and try to gen-
erate a PQ mesh system is drawn from the research of Tellier [21], where the authors deal 
only with planar curves as defined edges of the both starting and other discretized curves 
of the mesh system, which is not the case in this research. Although in showed case study 
only the starting curves are planar it is possible to use other. The position of the starting 
curves in the shape depends on the position of principal curvature and stress directions. 

If the principal curvature and stress direction are close, the starting choice of curves 
is determined by the two principal curvature directions in one point on the surface. De-
pending of the symmetry and shape, it is usually the ones in the middle of the u, v surface 
parametrization, or on the symmetry axis, but can be multiple starting points with many 
intersection curves. 
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The function of the segmentation algorithm goes bottom-up which means that the in-
itial goal is not to approach arbitrary starting shape idea, which is usually done when 
starting with already defined design that can be in a form of NURBS surface [22]. The goal 
is to find the right approach within formulated design idea for printa- ble modules with 
enough freedom in designing shape, with the intention to create better rationalization 
strategies used in design sequence and their relation to digital fabrication processes [23]. 
This is achieved by using curves as an input parameter, generating discretized surface, 
then comparing the resulted PQ mesh system with Rhino/Grasshopper modelling. The 
control of the final shape goes through the design and relation of the starting curves. There-
fore, the system can be used for multiple curves intersection and thus expand the design 
in more arbitrary surfaces. 

3.3. Generating the PQ mesh 
When it comes to the generation of PQ mesh system the whole procedure has been 

parametrized in Grasshopper for Rhino with the help of C# coding for circular mesh plug 
in, starting from the input curves to the final results of construction (forces and deformation) 
and geometry properties (size, shape of the elements and whole shell). Therefore, it is possible 
to change the various input curves data and to get the best possible result for geometry 
and construction. 

The algorithm implemented for generating the PQ circular mesh system is based on 
the geometry characteristics of circular mesh elaborated in the section 2. It starts with two 
input curves and the number of their division. It recognizes the intersection point and starts 
to generate the circular quads “one by one” in rows until the end (depend- ing on the num-
ber of division on the first and second curve) with the tendency to bring orthogonality 
between the edges as they are supposed to represent the discre- tized principle curvature 
directions. During generation, it also draws the symmetry planes of the two final edges 
and quad plane (using the second system of normals from section 2.2), where their inter-
section gives the point which is projected on the starting circle of the quad (Figure 4 right). 
This should make sure that the geometry torsion is minimal per node (which is measured 
with the first system of normals if the neighbouring ones are coplanar). The process con-
tinues for the next quad as well. Orange gradient represents the flow of the generation 
starting form first quad (the green one at intersection point) to the last one that is in the end 
almost transparent on the Figure 4 left. 

 
Figure 4. Generating PQ circular mesh system from two curves (left), displayed process of every PQ circular quad from 
three starting points and defined circle (right). 
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3.4. Multi-objective optimization using RSM 
As mentioned in the previous section the whole process from the design to the results 

is parametrized. This brings the possibility to explore how various geometry param- eters 
have impact on the both geometry and construction results and determine the right com-
bination for the final solution. They can be different and start from the design of the shell, 
types of curves, their position and relation. It implies the usage of methods for extensive 
multi-objective analysis used in this paper, such as Re- sponse Surface Methodology 
(RSM). 

RSM represents a group of mathematical and statistical techniques that are used to 
define the relationships between the response (result that we are looking for) and inde-
pendent variables (input parameters that influence result). The most important thing is 
that RSM can explore, during the process, the influence of independent var- iables alone 
and in combination on the result. In addition, the method also generates mathematical 
model. The term Response Surface Methodology comes from the graphical representation 
of the mathematical model. The typical equation would look like this: 

 

𝑦𝑦 = 𝑓𝑓(𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … , 𝑥𝑥𝑛𝑛) + 𝜀𝜀 
where the f is unknown function of response, y is the response and x1, x2, x3, …, xn are n 
independent variables. The 𝜀𝜀 is the statistical error that represents other sources of variabil-
ity not implied by f. This can include effects such as measurement error and it is assumed 
that its normal distribution is within zero and variance. 

In order for the method to be the most successful, it is necessary to determine the 
optimum settings (ranges of values) and input parameters so that they can result in a max-
imum (or minimum) response over a certain region of interest, R [23]. The better is the rep-
resentation of the input parameters of the model; the bigger chance is to determine the 
value of the optimum [24]. Vinet and Zhedanov [25] explain this method in detail. In this 
paper, the Minitab19 is used to run RSM. 

3.5. Comparing the starting shell with the final one on the geometry and struc- tural level 
Lastly, authors compare the final PQ mesh with the initial shape which therefore gets 

divided in regular u, v directions. In this way it can be shown how the construction and 
geometry, but also the manufacturing parameters could be optimized. As a result, recom-
mendations and guidelines for future projects will be given. The next section represents 
our case study with the implementation of the presented workflow. 

4. Case study of the shell clover 
The initial surface for analysis and optimization is displayed in figure 5. In this case 

study the surface is generated out of two planar curves with the intersection point on the 
beginning of both curves. The green curve is concave while the red one is convex, where it 
can be seen that the whole shell is formed after series of symmetry and rotation transfor-
mations. Nevertheless, as mentioned this algorithm does not depend on the number of in-
tersected curves per shape or relation between curves which means that the method 
doesn’t have to be used only for symmetry nor rotational positioning of the curves. 

After analysis of the principal curvature and stress directions it is concluded that in 
this example directions are very close and therefore, the optimization results of this PQ 
mesh generation have big potential. It must be mentioned that construction anal- ysis was 
done for support that is continuous on the edge of shell, which is probably not going to be 
the case in the final construction calculation. The geometry properties  are complementing 
the construction ones, as a result, those directions can be chosen for the PQ generation (red 
and green curve) and gain minimum change from the initial geometry. 
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Figure 5. Display of the principal curvature directions (left), principle stress directions of the shell (right). 

After establishing the starting positions of both curves several input parameters are 
defined that will be influencing the final outputs. These are: curvature and rotation of both 
curves, angle between the curves (the planes where they lay), number of division (size and 
number of the elements). 

The first input parameter that has been considered is angle between the curves’ 
planes followed by the number of curves’ division. It influences all the shell prop- erties: 
construction, geometry and design. The idea of the shell design resembles a flower, as a result, 
the angle between the curves will directly determine the “number of petals” (shell units). 
Therefore, the possibilities for the angle to fill the 360° circle are: 90° (4 units), 72° (5 units), 
60° (6 units) … to 30° (12 units) (Figure 6). 

Based on analysed forces in all four possible solutions, the optimal one (that has the 
smallest forces) was with the angle between the curves’ planes 45° (Figure 6a)), which gives 
eight shell units with the minimum number of division of 10 per curve. This division de-
fines adequate size and shape of the modules for production when it comes to edge angles 
and size. 

 
Figure 6. Display of the different design results depending on the angle between the curves’ planes. 

The rest of the parameters are combined together in order to implement the respon- 
sive surface analysis (RSM) for the multi-functional optimization and find the opti- mal 
shape. In this particular example the input variables are: curvature of two input curves, the 
rotation angle in their plane around intersection point and number of division of curves. The 
output variables are two: normal stress in the edge part of the modules and shape operator. In 
order to implement the second output the first (angle between curves) input variable had 
to be determined separately in the first step. Shape operator is defined as distance between 
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vertices of designed shape and optimal shape for minimizing normal stresses. Several com-
binations were tested in order to determine the best result. 

 

 
Figure 7. Display of the different curves’ rotation and curvature in their planes with results of the shell shape. 

In order to lower the number of possibilities and tests the range of the input variables 
was lowered. The angle of the curves could vary +-3° from the starting one (which defined 
the design shape), the curvature +-1 and choice for the number of division was from 10 to 
12, as these were the cases of the acceptable sizes of the modules. 

The second very important part after calculating necessary combinations for RSM 
optimization was to determine the relation of the weight of two depending parame- ters. 
When there are two output parameters their product is minimized and their weight in the 
equation can be different. If the parameters are equally important then both have factor 
0.5R1 *0.5R2 = y => min. In this example the weight of the factors is varied in order to deter-
mine the best possible result and importance of the variables on the result. These cases are 
taken into account: 0.5R1 *0.5R2, 0.2R1 *0.8R2, 0.8R1 *0.2R2, 0R1 *1.0R2 and 1.0R1 *0R2. 

The results of all five combinations of parameters are displayed in the table 1 (for 
geometry parameters of modules) and as graph (maximal stresses and distortion from designed 
shape), while the constructions can be seen in the Figure 8. The grey shape overlapped with 
resulted shells represents the initial design. The first (blue) and fourth (light green) were 
disregarded since the range between the smallest and big- gest elements was very high, so 
the appropriate scalability condition wasn’t satisfied. Moreover, the biggest elements could 
not fit into the platform of the current 3D con- crete printer. The following analysis was the 
geometry torsion in constructions, ac- cording to the cross-section of the modules edges 
and thickness of the infill. The results show that three of the solution have no geometry 
torsion and therefore qualify for further analysis. When the rest of the parameters are com-
pared, the fifth (dark green) is chosen as a final solution, as it has the minimal normal 
forces and shape distance from the designed model. 

Table 1. Geometry parameters for production of the modules for all 4 possible solutions. 

Geometry parameters for production 
Size of edge modules [m] Angles between edges Geometry torsion 

Solution 1 (blue) 0.18 – 1.58 45° - 135° n=128; 2.88° 
Solution 2 (orange) 0.29 – 1.24 46° - 134° / 
Solution 3 (yellow) 0.29 – 1.24 46° - 134° / 

Solution 4 (light green) 0.18 – 1.57 45° - 135° n=128; 2.88° 
Solution 5 (dark green) 0.34 – 1.47 46° - 134° / 
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Figure 8. Graph showing the maximal normal forces and shape operator for all five solutions (up); Models of all solutions 
with overlapped designed shape as a reference (grey). 

After establishing the final geometry input parameters, the construction was calcu- 
lated using the Karamba3D Plug-In for Rhino3d. The final modification had to be made 
for squiring the support and shape of the shell, where some of the elements are cut of at the 
bottom and on the sides of construction (Figure 9) as well as adding some additional load 
cases. All knots of the mesh touching the ground are support fixed against translational 
movement. The elements are separated in the printed edges which get modelled as beams 
and the infill which get modelled as shell ele- ments. We assume that all elements are con-
nected rigidly. As loads we used common definitions for roof constructions. There are two 
forces acting on most of the shell element besides self loads, snow and wind forces. For 
the snow forces we use 0,85kN/m² acting in z-direction and for the wind 0,80kN/m² acting 
from one side consider the worst case possible. Because there is a common tolerance in our 
printing system about 3mm, we also considered forces out of imperfection resulting from 
a rotation and bending of respectively 1,5 degrees per element. All loads get multiplied with 
a safety factor of 1,35. 

 

 
Figure 9. The final shape and discretization of the construction (grey) with its extracted parts (light grey). 

 

Figure 10. Final concrete modular shell construction with support placement (left) details in modules’ parts (right). 
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The geometry and construction properties of the initial shape were also analysed af-
ter the chosen position of the curves, but using the standard u, v division. Modules and 
material properties are treated the same as well as the support placement (Figure 10). De-
pending of the volumetric parametrization of the one shell unit results can vary, but the 
authors were leaning towards size and shape uniformity of the modules. 

 
Figure 11. Initial concrete modular shell construction. 

5. Results and discussion 
In table 2 the results of final and initial shell are compared. When it comes to the 

construction the optimization can be noticeable in every aspect. The deformation and aver-
age utilization of the elements is lowered in the final solution (Figure 12). The axial force 
(N) in the starting construction is lowered for about 30% with optimized solution for both 
pressure and tension. Moreover, the final solution enables the less usage of concrete for 
4.5% of the mass of starting model. 

 
Figure 12. a) Utilization of the edge and infill cross sections in final, b) starting model.  

Table 2. Results of the construction and geometry properties of the starting and final construction. 

Construction properties 
 Mass [kg] Deformation N [kN] Utilization [%] 

Starting model 18145 18.32 cm 
-16 
+17 

Infill: aver. 190 
Edge: aver. 630 

Final model 17344 9.89 cm -12 
+12 

Infill: aver. 115 
Edge: aver. 330 

 
Geometry properties 

 
Planarity [%] Geometry torsion Number 

of elements Edge size Angle between edges 

Starting model  
7 

 
0° - 21° 

 
800 

0.42 
- 0.97 

 
25° - 168° 

Final model  
0 

 
0° 

 
800 

0.34 
– 1.47 

 
46° - 134° 

The geometry properties are more suitable for 3D printing when overlooking the fact 
that final shell has planar modules, whereas in the initial shell modules have maxi- mum 
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curvature around 7% (Figure 13) (calculated from the average length of mod- ules’ diago-
nals). 

 
Figure 13. Planarity of the initial shell modules. 

 
Figure 14. a) Geometry torsion of the starting shell, b) final shell. 

The variation of the angle between edges in the initial shell varies from 25° to 168° 
whereas the final shell’s modules go from 45° to 134°. However, due to the diamond shape 
of some modules in the final model, the edge size (0.34 m to 1.47 m) varies more than in 
the starting model (0.42 m to 0.97 m), which can be less suitable for production. When it 
comes to geometry torsion of the elements in the initial con- struction has elements with 
curved connection edges up to 21°, while in the final construction has flat edge connection. 

 

 
Figure 15. The final design of the modular 3D printed concrete free-form shell. 
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In the figure 15 the final design can be seen in the form of assembled 3D printed 
concrete modules. Some of the modules are left without the infill part in the places or 
lower stresses. As a result, not only the weight of the construction is lowered but also the 
illumination of the inner space is enabled. 

6. Conclusion and future research 
Circular meshes have big and important place in both design and optimization of the 

shell constructions. Two curves starting method has benefits as it offers enough ini- tial 
design limitations, but on the other hand leaves space for establishing very good geometry 
and construction properties. In this research the authors are using these methods for the 
purpose of design, optimization and prefabrication of effective mod- ular 3D concrete 
printing free-form shell structures. As the interdisciplinary nature of the project where the 
technology and material properties are very important, they have to play out parallel with 
the geometry and construction conditions that can be very demanding. The biggest ad-
vantage, compared to other methods, rise in the needs of the flow production characteristic 
for the 3D concrete printing such as small variation in the size of the modules, planarity, 
flat connection surface and normal force edge placement. Moreover, the bottom-up ap-
proach that authors use for algo- rithm is to design and discover more effective shapes 
that can rise from both planar and space curves. 
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