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Abstract

This paper investigates the existence and multiplicity of positive solutions for a system of generalized
Laplacian problems. By analyzing the asymptotic behavior of the nonlinearity, we establish conditions
for the existence of positive solutions and the presence of multiple positive solutions. Our main
results reveal how the norm of the positive solutions behaves as the parameter λ approaches 0 or ∞,
specifically that the norm tends to either 0 or ∞.
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1. Introduction
In this paper, we investigate the existence of positive solutions to the following system:(P(t) • Φ(u′(t)))′ + λh(t) • f (u(t)) = θ, t ∈ (0, 1),

u(0) = u(1) = θ,
(1.1)

where λ ∈ R+ := [0, ∞) is a parameter and θ denotes the origin of RN with N ≥ 2. The vector-valued
function P := (p1, · · · , pN) is defined with pi ∈ C([0, 1], (0, ∞)) for i ∈ {1, · · · , N}. The vector-valued
function Φ : RN → RN is defined by

Φ(s) = (φ1(s1), · · · , φN(sN)) for s = (s1, · · · , sN) ∈ RN ,

where each φi : R → R is an odd increasing homeomorphism for i ∈ {1, · · · , N}. In addition,
h := (h1, · · · , hN) is a vector-valued function with hi ∈ C((0, 1), (0, ∞)) for i ∈ {1, · · · , N}, and
f := ( f1, · · · , fN) is a vector-valued function with fi ∈ C(RN

+ ,R+) such that fi(y) > 0 for y ∈ RN
+ \ {θ}

and i ∈ {1, · · · , N}. Here RN
+ := {(x1, · · · , xN) : xj ∈ R+ for 1 ≤ j ≤ N}. The symbol • denotes the

entry-wise product, i.e., (a1, · · · , aN) • (b1, · · · , bN) := (a1b1, · · · , aNbN).
By a solution u = (u1, · · · , uN) to problem (1.1), we mean a vector-valued function u =

(u1, · · · , uN) ∈ C1((0, 1),RN) that satisfies (1.1). A solution u = (u1, · · · , uN) to problem (1.1) is
positive if, for each i ∈ {1, · · · , N}, ui(t) ≥ 0 for all t ∈ [0, 1] and at least one component of u is
nontrivial. We note that, according to Lemma 2.1(2), any nontrivial component of u is positive on
(0, 1).

Let ϑ : R+ → R+ be an increasing homeomorphism. Then we denote by Hϑ the set{
k ∈ C((0, 1),R+) :

∫ 1

0
ϑ−1

(∣∣∣∣∣
∫ 1

2

s
k(τ)dτ

∣∣∣∣∣
)

ds < ∞

}
.

In the present work, we adopt the following hypotheses. Hypothesis (K1) will be assumed in
all subsequent sections, whereas (K2) will be invoked only in Section 3, where the main results are
established:
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(K1) For each i ∈ {1, · · · , N}, there exist increasing homeomorphisms ψ1
i , ψ2

i : R+ → R+ such that

φi(x)ψ1
i (y) ≤ φi(xy) ≤ φi(x)ψ2

i (y) for all x, y ∈ R+. (1.2)

(K2) hi ∈ Hψ1
i
\ {0} for all i ∈ {1, · · · , N}.

As is well known, it follows from (K1) that, for i ∈ {1, · · · , , N},

φ−1
i (x)(ψ2

i )
−1(y) ≤ φ−1

i (xy) ≤ φ−1
i (x)(ψ1

i )
−1(y) for all x, y ∈ R+ (1.3)

and
L1(0, 1) ∩ C(0, 1) ⊊ Hψ1

i
⊆ Hφi ⊆ Hψ2

i
.

(see, e.g., Remark 1 in [1]).
In recent decades, considerable attention has been devoted to the study of positive solutions

for boundary value problems involving generalized Laplacian operators. Early contributions mainly
focused on the scalar case (see, e.g., [2–5]), where topological methods were used to establish existence
and multiplicity results. Building upon the scalar results, subsequent works have shifted the system
case ([6–10]), providing conditions for the existence and multiplicity of positive solutions. For example,
Wang [6] laid the foundation for generalized elliptic systems by proving the existence and multiplicity
of positive solutions under specific structural hypotheses on the nonlinearity, while Medekhel et al.
[10] investigated a parabolic (p(x), q(x))-Laplacian system, establishing its existence and asymptotic
behavior using sub- and super-solution methods.

More recently, Li et al. [11] investigated a system of fractional q-difference equations with
generalized p-Laplacian operators, establishing existence results of positive solutions under various
superlinear and sublinear conditions. Furthermore, Yang and Zhang [12] studied a (p, q)-Laplacian
coupled system with perturbations and two parameters on locally finite graphs, proving the existence
and multiplicity of nontrivial solutions by means of variational methods.

This paper extends previous research by analyzing a system of generalized Laplacian problems
with a parameter λ. While earlier studies ([6–9]) focused on cases where the operator’s characteristics
were uniform across all equations (i.e., φi was the same for all i) and required the function pi to be
non-decreasing on [0, 1], our work considers a more general setting where these conditions are relaxed.
Our approach accommodates a variable operator φi and makes no monotonicity assumption on pi.
Moreover, unlike the aforementioned papers that primarily focused on establishing the existence
and multiplicity of positive solutions, our study provides a more detailed analysis of the asymptotic
behavior of the solution norm with respect to the parameter λ.

Our main contributions are twofold. First, depending on the behavior of the nonlinearity at zero
and ∞, we establish the existence of a positive solution for every λ > 0 and precisely determine the
asymptotic behavior of the solution norm as λ tends to 0 or ∞. These results provide a global existence
result along with precise asymptotic information. Second, under different structural assumptions on
the nonlinearity, we prove the existence of two distinct positive solutions for certain ranges of the
parameter λ. We also determine the asymptotic behavior of these solutions as λ tends to 0 or ∞. Unlike
the first case, however, this multiplicity result leaves open the question of global existence for all λ > 0.

The remainder of this paper is organized as follows. Section 2 presents preliminary results and
their immediate consequences. Section 3 establishes auxiliary lemmas and our main results, illustrating
them with examples. Section 4 concludes with a summary of the main results and a discussion of open
problems, particularly concerning the global existence of positive solutions under the assumptions in
Theorem 3.6.

2. Preliminaries
Throughout this section, we assume that (K1) and hi ∈ Hφi for all i ∈ {1, · · · , N} hold.
Let
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X := {(v1, · · · , vN) : vi ∈ C[0, 1] for 1 ≤ i ≤ N}

and

∥v∥X :=
N

∑
i=1

∥vi∥∞ for v = (v1, · · · , vN) ∈ X.

Here,

∥w∥∞ := max{|w(t)| : t ∈ [0, 1]} for w ∈ C[0, 1].

Then (X, ∥ · ∥X) be a Banach space. For s = (s1, · · · , sN) ∈ RN , let ∥s∥N :=
N

∑
i=1

|si|.

Let K := P1 × · · · × PN . Here, for i ∈ {1, · · · , N}, Pi is the set of all nonnegative continuous
functions vi satisfying, for t ∈ [ 1

4 , 3
4 ],

vi(t) ≥
1
4

p1
i ∥vi∥∞.

Here p1
i := ψ−1

2

(
1

∥pi∥∞

)[
ψ−1

1

(
1
p0

i

)]−1

∈ (0, 1] and p0
i := min

t∈[0,1]
pi(t) > 0. Then K is a cone in X.

For v = (v1, · · · , vN) ∈ K and t ∈ [ 1
4 , 3

4 ],

∥v(t)∥N =
N

∑
i=1

vi(t) ≥
N

∑
i=1

1
4

p1
i ∥vi∥∞ ≥ ρ∥v∥X . (2.1)

Here ρ := min{1
4

p1
i : 1 ≤ i ≤ N}.

For l > 0, let

Kl := {v ∈ K : ∥v∥X < l}, ∂Kl := {v ∈ K : ∥v∥X = l} and Kl := Kl ∪ ∂Kl .

Let i ∈ {1, · · · , N} be given. For gi ∈ Hφi , consider the following problem(pi(t)φi(u′
i(t)))

′ + gi(t) = 0, t ∈ (0, 1),

ui(0) = ui(1) = 0.
(2.2)

Define a function Si : Hφi → C[0, 1] by, for gi ∈ Hφi ,

Si(g)(t) =


∫ t

0 φ−1
i

(
1

pi(s)

∫ σi
s gi(ϱ)dϱ

)
ds, if 0 ≤ t ≤ σi,∫ 1

t φ−1
i

(
1

pi(s)

∫ s
σi

gi(ϱ)dϱ
)

ds, if σi ≤ t ≤ 1.
(2.3)

Here σi = σi(gi) is a constant satisfying

∫ σi

0
φ−1

i

(
1

pi(s)

∫ σi

s
gi(ϱ)dϱ

)
ds =

∫ 1

σi

φ−1
i

(
1

pi(s)

∫ s

σi

gi(ϱ)dϱ

)
ds. (2.4)

For any gi ∈ Hφi and any σi satisfying (2.4), Si(gi) is monotone increasing on [0, σi) and monotone
decreasing on (σi, 1]. Note that σi = σ(gi) is not necessarily unique, but Si(gi) is independent of the
choice of σi satisfying (2.4) (see [13, Remark 2]).

Based on Lemma 1 and Lemma 2 in [1], we have the following lemma.

Lemma 2.1. Let i ∈ {1, · · · , N} be given, and assume that (K1) and gi ∈ Hφi hold. Then
(1) Si(gi) is a unique solution to problem (2.2) with the following property

Si(gi)(t) ≥ min{t, 1 − t}p1
i ∥Si(gi)∥∞

for t ∈ [0, 1], and thus Si(gi) ∈ Pi.
(2) If gi ̸≡ 0, then there exists a subinterval [σ1

i , σ2
i ] of (0, 1) such that
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(Si(gi))
′(t) > 0, t ∈ (0, σ1

i ), (Si(gi))
′(t) = 0, t ∈ [σ1

i , σ2
i ] and (Si(gi))

′(t) < 0, t ∈ (σ2
i , 1).

Define a function Gi : R+ ×K → C(0, 1) by, for t ∈ (0, 1),

Gi(λ, u)(t) := λhi(t) fi(u1(t), · · · , uN(t))

for λ ∈ R+ and u = (u1, · · · , uN) ∈ K. From the facts that hi ∈ Hφ and the continuity of fi, it clearly
follows that

Gi(λ, u) ∈ Hφ

for any (λ, u) ∈ R+ ×K.
Next, we define an operator H : R+ ×K → K by

H(λ, u) := (T1(λ, u), · · · , TN(λ, u))

for (λ, u) ∈ R+ ×K. Here,

Ti(λ, u) := Si(Gi(λ, u))

for (λ, u) ∈ R+ ×K and i ∈ {1, · · · , N}. More precisely, for (λ, u) ∈ R+ ×K,

Ti(λ, u)(t) =

{ ∫ t
0 φ−1( 1

pi(s)

∫ σ
s Gi(λ, u)(τ)dτ)ds, if 0 ≤ t ≤ σi,∫ 1

t φ−1( 1
pi(s)

∫ s
σ Gi(λ, u)(τ)dτ)ds, if σi ≤ t ≤ 1.

Here, for i ∈ {1, · · · , N}, σi = σi(λ, u) is a number that satisfies

∫ σi

0
φ−1

(
1

pi(s)

∫ σi

s
Gi(λ, u)(τ)dτ

)
ds =

∫ 1

σi

φ−1
(

1
pi(s)

∫ s

σi

Gi(λ, u)(τ)dτ

)
ds. (2.5)

By Lemma 2.1(1),

Ti(λ, u) ∈ Pi

for all (λ, u) ∈ R+ ×K and i ∈ {1, · · · , N}, which implies

H(R+ ×K) ⊆ K.

Remark 2.2. (1) It is evident that (1.1) has a solution if and only if H(λ, ·) has a fixed point in K.
(2) From H(0, u) = 0 for any u ∈ K, it follows that θ is a unique solution to problem (1.1) with λ = 0.
(3) By Lemma 2.1(2), u is a positive solution, provided that u is a nontrivial solution to problem (1.1).

Using (1.3), by the similar arguments as in the proof of Lemma 3 in [2] (or Lemma 3.3 in [14]), one
can show that, for i ∈ {1, · · · , N}, Ti : R+ ×K → Pi is completely continuous. Thus the complete
continuity of H can be obtained as follows.

Lemma 2.3. Assume that (K1) and hi ∈ Hφi for all i ∈ {1, · · · , N} hold. Then the operator H : R+×K → K
is completely continuous.

For i ∈ {1, · · · , N} and m ∈ R+, let

( fi)∗(m) := min{ fi(y) : y ∈ RN
+ with ρm ≤ ∥y∥N ≤ m}

and

( fi)
∗(m) := max{ fi(y) : y ∈ RN

+ with ∥y∥N ≤ m}.

For a ∈ {0, ∞} and i ∈ {1, · · · , N}, let
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f a
i := lim

∥y∥N→a

fi(y)
φi(∥y∥N)

.

Remark 2.4. It is straightforward to observe that, for a ∈ {0, ∞} and i ∈ {1, · · · , N},

lim
m→a

( fi)∗(m)

φi(m)
= lim

m→a

( fi)
∗(m)

φi(m)
= 0 if f a

i = 0

and

lim
m→a

( fi)∗(m)

φi(m)
= lim

m→a

( fi)
∗(m)

φi(m)
= ∞ if f a

i = ∞.

For the reader’s convenience, we provide the proofs. First, we show that f 0
i = 0 implies

lim
m→0

( fi)∗(m)

φi(m)
= lim

m→0

( fi)
∗(m)

φi(m)
= 0.

Let ϵ > 0 be given and f 0
i = 0 be assumed. Then there exists δ > 0 such that for any s with ∥s∥N ∈ (0, δ),

0 < fi(s)
φi(∥s∥N)

< ϵ.

Since fi ∈ C(RN
+ ,R+), by the extreme value theorem, for any m ∈ (0, δ), ( fi)

∗(m) = fi(xm) for some
xm ∈ RN

+ \ 0 with ∥xm∥N ≤ m. Then

0 ≤ ( fi)∗(m)

φi(m)
≤ ( fi)

∗(m)

φi(m)
=

fi(xm)

φi(m)
≤ fi(xm)

φi(∥xm∥N)
< ϵ

for any m ∈ (0, δ), which implies

lim
m→0

( fi)∗(m)

φi(m)
= lim

m→0

( fi)
∗(m)

φi(m)
= 0.

Next, we prove that f ∞
i = 0 implies

lim
m→∞

( fi)∗(m)

φi(m)
= lim

m→∞

( fi)
∗(m)

φi(m)
= 0.

Indeed, let ϵ > 0 be given and f ∞
i = 0 be assumed. Then there exists N > 0 such that y ∈ RN

+ with ∥y∥N ≥ N,

fi(y)
φi(∥y∥N)

< ϵ.

For any m with m ≥ N,

( fi)
∗(m) ≤ ( fi)

∗(N) + fi(yN,m),

where yN,m ∈ RN
+ satisfying

N ≤ ∥yN,m∥N ≤ m and fi(yN,m) = max{ fi(y) : N ≤ ∥y∥N ≤ m}.

Then

0 ≤ ( fi)∗(m)

φi(m)
≤ ( fi)

∗(m)

φi(m)
≤ ( fi)

∗(N)

φi(m)
+

( fi)
∗(yN,m)

φi(∥yN,m∥N)
≤ ( fi)

∗(N)

φi(m)
+ ϵ.

Consequently,

0 ≤ lim sup
m→∞

f∗(s)
φi(s)

≤ lim sup
m→∞

f ∗(m)

φi(m)
≤ ϵ,

which is true for all ϵ > 0. Thus

lim
m→∞

( fi)∗(m)

φi(m)
= lim

m→∞

( fi)
∗(m)

φi(m)
= 0.

Finally, we establish that, for a ∈ {0, ∞}, f a
i = ∞ implies
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lim
m→a

( fi)∗(m)

φi(m)
= lim

m→a

( fi)
∗(m)

φi(m)
= ∞.

For each m ∈ (0, ∞), the extreme value theorem ensures the existence of ym ∈ RN
+ with ρm ≤ ∥ym∥N ≤ m

satisfying ( fi)∗(m) = fi(ym). Hence

( fi)
∗(m)

φi(m)
≥ ( fi)∗(m)

φi(m)
=

fi(ym)

φi(m)
≥ fi(ym)

φi(∥ym∥N)ψ
2
i (

m
∥ym∥N

)
≥ f (ym)

φi(∥ym∥N)ψ
2
i (ρ

−1)
.

As m → a ∈ {0, ∞}, ∥ym∥N → a, and thus f a
i = ∞ implies

lim
m→a

( fi)∗(m)

φi(m)
= lim

m→a

( fi)
∗(m)

φi(m)
= ∞.

Finally, we recall a well-known theorem of the fixed point index theory.

Theorem 2.5. (see, e.g., [15,16]) Assume that, for some r > 0, T : Kr → K is completely continuous. Then

(i) if ∥T(v)∥X > ∥v∥X for v ∈ ∂Kr, then i(T,Kr,K) = 0;

(ii) if ∥T(v)∥X < ∥v∥X for v ∈ ∂Kr, then i(T,Kr,K) = 1.

3. Main Results
In this section, we assume that (K1) and (K2) hold. For i ∈ {1, · · · , N}, define continuous

functions R1
i : (0, ∞) → (0, ∞) and R2

i : (0, ∞) → (0, ∞) by

R1
i (m) := C1 p0

i
φi(m)

( fi)∗(m)
and R2

i (m) := C2∥pi∥∞
φi(m)

( fi)∗(m)
for m ∈ (0, ∞).

Here,

C1 := min
1≤i≤N

ψ1
i

1
2

[∫ 1
2

0
(ψ1

i )
−1

(∫ 1
2

s
hi(τ)dτ

)
ds

]−1
, ψ1

i

(
1
2

[∫ 1

1
2

(ψ1
i )

−1
(∫ s

1
2

hi(τ)dτ

)
ds
]−1

)
and

C2 := max
1≤i≤N

ψ2
i

[∫ 1
2

1
4

(ψ2
i )

−1

(∫ 1
2

s
hi(τ)dτ

)
ds

]−1
, ψ2

i

[∫ 3
4

1
2

(ψ2
i )

−1
(∫ s

1
2

hi(τ)dτ

)
ds

]−1
.

By (1.2) and (1.3), ψ1
i (z) ≤ ψ2

i (z) and (ψ2
i )

−1(z) ≤ (ψ1
i )

−1(z) for z ∈ R+. Thus

0 < C1 < C2 and 0 < R1
i (m) < R2

i (m)

for all i ∈ {1, · · · , N} and all m ∈ (0, ∞).
Let, for m ∈ (0, ∞),

R1
∗(m) := min{R1

i (m) : 1 ≤ i ≤ N} and R2
∗(m) := min{R2

i (m) : 1 ≤ i ≤ N}.

Then, for all m ∈ (0, ∞),
0 < R1

∗(m) < R2
∗(m). (3.1)

Lemma 3.1. Assume that (K1) and (K2) hold. Let m ∈ (0, ∞) be fixed. Then, for any λ ∈ (0, R1
∗(m)),

∥H(λ, v)∥X < ∥v∥X for all v ∈ ∂Km

and
i(H(λ, ·),Km,K) = 1. (3.2)

Proof. Let λ ∈ (0, R1
∗(m)) and v ∈ ∂Km be fixed. Then ∥v∥X = m and
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∥v(t)∥N ≤ m for t ∈ [0, 1].

Let i ∈ {1, · · · , N} be given. Since λ ∈ (0, R1
∗(m)),

λ fi(v(t)) ≤ λ( fi)
∗(m) =

λφi(m)

R1
i (m)

C1 p0
i < φi(m)C1 p0

i for t ∈ [0, 1]. (3.3)

Let σi be a number satisfying Ti(λ, v)(σi) = ∥Ti(λ, v)∥∞. We have two cases: either (i) σi ∈ (0, 1
2 )or

(ii) σi ∈ [ 1
2 , 1) . We only consider the case (i), since the case (ii) can be dealt in a similar manner. From

(1.3), (3.3) and the definition of C1, it follows that

∥Ti(λ, v)∥∞ =
∫ σi

0
φ−1

i

(
1

pi(s)

∫ σi

s
λhi(τ) fi(v(τ))dτ

)
ds

<
∫ 1

2

0
φ−1

i

(∫ 1
2

s
h(τ)dτφi(m)C1

)
ds

≤
∫ 1

2

0
(ψ1

i )
−1

(∫ 1
2

s
h(τ)dτ

)
dsφ−1

i (φi(m)C1))

≤
∫ 1

2

0
(ψ1

i )
−1

(∫ 1
2

s
h(τ)dτ

)
ds(ψ1

i )
−1(C1)m ≤ 1

2
∥v∥X .

Thus ∥H(λ, v)∥X < ∥v∥X for all v ∈ ∂Km, and by Theorem 2.5, (3.2) holds for any λ ∈ (0, R1
∗(m)).

Lemma 3.2. Assume that (K1) and (K2) hold. Let m ∈ (0, ∞) be fixed. Then, for any λ ∈ (R2
∗(m), ∞),

∥H(λ, v)∥X > ∥v∥X for all v ∈ ∂Km

and
i(H(λ, ·),Km,K) = 0. (3.4)

Proof. Let λ ∈ (R2
∗(m), ∞) and v ∈ ∂Km be fixed. Then ∥v∥X = m and, by (2.1),

ρm ≤ ∥v(t)||N ≤ m for t ∈ [ 1
4 , 3

4 ].

For fixed i satisfying R2
i (m) = R2

∗(m),

λ fi(v(t)) ≥ λ( fi)∗(m) =
λφi(m)

R2
i (m)

C2∥pi∥∞ > φi(m)C2∥pi∥∞ for t ∈ [
1
4

,
3
4
]. (3.5)

Let σi be a number satisfying Ti(λ, v)(σi) = ∥Ti(λ, v)∥∞. We have two cases: either (i) σi ∈ [ 1
2 , 1) or

(ii) σi ∈ (0, 1
2 ). We only consider the case (i), since the case (ii) can be dealt in a similar manner. Since

λ > R2
i (m), it follows from (1.3), (3.5) and the definition of C2 that

∥Ti(λ, v)∥∞ =
∫ σi

0
φ−1

i

(
1

pi(s)

∫ σ

s
λhi(τ) fi(v(τ))dτ

)
ds

>
∫ 1

2

1
4

φ−1
i

(∫ 1
2

s
hi(τ)dτφi(m)C2

)
ds

≥
∫ 1

2

1
4

(ψ2
i )

−1

(∫ 1
2

s
hi(τ)dτ

)
dsφ−1

i (φi(m)C2)

≥
∫ 1

2

1
4

(ψ2
i )

−1

(∫ 1
2

s
hi(τ)dτ

)
ds(ψ2

i )
−1(C2)m ≥ m = ∥v∥X .

Thus ∥H(λ, v)∥X > ∥v∥X for all v ∈ ∂Km, and by Theorem 2.5, (3.4) holds for any λ ∈ (R2
∗(m), ∞).
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By Lemma 3.1 and Lemma 3.2, we give the result for the existence of positive solutions to problem
(1.1).

Theorem 3.3. Assume that (K1) and (K2) hold, and that there exist positive constants m1 and m2 such that
m1 < m2 (resp., m2 < m1) and R2

∗(m2) < R1
∗(m1). Then problem (1.1) has a positive solution u = u(λ)

satisfying m1 < ∥u∥∞ < m2 (resp., m2 < ∥u∥∞ < m1) for any λ ∈ (R2
∗(m2), R1

∗(m1)).

Proof. We prove only the case 0 < m1 < m2, since the other case m2 < m1 is analogous. Let
λ ∈ (R2

∗(m2), R1
∗(m1)) be given. From Lemma 3.1 and Lemma 3.2, it follows that

i(H(λ, ·),Km1 ,K) = 1 and i(H(λ, ·),Km2 ,K) = 0.

Since H(λ, v) ̸= v for all v ∈ ∂Km1 , the additivity property implies

i(H(λ, ·),Km2 \ Km1 ,K) = −1.

Hence, by the solution property, there exists u ∈ Km2 \ Km1 such that H(λ, u) = u. This completes the
proof.

For a ∈ {0, ∞}, let f a :=
N

∑
i=1

f a
i . Recall that

f a
i = lim

∥y∥N→a

fi(y)
φ1(∥y∥N)

for i ∈ {1, · · · , N}.

Remark 3.4. For a ∈ {0, ∞},

f a = 0 if and only if f a
i = 0 for all i ∈ {1, · · · , N}

and

f a = ∞ if and only if f a
i = ∞ for some i ∈ {1, · · · , N}.

By Remark 2.4, for a ∈ {0, ∞},

lim
m→a

R1
∗(m) = lim

m→a
R2
∗(m) = ∞ if f a = 0 (3.6)

and
lim
m→a

R1
∗(m) = lim

m→a
R2
∗(m) = 0 if f a = ∞. (3.7)

Theorem 3.5. Assume that (K1) and (K2) hold.

(1) If f 0 = 0 and f ∞ = ∞, then problem (1.1) has a positive solution u(λ) for any λ ∈ (0, ∞) satisfying

∥uλ∥X → ∞ as λ → 0 and ∥uλ∥X → 0 as λ → ∞.

(2) If f 0 = ∞ and f ∞ = 0, then problem (1.1) has a positive solution u(λ) for any λ ∈ (0, ∞) satisfying

∥uλ∥X → 0 as λ → 0 and ∥uλ∥X → ∞ as λ → ∞.

Proof. We prove only the case f 0 = 0 and f ∞ = ∞, as the case f 0 = ∞ and f ∞ = 0 can be treated
analogously. Since f 0 = 0 and f ∞ = ∞, it follows from Remark 3.4 that

Rj
∗(m) → ∞ as m → 0 and Rj

∗(m) → 0 as m → ∞ for all j ∈ {1, 2}.

For any λ ∈ (0, ∞), by (3.1), there exist m1(λ) and m2(λ) such that

0 < m1(λ) < m2(λ) and R2
∗(m2(λ)) < λ < R1

∗(m1(λ)).

By Theorem 3.3, there exists a positive solution uλ to problem (1.1) such that m1(λ) < ∥uλ∥X < m2(λ).
Since Rj

∗(m) → ∞ as m → 0 for all j ∈ {1, 2}, we can choose m1(λ) and m2(λ) such that
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0 < m1(λ) < m2(λ) and m2(λ) → 0 as λ → ∞.

Consequently, we can choose a positive solution uλ to problem (1.1) for large λ > 0 so that ∥uλ∥X → 0
as λ → ∞. Similarly, since Rj

∗(m) → 0 as m → ∞ for all j ∈ {1, 2}, we can choose a positive solution
uλ to problem (1.1) for small λ > 0 so that ∥uλ∥X → ∞ as λ → 0.

Theorem 3.6. Assume that (K1) and (K2) hold.

(1) If f 0 = f ∞ = 0, then there exists λ∗ ∈ (0, ∞) such that problem (1.1) has two positive solutions u1(λ)

and u2(λ) for any λ ∈ (λ∗, ∞) and it has a positive solution u(λ∗) for λ = λ∗. Moreover, u1(λ) and
u2(λ) can be chosen so that

lim
λ→∞

∥u1(λ)∥X = 0 and lim
λ→∞

∥u2(λ)∥X = ∞.

(2) If f 0 = f ∞ = ∞, then there exists λ∗ ∈ (0, ∞) such that problem (1.1) has two positive solutions u1(λ)

and u2(λ) for any λ ∈ (0, λ∗) and it has a positive solution u(λ∗) for λ = λ∗. Moreover, u1(λ) and
u2(λ) can be chosen so that

lim
λ→0

∥u1(λ)∥X = 0 and lim
λ→0

∥u2(λ)∥X = ∞.

Proof. (1) Since f 0 = f ∞ = 0, it follows that

lim
m→0

Rj
∗(m) = lim

m→∞
Rj
∗(m) = ∞ for all j ∈ {1, 2}.

Then there exists m∗ ∈ (0, ∞) satisfying R2
∗(m∗) = min{R2

∗(m) : m ∈ R+} ∈ (0, ∞). Let λ∗ = R2
∗(m∗).

For any λ ∈ (λ∗, ∞), by (3.1), there exist m1(λ), m2(λ), M1(λ) and M2(λ) such that

0 < m1(λ) < m2(λ) < m∗ < M2(λ) < M1(λ)

and

R2
∗(m2(λ)) = R2

∗(M2(λ)) < λ < R1
∗(m1(λ)) = R1

∗(M1(λ)).

By Theorem 3.3, positive solutions u1(λ) and u2(λ) to problem (1.1) exist that satisfy

m1(λ) < ∥u1(λ)∥X < m2(λ) and M2(λ) < ∥u2(λ)∥X < M1(λ).

Since lim
m→0

Rj
∗(m) = lim

m→∞
Rj
∗(m) = ∞ for all j ∈ {1, 2}, we can choose m2(λ) and M2(λ) satisfying

m2(λ) → 0 and M2(λ) → ∞ as λ → ∞.

Consequently, we can choose positive solutions u1(λ) and u2(λ) to problem (1.1) for large λ > 0 so
that

∥u1(λ)∥X → 0 and ∥u2(λ)∥X → ∞ as λ → ∞.

For each n ∈ N, let λn := λ∗ +
1
n . We can then choose mn

1 and mn
2 such that

0 < ϵ < mn
1 < mn

2 < m∗ and R2
∗(mn

2 ) < λn < R1
∗(mn

1 ) for all n.

Consequently, for each n, there exists a positive solution un ∈ K to problem (1.1) such that

H(λn, un) = un and ϵ < ∥un∥X < m∗.

Since {(λn, un)} is bounded in R+ ×K and H : R+ ×K → K is compact, there exist a subsequence
{(λnk , unk )} of {(λn, un)} and u∗ ∈ K such that

H(λnk , unk ) = unk → u∗ in K as k → ∞.

Given that λn → λ∗ as n → ∞ and H is continuous,

H(λ∗, u∗) = u∗ and ∥u∗∥X ≥ ϵ > 0.
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Therefore, problem (1.1) has a positive solution u∗ for λ = λ∗. The proof is now complete.
(2) Since f 0 = f ∞ = ∞, it follows that

lim
m→0

Rj
∗(m) = lim

m→∞
Rj
∗(m) = 0 for all j ∈ {1, 2}.

Let λ∗ = max{R1
∗(m) : m ∈ R+} ∈ (0, ∞) and m∗ ∈ (0, ∞) satisfying R1

∗(m∗) = λ∗. Then the proof is
complete by the argument similar to those in the proof of Theorem 3.6(1).

Finally, we conclude by providing some examples that illustrate the assumptions of Theorem 3.5
and Theorem 3.6.

Example 3.7. Consider
((1 + t2)φ1(u′

1(t)))
′ + λh1(t) f1(u1(t), u2(t)) = 0, t ∈ (0, 1),

((1 + t)−1 φ2(u′
2(t)))

′ + λh2(t) f2(u1(t), u2(t)) = 0, t ∈ (0, 1),

u1(0) = u1(1) = u2(0) = u2(1) = 0.

(3.8)

Let

φ1(x) = x|x|
1+|x| and φ2(x) = x + x|x| for x ∈ R.

It is easy to verify that condition (K1) holds for

ψ1
1(y) = ψ1

2(y) = min{y, y2} and ψ2
1(y) = ψ2

2(y) = max{y, y2} for y ∈ R+.

Define h1 : (0, 1) → (0, ∞) and h2 : (0, 1) → (0, ∞) by

h1(t) = t−a and h2(t) = (1 − t)−b for t ∈ (0, 1),

where a, b ∈ [1, 2) are fixed. Then, for i ∈ {1, 2}, (ψ1
i )

−1(s) = s for all s ≥ 1. Consequently, condition (K2) is
also satisfied.

In order to illustrate our results more concretely, we now discuss the four cases determined by f 0 and f ∞:
First, for the case where f 0 = 0 and f ∞ = ∞, one may take

f1(s1, s2) = (s1 + s2)
3 = ∥s∥3

2, f2(s1, s2) = (s1 + s2)
2 = ∥s∥2

2 for s = (s1, s2) ∈ R2
+.

By Theorem 3.5(1), problem (3.8) has a positive solution u(λ) for any λ ∈ (0, ∞) satisfying

∥uλ∥X → ∞ as λ → 0 and ∥uλ∥X → 0 as λ → ∞.

Next, if f 0 = ∞ and f ∞ = 0, for instance with

f1(s1, s2) = (s1 + s2)
1
3 = ∥s∥

1
3
2 , f2(s1, s2) = (s1 + s2)

3
2 = ∥s∥

3
2
2 for s = (s1, s2) ∈ R2

+,

then by Theorem 3.5(2), problem (3.8) has a positive solution u(λ) for any λ ∈ (0, ∞) satisfying

∥uλ∥X → 0 as λ → 0 and ∥uλ∥X → ∞ as λ → ∞.

Moreover, in the case where f 0 = f ∞ = 0, by choosing

f1(s1, s2) =

{
(s1 + s2)

3 = ∥s∥3
2, if ∥s∥2 ≤ 1,

(s1 + s2)
1
2 = ∥s∥

1
2
2 , if ∥s∥2 > 1

and

f2(s1, s2) = (s1 + s2)
3
2 = ∥s∥

3
2
2 for s = (s1, s2) ∈ R2

+,

Theorem 3.6(1) shows that there exists λ∗ ∈ (0, ∞) such that (3.8) has two positive solutions u1(λ) and u2(λ)

for any λ ∈ (λ∗, ∞) and it has a positive solution u(λ∗) for λ = λ∗. Moreover, u1(λ) and u2(λ) can be chosen
so that
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lim
λ→∞

∥u1(λ)∥X = 0 and lim
λ→∞

∥u2(λ)∥X = ∞.

Finally, when f 0 = f ∞ = ∞, an example is given by

f1(s1, s2) = (s1 + s2)
3
2 = ∥s∥

3
2
2 , f2(s1, s2) = (s1 + s2)

1
2 = ∥s∥

1
2
2 for s = (s1, s2) ∈ R2

+.

According to Theorem 3.6(2), there exists λ∗ ∈ (0, ∞) such that problem (3.8) has two positive solutions u1(λ)

and u2(λ) for any λ ∈ (0, λ∗) and it has a positive solution u(λ∗) for λ = λ∗. Moreover, u1(λ) and u2(λ)

can be chosen so that

lim
λ→0

∥u1(λ)∥X = 0 and lim
λ→0

∥u2(λ)∥X = ∞.

4. Conclusions
In this work, we have investigated the existence of positive solutions to problem (1.1) under

various growth conditions on the nonlinearity. Our main results are summarized in Theorem 3.5 and
Theorem 3.6.

Theorem 3.5 establishes that, when the hypotheses (K1) and (K2) hold and the nonlinear term
exhibits suitable asymptotic behavior, problem (1.1) admits a positive solution for every parameter
λ ∈ (0, ∞). Moreover, the theorem provides detailed information on the asymptotic behavior of these
solutions as λ → 0 or λ → ∞, thereby providing a more comprehensive understanding of the solution
structure in this case.

In contrast, Theorem 3.6 shows that, under different assumptions on the nonlinearity, one can
guarantee the existence of two distinct positive solutions for problem (1.1), but only for certain ranges
of the parameter λ. While this multiplicity result is significant, the theorem does not yield any
information about the existence of positive solutions for the remaining values of λ. Hence, unlike
Theorem 3.5, the global existence of positive solutions with respect to λ remains unclear in this setting.

This limitation suggests a natural direction for future research. A central open problem is to obtain
further information on the existence or nonexistence of positive solutions for all values of λ > 0 under
the assumptions of Theorem 3.6, possibly by introducing additional conditions on the nonlinearity.
Achieving such a characterization, possibly by combining variational techniques, upper and lower
solution methods, and bifurcation methods, would provide a more complete understanding of the
solution set.
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