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Abstract

This paper investigates the existence and multiplicity of positive solutions for a system of generalized
Laplacian problems. By analyzing the asymptotic behavior of the nonlinearity, we establish conditions
for the existence of positive solutions and the presence of multiple positive solutions. Our main
results reveal how the norm of the positive solutions behaves as the parameter A approaches 0 or co,
specifically that the norm tends to either 0 or cc.
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1. Introduction

In this paper, we investigate the existence of positive solutions to the following system:

(P(t) e ®(u/(t)))" + Ah(t) o f(u(t)) =6, t € (0,1), (L1)

where A € R, := [0,00) is a parameter and 6 denotes the origin of RN with N > 2. The vector-valued
function P := (py,- - -, pn) is defined with p; € C([0,1],(0,00)) fori € {1,---, N}. The vector-valued
function ® : RN — RN is defined by

D(s) = (¢1(s1),- -, ¢n(sn)) fors = (s1,- - ,sn) € RV,

where each ¢; : R — R is an odd increasing homeomorphism for i € {1,---,N}. In addition,
h := (hy,--- ,hy) is a vector-valued function with h; € C((0,1),(0,00)) fori € {1,---,N}, and
f:=(f1, -, fn)is a vector-valued function with f; € C(RY, R, ) such that f;(y) > 0 fory € RY \ {6}
andie€ {1,---,N}. Here RY := {(x1,---,xn) : xj € Ry for 1 < j < N}. The symbol e denotes the
entry-wise product, i.e., (a1, -+ ,an) ® (b1, - ,bN) :== (a1b1,- - - ,anbn).

By a solution u = (uy,---,uy) to problem (1.1), we mean a vector-valued function u =
(ug,--,un) € C1((0,1),RN) that satisfies (1.1). A solution u = (uy,--- ,uy) to problem (1.1) is
positive if, for eachi € {1,---,N}, u;(t) > 0 for all t € [0,1] and at least one component of u is
nontrivial. We note that, according to Lemma 2.1(2), any nontrivial component of u is positive on
(0,1).

Let ¢ : Ry — R, be an increasing homeomorphism. Then we denote by Hy the set

{k e C((0,1),R,) : /01 191< /f k(7)dt >ds < oo}.

In the present work, we adopt the following hypotheses. Hypothesis (K;) will be assumed in

all subsequent sections, whereas (K;) will be invoked only in Section 3, where the main results are
established:
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(Kq) Foreachi € {1,---, N}, there exist increasing homeomorphisms ¢}, 7 : Ry — R, such that

9i ()9} (v) < @i(xy) < @i(x)yY7(y) forall x,y € Ry. 12)

(K2) h; € Hy \ {0} foralli e {1,---,N}.
As is well known, it follows from (K) that, fori € {1,---,,N},

P () (W) () < @i Hxy) < @i M (x)(¢]) T (y) forall x,y € Ry (1.3)

and
LY0,1)NC(0,1) S Hyn C Hy, C Hyp-

(see, e.g., Remark 1 in [1]).

In recent decades, considerable attention has been devoted to the study of positive solutions
for boundary value problems involving generalized Laplacian operators. Early contributions mainly
focused on the scalar case (see, e.g., [2-5]), where topological methods were used to establish existence
and multiplicity results. Building upon the scalar results, subsequent works have shifted the system
case ([6-10]), providing conditions for the existence and multiplicity of positive solutions. For example,
Wang [6] laid the foundation for generalized elliptic systems by proving the existence and multiplicity
of positive solutions under specific structural hypotheses on the nonlinearity, while Medekhel et al.
[10] investigated a parabolic (p(x), g(x))-Laplacian system, establishing its existence and asymptotic
behavior using sub- and super-solution methods.

More recently, Li et al. [11] investigated a system of fractional g-difference equations with
generalized p-Laplacian operators, establishing existence results of positive solutions under various
superlinear and sublinear conditions. Furthermore, Yang and Zhang [12] studied a (p, q)-Laplacian
coupled system with perturbations and two parameters on locally finite graphs, proving the existence
and multiplicity of nontrivial solutions by means of variational methods.

This paper extends previous research by analyzing a system of generalized Laplacian problems
with a parameter A. While earlier studies ([6-9]) focused on cases where the operator’s characteristics
were uniform across all equations (i.e., ¢; was the same for all i) and required the function p; to be
non-decreasing on [0, 1], our work considers a more general setting where these conditions are relaxed.
Our approach accommodates a variable operator ¢; and makes no monotonicity assumption on p;.
Moreover, unlike the aforementioned papers that primarily focused on establishing the existence
and multiplicity of positive solutions, our study provides a more detailed analysis of the asymptotic
behavior of the solution norm with respect to the parameter A.

Our main contributions are twofold. First, depending on the behavior of the nonlinearity at zero
and oo, we establish the existence of a positive solution for every A > 0 and precisely determine the
asymptotic behavior of the solution norm as A tends to 0 or co. These results provide a global existence
result along with precise asymptotic information. Second, under different structural assumptions on
the nonlinearity, we prove the existence of two distinct positive solutions for certain ranges of the
parameter A. We also determine the asymptotic behavior of these solutions as A tends to 0 or co. Unlike
the first case, however, this multiplicity result leaves open the question of global existence for all A > 0.

The remainder of this paper is organized as follows. Section 2 presents preliminary results and
their immediate consequences. Section 3 establishes auxiliary lemmas and our main results, illustrating
them with examples. Section 4 concludes with a summary of the main results and a discussion of open
problems, particularly concerning the global existence of positive solutions under the assumptions in
Theorem 3.6.

2. Preliminaries

Throughout this section, we assume that (K;) and h; € H,, foralli € {1,---,N} hold.
Let
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X :={(vy, -+ ,oN):0; €C[0,1] for1 <i < N}

and

N
[2]lx =} l[villeo for o = (01, ,0n) € X.
i=1

Here,

||| := max{|w(t)| : t € [0,1]} for w € C[0,1].

N
Then (X, || - || x) be a Banach space. For s = (s1,- -+ ,sn) € RN, let ||s|x := ) _ |sq].
i=1
Let £ := Py x --- x Py. Here, fori € {1,---,N}, P; is the set of all nonnegative continuous
functions v; satisfying, for f € [411' %],

_ 1 (1
et = 05" () [ (3|
3
4

Forv = (vy,--,ony) € Kand t € [}, 3]

8

1
vi(t) > 1P3||Ui||

-1
€ (0,1] and p? := rrh%r}] pi(t) > 0. Then K is a cone in X.
telo,

N

N

1

o)y =Y vi(t) 2 ) gpillvilles > pllollx- 21)
i=1 i=1

Here p := min{%p} :1<i< N}
Forl >0, let
K= {ZJ e : ||U||X < l}, oK, := {ZJ e : ||U||X = l} andfl = K, UdK,.

Leti € {1,---,N} be given. For g; € H,,, consider the following problem

(P(Ogl(8)) + () =0, 1€ (0,1), 0
ui(O) = ui(l) =0.
Define a function S; : H,, — C[0,1] by, for g; € H,,,
t -1 1 o; .
: "g:(0)do)ds, f0<t<goy,
ft 9; (m fUi gi(g)dg>ds, ifo; <t<1.

Here 0; = 0;(g;) is a constant satisfying

/Om - < pits) /Stfigi(e)dg>dsz /01 q)il(Pi%S) ;gi(g)dg>ds. (2.4)

For any g; € My, and any o; satisfying (2.4), S;(g;) is monotone increasing on [0, 0;) and monotone
decreasing on (07, 1]. Note that 0; = ¢(g;) is not necessarily unique, but S;(g;) is independent of the
choice of 0; satisfying (2.4) (see [13, Remark 2]).

Based on Lemma 1 and Lemma 2 in [1], we have the following lemma.

Lemma 2.1. Leti € {1,---,N} be given, and assume that (Ky) and g; € Hy, hold. Then
(1) S;(gi) is a unique solution to problem (2.2) with the following property

Si(8:)(t) = min{t, 1 — t}p}[|Si(8:)[leo

fort € [0,1], and thus S;(g;) € P;.
(2) If §; # O, then there exists a subinterval [0}, 0] of (0,1) such that
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(Si(8:))'(t) >0, t € (0,01), (Si(8:))'(t) = 0, t € [0}, 07 and (S;(8:))'(t) <O, t € (67,1).

1
Define a function G; : Ry x K — C(0,1) by, for t € (0,1),
Gi(A, u)(t) := ARi(t) fi(ur(t), - -+ un(t))

for A € Ry and u = (uy,--- ,un) € K. From the facts that i; € H, and the continuity of f;, it clearly
follows that

forany (A, u) € Ry x K.
Next, we define an operator H : R x K — K by

H(Au) := (Ty(A,u), -+, Tn(A, 1)
for (A, u) € Ry x K. Here,
Ti(/\/u) = Si(Gi(Aru))

for (A,u) e Ry x Kandi € {1,---,N}. More precisely, for (A, u) € Ry x K,

pi(s)

i ¢ (ot Jo GiAu)(T)dT)ds, ifo; <t <1.

Ty(A u)(t) =

{ fg o1 (2 f: Gi(A,u)(t)dt)ds, if0<t<gc,

Here, fori € {1,--- ,N}, 0; = 0;(A, u) is a number that satisfies

/Oyi ! (Pis) /:i G,(A,u)(r)ah) ds = /01 ¢! (Pzts) ;Gi()»,u)(f)dr> ds. (2.5)

By Lemma 2.1(1),
Ti(/\,u) c 731'
forall (A,u) e Ry x Kandi e {1,---, N}, which implies

Remark 2.2. (1) It is evident that (1.1) has a solution if and only if H(A, -) has a fixed point in K.
(2) From H(0,u) = 0 for any u € IC, it follows that 6 is a unique solution to problem (1.1) with A = 0.
(3) By Lemma 2.1(2), u is a positive solution, provided that u is a nontrivial solution to problem (1.1).

Using (1.3), by the similar arguments as in the proof of Lemma 3 in [2] (or Lemma 3.3 in [14]), one
can show that, fori € {1,---,N}, T; : R; x K — P; is completely continuous. Thus the complete
continuity of H can be obtained as follows.

Lemma 2.3. Assume that (K1) and h; € H, foralli € {1,---,N} hold. Then the operator H : Ry x K — K
is completely continuous.

Forie {1,--- ,N}and m € R, let
(fi)«(m) := min{f;(y) : y € RY with pm < [|y[|ny < m}
and

(fi)*(m) == max{fi(y) : y € RY with |ly|ly < m}.

Fora € {0,c0} andi € {1,--- ,N},let

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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a .__ lim fl(y)
i @iyl

Remark 2.4. It is straightforward to observe that, for a € {0,00} andi € {1,--- ,N},

(Felm) o ()0
11113141 @i(m) _rLea @i(m) 0if fi =0

and
o S)elm) o (fi)"(m)
mﬁ” 501( ) m%” (Pz( )

For the reader’s convenience, we provide the proofs. First, we show that fz.o = 0 implies

o Si)elm) (i) (m)

mHO Cgi(m) m%O @i(m)

— o0 if 7 = oo,

Let € > 0 be given and f? = 0 be assumed. Then there exists § > 0 such that for any s with ||s||x € (0,9),

£5)
0 < &ty <€

Since f; € C(RY,R,), by the extreme value theorem, for any m € (0,6), (f;)*(m) = fi(xw) for some
xm € RY\ 0 with ||x||n < m. Then
0 < Yidelm) _ (fi)*(m) _ filxm) . fixm)
= ogilm) — gim)  @i(m) T @i([lxmlIn)
forany m € (0,6), which implies

<E€

)k
) () )
0 pi(m) m—0 @;(m)
Next, we prove that f{° = 0 implies
L) () m)
m—oo  @;(1m) m—>oo @i(m)
Indeed, let € > 0 be given and f° = 0 be assumed. Then there exists N > 0 such that y € RY with ||y|n > N,

fily)
§01(||]/||N)

For any m withm > N,

(fi)*(m) < (fi)*(N) + fi(yn,m),

where yn ,, € RY satisfying

N < |lynmln < mand fi(ynm) = max{fi(y) : N < [lyl[n < m}.

Then
(Felm) _ ()" (m) _ (') | ()" () (£ (N)
0= "0m) = oim) = gm) T gillynmln) © gi(m) T
Consequently,
0 < timsup 255 < timsup L0 < ¢

which is true for all € > 0. Thus

U ()

e gi(m) e gy(m)
Finally, we establish that, for a € {0,000}, ff = co implies

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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fo (alm) () m)

m—a (pi(m) m—a (pl-(m)

For each m € (O o0), the extreme value theorem ensures the existence of y, € RY with pm < ||ym||n < m

satisfying (fi)«(m) = fi(ym). Hence

(F)°(m) o (F)elm) _ filyw) o filww) o fw)
i) = oilm) — 9ilm) = iyl VR ()~ @iyl D)

N

Asm — a € {0,00}, [|ym|N — a, and thus fI = co implies

o S:Om) o (fi) (m)
o Cgi(m)  m=a gi(m)

Finally, we recall a well-known theorem of the fixed point index theory.
Theorem 2.5. (see, e.g., [15,16]) Assume that, for somer >0, T : K, = Kis completely continuous. Then
(i) if | T(v)||x > |[v]|x for v € K, then i(T, K., K) = 0;
(ii) if | T(v)||x < ||v||x for v € oKy, then i(T, Ky, K) = 1.

3. Main Results

In this section, we assume that (K7) and (K;) hold. Fori € {1,---,N}, define continuous
functions R} : (0,00) — (0,00) and R? : (0,00) — (0, %) by

L) — o¢()an 2(m) = ) @i(m) o o
R( ) CP (f) (m) dRz( ) CZHPIHOO(fl)*(m) fo E(O' )
Here,
1 1 -1 s 1
¢ —1g;1<nN{¢3(§[/02<¢}>-1( / Zhi<r>dr>ds] )xp}(é[/ wh ! J (o) ) s )}
and

C 121)5\]{%2 [/;(1/112)1 </s§ hi(r)dT>dS‘| _1> 2 ( l/j(lplz)l (/; hi(T)dT>d51 _1) }

By (1.2) and (1.3), ¥} (z) < ¢?(z) and (¢?)1(z) < (¢})"!(z) for z € R. Thus
0 < C; < Cyand 0 < R}(m) < R?(m)

foralli € {1,---,N} and allm € (0,0).
Let, for m € (0, c0),

Ri(m):= min{R}(m) :1<i<N}and R%(m) := min{R%(m) :1<i< N}

Then, for all m € (0, 00),
0 < RL(m) < R%(m). (3.1)

Lemma 3.1. Assume that (Ky) and (Ky) hold. Let m € (0, 0) be fixed. Then, for any A € (0, R} (m)),
|H(A,0)||x < ||o]|x forall v € 0Ky,

and

i(HA, ), K, K) = 1. (32)

Proof. Let A € (0,RL(m)) and v € 9K, be fixed. Then ||v|x = m and

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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lo(#)||n < m for t € [0,1].
Leti € {1,---,N} be given. Since A € (0, Rl(m)),
A (010)) < MY () = eyt < i) fort € 0.1 63)

Let 0; be a number satisfying T; (A, v)(0;) = || Ti(A, v) || o We have two cases: either (i) o; € (0, §)or
(ii) o; € [},1) . We only consider the case (i), since the case (ii) can be dealt in a similar manner. From
(1.3), (3.3) and the definition of Cy, it follows that

1T 0)]leo = /Oaicpil(m%s) /Sai)thi(r)ﬁ(v(f))dr>ds

/02 ¢; </52 h(T)dfq’i(m)Cl)ds

L ( I h<r>dr) dsg; (gi(m)C))

A

IN

1

L ( I h<r)dr) ds(y}) " (Com < 3 ollx

IN

Thus ||H(A,v)||x < ||v||x for all v € 9K, and by Theorem 2.5, (3.2) holds for any A € (0, R (m)). O

Lemma 3.2. Assume that (Ky) and (Ky) hold. Let m € (0,00) be fixed. Then, for any A € (R2(m), ),
|H(A,0)||x > ||v]|x forall v € 0K,
and
i(H(A, ), K, K) = 0. (3.4)
Proof. Let A € (R%(m), ) and v € 9K, be fixed. Then ||v||x = m and, by (2.1),
om < [[o(t)] |y < mfor t € [4, 1.

For fixed i satisfying R?(m) = R3(m),

M(o() = M) () = Gl > pm)Calpilw ot e (31 69

Let 0; be a number satisfying T;(A, 0)(0;) = || T;(A,v)||co. We have two cases: either (i) o; € [3,1) or
(ii) 0; € (0,1). We only consider the case (i), since the case (ii) can be dealt in a similar manner. Since
A > R?(m), it follows from (1.3), (3.5) and the definition of C; that

ITi(A,0)]|0 = /00,» or1 (pi@ /: /\hi(r)fl-(v(r))df> ds
/12 4’;1 </S% hi(T)dT(pi(m)C2> ds

W ( I hz-<r>dr> dsg; (pi(m)C2)

W ( I hi<r>dr> ds(9?) " (Cym = m = [ollx.

V

%

%

Thus ||H(A,)||x > ||v]|x for all v € 9K, and by Theorem 2.5, (3.4) holds for any A € (R%(m),c0). O
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By Lemma 3.1 and Lemma 3.2, we give the result for the existence of positive solutions to problem
(1.1).

Theorem 3.3. Assume that (Ky) and (Ky) hold, and that there exist positive constants my and my such that
my < my (resp., my < my) and R%(my) < RL(my). Then problem (1.1) has a positive solution u = u(A)
satisfying my < ||ul|ee < my (resp., my < ||tt]|ee < my) for any A € (R%(my), RL(my)).

Proof. We prove only the case 0 < m; < my, since the other case my < m; is analogous. Let
A € (R2(my), RL(m)) be given. From Lemma 3.1 and Lemma 3.2, it follows that

i(H(A,-), Ky, K) =1and i(H(A, -), Ky, K) = 0.
Since H(A,v) # v for all v € 0K, the additivity property implies
i(HA, ), Ky \ Ky, K) = —1.
Hence, by the solution property, there exists u € Ky, \ Ky, such that H(A,u) = u. This completes the
proof. O

N
Fora € {0,c0},let f* := ) f{. Recall that
i=1

7= lim Mforie 1,---,N}L
= i oty et )

Remark 3.4. Fora € {0,00},
f*=0ifandonly if f# =0 forallic {1,--- ,N}
and
f* = coifand only if f! = oo for somei € {1,--- ,N}.

By Remark 2.4, for a € {0, 00},

: 1 _1; 2 _ roa
31131{1 Ri(m) = rln1£nm Ri(m) =o0if f7=0 (3.6)
and
: 1 _1; 2 _NifFA _
r}}lnm R, (m) = rlllg}l Ri(m) =01if f* = oo. (3.7)

Theorem 3.5. Assume that (Ky) and (K3) hold.
(1) If f* = 0and f* = oo, then problem (1.1) has a positive solution u(A) for any A € (0, 00) satisfying

lurllx = coas A — Oand |ju,||x — 0as A — oo.
(2) IffO = coand f* = 0, then problem (1.1) has a positive solution u(A) for any A € (0,00) satisfying

lluallx — 0as A — O0and ||uy||x — coas A — oo.
Proof. We prove only the case f' = 0 and f® = oo, as the case f’ = oo and f* = 0 can be treated
analogously. Since f0 = 0and f* = oo, it follows from Remark 3.4 that

Ri(m) — ocoasm — 0 and Ri(m) — 0asm — oo forall j € {1,2}.
For any A € (0,0), by (3.1), there exist m1(A) and m5(A) such that
0 < my(A) < my(A)and R2(my(A)) < A < RL(my(A)).

By Theorem 3.3, there exists a positive solution u, to problem (1.1) such that m1(A) < [|u,||x < m2(A).
Since R/, (m) — coasm — 0 forall j € {1,2}, we can choose m1(A) and m;(A) such that
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0 < my(A) <my(A)and my(A) — 0as A — oo.

Consequently, we can choose a positive solution u, to problem (1.1) for large A > 0 so that |[u, [|x — 0
as A — co. Similarly, since R/, (1) — 0 as m — oo for all j € {1,2}, we can choose a positive solution
u) to problem (1.1) for small A > 0 so that ||u,||x — casA — 0. O

Theorem 3.6. Assume that (Ky) and (K3) hold.

(1) If fO = f® = 0, then there exists A, € (0,00) such that problem (1.1) has two positive solutions u'(A)
and u?(A) for any A € (A4, 00) and it has a positive solution u(\) for A = A.. Moreover, u' (A) and
u?(A) can be chosen so that

lim [|ul(A)||x = 0and lim u2(A)]|x = co.
A—co0 A—roo

(2) If fO = f* = oo, then there exists A* € (0, 00) such that problem (1.1) has two positive solutions u' (A)
and u?(A) for any A € (0,\*) and it has a positive solution u(A*) for A = A*. Moreover, u' (A) and
u?(A) can be chosen so that

li L)) Ix = 0 and li 2\ |lx = oo
Alg})llu( )Ix an Alg})llu( )Ix =00

Proof. (1) Since f¥ = f*® = 0, it follows that
lim RL(m) = Tlim. R.(m) = o forall j € {1,2}.
Then there exists m, € (0, 0) satisfying R2(m,) = min{R2(m) : m € Ry} € (0,00). Let A, = R3(m..).
For any A € (A4, 00), by (3.1), there exist mq(A), ma(A), M1(A) and My (A) such that
0<m(A) <mp(A) <my < Mp(A) < My(A)
and
R%(m2(A)) = RE(Mz(A)) < A < Ri(m1(A)) = RL(Mi(A)).

By Theorem 3.3, positive solutions u! (1) and u?(\) to problem (1.1) exist that satisfy

my(A) < [t (A)][x < ma(A) and Ma(A) < [[u?(A)]|x < Mi(A).
Since nl1ig}) Ri(m) = mh_r)r;o R]*(m) = oo forall j € {1,2}, we can choose m,(A) and M;(A) satisfying

my(A) — 0and Mp(A) — coas A — .

Consequently, we can choose positive solutions u!(A) and u?(A) to problem (1.1) for large A > 0 so
that

|ut(A)]|x — 0and |[u?(A)||x — o0 as A — .
Foreachn € N,let A, := A, + % We can then choose m! and mj such that
0<e<ml<mi<m,and R2(mf) <A, < RL(m})foralln.
Consequently, for each 1, there exists a positive solution 1, € K to problem (1.1) such that
H(Ap, un) = up and € < |[un||x < m..

Since {(An, un)} isbounded in Ry x K and H : Ry x K — K is compact, there exist a subsequence
{(An, un, )} of {(Ay, un)} and u, € K such that

H(An,, tln,) = tn, — Uy in K ask — oco.
Given that A;;, — A, asn — oo and H is continuous,

H(MAy, uy) = uy and |Jui||x > € > 0.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Therefore, problem (1.1) has a positive solution u, for A = A.. The proof is now complete.
(2) Since f0 = f* = o, it follows that

lim R, (m) = lim R}(m) = 0forallj e {1,2}.

lim R, (m) = lim R (m) orallj € {1,2}

Let A* = max{RL(m) : m € Ry} € (0,00) and m* € (0, c0) satisfying Rl (m*) = A*. Then the proof is
complete by the argument similar to those in the proof of Theorem 3.6(1). O

Finally, we conclude by providing some examples that illustrate the assumptions of Theorem 3.5
and Theorem 3.6.

Example 3.7. Consider

(L4 2) 1 (uy (1)) + Al (8) fi (ur (1), u2(t)) =0, t € (0,1),
(L+ 8 p2(uy (1)) + Ao () fo(ua (t), uz () = 0, t € (0,1), (3.8)
u1(0) = u(1) = u2(0) = up(1) =0.
Let
p1(x) = 1+“J(| and ¢, (x) = x + x|x| for x € R.
It is easy to verify that condition (Kq) holds for

¥i(y) = 93(y) = min{y, y*} and Y3 (y) = ¢5(y) = max{y,y*} fory € R,.
Define hy : (0,1) — (0,00) and hy : (0,1) — (0, 00) by
hy(t) =t % and hy(t) = (1 —t)"b fort € (0,1),

where a,b € [1,2) are fixed. Then, fori € {1,2}, (1) ~1(s) = s for all s > 1. Consequently, condition (K;) is
also satisfied.
In order to illustrate our results more concretely, we now discuss the four cases determined by f° and f*:
First, for the case where fO = 0 and f* = oo, one may take

fi(s1,82) = (51 +52)° = |Is]3, fa(s1,52) = (s1+82)% = ||s||3 for s = (s1,52) € R2.
By Theorem 3.5(1), problem (3.8) has a positive solution u(A) for any A € (0, co) satisfying
lupllx — c0as A — 0and |ju,||x — 0as A — oo.

Next, if fO = oo and f* = 0, for instance with

fi(s1,52) = (51 +52)% = [sl1F, falsr,s2) = (s1+52)3 = sl for s = (s1,50) € R2,
then by Theorem 3.5(2), problem (3.8) has a positive solution u(\) for any A € (0, c0) satisfying
lurllx = 0as A — Oand |\uy||x — coas A — oo.
Moreover, in the case where f* = f* = 0, by choosing

(12 = sl sl <1,
1 5 .
(152} = lsl, i lsll > 1

fi(s1,82) = {

and

3 3
fa(s1,52) = (s1+52)2 = ||s]|2 for s = (s1,52) € R?,

Theorem 3.6(1) shows that there exists A, € (0, 00) such that (3.8) has two positive solutions u' (\) and u*(\)
forany A € (A, o) and it has a positive solution u(A.) for A = ... Moreover, u' (A) and u®(A) can be chosen
so that

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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lim ||u!(A)||x = 0and Lim |Ju?(A)||x = co.
A—o0 A—r00
Finally, when f° = f* = co, an example is given by

3 3 1 1
fi(s1,52) = (s1+52)2 = [|s||3, fa(s1,52) = (51 452)2 = [[s]|3 fors = (s1,52) € RA.

According to Theorem 3.6(2), there exists A* € (0, 00) such that problem (3.8) has two positive solutions u' ()
and u*(\) for any A € (0, A*) and it has a positive solution u(\*) for A = A*. Moreover, u* (A) and u?(A)
can be chosen so that

li L) = 0and li 20| = oo.
Algbllu( )Ix = 0an Agl%llu( )Ix = o0

4. Conclusions

In this work, we have investigated the existence of positive solutions to problem (1.1) under
various growth conditions on the nonlinearity. Our main results are summarized in Theorem 3.5 and
Theorem 3.6.

Theorem 3.5 establishes that, when the hypotheses (K;) and (K3) hold and the nonlinear term
exhibits suitable asymptotic behavior, problem (1.1) admits a positive solution for every parameter
A € (0, c0). Moreover, the theorem provides detailed information on the asymptotic behavior of these
solutions as A — 0 or A — oo, thereby providing a more comprehensive understanding of the solution
structure in this case.

In contrast, Theorem 3.6 shows that, under different assumptions on the nonlinearity, one can
guarantee the existence of two distinct positive solutions for problem (1.1), but only for certain ranges
of the parameter A. While this multiplicity result is significant, the theorem does not yield any
information about the existence of positive solutions for the remaining values of A. Hence, unlike
Theorem 3.5, the global existence of positive solutions with respect to A remains unclear in this setting.

This limitation suggests a natural direction for future research. A central open problem is to obtain
further information on the existence or nonexistence of positive solutions for all values of A > 0 under
the assumptions of Theorem 3.6, possibly by introducing additional conditions on the nonlinearity.
Achieving such a characterization, possibly by combining variational techniques, upper and lower
solution methods, and bifurcation methods, would provide a more complete understanding of the
solution set.
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