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Abstract: In this study, in order to determine the effect of matrices shape on percolation threshold
values, computer simulations were performed using the Monte Carlo method for a 200x200 square-
shaped matrix and rectangular matrices containing the same number of nodes as the square matrix.
Based on the simulations, the average values of percolation thresholds and standard deviations for
current flow along and across the matrices were determined. It was determined that for a square-
shaped matrix, the average values of percolation thresholds in both directions of current flow were
the same. Extending the rectangular matrix while reducing its height causes the average value of
the percolation threshold in the direction of current flow along the matrix to increase from 0.592740
to 0.759847, while in the transverse direction it decreases from 0.592664 to 0.403614. The values of
the classical asymmetry coefficients of the probability distributions of percolation thresholds for
both directions of current flow were determined. Histograms of the probability distributions of
percolation threshold values for square-shaped matrix and rectangular matrices were made and
compared with normal distributions. It was found that the occurrence of two percolation thresholds
in rectangular layers should be considered when analyzing electrical conductivity measurements of
nanocomposite thin films.

Keywords: percolation; conductivity; nanocomposite; matrix; simulation

1. Introduction

The phenomenon of percolation (from the Latin word percolatio — seepage) occurs in many
materials, which can be referred to the group of composite materials. Initially, this phenomenon was
studied in terms of the flow of gases or liquids through materials, containing capillaries [1-3]. These
are a kind of composites, consisting of a solid phase and free spaces in the form of capillaries, filled
with air, another gas or liquid. One of the main directions of research on the phenomenon of
percolation is theoretical studies, see, for example [4-7] and computer simulation [8-11]. Currently,
the most widespread are simulation studies using the Monte Carlo method [12-14]. So far,
simulations of the percolation phenomenon have been performed in matrices with translational
symmetry, such as square, triangular, honeycomb and many others [15-23].

Experimental work on the flow of liquids or gases through materials containing capillaries is
complicated enough for implementation and subsequent analysis. Therefore, this phenomenon
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began to be studied in composite materials by means of electric current flow [24-29]. For this purpose,
composites were used in which the matrix are highly resistive materials, such as dielectrics or
semiconductors. On the other hand, metallic inclusions are used as a dispersed phase, as a rule [30—
34]. Electrical testing involves gradually increasing the content of the dispersed phase and measuring
the conductivity of the composite. Initially, the conductivity of the composite is very low, close to
that of a dielectric matrix. Once a certain value of the dispersed phase concentration is reached, the
conductivity begins to increase rapidly. This content is called the percolation threshold. The
conductivity of the composite at this increases through the formation of a percolation channel,
connecting contacts on opposite surfaces of the material. A channel of metallic conductivity is formed
by the contacting of dispersed phase inclusions with each other [35-37]. A further increase in the
content of the dispersed phase increases the number of percolation channels and their thickness. This
results in a rapid, much stronger than linear, increase in the conductivity of the composite as a
function of metallic phase content [38].

The most characteristic objects for studying percolation phenomena by electrical methods are
metal-dielectric nanocomposites and the like [38—41]. According to documents [42,43] nanomaterials
include objects whose dimensions in at least one direction are less than 100 nm. Observation of the
percolation phenomenon in nanocomposites requires several conditions to be met simultaneously.
First, there should be potential wells in the nanocomposites, which can be, for example, metallic
phase nanoparticles, semiconductors or other inclusions that differ in electron structure from the
matrix. Second, the distances between the potential wells must also be nanometer sized. This opens
the possibility for the occurrence of the quantum mechanical phenomenon of electron tunneling
between nano-inclusions [44]. This kind of electron transfer is often referred to as hopping
conductivity. In this case, electrons under the influence of an electric field do not move smoothly
from electrode to electrode, as occurs in metals and semiconductors. After each tunneling (hop)
between adjacent potential wells (nanowires), the electrons remain there for a certain time, called the
relaxation time [45]. After this time, another tunneling occurs. Thirdly, the electrical conductivity of
the matrix in which the nano-objects are located should be many orders of magnitude lower than the
conductivity associated with the tunneling phenomenon. Otherwise, the current, associated with the
hopping conductivity, cannot be measured.

Methods involving the simultaneous sputtering of several different elements, or their
compounds are now widely used to produce nanocomposites [46,47]. After their deposition on
substrates, nanocomposites are formed. Due to the chemical composition, the deposited layers of
nanocomposites have different adhesion to the substrate. Some of them have good adhesion to metals
or semiconductors [47,48], while others have good adhesion to dielectrics [46,49]. Consequently, two
different measurement schemes are used for hopping conductivity measurements in nanocomposite
layers, as shown in Figure 1. In the case of a layer on a dielectric substrate, measurements are used
with current flow along the sample (Figure 1a) [46].

3

3

(b)

Figure 1. a) View of nanocomposite sample on dielectric substrate [49]: 1 — MX nanocomposite layer

with a thickness of =1 um, 2 — dielectric substrate with a thickness of 0.4 mm, 3 - silver paste contacts
with a thickness of 0.1 mm, 4 — direction of current flow, b) view of nanocomposite layer on metallic
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or semiconductor substrate [48]: 1 — nanocomposite layer with a thickness of =1 pm, 2 — metallic or
semiconductor substrate with a thickness of 0.4 mm, 3 — top cladding of silver paste capacitor with
a thickness of 0.1 mm, 4 — contact of silver paste with a thickness of 0.1 mm to the bottom cladding,
5 —direction of current flow.

Applying a layer to a highly conductive substrate (metals or semiconductors) requires
measurements to be made with current flow in the transverse direction (Figure 1b) [47]. In both cases,
the cross-section of the layer is rectangular. In the case shown in Figure 1a, the current flows along
the layer. For the measurements in the scheme, shown in Figure 1b — perpendicular to it. Considering
the difference in the length of the layers, which is about 10 mm, and its thickness on the order of 1
pm, we see that the differences in the path of current flow, caused by hopping conductivity in the
cases in Figures 1a and 1b are about 10* times. A similar situation occurs in the case of studies of
insulating cellulosic materials used in power transformers, conductivity in which takes place by
electron tunneling [45]. The thickness of the insulation paper is around 50 um while the length is
many centimeters. Also used in insulation, the pressboard has a thickness of approximately 0.5 mm,
a length of several to tens of centimeters. Intuitively, it can be assumed that with an increase in
inclusion content, it will be faster to create a percolation channel several orders of magnitude shorter
across the layer (Figure 1b), rather than about 104 times longer (Figure 1a). To test such a hypothesis,
an attempt of the Monte Carlo method was made to simulate the percolation phenomenon in
rectangular matrices with a shape like the cross-sections of real nanocomposite layers, shown in
Figure 1. It should be noted that in our previous studies by the Monte Carlo simulation method
[50,51] found that the average value of the percolation threshold for square-shaped matrices
practically does not depend on the dimensions of the matrices and on the number of iterations
starting from 5-10* to 5-10¢.

The purpose of this study was to determine, by Monte Carlo simulation, the effect of the shape
of rectangular matrices on the average values of percolation thresholds and to determine the
statistical parameters of percolation as a function of the quotient of the length to height of the
matrices.

2. Materials and Methods
2.1. Test Method

To date, simulations of percolation phenomena in matrices with translational symmetry (square,
triangular, honeycomb and others) [15-23] have been performed for matrices with square shapes.
The dimensions of a square can vary from tens to as many as 1000 units, corresponding to the distance
between adjacent matrix nodes [19,20,23]. In the case of square-shaped matrices, that due to the
presence in them of a fourth axis of symmetry perpendicular to the center of the matrix, the average
values of the percolation threshold for the directions of current flow between the top and bottom
edges and between the side edges are the same.

As can be seen from Figure 1, measurements of the hopping conductivity of composites,
including nanocomposites, are carried out for rectangular objects, the dimensions of which - length
and thickness differ. Since there is a percolation phenomenon in composites, one of the characteristics
of which is the percolation threshold, we performed Monte Carlo simulations of the percolation
threshold for rectangular matrices for which the length is greater than or equal to the height. Square
networks with translational symmetry were chosen for the study, the distances between nodes where
in both directions of the network are unitary. As a rule, to determine the value of the percolation
threshold, conductive elements in the form of metallic disks with unit diameters were randomly
introduced into the initially empty matrix. When a new element is drawn next to an existing one,
tangency between them occurs in cases where they are placed at a unit distance from each other in
the horizontal or vertical directions. The tangency of neighboring elements results in the formation
of conducting clusters. After successive iterations, there is an increase in the size of the clusters,
consisting of conductive elements in contact. This allows observation of the development of
conductive clusters. When, after another iteration, a conductive cluster touches electrodes on
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opposite edges of the matrix, a conductive channel is formed, it is called a percolation channel. This
means that the percolation threshold has been reached. The value of the percolation threshold is
defined in this case as the quotient of the number of conductive elements needed to form the first
percolation channel to the total number of nodes in the matrix. Threshold values, obtained in
successive samples, are random values [50,51]. Therefore, to accurately determine the average value
of the percolation threshold, it is necessary to repeat the samples many times, and calculate the
average values based on the percolation threshold values obtained in each sample.

In the research presented, an inverted simulation logic was used for node percolation. The initial
state of the matrix in this case is that all nodes are occupied with conductive elements. Then, non-
conductive elements with diameters, equal to the diameter of the conductive disc, are randomly
distributed in the matrix, replacing the conductive elements. After each draw, it is checked whether
the drawn non-conductive element has a unit distance or distance V2 of another non-conductive
element. This is because the interruption of the conductive channel in a square lattice matrix occurs
both when neighboring non-conductive elements are distributed at unit distances and at distances V2
(Figure 2). When the percolation channel passes through non-conductive nodes arranged in vertical
or horizontal directions, the node, interrupting the last percolation channel, can occupy three
positions, shown in Figure 2a, b.

A A

PN @ Non-conductive nodes
=> Percolation channel

*—o o *—0—9© D= © Non-conducting nodes
Z interrupting the last
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@ L @ ©
@
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Figure 2. Possible variants of interruption of the last percolation channel by the drawn non-
conductive element. Example of a 7x7 slice from a large matrix.

When a drawn non-conductive element has no neighbors, the program creates a unitary non-
conductive cluster. When it turns out that it has, at least, one such neighbor, the newly drawn element
is added to the existing cluster. The program then checks whether the cluster has non-conductive
discs lying on the top and bottom edges. If not, the program performs another iteration. When, after
another iteration, it is found that the resulting cluster has non-conductive elements on the top and
bottom edges, it means that the last percolation channel of current flow between the side edges of the
matrix has been interrupted. In this case, the program calculates the value of the percolation threshold
in the horizontal direction Xc(w), which is equal to the ratio of the conductive elements remaining in
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the matrix plus the element that interrupts the current flow to the initial number of conductive
elements. In a similar manner, the program analyzes non-conductive clusters in the horizontal
direction and calculates the percolation threshold in the vertical direction Xc(h). After both
percolation threshold values are determined, the program saves these values and the coordinates of
the non-conductive elements interrupting the last percolation channels in the vertical and horizontal
directions. After this, the program performs the next iteration cycle, which results in determining the
next values of percolation thresholds Xc(w) and Xc(h). To obtain satisfactory uncertainty in the
determination of the average values of both percolation thresholds, 50000 samples were performed
for each of the matrices examined. This value considered sufficient based on the data of the paper
[51]. Based on the obtained values of percolation thresholds, the mean values, and standard
deviations necessary for further statistical analysis were calculated. To perform computer simulations
of the percolation thresholds of the matrices, the Monte Carlo method was used, which is widely
used for modeling [52-55]. The algorithm and software developed for the simulations are widely
described in our previous article [50]. The “Mersenne Twister” algorithm was used to generate
pseudorandom numbers [56], often used for this purpose [57].

The dimensions of the tested matrices h (height)-height, w (width)-length were chosen as
follows. The first matrix tested was a square-shaped matrix with dimensions L-L=200x200. The
number of nodes in the matrix is L2=200-200=40000 nodes. The next matrices are rectangular matrices,
containing the same number of nodes as the square-shaped matrix. This means that lengthening the
matrix causes a simultaneous reduction in its height, so that i-w=L? Examples of such matrices are
shown in Figure 3.
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Figure 3. Examples of square and rectangular matrices with equal node content. The mesh plotted on
the matrix is only an illustration, as the actual mesh is much denser and is 200x200 for the square
matrix.

The first is a square-shaped matrix with dimensions h=w=L, which contains the number of nodes
L2. The next matrix shown in Figure 3 has dimensions h=L/2, w=2L and contains h-w=L/2-2L=L2 nodes,
that is, as many as the previous square-shaped matrix as well. Another matrix shown in Figure 3 has
dimensions h=L/4, w=4L and contains L/4-4L=L2 nodes. The values of height & and length w of the
matrices were chosen so that they were integers, and their quotients w/h were fairly evenly
distributed on a logarithmic scale on the x-axis. The dimensions of the matrices used in the simulation
and the quotients of their lengths to height d=w/h are given in Table 1.

Table 1. Dimensions of square and rectangular matrices with equal node content of 4-10* and the ratio
of length to height of the matrices.

No. Width w, a.u. Height h, a.u. d=w/h, a.u.
1 200 200 1.0
2 250 160 1.5625
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6
3 320 125 2.56
4 400 100 4
5 500 80 6.25
6 625 64 9.765625
7 800 50 16
8 1000 40 25
9 1250 32 39.0625
10 1600 25 64
11 2000 20 100
12 2500 16 156.25

2.2. Fundamentals of Statistical Analysis of Percolation Threshold Simulation Results

For statistical analysis of probability distributions, the mean value X and the central moments
of order k=1, 2, 3 are used. The general formula for the central moments of a discrete random variable
is written in the form [58]:

—\k
> (% -X)
p (x) - 1)
kn n

where: n — number of iterations; X — average value; xi — result for iteration i; k=1, 2, 3...- order of
central moment.

Central moments are used to characterize the shape of probability distributions. The central
moment of order two is called the variance:

—\2
2_;(xf_X) @)

The variance characterizes the width of a probability distribution. The greater the variance, the
wider the distribution. The square root of the variance is called the standard deviation and shows the
width of the probability distribution in the same units as the mean value:

®)

In the case of a normal probability distribution, the mean value X corresponds to the position
of the distribution’s maximum. When the distribution is asymmetric, the position of the maximum
and the mean value are not equal. For the analysis of asymmetric distributions, the third central
moment is used:

Z(xi _)?)3 4)

A negative value of the third central moment means that the maximum of the distribution is
shifted from the mean value toward larger x. The tail is more developed toward smaller x. For
positive values, there is a shift in the position of the maximum toward smaller x. The tail pulls toward
larger x. To evaluate the asymmetry of the probability distribution, the classical asymmetry
coefficient is used, defined by the formula [58]:

A(x) =“3;—(3x) )
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By substituting into (5) the values of the third central moment (4) and the standard deviation (3),
we get:

Dl .

The sign of the coefficient A(x) is that of the third central moment. Due to the value of the
coefficient of A(x), the asymmetry of probability distributions can be weak, moderate, and strong
[58]. In the case of weak asymmetry, the coefficient A(x) takes values:

|4(x)|<0.7 @)
Moderate asymmetry occurs in:
0.71<|4(x)|<14 ®)
Strong asymmetry is observed for the coefficients:
1.41<[4(x)[<2.0 9)

In the remainder of this paper, the mean values X, standard deviations o and classical
asymmetry coefficients A(x) of probability distributions of percolation threshold values will be used
to analyze the obtained results of percolation threshold simulations.

3. Research Results and Their Statistical Analysis

For the selected matrices with square and rectangular shapes, 50000 simulation samples each
were performed. In each of them, percolation thresholds were determined, based on which the
average values of percolation thresholds for current flow across and along the matrix were
determined. The results obtained from the simulations are shown in Table 2.

Table 2. Mean values of percolation thresholds and standard deviations for square and rectangular
shaped matrices with current flow across and along the matrix.

No. d=w/h, a.u. Xc(h) Xc(w) a(h) a(w)
1 1 0.592740 0.592665 0.009733 0.009732
2 1.563 0.586701 0.598780 0.009957 0.009762
3 2.56 0.579393 0.605901 0.010430 0.010249
4 4 0.571695 0.613361 0.011219 0.010920
5 6.25 0.562493 0.622363 0.012317 0.011890
6 9.766 0.551302 0.632831 0.013600 0.012914
7 16 0.536080 0.647067 0.015315 0.014391
8 25 0.519199 0.662514 0.017365 0.015844
9 39.063 0.498584 0.681040 0.019546 0.017558
10 64 0.470639 0.705252 0.022172 0.019174
11 100 0.439963 0.730792 0.024886 0.020645
12 156.25 0.403614 0.759847 0.027463 0.021989

It can be seen from Table 2, that for a square-shaped matrix, the average values of percolation
thresholds in both directions of current flow are practically the same. As mentioned above the square-
shaped matrix has a fourth axis of symmetry. Therefore, both directions of current flow - between the
top and bottom edges of the matrix and between the side edges are equivalent. As is known, in
square-shaped matrices, due to their high symmetry, there is no direction chosen. Lengthening of a
rectangular matrix while reducing its height causes the average value of the percolation threshold to
start increasing in the direction of a current flow along the matrix. In contrast, the percolation
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threshold in the transverse direction begins to decrease. This is due to a decrease in symmetry from
4 for a square-shaped matrix to 2 for rectangular matrices. In rectangular matrices, the direction
selected appears, the parameters for which differ from those for the perpendicular direction.

This can be clearly seen in Figure 4, where the dependence of both percolation threshold values
on the quotient d of the length of the matrix to its height is shown. It can be seen from Figure 4 that
the average values of percolation thresholds with the elongation of the matrices change almost
symmetrically with respect to the percolation threshold value of the square matrix. This is indicated
by the average value of the percolation thresholds along and across the matrix, shown in Figure 4 by
line 3. The average value of the percolation threshold in the transverse direction of the rectangle
decreases from a value of 0.592740 to 0.403614. In the direction along the matrix, it increases from
0.592665 to 0.759847. Based on the simulation results using equation (3), the standard deviations for
both directions of current flow were determined, and their values are shown in Table 2. Figure 5
shows the dependence of the standard deviation values of the percolation thresholds for current flow
along and across the rectangular matrices. It can be seen from Figure 5, that both values of standard
deviations increase with the extension of the matrix. The standard deviation for the direction along
the matrix increases from about 0.009732 to about 0.021989. The value for current flow in the
transverse direction of the matrix changes from about 0.009733 to about 0.027463.
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Figure 4. Dependence of percolation threshold values on the quotient d of the length and height of
the matrix for matrices of square and rectangular shapes with current flow along — 1, across — 2 of the
matrix and the average value - 3.
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Figure 5. Dependence of the values of standard deviations of percolation thresholds on the quotient
of the length and width of the matrix d for the matrix of square and rectangular shapes with current
flow along — 1 and across the matrix — 2.

Based on the mean values of the percolation threshold (Figure 4) and the values of the standard
deviations (Figure 5), the values of the asymmetry coefficients of the probability distributions A(x),
formula (6), were determined. For both directions of current flow — along and across matrices with
square and rectangular shapes. The results are shown in Figure 6.
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Figure 6. Dependence of the values of the coefficients A(x) of the asymmetry of the probability
distributions (formula (6)) from the quotient d of the length and width of the matrix for a matrix of
square and rectangular shapes when current flows along — 1 and across — 2 of the matrix.

From the waveforms shown in Figure 6, for a square-shaped matrix (d=1) the classical
asymmetry coefficient is zero. This means that the probability distribution is symmetric. The
histogram of the probability distribution for the square-shaped matrix (Figure 7) which was
determined from the simulation results, was compared with the normal distribution, shown as a
continuous line in Figure 7. As shown, the normal distribution perfectly describes the probability
distribution of percolation threshold values in the square-shaped matrix. This result is consistent with
the results obtained in the thesis of [50]. This is also proven by the very close to unity value of the
coefficient of determination R>~0.99805.
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10

Figure 7. Histogram of the distribution of percolation threshold values for a 200x200 square matrix
and normal distribution — solid line.

For rectangular matrices there are two values of asymmetry coefficients (Figure 6). For flow
across the matrix, the coefficients are negative, and their values do not exceed 0.7. This means, that
in the direction along the matrix there is a weak asymmetry — formula (7). For current flow along the
matrix, the asymmetry coefficients are positive. For d<16 their values are less than 0.7. This means
weak asymmetry — formula (7). With a further increase in d, the asymmetry coefficients exceed the
value of 0.7 and the asymmetry becomes moderate — formula (8). Figure 8 shows, to illustrate the
asymmetry of the probability distributions, an example of the probability distributions of percolation
threshold values in the form of histograms for a matrix of length 1000 and height 40. The probability
distributions in the form of histograms were compared with normal distributions determined by the
mean values of percolation thresholds and standard deviations.
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Figure 8. Example histograms of percolation threshold value distributions and normal distributions
for matrices with dimensions of 10000x40 and length-to-height quotient of 250, a) — current flow across
the matrix; b) — along the length of the matrix. Solid lines — normal distributions.

A comparison of histograms and normal distributions (Figure 8) shows that the rectangular
matrices have asymmetric probability distributions of percolation thresholds. For current flow in the
transverse direction (Figure 8a), the position of the maximum shifts, compared to the normal
distribution, into the area of higher values of percolation thresholds. The asymmetry of the waveform
is negative, which means that the left slope is clearly wider than the right slope. In the case of current
flow along the matrix (Figure 8b), the opposite situation occurs. The position of the maximum moves
into the region of smaller percolation threshold values. There is a positive asymmetry, for which the
left slope is steep, and the right slope is stretched into the area of higher percolation threshold values.
A comparison of the waveforms for a square-shaped matrix (Figure 7) and rectangular matrices with
the same number of nodes (Figure 8) also shows that extending the matrix increases the maximum
value of the distribution compared to a normal distribution. Similar histograms were obtained for
the other rectangular matrices.

One of the most accurate ways to study percolation thresholds in composites [59-63] and
nanocomposites [64-68] is to determine the dependence of DC or AC conductivity [38,47,49] on the
content of conductive inclusions. The analysis of these publications shows that for low inclusion
contents, far from the percolation threshold, the conductivity is close to that of the matrix [38]. Once
the percolation threshold is reached and then exceeded, the increase in conductivity begins to
increase more rapidly. An increase in the value of the percolation threshold shifts the onset of the
increase in conductivity and the episode of rapid growth into the area of higher concentrations of
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inclusions. This means that for a nanocomposite with a certain content of nano-inclusions, the higher
the percolation threshold, the lower its conductivity. From the experimental results presented in this
paper, the elongation of a thin film of a nanocomposite with a fixed concentration of nano-inclusions
causes an increase in the value of the percolation threshold for current flow in the direction along the
matrix, and thus a decrease in the conductivity of the film. In contrast, a decrease in the thickness of
the layer causes a decrease in the value of the percolation threshold in the direction perpendicular to
the layer, and thus to an increase in the conductivity. Such phenomena should be considered when
analyzing experimental results on conductivity studies of nanocomposite thin films.

4. Conclusions

In this thesis, computer simulations of percolation threshold values were performed using the
Monte Carlo method for square and rectangular shaped matrices. The square-shaped matrix is
200x200 and contains 40000 nodes. The subsequent matrices are rectangular matrices, containing the
same number of nodes as the square matrix. This means that lengthening the matrix results in a
simultaneous decrease in its height. The values of the length and height of the matrices were chosen
in such a way that they were integers, and their quotients were evenly distributed on a logarithmic
scale on the x-axis. For each matrix, 50000 samples were made. In each sample, the percolation
threshold value was determined, from which the mean values of percolation thresholds and standard
deviations for current flow along and across the matrices were determined. Mean values X, standard
deviations o and classical asymmetry coefficients A(x) of probability distributions of percolation
threshold values were used to analyze the obtained results of percolation threshold simulations.

It was found that for a square-shaped matrix, the average values of percolation thresholds in
both directions of current flow are the same. Lengthening the rectangular matrix while reducing its
height causes the average value of the percolation threshold to begin to increase in the direction of
current flow along the matrix. In contrast, the percolation threshold in the transverse direction begins
to decrease. The mean value of the percolation threshold in the transverse direction decreases from
0.592664 to 0.403614. In the direction along the matrix, it increases from 0.592740 to 0.759847. The
standard deviation for the direction along the matrix increases from 0.009732 to 0.021989. The value
for the current flow in the transverse direction of the matrix increases from 0.009733 to 0.027463.

Based on the obtained values of the percolation threshold and standard deviations, the values
of the classical asymmetry coefficients of the probability distributions were determined for both
directions of current flow — along and across the square and rectangular matrices.

It is established that for a square-shaped matrix, the classical asymmetry coefficient is equal to
zero. This means, that the probability distribution is symmetric. For rectangular matrices there are
two values of asymmetry coefficients. For current flow across the matrix, the coefficients are negative,
and their values indicate weak asymmetry. For current flow along the matrix, the asymmetry
coefficients are positive. Up to the value of the quotient of length to height of the matrix d=16, there
is weak asymmetry, above this value — moderate.

Histograms of probability distributions of percolation threshold values for square-shaped
matrix and rectangular matrices were made. The probability distributions in the form of histograms
were compared with normal distributions, determined by the mean values of percolation thresholds
and standard deviations.

It was found that in rectangular matrices there are asymmetric probability distributions of
percolation thresholds. For current flow in the transverse direction, the position of the maximum
shifts, compared to the normal distribution, to the area of higher values of percolation thresholds.
For current flow along the matrix, the position of the maximum shifts to the area of lower percolation
threshold values.

It was found that the occurrence of the phenomenon of variation of percolation thresholds in
layers with a rectangular cross-section for current flow along and across the layer should be
considered when analyzing the results of testing the electrical conductivity of thin layers of insulating
materials used in power transformers, composites, and nanocomposites.
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