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Abstract: In this paper, we investigate the existence and uniqueness of solutions for the viscous
Burgers’ equation for the isothermal flow of power-law non-Newtonian fluids p(0¢u + udsu) =
UOx (|axu|p_28xu), augmented with the initial condition u(0, x) = up, 0 < x < L and the boundary
condition u(t,0) = u(t,L) = 0, where p is the density, u the viscosity, u the velocity of the fluid and p,
1 <p<2,LT> 0. Moreover, numerical solutions to the problem are constructed by applying the
high-level modeling and simulation package COMSOL Multiphysics at small and large Reynold’s
numbers.

Keywords: p-Laplacian; power-law model; existence and uniqueness; burgers’ equation; reynold’s
number; sobolev space; COMSOL multiphysics

1. Introduction

The Burgers’ equation, first introduced by J.M. Burgers, is a fundamental model for various
physical processes, including shock wave propagation and turbulence [1]. Originally formulated for
Newtonian fluids, the Burgers” equation has been extensively analyzed; however, its generalization to
non-Newtonian fluids—specifically those described by the power-law model—has received compara-
tively less attention for the case when 1 < p < 2 [2]. We employ a particular case of the generalized
Burgers’ equation formulated by Wei and Jordan [3], which was used to analyze acoustic propagation
in power-law fluids. Traveling wave solutions of this equation were derived by Wei and Borden [4].

This paper’s main focus is to investigate the existence and uniqueness of weak solutions to the
generalized viscous Burgers’ equation. The study is framed within the context of Sobolev spaces, which
provide a robust mathematical environment for addressing weak solutions and ensuring appropriate
regularity conditions [5].

Establishing the existence of weak solutions to nonlinear partial differential equations (PDEs)
like the generalized Burgers’ equation has been well-studied in the context of Newtonian fluids [6],
[7]. However, extending these results to the power-law non-Newtonian fluids involves additional
complexities due to the nonlinearity introduced by the fluid’s viscosity [8]. The unique solutions for
the generalized Burgers’ equation based on power-law fluids remain largely unexplored for the case
when p # 2, creating a gap in the current literature that this paper aims to address.

Wei and Jordan [3] established the following Burgers’ equation

4 _
(01t + 10xu) = —Py + 0y [(;4]3 + gyk|axu|m 1)8,{4

as a model to study acoustic traveling waves in Power-law fluids with
m=p—1,0 < m < 1is the power-law index.

In this paper, we study the well-posedness and numerical solutions of a special case of the above
equation with initial and boundary conditions

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(041 + udyu) = poy (|axu|’”728xu),
u(0,x) = up(x), x € [0,L],
u(t,0) =u(t,L) =0, te[0,T].

By using the dimensionless variables x* = %x, u* = uiou, t* = ¢ to the last equation, we obtain the

following problem, in which x*, u*, t* are still denoted by x, u, t

au+4@ﬂ4:7%@(pﬂ4%4@u)
u(0,x) = up(x), x €10,1], 1
u(t,0) = u(t,1) =0, telo,T]

with1 < p < 2and m = p — 1. In equation (1), Re stands for the Reynolds number, a dimensionless
quantity determining the flow behavior based on the balance of inertial and viscous forces. The
Reynolds number for power-law fluids is given by

pLr!
>

Re

where L and u( represent the characteristic length and velocity, respectively (see, for example, [9]).
The Reynolds number significantly influences the stability of the flow and the type of flow regime
observed. Our numerical simulations demonstrate this. When in case p = 2, equation (1) becomes a
well-known Burgers’ equation for a Newtonian fluid

0t + udyu = Rieaiu,
u(0,x) = ugp(x), x €10,1],
u(t,0) =u(t,1)=0, te]0,T].

The well-posedness of the viscous Burgers’ equation for Newtonian fluid has been studied
intensively in the literature (see, for example, [6], [10], [11]). To our knowledge, the well-posedness of
the problem (1) has not been studied before. In our work, we prove the result concerning the existence,
uniqueness, and regularity of a solution to the Burgers equation with p-Laplasian right-hand side (1).

Multiplying the equation of (1) by a test function w € Wé'p (0,1), and integrating by parts from 0
to 1, we convert the initial boundary value problem (1) to the following integral equation

1 1 1 1 )
/ oruwdx +/ uoyuwdx + — / <yaxu\”7 axu> oywdx =0 (2)
0 0 Re Jo

forallw € Wy (0,1),t € (0,T) and 1 < p < 2.

Definition 1.1. For 1 < p < 2, a function u € L2 (0, T; Wo7 (0, 1)>,for which oyu € L2(0,T; L*(0,1)) is

said to be a weak solution of problem (1) if it satisfies equation (2) for each w € Wo?(0,1) and a.e. t € (0,T)
and u(0,x) = ug forall x € (0,1).

Now, we present the main result of the work.

Theorem 1.2. Let uy € Wg’p(O, 1). Then there exists a unique solution u € L2 (O, T; Wo (0, 1)) of (1) such
that 9;u € L2(0,T; L?(0,1)), in the sense of Definition 1.1.

In Section 2, we state some preliminary information needed to study the well-posedness of the
problem (1), formulated in the weak form (2). Section 3 consists of two subsections 3.1 and 3.2. We
obtain the existence result in 3.1 and establish the uniqueness of the solution in 3.2. Moreover, in
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Section 4, we construct the numerical solutions for the various values of the Reynolds number Re, by
using the COMSOL PDE solver with some numerical manipulations to avoid singularity in A,u at
points where d,u = 0.

2. Preliminary

We present well-known facts that we will use to prove Theorem 1.2. The Gronwall’s inequality,
some Sobolev inequalities, and the monotonicity of the p-Laplacian operator defined by Aju =

dy (|8xu|p _28xu) are required to establish the main result.

Recall that LP(0,1) and WX?(0,1) are the standard spaces of Lebesgue and Sobolev, respectively,
for1l < p < o0 and k € Z. For any Banach space X, we define L (0, T; X) to be the space of measurable
functions u : (0, T) — X such that

T 1/p
lulsam = ([ ulfar) <o

for 1 < p < ooand |[u| = (o,r,x) = esssupy_; |[ul|x < oo if p = co. LF(0, T; X) is a Banach space [12].

Proposition 2.1 (The differential form of Gronwall’s inequality [13]).

(i) Let n(-) be a nonnegative, absolutely continuous function on [0, T|, which satisfies for a.e. t the differential
inequality

7'(8) < ¢()n(t) +9(t),

where ¢(t) and (t) are nonnegative, summable functions on [0, T|. Then

n(t) < oo 9(s)ds [,7(0) + /Ott,b(s)ds]

forall 0 <t <T.

(ii) In particular, if
' <¢non|0,T)and n(0) =0

then
n=00n[0,T].

Proposition 2.2 (Poincaré’s inequality [13]). Assume U is a bounded, open subset of R". Suppose u €
Wé’p(ll) for some 1 < p < n. Then we have the estimate
[ull Loy < ClIDullpr )

foreach g € [1, %], the constant C depending only on p,q,n and U.

In particular, forall 1 < p < oo,
luller @y < CllDullpe - ®3)
Next, we recall the Bounded Convergence Theorem.

Proposition 2.3 ([14]). If f is a Lebesgue measurable function defined on a closed, bounded interval [a,b], with
its LF norm for 1 < p < co defined by

it = ([ o)

|| flleo = ess. sup. {|f(x)] :a < x < b}

and L*™ norm
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If f1, fa, f3, - - - is a sequence of measurable functions and M is a positive constant such that
falle =M n=1,2,---
and im0 fn(x) = f(x) a.e. x € [a, b] then
lim [~ ], =0
for any p satisfying 0 < p < oo.
Now, we state the well-known Theorem.
Proposition 2.4 ([15]). The space L?(0, T; Wé’p (0,1)) is complete and separable if 1 < p < 0.

Proposition 2.5 (Jensen’s inequality [16]). Let (02, A, ) be a measure space with 0 < u () < oo and let ¢ :
I — R be a convex function defined on an open interval I in R if f : (2 — I is such that f,¢po f € L(Q, A, ),
then

o( ) < ey [ o0

Proposition 2.6 ([17]). If a sequence (fy) of continuous functions f, : A — R converges uniformly on A C R
to f: A — R, then f is continuous on A.

3. Existence and Uniqueness
3.1. Existence

In this subsection, we will prove the existence of solutions to the integral equation (2).
Firstly, we choose the basis {e;};cy € L%(0,1) defined as a subset of the eigenfunction of the
Laplacian for the Dirichlet problem.

—aie]- = /\j(i‘j, ] S N, 4
_ 4)
6]‘—0, X € {0,1},
where
ej = V2sin jrx, Aj = (jm)? (5)
forj e N.

Since {e; }], .y 18 an orthonormal basis in L*(0, 1), then {¢; }], . 18 also an orthonormal basis in Wg 7(0,1).

Then for f € L?(0,1) we can write

1/2 )
with ¢;(t) = (fol |fej|2dx) <o, j=1,2,...and the series {c;} " is converges in L*(0,1).

Hence, the approximate solution u,(t, x) can be represented as follows

un(t/ X) = ch(t)ej/ (6)
j=1
un(0) = ugy = ch(o)ej‘ @)
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Moreover, we suppose that u, (¢, x) satisfy the following approximating problem

1 1 1 A 5
| drnedx - [ widsueidx+ o [ (1oxul"Zosu)oesdx o, (8)

Up (O) = Uon

forallj=1,...,n,t€[0,T].
Remark 3.1. The coefficients c;(0) can be chosen such that limy—co tion, = u(0) in W&’p (0,1).
Furthermore, we prove the lemma concerning the solution of approximate problem (8).

Lemma 3.2. There exists a positive constant Cy > 0 independent on n, that satisfies the following inequality

5 gt
||”n||%2(o,1) + ﬁ/o ||axun|\zp(o,1)dr <G
forallt € [0, T].

Proof. Taking ¢; := u, and substituting into equation (8), we obtain

1 1 1
0 0 Re Jo

The first term of (9) can be written as follows

1 1d 1, 1d, .
A unatundx = E& 0 undx = EEH“”HLZ(OJ)' (10)

Computing the second integral of (9) by the initial condition in (8) leads us to

to ! 3 3|t
/0 W 0xlydx :/0 dx (un)dx = U,

By substituting the integrals (10) and (11) into (9), then integrating the equation (9) from 0 to ¢
with respect to T, we have

=0. (11)

2 2t 2
||un||L2(0,1) + ﬁ/@ ||8xun\|€p(0’1)d’r = ||”n0||L2(0,1)- (12)

Application of inequality (3) to the left-hand side of (12) leads us to the assertion of the lemma. The
proof of the lemma is complete. [J

Lemma 3.3. There exists at least one solution of the approximating problem (8) such that u, € L2(0, T; Wé 7(0,1)).

Proof. It is obvious that

1 0, i .
/ <€i, ej>dx = 51‘]' = { l #] (13)
0 1, i=j.
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We note that
3 (|3un|" 00
dx \ | ox ax
ouy "1 %u, ouy |2 9%u, duy,
e _ 1 " -
ox ox?2 +(m—1) ox ox2 dx
| ouy m=1a2y,
Now, we represent the approximate equation (8) in the following form
1 9uy, 1 19 (| Qun ™ ouy
o ejdx = —/0 Uundupejdx — Re/o ax< ox pp» ejdx (15)
forj=1,...,n
The substitution (14) into (15) gives
1 9uy, 1 m Ouy | o,
S ejdx = _/0 Undupe;dx — / e s ejdx (16)

forj =1,...,n. We find the derivative of (6) with respect to ¢, then by (13), the integral on the left-hand
side of (16) can be written as below

1 ou,

1 n
ﬁe]-dx = /0 Z;c'i(t)eiejdx = Cj(i’), ] =1,...,n (17)
1=

0

First integral on the right-hand side of (16), we rewrite as follows

/01 unaa%ejdx = /01 (i ci(t)el-) (i ci(t)e§> ejdx

n 1

= [Z ci(t) / eﬁdx} ci(t) (18)
! 0

forj=1,...,n. Here Y ; ci(t) fol e;dx is bounded on [0, T}, since

1
/ ddx=a;, i=1,...,n (19)
0

with a; < oo constant numbers (see (5)).
Equation in (4) implies that

Z Aici(t)e;. (20)

ax2

By equation (20), we transform the second integral on the right-hand side of (16) in the following way
m m—1
%)

Otk dx 21)

m—1~2
o) mA iC;
- e dx = ] /
ox

ox2 7

forj=1,...,n


https://doi.org/10.20944/preprints202502.0405.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 February 2025 d0i:10.20944/,

7 of 13

Thus, substitutions (17), (18), and (21) into (16) lead us to the following homogeneous ordinary
system of equations with respect to ¢

m—1
n 1 , m/\] 1| n
¢(t)=4—-Y ci(t)/ e;dx — R / Y cilt)e] dx pci(t) (22)
i=1 0 € i=1
forj=1,...,n
Furthermore, we introduce the following notations
c1(t) ay M
ca(t) ap - A2
c(t) = , d= , A=

cn(t) an An

witha; (i=1,...,n) from (19).

Therefore, by using our notations, the homogeneous system of ODE (22) can be written as follows

¢=—(a- 55—7/ @’ @m X o cdr. 23)

Here A ® c'is the Hadamard product of two vectors specified by the following formula

M 1 Aicq
- A2 c Azco
An Cn AnCn

Now we denote the right-hand side of(23) by F

F(&(t)) = — (@ - &)F — / 2’3" X @ ddx. (24)

The first term on the right-hand side of (24) is the linear. The second term on the right-hand side of
(24) is a homogeneous system of ODE.

Now we denote the second term of (24) by F.

F@ —@- - [l@ - Aeddy, ford'-¢>0, 5)
Cc) =
—(@-¢)c— fo &1 (Aee)dx fore’ <.
So, equation (23) can be rewritten as the homogeneous system of equations
(f]‘(t) IP]‘(Cj(t)), j=1,...,n (26)
We show that
oFf 9F .. 9F
dcy dcn dcy
oFh 9F  9h
Vl_f(c) — E)cl acp acy
apn OF, . 9,
dc; 9y dcy

is bounded and continuous.

reprints202502.0405.v1
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Ife- ¢ > 0, then

m
Re Jo

OF

! 1. 2P0 )
3, [(m—1)|e |77 A

- [a]'ci + (ﬁ . E) . 51]] —
+|€/ . (_?'lp_l)Li(si]} dx.
Notice that
- m b, ~p—1
- {ajci + (@ ¢)d;; + R—e/o le’- ¢ /\iéijdx}

is bounded and continuous in c.
We only consider to prove that

1 1
/0 &7 - 2P Ajcidx = A; /0 & - EP2 cidx

is bounded and continuous at one point where ¢’ - ¢ = 0. So, each integrand |¢” - ¢|P—2 |Aieic;| of the
following integrals
. )\18/1C1 cee Ale,ﬁcl
[l o e 27)
0 :
)\ne/lc;/l st /\ne;,lc;q

is bounded, if ||¢]] — 0. By Lemma 3.2, we have
2 n n
||un||L2 = <un/”n> = < Zciei/ Zciei>
i=1 i=1
) 2
=2 i = el
i=1

Equation (12) implies that  [|&]|%, < [|@(0)||>. Hence, ¢ is bounded in R". Then there exists sequence
{c(t)}5° that converges to ¢(t) in R” for 0 < t < co. Moreover, this sequence {cy(t)}$° satisfies the
estimates

5 - mob s o
6l < 22 + | [ e o g <o o8)

Consequently, there exist functions &(t), ¢(t) such that limy, 0 Cx(t) = (t) and lim;, e Cx (t) =
¢(t). Functions ¢i(t), & (t) are continuous and uniformly converge to &(t), &(t) in R” forall 0 < t < +oo.
Then by the Proposition 2.6 on continuity of the sum of uniformly convergent series, functions
&(t), ¢(t) in R" are also continuous in R” for all 0 < t < +oo. Thus, &(t) € C([0,+o0);R") and
c(t) € C([0,+o0); R").

Therefore, a system of equations (26) satisfies the condition of the existence of the homogeneous
system of ODE. The right-hand side of equations (26) Fj(c;(t)) is continuous for all j = 1,..., 7 on the

bounded domain [0, T]. Consequently, there exists a unique solution

c(t) = (cr(t), ca(t), ..., cn(t)) (29)

of equation (26) on [0, T|] that satisfies the initial condition ¢ = ¢(0) or ¢(0) = (¢1(0),¢c2(0), ..., cx(0))
fort =0.
The proof of the lemma is complete. [

We are now ready to prove the following lemma.

Lemma 3.4. There exists a weak solution of the equation (2) such that u € L?(0, T; Wé’p (0,1)).
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Proof. Thus, by Lemma 3.3 there exists a weak solution u, of the approximating problem (8) in
L2(0,T; Wg’p(O, 1)). Moreover, by Lemma 3.2 the sequence of functions {u,}, ; and {d;u,}, , are
bounded in L?(0, T; WS 7(0,1)). Therefore, by Proposition 2.4, the sequence {u, }5_; has a subsequence
that converges to some 1 € 12 (0, T; W&’p (0,1)). We denote this subsequence still by {u,, }le, we obtain

n—oo

T
lim /O i (£) — () |yt =0,

which implies
Tim [[un(t) — u(t)]],,dt = 0

for a.e. t.

Since L2(0,T; W&’p(O,l)) is complete space, then any {u,}> , € L*(0,T; W&’p(O,l)) has a
limit such that 4 € L2(0, T; W, (0,1)). Since {u,}, € L2(0,T;Wy*(0,1)), hence {0,1,}%, €
L%(0,T; LP(0,1)). Therefore limy, oo dytty = Oyt [

3.2. Unigqueness

In the following lemma, we establish some auxiliary statements that we apply in the proof of
Lemma 3.6.

Lemma 3.5. Let u € Wol’p(O,l). Then there exists the positive number C; < oo such that C; =
maXye(o,1][0xt|-

Proof. Since u € Wé,p (0,1), then the Embedding theorem
1,
Ww,?(0,1) c cto, 1]

implies that 0, u is continuous on [0, 1]. Hence, by the Extreme Value theorem, if a function is continuous
on a closed interval, it attains its maximum and minimum values on this interval. Consequently, there
exists the positive number C; such that C; = max,¢gq)|dxu|. O

Now we prove the uniqueness result.
Lemma 3.6. If C; < oo, the integral equation (2) has a unique weak solution.

Proof. Assume that there exist two solutions of equation (2), u1(x, t) and uy(x,t). Taking w := 1 in
the equation (2) and denoting by i = u; — 1y, we obtain

1 1
/ ﬁatﬁdx+/ (u10xU1 — UOxUp)idx
0 0
1 /1 _ p—2
+ —/ (|axu1|f’ 291y — | xun Oxlip)itdx =0 (30)
Re Jo

with1l <p <2
The first integral on the left-hand side of (30) can be written as (10)

T 1d, .
/0 foiidx = EEHL[HLZ(OJ). (31)

We note that
(u1 — uz)(axul — axuz) = U10xU] — UpOxlU1 — U0 Uy + UpOyUs.
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Therefore,
u10xuy — Updxliy = (U3 — Uz )(0xtiq — Oxi2)
+ 20 (U1 — uz) + (11 — u2)oxiin
= 010yl + updy il + 10y us.
Hence, the second integral of (30) can be represented in the following way
1
/ (u10x11 — UpOxup)ldx
0
1 1 1
- / 223, 0dx + / g9 fidx + / 229, 1udx. (32)
0 0 0
By (11), the first term on the right-hand side of equation (32) equals zero.
By invoking Lemma 3.5, we bound the third integral on the right-hand side of (32)
|/ 120 updx| < max |8xu2|/ 0%dx = Cy |0 ||L2 01) (33)

where C; = max,¢|g1][dxi2]-
Integrating by parts the second term on the right-hand side of equation (32), we have the same

estimate as (33),

1

o 1 2 C
‘/0 U0y fldx| = ‘—2/0 170y updx| < ||”||L2 (0,1)

So, we have the following estimate

1
/0 (u10x11 — Up0xup)fdx < C1||”||Lz 01) (34)
for the second integral of (30).

Furthermore, we bound the third term on the left-hand side of (30). Therefore, we apply the
following inequality [18]

(p—1D)[b—al> < (|b]"2b— |al"2a,b - a)
forb—a>0,a,b e R"and 1 < p < 2, to the last term of the equation (30)
1 PNVN 1 p—2 p—2 N
/0 [0x 1| “Txdx < /0 (|6xu1| Oxli1 — |Oxip| axuz) Tydx. (35)
The left-hand side of (35) can be written as follows
Loooa . L3 3
/0 191|205 iidx = /O 9x1 P = (312 0 -

By Jensen’s inequality, we bound the norm in the last equation from below

1

bl 2.1
ol zony = [ eaPax)* = [( [ s3]
1

323 . \3
/ 0,>5°2d 3 < 19xtll3(0,1)-

NI

The last inequality and the inequality (35) implies that

1
0xt13210 1) < 195141 |P 205111 — |9xttn|P 20511 ) Aedx. (36)
o S Jy
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By combining inequalities (36), (34) and (31), the equation (30) implies that

~13
HMHLZ (0,1) EHaXuHLZ(O,l 3C1||u||L2 0,1)"

Using Poincare’s inequality (2.2) to the last inequality leads us

||u||L2 01) ”u”LZ 01) X 3Cl||u||L2 0,1)

Combining the similar terms in the last inequality, we conclude that there exists a non-negative
constant K such that p
T8Iz 00y < Kl faon (37)
with K = (3C1 + % ||12||L2(0,1))'
To the inequality (37) using Gronwall’s Inequality that stated in Proposition 2.1, we have that
i1 = 0. Thus, the solution of the problem (9) is unique. The proof of the lemma is complete. [

4. Numerical Part

In this section, we first create a data set by solving numerically the Reynolds number with
prescribed Power-law rheology parameters. The corresponding parameters and values for the Reynolds
number are listed in Table 1. Problem (1) is solved using the finite element software COMSOL
Multiphysics 6.0. To apply the software COMSOL, the equation in (1) has been written in a standard
form for the solver

eaaz—u—l—daa—u—i-v-(—cVu—au+7)+/3-Vu+au =f,
ot? ot
where V = 0, and u = u(t, x). We construct the numerical solutions of problem (1) taking coefficients
a=0,d;=1a=0f=0a=0,7=0,8=uandc = 4(|Vu|)" ! in the last equation. The
Dirichlet boundary condition is applied on both ends of the computational domain.

Table 1. Parameter values for Power-law fluids.

H Parameters Casel Case2 Case3 H

o (kg/m3) 1000 1100 1200
u(m/s) 0.10 10.0  2.00
L (m) 0.05 005  0.10

n 070 070  0.80
K(Pa-s") 1.00 200  2.00
v (s71) 1000 200 500
Re 998 5371 1654

Figure 1 shows the simulated solutions obtained for the Burgers’ Equation based on a Power-law
model with three different Reynolds numbers. In each case, the velocity profile has been shown for
several instances of time. It can be observed that within a finite time T, the solution u and its derivative
uy are bounded in [0, 1], as predicted by our theoretical results.
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Figure 1. Velocity components for the flow of Power-law fluid.

5. Conclusions

This work proves the existence and uniqueness of weak solutions of the viscous Burgers equation
for the isothermal flow of power-law non-Newtonian fluids with initial and boundary conditions. A
numerical experiment on COMSOL Multiphysics was conducted, confirming the theoretical part.
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