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Abstract: This study examines the bias in weighted least absolute deviation (WL;) estimation within the context
of stationary first-order bifurcating autoregressive (BAR(1)) models, which are frequently employed to analyze
binary tree-like data, including applications in cell lineage studies. Initial findings indicate that WL; estimators
can demonstrate substantial and problematic biases, especially when small to moderate sample sizes. The
autoregressive parameter and the correlation between model errors influence the volume and direction of the
bias. To address this issue, we propose two bootstrap-based bias-corrected estimators for the WL; estimator. We
conduct extensive simulations to assess the performance of these bias-corrected estimators. Our empirical findings
demonstrate that these estimators effectively reduce the bias inherent in WL estimators, with their performance

being particularly pronounced at the extremes of the autoregressive parameter range.

Keywords: bifurcating; autoregressive; singe bootstrap; fast double bootstrap

1. Introduction

The bifurcating autoregressive (BAR) model is widely employed to analyze binary tree-structured
data, as illustrated in Figure 1, which frequently arise in various applications, most notably in cell
lineage studies [see, e.g., 1-4]. The BAR(1) model was initially proposed by [5] to model cell lineage
data. This model extends the first-order autoregressive AR(1) model by accounting for a unique aspect:
observations on two sister cells, which share the same mother cell, are correlated. In practical settings,
the BAR(1) model is useful for modeling the single-cell reproduction progress [c.f. 3]. A number of
studies have addressed the estimation and inference challenges associated with the BAR model [see,
e.g., 5-13, among others].

Maximum likelihood (ML) estimators for the model coefficients and the correlation between
errors for the BAR(1) model were introduced by [5] under the assumption of normally distributed
errors. Building on this foundation, [8] examined the asymptotic properties of the ML estimators for
the BAR(p) model, also assuming the normality of errors. In contrast, [10] explored least squares (LS)
estimation for BAR(p) models without imposing distributional assumptions on the errors. In their
study, they developed LS estimators for the model coefficients and introduced consistent estimators
for the correlation between model errors. They further derived the asymptotic distribution of the LS
estimators. However, the study did not address the finite-sample properties of these estimators. While
LS estimators of BAR model coefficients are asymptotically unbiased, [13] demonstrated that the finite
sample bias of these estimators can be substantial, potentially leading to inaccurate inferences. This
outcome is consistent with the well-known fact that LS estimators for the AR(1) model often exhibit
significant bias, especially when the autoregressive parameter is near its limitations (+1) (e.g., [14]).

To address this issue, [13] introduced two bias correction techniques for the LS estimator of the
autoregressive parameter in the BAR(1) model: one based on asymptotic linear bias functions and
another using a bootstrapping approach. Their results indicated that both methods effectively reduce
the bias, with the bootstrap bias-correction method proving more efficient than the asymptotic linear
bias function method, particularly when the parameter is close to the upper boundary (i.e., near +1).

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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A related challenge in analyzing cell lineage data involves handling outliers. Several approaches
have been proposed to develop robust estimators that mitigate the impact of outliers within the BAR
model context, including quasi-maximum likelihood estimation methods (cf., [15] and [16]). In this
direction, [12] developed robust estimators for the first-order BAR model based on weighted absolute
deviations. They demonstrated that, when the weights are fixed, the resulting estimator is an L;-type
estimator, offering robustness against outliers in the response space and showing greater efficiency
than the least squares (LS) estimator in the presence of heavy-tailed error distributions. In contrast,
when the weights are random and dependent on the points in the factor space, the weighted L
(WL;) estimator shows robustness against outliers in the factor space. Additionally, they derived the
asymptotic distribution of the WL; estimator and analyzed its large sample properties. However, they
did not examine the bias of WL; estimators under finite sample conditions (i.e., small or moderate
sample sizes). The present study seeks to address this gap in the literature.

Figure 1. The lifetimes (in minutes) of E.Coli cells are represented in this tree, constructed using data
from [5].

In this paper, we concentrate on examining the bias of the weighted L; (WL;) estimators for
BAR(1) models. Our findings indicate that the WL; estimators of the BAR(1) autoregressive parameter
(¢1, the parameter of interest) can show considerable bias, particularly when working with small to
moderate sample sizes. To address this issue, we employ bootstrapping techniques to develop bias-
corrected WL estimators. We assess both the bias and mean squared error (MSE) of these estimators.
It is important to note that bias is typically influenced by the true, unknown parameter values, and
that bias correction may not always be advisable. This is because bias reduction can lead to increased
variance, potentially resulting in a higher MSE than that of the uncorrected estimates [17].

The layout of this paper is as follows. In the following section, we provide an overview of the
BAR(1) model and the WL; estimation of its parameters. Section 3 empirically examines the bias of
the WL estimators for the autoregressive parameter in the BAR(1) model. In Section 4, we propose
bias-corrected WL, estimators. Section 5 presents a summary of the empirical findings, based on
Monte Carlo simulations and a real data application, comparing the performance of the bias-corrected
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and uncorrected WL; estimators. Finally, the paper concludes in Section 6 with a discussion of the key
results and directions for future research.

2. The BAR(1) Model and WL; Estimation

Consider the random variables Xj, X, . .., X;;, which represent observations on a perfect binary
tree with ¢ generations. The initial observation, Xj, corresponds to generation 0, while the observations
X1, Xy s Xyit1_q correspond to the 2' observations in generation i, wherei = 1,2,..., g. The total
sample size is given by n = 2871 — 1.

The first-order bifurcating autoregressive (BAR(1)) model is formulated as:

X, =Yp+e, forallt>2, 1)

where X; represents the observed value of a quantitative characteristic at time ¢, and Y’t =
(1, X|t/2)], with X|; /5 denoting the "mother" of X; for all t > 2, and |u] representing the greatest
integer less than or equal to u. The vector ¢’ = [¢g, ¢1] contains the unknown model coefficients: the
intercept, ¢, and the autoregressive parameter, ¢; (also referred to as the inherited effect or maternal
correlation), where ¢, € (—1,1). This range for ¢ ensures the stationary of the process.

The pairs (ey, €31.41) are supposed to be independently and identically distributed (i.i.d.) accord-
ing to a joint distribution F. Each pair (e, €:+1) has a zero mean vector and a variance-covariance

matrix given by:
10
X = ( 0 1) (72,

where 6 represents the linear correlation between €5; and €5;41, commonly referred to as the envi-
ronmental effect or sister-sister correlation given their shared mother. Additionally, o? represents the
variance of the errors. It is further assumed that the pairs (€3, €5¢11) and (eps, €25.+1) are independent
fors # t.

The underlying rationale for this correlation structure is rooted in the assumption that sister
cells, particularly in the early stages of their development, are exposed to a common environment.
Consequently, two distinct forms of correlation are expected: (i) environmental correlation between
sisters, and (ii) maternal correlation deriving from inherited effects from the mother. In contrast, more
distantly related cells, such as cousins, experience less environmental overlap, making it reasonable to
assume that their environmental effects are independent.

[12] introduced the weighted L; estimators of the intercept and the autoregressive coefficient, ¢
and ¢, respectively, for the first-order BAR model by minimizing the following dispersion function

D(¢)= ), w(X[t/zO‘Xt—YIt‘P , )

2<t<n

where w(-) is a weight function chosen such that the product w(X[t /2])X[t /2] remains bounded,
thereby providing robustness against outliers in the design points (i.e., outlying values of X|; /). When
w(-) = 1, the estimator reduces to the standard L;-norm estimator. The dispersion function D(¢) is
non-negative, piecewise linear, and convex, provided that w(-) > 0. These properties are sufficient to
guarantee that D(¢) attains a minimum, yielding the estimate ¢,.

2.1. Weighted and Non-Weighted Estimates for BAR(1) Model

In this section, we introduce two types of estimators for the BAR(1) model based on the weight
function, w(-), in (2). These estimators were studied by [12] in the context of bifurcating autoregressive
(BAR) models.
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2.1.1. Least Absolute Deviation (L;) Estimator

The first estimator is the Least Absolute Deviation (L) estimator, which is a non-weighted version.
This estimator is derived by setting the weight function in (2) to 1 for all x (i.e., w (X [t /2]) =1). The
L, estimator is known to be sensitive to bad leverage points in a multivariate autoregressive context
[18]. [12] demonstrated that this sensitivity persists in the BAR(1) model when confronted with bad
leverage points caused by additive outliers.

2.1.2. Weighted Least Absolute Deviation (WL1) Estimators

The second type is the Weighted Least Absolute Deviation (WL;) estimator, which incorporates a
weighting scheme defined by:

5/2
k

(X[t/z] - H)/Z_l (X[t/Z] - Pl)

The weight is determined based on the Mahalanobis distance between X|; 5| and a robust measure
of location and dispersion, (y, X), utilizing the minimum covariance determinant (MCD) estimates as
outlined in [19]. The constant k serves as a cutoff point, set at the 95th percentile of the Chi-square
distribution with one degree of freedom, while the parameter ¢ is fixed at 2. The weighting scheme in
(3) is similar to that used by [20].

This weighted estimator provides an advantage over the non-weighted L; estimator by being less
sensitive to bad leverage points in both the response and factor spaces. For more detailed discussions,
refer to [21] in the context of linear regression, [22] for autoregressive time series models, and [12] for
bifurcating autoregressive models.

[12] derived the joint limiting distribution of the WL, estimators of the BAR(1) model coefficients.
Under some regularity conditions, they showed that

w(Xg) =t wr =min| 1,

, )

V("M — ) & N0, 2c 1z ),

where T = 1£(0),C = E (w (x[t/z]) ylyl), L=E (w (x[t/z]) Y, ®Yw (x[t/z])), D =1+ Oggn(ey) sgn(esss)’
and g (ey)sgn(en,,) denotes the correlation coefficient between the signs of the pairs of errors
(€2t, €2¢41). The method of moments estimators for C and X are given by

1y 1y
o T Ezw(x[t/z]) -1 Ezw(x[t/z])x[tﬂ] ’
= i“’(Xt/Z)Xt/z = iw(Xfﬂ)XZ
1 = t/21) 220 w1 & [£/2] ) t/2)
1 &2 1y 2
. nj Ezw (X[t/2]> n—1 %2@0 (X[t/Z])X[t/Z] /
1 1
mt;wz X[t/Z])X[t/Z] ﬁt§2w2(X[t/2])X[2t/z]
and
P=1+ psgn(€2t)/58”(€2t+1)’
where

5 1 & A A
Psgn(ex)sgn(ears) = m ;sgn(ey),sgn(emﬂ),
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withm = (n—1)/2and & = (X; — Y;). [12] suggested to follow the estimation procedure proposed
by [23] and [24] to estimate the parameter T:

3. Bias in the WL Estimators for the BAR(1) Model

In this section, we perform an empirical investigation using Monte Carlo simulations to assess
the finite-sample bias of the WL; estimator for the autoregressive coefficient ¢;, examining how
it varies with the model parameters ¢; and 6. The simulations follow a specific setup. Perfect
binary trees of sizes n = 31,63,127, and 255 (corresponding to different numbers of generations,
g = 4,5,6, respectively) are generated for each combination of ¢; = +(0.10,0.35,0.60,0.85) and
6 = £(0.30,0.60,0.90), capturing a range of maternal and environmental effect correlation levels. The
model intercept, ¢y, is fixed at 10 in all simulations. All generated trees are assumed to be stationary,
with the initial observation X; randomly drawn from a larger simulated perfect binary tree of size 127.

Outliers are introduced by contaminating the errors through the use of two bivariate normal
distributions. These distributions combine a standard bivariate normal distribution with contamination
rates of 5% and 10%, drawn from an additional bivariate normal distribution with a mean of zero and
a variance of 25. For each simulation scenario, N = 10,000 binary trees are generated, and the WL,
estimator ¢}V* is computed for each tree. Subsequently, we assess the empirical bias, absolute relative
bias (ARB), variance, and mean squared error (MSE) of 43‘1NL as follows:

BIAS(I'11) = — Z (¢WL1 ) (4)
ARB($"") = |BIAS($)"™) /¢, (5)
where 43¥VL1’(j ) is the WL, estimator from iteration j=12,...,N.
Figure 2 presents the empirical bias and ARB (x100%) of 4)}NL1 The results indicate that the bias
AWL;

of ¢; ' can be significant across various combinations of ¢ and 6, particularly for smaller sample
sizes. Specifically, it is evident that the volume of the bias is concerning when 6 is positive and ¢,
exceeds —0.5. In general, 43}/\”“1 tends to underestimate ¢; for values of ¢ greater than —0.5, with the
degree of underestimation increasing as ¢; approaches +1. Furthermore, the bias appears to exhibit a
linear relationship with ¢;.

The extent of the bias is further emphasized by the ARB results, which show that for small sample
sizes (n = 31) and ¢ near zero (in the range —0.3 to 4-0.3), the bias of dW can range from 5% to 60%
of the true value of ¢ as 6 varies from —1 to +1. For the smallest sample size (n = 31), the relative
bias remains considerably large for values of ¢; greater than —0.5, provided 6 does not approach —1.
While the bias remains considerable in most cases for n = 63 and n = 127, it becomes negligible for
larger sample sizes (n = 255), except when ¢; is near zero (in the range —0.3 to +0.3) and 6 is positive.
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Figure 2. Empirical bias and ARB (%) of the WL; estimator of ¢; when the errors distribution is a 5%
or 10% contaminated bivariate normal distribution.

4. Bias-Corrected WL, Estimators for the BAR(1) Model

In this section, we outline three bootstrap methods designed to correct the bias of the WL,
estimators, $¥VL1, for the autoregressive coefficient ¢; in the BAR(1) model. Specifically, we introduce
the single bootstrap bias-corrected version of qAb}NLl, as well as a fast double bootstrap bias-corrected
version.

The model-based bootstrap technique has been widely used to correct bias in the least squares
(LS) estimation of the AR(1) model, with its properties thoroughly explored in the literature (see
[25], [26], [27], [28], among others). This approach involves generating a large number of bootstrap
samples based on the estimated model parameters and resampled residuals. These samples are then
used to compute multiple replicates of the estimator, which allows for the estimation of the sampling
distribution, variance, and bias of the estimator. Recently, [13] extended this method to correct bias
in the LS estimation of the BAR(1) model coefficients. In this section, we focus on describing two
model-based bootstrap bias correction methods specifically designed for the BAR(1) model.

We begin by rewriting the BAR(1) model, originally presented in Eq. (1), as follows:

Xot =¢o + p1 Xt + €21,
Xot1 =¢o + P1 Xt + €2¢11,

for t > 1. Here, Xy and Xj;11 represent the observations for the two daughter nodes branching from
X;.

The single bootstrap bias correction procedure for the autoregressive coefficient in the BAR(1)
model is described in Algorithm 1. It is important to note that the bias in the corrected estimate, $p75¢

7

is of the order O(n~2), whereas the original estimator, J)}NLl, shows bias of the order O(n™1).
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The double bootstrap technique involves performing the single bootstrap procedure twice. This
method has been shown to enhance the accuracy of bootstrap bias correction in the AR(1) model [e.g.,
29-32], and similarly for the BAR(1) model [see, 13]. However, a notable drawback of the standard
double bootstrap method is its high computational cost. To address this issue, a modified double
bootstrap bias correction algorithm, referred to as the fast double bootstrap, was proposed by [33].
This algorithm offers greater computational efficiency compared to the traditional double bootstrap, as
it requires only one bootstrap resample in phase 2 (i.e., By = 1) for each bootstrap sample generated in
phase 1, in contrast to the conventional double bootstrap, which generates B, resamples within each
phase 1 bootstrap sample. Consequently, while the computational complexity of the standard double
bootstrap algorithm is of the order O(B; B, ), the fast double bootstrap reduces this to O(B;). Despite
this significant reduction in computational cost, [13] observed that the bias correction performance of
both algorithms remains comparable. The fast double bootstrap approach for correcting the bias in the
WL, estimator of ¢; under the BAR(1) model is outlined in Algorithm 2.

Algorithm 1 Single Bootstrap Bias-Corrected WL Estimation for ¢; (SBC).
Input

Observed tree: X" = (X1, Xp, -+, Xy)

WL, estimates of the BAR(1) model coeff1c1ents 0N WL and N
Centered residuals: & = & — (n — 1) roéifort>2
Number of bootstrap resamples: B

WL,

1: f b to
2: Olég agl %)} the(%mal observation from an initial binary treeS of size n® = 3158, where X; is the

f1r§t o‘ggghl atlo 1n the org?maf }Ee
amp regiace ent 2 pair 82 1 E3741p) from the set of pairs {(€a, €2¢41);t > 1}
ompute /

g w

&AWL | AWLj g
Xojp=p "+ Xjp T8
* ~WL, 2WL pos
Xojrip =P T Xy T

6:
7: &%nstruct the bootstrap tree X;" = (XJ W 2 b X b)
8:  Compute the WL, estimate gbl from X]Z

9: end for

10: Estimate the bias of ngLl asf, = : Z (¢1h ¢,
Output: The single bootstrap bias- correcte&WLl estimate of ¢ is given by:

~WL; )

2SBC ~WL A
7 4) ' - :843}’“1

§In each bootstrap iteration, the initial tree is generated from a BAR(1) model with coefficients set to the observed WL;
estimates, (ﬁgVLl and (ﬁYVL‘ , while the errors are sampled in pairs from the centered residuals. It is important to note that using X;
from the observed tree as the initial observation in all bootstrap trees could introduce artificial correlation among the bootstrap
samples. This issue may become more significant in higher-order BAR(p) models, where 27 — 1 initial observations are required.
In such cases, our method utilizes the final 2V — 1 observations from the initial tree to avoid this potential problem.

§§Any appropriate initial tree size, n°, can be chosen. The suggested size of n’ = 31 provides a reasonable compromise

between computational efficiency and result stability.
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Algorithm 2 Fast Double Bootstrap Bias-Corrected WL; Estimation for ¢; (FDBC).
Input:

Observed tree: X" = (X1, Xa,..., Xy)

WL estimates of the BAR(1) model coeff1c1ents ¢p ' and ¢,
Centered residuals: & =& — (n — 1)~ 21:2 g, fort>2
Number of phase 1 bootstrap resamples: By

Number of phase 2 bootstrap resamples: By

~WLy WLy

1: f b+
2: Olég aS?* }%Ot %ere XY is the last observation in an initial binary tree of size nY = 31, with X;
as tthe ﬁr obseiahon in X"

amm éw1 regiacegnent 2 palr 82] b'£2j+1 p) from the set { (&2, &p41) | t > 1}

Cornpute

G kW

w _ 2WLp | aWL v
Xip=¢p P Xip 8
SWL, | 2WL,
Xy =% TP X] b+ &1

&%nstruct the bootstrap tree X;" = (X7, X5 ,,..., X" )
Compute the first-phase bootstrap L1 estimates 4)0 fand 4)1 from X"
Obtain the first-phase bootstrap residuals:

%t,b = X;t,b - (¢6b + qbikb ;fk,b)/

é§t+1,b = X>2kt+1,h - (‘Pgb + ‘PT,,Xt*,b)r t>1
10:  Compute centered bootstrap residuals:

O 0 N

n

Ep =8 p— (n— 1 Z

11: for eac k<« 1to
steps i 6 to X usm

12: %7 gb and the centered residuals &;
13: Cons rct the second- phas oétstré tree Xp3" = (X5, X5h, . bXZ”;{b)
14: Compute the second—phase bootstrap WL, esﬁmate ¢q,, from an

15- end for

17 fStimate the single bootstrap bias of ¢WL1

By

o} _ 1 s WL1
ﬁ(f’YLl Bl b;l(()blb )

18: Compute the double bootstrap bias adjustment factor:

B, B
Fowe, = AWL - (17 —¢1,)
¢, 1 1 3132 bZ:lkZ kb b

Output: The fast double bootstrap bias-corrected WL; estimate for ¢;:

HEDBC _ WL .
1 "B, p T

|

5. Empirical Results

In this section, we present the findings of an empirical investigation aimed at (i) evaluating the
effectiveness of the proposed bias correction methods for the WL, estimator of the autoregressive
coefficient in the BAR(1) model, and (ii) comparing the relative performance of these bias correction
techniques. The study involved extensive simulations. All computations were performed using R
version 4.1.3 [34] on a machine with an Intel Xeon E5-2699Av4 processor, featuring a clock speed of 2.4
GHz, 44 cores, and 512 GB of memory. The simulations utilized 42 of the 44 available cores through
the “parallel’ package, while bifurcating trees were generated using the ‘bifurcatingr’ package [35].


https://doi.org/10.20944/preprints202409.2024.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 September 2024

9o0f17

The "core" process follows the model described in , adhering to the same variance-covariance
matrix. The "observed" process is defined as:

Xi=Xe+V, t>1 (6)

In this definition, when V; = 0 for all ¢, the "observed" process aligns with the "core" process, and
any deviations are attributed to the distribution of the errors. As noted by [36], these deviations are
referred to as Innovation Outliers (IO) model. In this, the distribution of errors is typically characterized
by heavy tails. On the other hand, when V; # 0, the process corresponds to the Additive Outliers
(AO) model [36]. In this case, V; follows a mixed distribution given by (1 — 7)dy(:) + vG(-), where 7y
represents the contamination proportion, éy denotes a point mass at zero, and G is the contaminating
distribution function. For our simulations, G was selected as a N (i, ¢?) distribution. Therefore, the
distribution of V; can be expressed as:

BCN (v, p1, Bey 2, B2) = (1= 7)BN (i1, Ze,) + vBN (42, Z,2), )

where BCN(-) denotes a Bivariate Contaminated Normal distribution with a specified mean vector
and variance-covariance matrix.

The variable V; is generated as a sequence of independent and identically distributed random
variables. In the AO model, outliers are introduced through the incorporation of external influences
into the core process, resulting in outliers that arise from factors beyond the error distribution.

In the context of our study, an outlier introduced into the design is referred to as a leverage point.
We differentiate between two types of leverage points: “good” and “bad.” As demonstrated by [19],
a leverage point is classified as “good” if it results in a small residual despite being an outlier in the
design space. In contrast, it is considered “bad” if it results in a large residual. According to [19], the
IO model tends to produce “good” leverage points with relatively minimal impact on estimates. In
contrast, the AO model generates “bad” leverage points that can significantly affect estimates, even
those that are robust [12].

5.1. Simulation Setup

The simulations contain a range of scenarios defined by varying sample sizes 1, maternal cor-
relation levels ¢, and error correlations 6, as outlined in Section 3. For each scenario, we generate
N = 10,000 trees and compute the WL; estimator for the coefficient ¢; from each tree. Specifically, we
evaluate the WL; estimator ($'V11), the single bootstrap bias-corrected estimator ((f)%BC), and the fast
double bootstrap bias-corrected estimator (¢FP5C).

We excluded the case of n = 225 from this simulation study, as the bias in $"V11 for this larger
sample size was found to be negligible, as detailed in Section 3. This exclusion was implemented to
facilitate computation time.

For both the ¢75¢ and $TPBC estimators, the number of bootstrap replicates was set to B = 999.
The empirical bias and absolute relative bias (ARB) for each estimator were computed as outlined
in Egs. (4) and (5). Furthermore, the root mean squared error (RMSE) and mean absolute deviation
(MAD) were calculated as follows:

R 1 N . .
RMSE(@™) = | © L@ — )2

j=1
WLy _ 1 h | aWLy,())
MAD(IM) = L3 [0 gy
j=1

where 43}NL1’O ) is the WL, estimator from iterationj =1,2,...,N.
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5.1.1. Innovation Outliers (I0) Model Setup

Under the Innovation Outlier (I0) model, where V; = 0, the “observed” process simplifies to
the “core” process as specified in Eq. (1). The error distributions examined in this study include the
bivariate standard normal distribution with correlation 6, as well as four variants of the bivariate con-
taminated normal distributions. The contaminated distributions are characterized by different levels
of contamination, specifically (1) Contaminating variance of 25 with a contamination rate of 5%, (2)
Contaminating variance of 25 with a contamination rate of 10%, (3) Contaminating variance of 49 with
a contamination rate of 5%, (4) Contaminating variance of 49 with a contamination rate of 10%. These
distributions are denoted as BCN(5%,0,X1,0, Zo5), BCN(10%, 0, X1,0, X25), BCN(5%,0,X1,0,X49),
BCN(lO%, 0,x4,0, 249), respectively. The chosen parameter settings for these bivariate contaminated
normal distributions are intended to represent both “mild” and “extreme” contamination scenarios.

5.1.2. Additive Outliers (AO) Model Setup

Under the Additive Outlier (AO) model, the errors (ex;, €p141) follow an innovation process
modeled by a bivariate normal distribution with zero mean, unit variance, and 8 = 0. The distribution
of V; is given by:

Vi~ (T=7)do(-) +7G(-),

where < represents the proportion of contamination, Jy is a point mass at zero, and G is a
contaminating distribution function. The “observed” process is defined as:

Xf =X +Vi=Yip+e+V;, forallt>1,

where Y;¢ represents the model component, ¢; is the error term, and V; represents the additive
outlier.

The distributions considered for V; include the bivariate standard normal distribution with corre-
lation 0, as well as four bivariate contaminated normal distributions. These contaminated distributions
have contaminating variances of 25 and 49, with contamination rates of 5% and 10%. Specifically, the
distributions are (1) BCN(5%,0,X1,0, X55), (2) BCN(10%, 0, X1,0, Z25), (3) BCN(5%,0,X1,0, Z49), (4)
BCN(10%, 0, X1,0, Z49). In addition, It is assumed that V; is independent of ¢;.

5.2. Simulation Results

In this section, a results summary of the simulation study is presented in Figures 3-10. Our
analysis focuses on the absolute relative bias and root mean squared error (RMSE) for the WL;
estimator of ¢, including both the single bootstrap and fast double bootstrap bias-corrected estimators.
The key findings are outlined as follows:

* Generally, all proposed bias-correcting estimators substantially reduce the bias of the WL,
estimator across nearly all combinations of ¢; and 6, even with small sample sizes.

* Both the single bootstrap ((){,fISBC) and fast double bootstrap ((fﬁDBc) bias-corrected estimators
effectively reduce bias. However, the fast double bootstrap estimator demonstrates superior
performance compared to the single bootstrap estimator, particularly for small sample sizes (e.g.,
n = 31). Despite this reduction, some residual bias persists when both 8 and ¢; are positive, with
the bias increasing as ! and ¢; approach the positive boundary.

¢ For larger sample sizes, n = 63 and n = 127, the fast double bootstrap estimator generally
outperforms the single bootstrap estimator, though their performances are sometimes comparable.
It is important to note that the fast double bootstrap method requires more computational time
compared to the single bootstrap method.

¢ Both bootstrap methods lead to significant reductions in RMSE and mean absolute deviation
(MAD) compared to the WL; estimator across all sample sizes and positive values of 6.
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* The bias reduction achieved by both bootstrap estimators is particularly notable for ¢ values
near the boundaries (-1, +1), especially for small sample sizes (e.g., n = 31). Additionally, the
fast double bootstrap method outperforms the single bootstrap method in mitigating bias in the
WL, estimators.
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Figure 3. The bias, ARB, MAD, and RMSE of the WL, single bootstrap bias-corrected WL, and fast

double bootstrap bias-corrected WL; estimators as a function of ¢; at different levels of # under an IO
model with a bivariate contaminated normal distribution, BCN (5%, 0, X1, 0, Z55).
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Figure 4. The bias, ARB, MAD, and RMSE of the WL, single bootstrap bias-corrected WL, and fast
double bootstrap bias-corrected WL; estimators as a function of ¢; at different levels of § under an IO
model with a bivariate contaminated normal distribution, BCN(10%, 0, X1, 0, Z25).
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Figure 5. The bias, ARB, MAD, and RMSE of the WL, single bootstrap bias-corrected WL, and fast
double bootstrap bias-corrected WL; estimators as a function of ¢, at different levels of # under an IO
model with a bivariate contaminated normal distribution, BCN (5%, 0, X1, 0, Z49).
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Figure 6. The bias, ARB, MAD, and RMSE of the WL, single bootstrap bias-corrected WL, and fast
double bootstrap bias-corrected WL; estimators as a function of ¢; at different levels of # under an IO
model with a bivariate contaminated normal distribution, BCN(10%, 0, X1,0, Z49).
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Figure 7. The bias, ARB, MAD, and RMSE of the WL, single bootstrap bias-corrected WL, and fast
double bootstrap bias-corrected WL, estimators as a function of ¢, at different levels of § under an AO
model with a bivariate contaminated normal distribution, BCN (5%, 0, X1, 0, Zp5).
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Figure 8. The bias, ARB, MAD, and RMSE of the WL, single bootstrap bias-corrected WL, and fast
double bootstrap bias-corrected WL; estimators as a function of ¢, at different levels of 6 under an AO
model with a bivariate contaminated normal distribution, BCN(10%, 0, X1, 0, Z25).
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Figure 9. The bias, ARB, MAD, and RMSE of the WL, single bootstrap bias-corrected WL, and fast
double bootstrap bias-corrected WL; estimators as a function of ¢, at different levels of § under an AO
model with a bivariate contaminated normal distribution, BCN (5%, 0, X1, 0, Z49).
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Figure 10. The bias, ARB, MAD, and RMSE of the WL, single bootstrap bias-corrected WL;, and fast
double bootstrap bias-corrected WL; estimators as a function of ¢ at different levels of § under an AO
model with a bivariate contaminated normal distribution, BCN(10%, 0,X1,0, Z49).

Overall, these findings indicate that both the single and fast double bootstrap bias-corrected
estimators are suitable for reducing bias in the WL, estimation for the BAR(1) model under most
combinations of ¢; and 6. Although the fast double bootstrap method is more effective in reducing
bias, it requires more computational resources. Consequently, the single bootstrap approach may be
preferred for its computational efficiency.

6. Conclusions

In this study, we revisited the weighted L; (WL;) estimator within the framework of first-order
bifurcating autoregressive BAR(1) models. While the WL; estimator is known for its robustness to
outliers, it can show substantial bias for small and moderate sample sizes, akin to the least squares
estimator. The extent and direction of this bias are influenced by the autoregressive coefficient (¢1) and
the correlation between model errors (6).

To address this issue, we introduced bias-corrected versions of the WL, estimator using the
bootstrap method. Specifically, we developed the single bootstrap and fast double bootstrap bias-
corrected WL, estimators. Our extensive empirical analysis demonstrated that these bootstrap bias-
corrected estimators effectively reduce the bias inherent in the WL; estimator. The observed reduction
in bias corresponded with decreased root mean squared error (RMSE), thereby enhancing the overall
efficiency of the corrected estimators. Although the fast double bootstrap method is somewhat more
computationally demanding than the single bootstrap, it consistently outperformed the latter in most
of the scenarios considered in our simulations.

While our research primarily focused on BAR(1) models, future investigations will extend to
higher-order BAR models (i.e., BAR(p > 1)). Additionally, we plan to explore how bias and its
correction impact related inferences, such as confidence intervals and hypothesis tests, to further assess
the practical implications of our findings.
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