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Abstract: A co-variational inequality problem involving two generalized Yosida approximation
operators is considered and solved. We show some characteristics of generalized Yosida
approximation operator which are used in our main proof. We apply the concept of nonexpansive
sunny retraction to obtain solution of our problem. Convergence analysis is also discussed.

Keywords: Yosida; solution; convergence; inequality; operator

MSC: 65]15; 47]25; 65K15

1. Introduction

Variational inequality theory is an influential unifying methodology for solving many obstacles of
pure as well as applied sciences. Hartman and Stampacchia [1] in 1966 initiated the study of variational
inequalities while dealing with some problems of mechanics.

The concept of variational inequalities furnish us various devices for modelling many problems
existing in variational analysis related to applicable sciences. One can ensure the existence of solution
and convergence of iterative sequences using these devices. For applications, see [2-10] and references
therein.

Alber and Yao [11] first considered and studied co-variational inequalities using nonexpansive
sunny retraction concept. They obtained solution of co-variational inequality problem and discussed
the convergence criteria. Their work is extended by Ahmad and Irfan [12].

Yosida approximation operators are useful for obtaining solution of various types of differential
equations. Petterson [13] first solved the stochastic differential equation by using Yosida approximation
operator approach. For the study of heat equations, problem of couple sound and heat flow in
compressible fluids, wave equations, etc., the concept of Yosida approximation operator is applicable.
For more details, we refer to [14-18].

After above important discussion, the aim of this work is to introduce a different version of
co-variational inequality which involve two generalized Yosida approximation operators. We obtain
the solution of our problem and we also discuss convergence criteria for the sequences achieved by
iterative method.

2. Preface

Throughout this document, we denote real Banach space by E and its dual space by E*. Let (4,b)
be the duality pairing between ¢ € E and b € E*. The usual norm on E is denoted by || - ||, the class of
nonempty subsets of E by 2F and the class of nonempty compact subsets of E by C (E).

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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The Normalized duality operator J : E — E* is defined by
() = {b € E*: (a,b) = [|a|? = ||b||2}, Va e E.

Some characteristics of normalized duality operator can be discovered in [19].
For the space E, modulus of smoothness is given by the function

c4d|| +|¢—d , )
pi(t) = sup { I AN gy 1, = ).

In fact E is uniformly smooth if and only if

. -1 _
P—%t pg(t) = 0.

The following result is instrumental for our main result.

Proposition 1. [11] Let E be a uniformly smooth Banach space and | be the normalized duality operator. Then,
forany 4,b € E, we have

(@) la+b]* < llal* +2(b, J(a + b)),
(i) (a—b,J(a) = J(b)) < 2d*pp(4lla —bl|/d), where d = /]|a||* + [|b]|>/2
Definition 1. The operator hi : E — Eis called

(i) accretive, if

~

(hy(a) — Iy (b), J(a— b)) >0, Va,b e E.
(ii) Strongly accretive, if
(h(a) =y (b), J(a — b)) > ri||a — b||?, Va,b € E,

where rq > 0is a constant.
(iii) Lipschitz continuous, if
[h1(a) = (D) || < Ay [la—Dll, Va,beE,

where AhA > 0 is a constant.
(iv) expansive, if
|h1(a) = (D) || = By lla — bl|, Va,b e E

where ,BhAl > 0 is a constant.

Definition 2. Let A : E — E be an operator. The operator S : E x E x E — E is said to be
(i) Lipschitz continuous in the first slot, if
1S(@1, -, -) — S(iia, -, )|| < 85, ||l — 2|, Va,b € E and for some ity € A(a), i, € A(b),

where s, > 0 is a constant.
Similarly, we can obtain Lipschitz continuity of S in other slots.

(ii) Strongly accretive in the first slot with respect to A, if
(S(iiy,-,-) — S(ia, -, ), J(a — b)) > As, ||a — b||?, Va,b € E and for some ity € A(a), iy € A(b),

where Ag, > 0is a constant.
Similarly strong accretivity of S in other slots and with respect to other operators can be obtained.
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Definition 3. The operator A : E — C(E) is called D-Lipschitz continuous if
D(A(a), A(b)) < azlla—b|, Yabe E,
where a 3 > 0 is a constant and D(-, ) denotes the Housdorff metric.

Definition 4. [11] Suppose Q) is the nonempty closed convex subset of E. Then an operator Qa: E—Qis
called:

(i) retraction on O, if Q% = Qg

(ii) nonexpansive retraction on O, if it satisfies the inequality:
15 (@) — Qe ()l < lla—bll, Va,b € E,
(iii) nonexpansive sunny retraction on O3, if
Qq(Qp(a) +i(a — Qn(a))) = Qn(a),
forall a € Eand for 0 < f < +oo.

Some characteristics of nonexpansive sunny retraction operator are mentioned below, which can
be found in [20-22].

Proposition 2. The operator Qg is a nonexpansive sunny retraction, if and only if
(@ = Qp(a),J(Qg(a) = b)) >0,
foralla € Eand b € Q.

Proposition 3. Suppose iit = ii(a) : E — E and Qa: E — Q) is a nonexpansive sunny retraction. Then for
all & € E, we have

Qpyn(a) (@) = 7(a) + Qgy (@ — 7i(4)).
Definition 5. The multi-valued operator M : E — 2E is called accretive, if
(T1—5,](@—b)) >0, Va,beEand for some ii € M(i),5 € M(b).

Definition 6. Let iy : E — E be an operator. The multi-valued operator M : E — 2E is said to be hi-accretive
if M is accretive and
[h1 + AM](E) = E, where A > 0 is a constant.

Definition 7. We define Rh@ I E — E such that
1

R}%A(d) = [h1 + AM](a), Va € E, where A > 0 is a constant.
We call it generalized resolvent operator.
Definition 8. We define Y}]TVIA : E — E such that
1r

_1

@)=+

i — R}Igl’/\](a), Va € E, where A > 0 is a constant.

We call it generalized Yosida approximation operator.
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Proposition 4. [23] Let iy : E — E is r1-strongly accretive and M : E — 2E is ny-accretive multi-valued
operator. Then, the operator RhM \ E — E satisfies the following condition.
1r

[RE (@)~ RE ()] < %Ha —b|, VabeE.

Y B SR .
That is, RM is —-Lipschitz continuous.
hl//\ 1

Proposition 5. If hi:E—Eis r1-strongly accretive, ,BhA1 -expansive, )LhAl -Lipschitz continuous operator and

R}Il@ L E—Eis %-Lipschitz continuous, then the operator Yg}\ : E — E satisfy the following condition.
1/ 1r

(Y (@) = YR (), T (@) I (B)) ) > by, [la —bIP, Va,beE,

‘BzA 1’1 — )\ﬁ\ ~
where oy = M, BEr > A, Ary # 0and all the constants involved are positive. That is, yM
h Arq h 1 hy,A

5Yﬂ -strongly accretive with respect to the operator hy.

is

Proof. Since YM = 1[i; — RM 1
roof. Since i 5 m hm],we evaluate

(@ =Y (8), ] (@) = = (B)) )
= (@)~ RE (@)~ [m®) - RE B)] T (@)~ R ()
= 1 (@) = (), (@) - ]2 ()

1

As iy is expansive and Lipschitz continuous and the generalized resolvent operator th\ﬂ L s Lipschitz
17

continuous, we obtain

(i (@) = Y (), ] (n () — I (B)) )

> ~m@-me)| -5 [RE @ - RE )] |7 @ - mo)|
> 5 [m@ = m6)|[ - 25 =l @ - R

> 2B a— bl = oAy la b a5
S

S

= by fla-|".

That is, R o ) - y
(Y @) = Y (0), ] (@) = I (B))) = by [|a— B[] *.

That is, Y;?VI \ s dy.-strongly accretive with respect to by O
1 1

doi:10.20944/preprints202306.1943.v1
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Proposition 6. Let hy:E— Ebe Mo -Lipschitz continuous, r1-strongly accretive operator and RQZI A E—E
17

B . TR . iy
is r——szschztz continuous, then the operator YI%VIA : E — E satisfy the following condition.
1 1

Y8 @) =¥ )| < A lla— b, Vab € E,

A}a r

where Ay . =
th /\7’1

, Ary # 0. That is, Yg{ N is )\yhA -Lipschitz continuous.
1 1

Proof. Since /i; and the generalized resolvent operator R;l![ , are Lipschitz continuous, we obtain
17

=] = 360 -st,0] - o0
- oA e 00
< S lla=bl+ 55 la =
- (M55 -l
= Ay la—b|.

That is R R
HY}%/I,A(Q) - yﬁA(b)H < Ay lla—bll, va,b e E.

Thus, the operator Ygf/\ is Ay_-Lipschitz continuous. [
1s 1

3. Problem Formation and Iterative Method

Suppose S : E x E x E — E is a nonlinear operator, A, B, C : E — C(E) be multi-valued operators
and K : E — 2F be a multi-valued operator such that K(4) is a nonempty, closed and convex set for
alla € E. Let hAl,hAz : E — E be the single-valued operators, M:E — 2Ebe hA1—accretive multi-valued
operator and N : E — 2F be hp-accretive multi-valued operator, Y;IYI/\ :E — Eand Yéi] L E — E be the

1s 27
generalized Yosida approximation operators.
We consider the problem of finding a € E, i € A(a),0 € B(a),w € C(a) such that
<Ylj‘f () — YgA(d),](S(ﬁ, 5, @))> >0, VS(ii,5,@) € K(a), and A > 0is a constant. (1)

We call problem (1) as co-variational inequality problem involving generalized Yosida

approximation operators..

Clearly for problem (1), it is easily accessible to obtain co-variational inequalities studied by Alber
and Yao [11] and Ahmad and Irfan [12].

We provide few characterizations of solution of problem (1).

Theorem 1. Let A,B,C : E — 6(1?) be the multi-valued operators, S : E x E x E — E be the nonlinear
operator and K : E — 2F be a multi-valued operator such that K ( 1) isa nonempty, closed and convex set for all
a € E. Let hl,hz E — E be the single-valued operators, M : E — 2E be hl—accretwe multi-valued operator
and N : E — 2E be hy-accretive multi-valued operator, YM :E — Eand YN a : E — E be the generalized
Yosida approximation operators, where A > 0 is a constant Then the followmg ussertlons are similar:

(i) a € E, i € A(a),d € B(a),@ € C(a) constitute the solution of problem (1).
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(ii) & € E, i1 € A(a),% € B(a), @ € C(a) such that

Proof. For proof, see [6,19]. O

Combining Proposition 3 and Theorem 1, we obtain the theorem mentioned below.

Theorem 2. Suppose all the conditions of Theorem 1 are fulfilled and additionally K(a) = m(a) + F, for all
i € E, where F is nonempty closed convex subset of E and Qr : E — F be a nonexpansive sunny retraction.
Thena € E, i € A(a), € B(a) and @ € C(a) form the solution of problem (1), if and only if

i = i+ ii(d) - S(2,5,®) + Qe[S(i,5,@) — A (Y (@) =YY (@) — ()], 6)
where A > 0 is a constant.
Using Theorem 2, we construct the following iterative method.
Iterative Method 3.1. For initial iy € E, il € g(do),ﬁo € B(ag), Wy € é(do), let

1 = g + (o) — S(iio, Bo, o) + Qr[S(ilo, B0, o) — A (YA (d0) = Y[ (20) ) —it(ao)].

Since Al(dg), B(ag) and C(ag) are nonempty convex sets, by Nadler [24), there exists i1, € A(ay), 9, € B(ay)
and @, € C(ay) such that

[t — o]l < D(A(a1), Alao)),
161 — %0l < D(B(a1), B(do)),
and ||y —@o| < D(C(ar),Cl(dg)),

where D(-,-) denotes the Hausdorff metric.
Proceeding in a similar manner, we can find the sequences {a, },{iy }, {0} and {@, } by the following method:

s = o+ () = S, B, D) + QIS (b, By @) = A (Y () =YY () ) = (@a)],  3)

ity € A(dn), |ligs1 — nll < D(A(dns1), Aldn)), (4)

On € B(an), [|0n+1 — Onll < D(B(any1), B(an)), )

Wy € C(“n |@Wyq1 — Wl < D(C(an+1),C(dn)), (6)
forn=0,1,23,------ , where A > 0 is a constant.

4. Convergence Result

Theorem 3. Suppose E be real uniformly smooth Banach space and pp(t) < Ct?, for some C > 0, is the
modulus of smoothness. Suppose F be a closed convex subset of E, S( ,+,+) : E X E x E — E be an operator,
A,B,C : E — C(E) be the multi-valued operators, iii : E — E be an operator. Let Qr : E — F be a
nonexpanszve suniny retraction and K : E — 2F be a multi-valued opemtor such that K(a) = fit(a ) +F, for
all i € E. Let M,N : E — 2 be the multi-valued operators, hi,hy : E — E be operators. Let YM be the

generalized Yosida approximation operator associated with the generalized resolvent operator R}]IYI N and Yé\’ be
1% 2,A

doi:10.20944/preprints202306.1943.v1
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the generalized Yosida approximation operators associated with the generalized resolvent operator Rg - Suppose
2

that the following assertions are satisfied:

(i) S(-,-,-) is Ag,-strongly accretive with respect to A in the first slot, As,-strongly accretive with respect to
B in the second slot, A, -strongly accretive with respect to C in the third slot and &, -Lipschitz continuous

in first slot, &s,-Lipschitz continuous in second slot, &s,-Lipschitz continuous in third slot.
(i) Aisax i-D-Lipschitz continuous, Bis ag-D-Lipschitz continuous and Cis az-D-Lipschitz continuous.

(iii) m is Ay-Lipschitz continuous.
(iv) Iy is r1-strongly accretive, [3 -expansive and AhAl -Lipschitz continuous and hy is ro-strongly accretive,

B i -expansive and A —szschztz continuous.
V) RM is ——Llpschztz continuous and RN is ——szschztz continuous.
(vi) YM is (5YA -strongly accretive, )\yhAl szschztz continuous and Ylg,?\ is Jya—strongly accretive,
AYA —Llpschztz continuous.
(vii) Suppose that

0< [\/[(1 —2(As, + As, +Asy)) +64C (05 a5 + 05,05 + 55 a%)

20 + (J5,0 5 + S5, + Sss) + \/ 1— 200y, +64CA3
1

+ \/ 1-2A0y +64CA4A2_| <1,
hy iy
where
2 YR 2 A~
5, _ P s _ PR M
YhAl )\7‘1 ! YhAz /\7’2 !
Arrp+1 Arry 41
/\YA = I ’ /\Y/\ = L ’
I Arq hy Arp

2 2 .
'B}Tlrl > )\hAl and ﬁl?er > /\hz'

Then, there exist & € E,ii € A(a),? € B(a) and @ € C(a), the solution of problem (1). Also sequences
{an}, {tn}, {00} and {@W, } converge strongly to a, 1, v and W, respectively.
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Proof. Using (3) of iterative method 3 and nonexpansive retraction property of Qr, we estimate

||dn+1 - dn” = H [[ln + 771(‘111) - S<ﬁn/5n,@n) + QF[ (unzvn/wn)
A (Y () = YR () ) = i ()]

[“n 1+ m(ay, l) S(it, lrﬁnflrﬁnfl)"FQF[ (thy—1,0p—1,Wn—1)
)L(YAZ (@n-1) — YA U= 1)) (- 1)]]”

S(un 1, Op—1, Wy— 1))||+||m(an)

) —
o
) —
) —

— (1)

< ||dn_an71 ((ui’l/v}’l/wi’l
| QF [S (1, B, @) = A (YA () = YN () ) — ()]
(an 1) — Y: (anfl))—ﬁl(dnfl)]n

—QF[S(fy—1,0n—1, Wp—1 /\(
(un ],Un 1/wn 1))“
S(un_1,vn—1ri\”n—1)”

< ||1:7n T ( (un/ U, Wy
+2||ﬁ1(ﬂn) - m(un—l)” + Hs(unlvn;wn)
iy — 1 = A (Y2 (@) =Y (a0 1)) |
i~y = A (Y (@) = YR (@) I @)
Applying Proposition 1, we evaluate
||€ln —dp—1— (S(il\n/an/@n> - S(il\n 1,0n—1, Wy l)) ||
< Han - an—l”z
—2(S(in, O, W) — S (-1, 0n—1,Wn—-1), ] (4n — an_1 — (S(@n, O, Wn) — S(iy—1,0p—1,Wp—1))))
= ||1fln—dn 1||2_2<S(ﬁ Oy, W ) S(”n 1/vn 1rwn l) ]( — Ay 1)>
—2<S(ﬁn,6n, @n> (l/'[ 1/Un71/wn71)/
(S(ﬁn/ Z/J\TZ/ le}n) - S(ﬁn—lz fJ\n—llwn 1))) - ]({in - an—1)>
— l)>

J(tn —p—1 —

= lln = dn—1 1> = 2(S(itn, On, @n) — S (&1, On, @)

+S(ty—1,0n, W) — S(Uy—1,0n—1,Wn) + S(iy—1,0p—1, @n) — S(tp—1,0n—1, Wn—1), ] (dn
—2(S(tn, On, Wn) — S(lhy—1,0n-1,Wp—1),J (@n — dy—1

(S(in, O, @) — S(illy—1,0p—1,Wy-1)) = J(dn — dp-1))

= ”dn - dn—lHZ - 2<S(ﬁnz Uy, ZAUn) - S(ﬁn 1, On, Z"}n)/](dn —dy 1)>

—2(S(ty—1,0n, Wn) — S(tn—1,0n—1,Wn), ] (dn — dy—1))

=2(S(ty—1,0n—1,@n) — S(ty—1,0n-1, @n—1), ] (4n — 1))

J(dn — an-1))- 8)

—2<S(un,vn,wn)—5(un 1, On—1, Wy 1)
(S (i, On, @) — S (i1, Op—1,@p—1))

](dn - an—l
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Since S(-, -, -) is Ag,-strongly accretive with respect to A in the first slot, A s,-strongly accretive with
respect to B in the second slot, As,-strongly accretive with respect to C in the third slot and applying
(if) of Proposition 1, (8) becomes

(én = 1) = (S(ln, O, @n) = S(&n—1,0n—1, @u—1)) ||
< an — an-al|* —2(As, + As, + Asy) lan — apa)?
—2(S(n, On, Wn) — S(thy—1,0n—1, Wy—1),
J(an = tn—1 = (S(fn, On, Wn) — S(ly—1,0p1,Wn-1))) — J(dn — dn-1))
< (1-2(As, + As, + Asy)) |lan — a—1]?
<4||5(1«7n,5n, Wy) — S(ﬁnlﬁnlﬁnl)ﬂ) .

+4d2pg d (9)

As S(-,-, ) is ds, -Lipschitz continuous in first slot, Js,-Lipschitz continuous in second slot, s, -Lipschitz
continuous in third slot and A is & 4-D-Lipschitz continuous, B is az-D-Lipschitz continuous, Cis
az-D-Lipschitz continuous, we have

Hs(ﬁnri}\n, @n) - S(ﬁnfllﬁnflr@nflw
= ||S(#in, On, Wn) — S(#y—1,0n, @n) + S(ly—1,0n, Wn) — S(thy—1,0p—1, Wn)
+8 (1,01, n) = S(ln—1,Pn—1, @n—1) |
< 0, [litn — i1l + 65, [|0n — On—1| + I3[ Wn — Wn—1 |
< 85, D(A(an), Ady-1)) +05,D(B(an), B(dn_1)) + 65, D(C(an), C(dy—1))
< s agllan — an_1|l + ds,a5lldn — a1 + dsazlldn — an_1|
< (8,05 + 0,0 + Oy 5) || an — dy—1]]- (10)

Using equation (10) and (i7) of Proposition 1, we evaluate

2
zd ON< n n n n n n

4, PO S
= 4d%p; (d (IS (#n, O, W) — S(iy—1,0n, @n) + S(y—1, On, Wy)
- S(ﬁnfll Z/)\nflr @n) + S(ﬁnflr 57171/ @n) - S(ﬁnflr anflr 77“111)”))
< 64c(||5(an,z7n,wn> — S(@g-1, B, @) + 1S (@, B, D)

— S(@y1, B, @) |2+ 1S (n 1, Bt ) — S(Boy1, 1, Br1) ||2)

< 64C (03 [[itn — thy1||* + 03, 100 — Tp1|* + 63, | @ — @1 [1%)

< 64 c((s2 D?(A(dy), Aldy,_ 1))+552D2(B(an) (an 1)) + 08, D*(C(an), Clty—1)))
<64 C( S A”an |+ SZ B“an an | + 53 C”an dn—lHZ)
= 64C (63, 4% + 05,05 + 05,0%) [lan — dn 1> (11)

Combining (9) and (11), we have

||(a1’l - a’]’l*l) - (s(ﬁn/ 6\11/@71) - s(ﬁnfll 67171/@1’171)) Hz S |:(1 - 2()\51 + ASQ + )\53))

+64C (63 a5 + 05,05 + 0%, C)} llan — ap_1]%,
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which implies that

|| (dn - dnfl)_ (S(ﬁnr 5}1/ @n) - S(ﬁnfll 7/7\7171/ Z/‘37171» ”

< \/[(1 —2(As, +Ag, + Agy)) + 64c((5§11x2/K + 5§2a2§ + 03, 2) llan —an_1]. (12)
Since m is A,;-Lipschitz continuous, we have

[[17() = (1) [| < A lldn = 1] (13)

As Yosida approximation operator Yéy{ N is (SYhA -strongly accretive, )LyhA -Lipschitz continuous and
1 1 1

applying Proposition 1, we evaluate

[ = ) =2 (3 () Y ()|
< in = I =22 (Y () = YE (), = g = 2 (Y () = Y (1)) ))
= [l — 1|2 = 220 () =YX (1), J(atn = 1))
—2A M () = Y (1), (i — a1 = (Y () = Y (80))) = (= 1))

A2 HY}%\;{,A([I”) - Y,é\fr/\(dnfﬁH
d

< lan — a1 — 2/\5Y}H lldn — dn—1)* + 4d°pz

i 2
=l — | = 220yl — |+ 64CA* [ YA () = Y ()|
= Jdn — dp—a* — 200y Nl — 17 +64CA*AT ||ﬂn — |

= (1-2Ady_ + 64C)\4)\2hA) i — dn_1||®,
1 1

that is

[ — 1) = A (Y (@) =Y () | < \/1—2/\5YA+64C)\4)\2 lin—dn all.  (4)

Using the same arguments as for (14), we have

||(an—an,1)—A(Yg’A(dn)—Y]g’A(anq)) | < \/1—2/\5YA+64CA4A2 lan —ap_1].  (15)

Using (10), (12), (13), (14), (15), (7) becomes

llans1 —an| < \/[(1 —2(Ag, +Ag, + Ag,)) —|—64C((52 2+ 05,05 + 0%, é) lan — an_1l
F2Amlan — ap_1|| + (0s,& 5 + ds, 05 + dssaz) [an — an—1||

+\/1—2A5YA FOACMA[an |

+\/1—2A5YA FOACMA[n |

= Ollan —an, (16)
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where 6 = l\/[(l —2(As; +As, +Asy)) +64C (03 a% + 05 a% + 05« C)]
+20 + (35,05 + Bs, 5+ s,z + \/1 — 20y, +64CAAT
1y 1
+ \/ 1- 208y +64CAA3_ (17)
2 i

In view of the assumption (vii), 0 < 6 < 1 and clearly {4,} is a Cauchy sequence such that we
have ¢ € E and 4, — 4. Using (4), (5), (6) of iterative method 3, D-Lipschitz continuity of A, B,
C and the techniques of Ahmad and Irfan [12], it can be shown easily that {tiy}, {0y} and {@,}
are all Cauchy sequences in E. Thus, i, — # € E,0, — 0 € Eand @, — @ € E. Since

~ o~ o~ o~

Qr,S(-,+,+), A, B,C, Iy, hp, M, N, YM andYN

- are all continuous operators in E, we have
2,A

i =i+ ii(d) = S(2,9,8) + Qr[S(@,8,@) — A (Y2 () =YY (@))).

It is remaining to show that i € A(a),% € B(a) and @, — @ € C(a). In fact

d(i, A(a)) = inf{||i—h||:he Aa)}

< | = || + d(it,, A(a))
< |l — | + D(A(an), A(a))
< @ =l +agllan —al| — 0.

Hence, d(ii, A(4)) = 0 and thus @i € A(a). Similarly, it can be shown that 3 € B(4) and @ € C(a).
From Theorem 2, the result follows. [

5. Conclusion

In this work, we consider a different version of co-variational inequalities existing in available
literature. We call it co-variational inequality problem which involves two generalized Yosida
approximation operators depending on different generalized resolvent operators. Some properties of
generalized Yosida approximation operators are proved. Using the concept of nonexpansive sunny
retraction, we prove an existence and convergence result for problem (1).

Our results may be used for further generalization and experimental purposes.
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