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Abstract: Optimization-based meta-learning has emerged as a powerful framework for improving
model generalization, especially in domains with diverse and heterogeneous data distributions. In this
work, we propose a bilevel optimization model for meta-learning, explicitly framed through an optimal
control perspective. Our approach formulates the meta-training process as a constrained optimization
problem, where the lower-level updates task-specific models using a learnable unrolling network,
and the upper-level adjusts hyperparameters to minimize validation losses across tasks. By applying
the Method of Lagrangian Multipliers (MLM), we model both the primal reconstruction variables
and the dual multipliers, ensuring that updates respect the dynamic constraints of the optimization
process. We prove the theoretical equivalence between direct loss minimization and Lagrangian-based
optimization and develop an efficient algorithm for network training. Experimental motivations
drawn from magnetic resonance imaging (MRI) reconstruction suggest that our framework offers
scalable and principled solutions, with potential for broader impact in general inverse problems and
meta-learning scenarios.

Keywords: meta-learning; bilevel optimization; method of lagrangian multipliers

1. Introduction

Meta-learning, often referred to as "learning to learn," [1-3] has emerged as a powerful framework
for improving model generalization, particularly in domains where data distributions vary significantly
across tasks.

Inspired by these advances[4], our proposed model integrates task correlation learning directly
into the optimization procedure, seeking not only to minimize training loss but also to enhance the
quality of downstream decision-making through better generalization. In magnetic resonance imaging
(MRI) reconstruction, where datasets can differ widely in anatomy, acquisition protocols, and imaging
artifacts, meta-learning provides a promising avenue to build adaptable models. Building on the
foundation of optimization-based deep learning methods for MRI reconstruction[5,6] , we propose a
bi-level optimization model for meta-learning that explicitly captures the relationship between training
and validation datasets through learnable task correlations.

This work is motivated by a line of recent studies exploring optimization-driven and meta-
learning approaches, including an optimization-based meta-learning model for diverse datasets[7-9]
and a learnable variational model for joint multimodal MRI reconstruction and synthesis[10]. These
advances illustrate that incorporating optimization formulations into the learning process enhances
model robustness across diverse conditions.

Our framework formulates the meta-training as a constrained bi-level optimization problem,
where the lower-level problem learns task-specific models weighted by a normalized hyperparameter
matrix, and the upper-level problem adjusts these hyperparameters to minimize validation losses.
Furthermore, we extend the training dynamics using the method of Lagrangian multipliers (MLM)
to provide theoretical equivalence between direct loss minimization and primal-dual optimization
updates, following similar optimization principles as used in optimal control frameworks for image
processing[11,12].
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By synthesizing principles from optimization theory, control dynamics[13], and deep learning,
our approach offers a principled and scalable solution for meta-learning training algorithm, potentially
improving performance on heterogeneous, real-world imaging datasets. This work continues the
trajectory of optimization-based learning[9,12,14].

1.1. Optimization-Based Meta-Learning: Frameworks and Algorithms

In optimization-based meta-learning, the learner is not just learning parameters — it’s learning
how to optimize.

Instead of using a fixed optimization method (like SGD or Adam), you train an optimizer (or
regularizer) so that across many tasks, it adapts quickly and solves new tasks better. This is typically
framed as a bi-level optimization problem:

m@in E7p(7)[Lmeta(6; 7))

where:

*  fdenotes the parameters of the optimizer, model, or regularizer,
e T ~ p(T) represents tasks sampled from a distribution p(7T),
*  Lmeta(0; T) measures how well the task is solved after a few optimization steps.

At each meta-training iteration:

1. Sample a batch of tasks 7; from the task distribution.
For each task 7;:

e Initialize model parameters x (e.g., randomly or from a pre-trained model).

e Inner Loop: Solve the task-specific optimization problem for a few steps using the current
optimizer (parameterized by 0), yielding adapted parameters x;.

e Compute the task loss Liask (x; T;).

3. Outer Loop:

e  Aggregate all the task losses to compute a meta-loss.
e  Update 6 (the optimizer or model parameters) via gradient descent to improve performance
on future tasks.

2. Problem Settings

Suppose we are given a set of N training examples, denoted as {(x(/), u*()) }]I‘L 1» Where for each
indexj e {1,...,N}:
o xU) represents the input data (e.g., an undersampled measurement or an input image),
o u*() denotes the corresponding ground-truth output (e.g., a fully sampled or high-quality image).

We aim to train a neural network parameterized by ©, where the objective is to learn © by
minimizing a loss function ¢ that measures the discrepancy between the network’s output and the
ground truth across the training set.

This training procedure can be formulated as a bilevel optimization problem[15], consisting of
two levels:

e  Lower-level optimization: For a fixed set of trainable parameters ®, we update the reconstruction
variable u by solving a task-specific optimization problem guided by the network.

e  Upper-level optimization: After updating u, we update the network parameters © by minimizing
the empirical loss £ over the training dataset.

Thus, the network training involves alternating between solving for u given ©, and optimizing ®
based on the performance measured by the loss function /.
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ngn (u(T)), (1a)
st. u(t) =g(u(t—1),6;), t=1---T, (1b)
u(0) = ug, (1c)

Set U = (u(0),---,u(T))Tand ® = (64,---,601)7 be the collection of states u(t) and controls 6; at
all time steps respectively. g is a multi-phase unrolling network inspired by the proximal gradient
algorithm, and the output of g(-) € C"*"*¢ is the updated multi-coil MRI data from each phase. In
our framework, we introduce a neural network g that serves as an intermediate mapping between

consecutive states of the reconstruction variable. Specifically, at each iteration ¢ (wheret =0,...,T — 1),
£4+1)

the network g takes the current estimate u(*) and produces an updated estimate u
1) = g(u;6(1),

where 6(t) denotes the set of trainable parameters at iteration .

To initialize the reconstruction process, we define a separate network g, which operates with an
initial set of control parameters 6(0). The role of gy is to map the given partial k-space measurements f
to an initial image reconstruction u®):

u® = gy(£:6(0)).

This initial estimate u(®) then serves as the starting point for the iterative reconstruction process
governed by the optimal control system, where g is applied sequentially to refine the reconstruction
across T iterations.

Suppose the training data D" = {D! 1V, which consists of A batches.

And the validation data DY = {Dzzj]f‘l }]/\;11 which consists of M batches.

Let 0 be the collection of the network parameters and a be the set of hyper-parameters. We optimize
the following bi-level model:

M
& = argmin ) | ly; (0(ax); D;’fl) (2a)
i j=1
N _
s.t. B(a) = argmin ) o(«); - £,(6; DY), (2b)
0 =1
where } o(a);j=1, 0<o(a); < 1. (20)

where ¢ denotes the loss function which can be taken as cross entropy loss. And the function ¢ is to
normalize the hyperparameter vector «, here we can simply take ¢ as the softmax function.

Also we propose a generalized model where « € RV*M, and we denote aj € RV denotes the
j-th column. After we apply the normalization function ¢ (in (3¢)), the matrix o(«) can be regarded as
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a weight matrix. Intuitively and ideally, each component o(«;); can represent the correlation between

DY and Dy,
M
& = argmin )_ by, (0(); ’Df,]‘?l) (3a)
« j=1
N
s.t. (wj) = argmin ) o(a;j); - £,(6; DY), (3b)
0 i=1
where Za(ocj)i =1, 0<o(a;); <1. (€]
Algorithm 1:

1: Input: Initialize hyper-parameters 0 and network parameters 6°.

2: forepochp =1,2,...,Pdo
3 6P = argmlnez Y o(aP); - £, (6; DY)
> Perform (k steps) gradient update steps in SGD on D.
4 07 = argmin,af Lo, (o, DY)
5  af = argmin, Z]=1 £, (67 D”;’l) > Perform gradient update steps in SGD on D3,
6: end for
7: Output: a”, 07,

3. Network Training from the View of Method of Lagrangian Multipliers (MLM)

The network parameters to be solved from (3) are @ = {6; : t = 1,- - - T}. First, we apply MLM to
solve the control problem in section 2. The Lagrangian of the control problem (3) is

L(U,0;A) = £(u(T)) + Y (At ult) — glu(t —1),6,))

4)
+ (Ao, u(0) — u0>,

where A = (Ag,- - -, Ar)T are Lagrangian multipliers of (3).
We want to find primal solution (U*,®*) and dual solution A* to solve (3), if (U*,®*; A*)
minimize (4), by the first order optimality condition, we have

ouL(U*,®%; A*) =0 (5a)
doL(U*, 0% A%) =0 (5b)
OAL(U*, @ A*) =0 (5¢0)

The algorithm is conducted in the following manner:

1. Fix © and define (U, K) := miny A L(U, ©; A), then by the first order optimality condition of
At =0,---,T we get

dx (Ao, u(0) —up) =0 = 1(0) = up (6a)
o (A u(t) —gu(t—1),0,)) =0 = a(t) = g(alt—1),0,), t=1,---,T,  (6b)

By the first order optimality condition of u(t),t =1,---,T we get

du(r) [L(u(T)) + (A1, u(T))] = 0 = A = —dy(1)(a(T)), (7a)
du(y [(Au(t)) + (Aryr, —g(u(t), 6:11))] =0 = At = (Ary1,0u(n8(A(t), 0141)), t =1, , T =1,
(7b)

9u(0)[(Ao,u(0)) + (A1, —g(u(0),61))] =0 = Ao = (A1, 9y (0)8(1(0), 61))- (7c)
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Therefore for fixed ® we get the optimal solutions (U, A) satisfy (6) and (7).
2. For fixed (U, A), we compute the gradient doL(U, ©; A):
doL (U, 05 AF) = —(Ak,3g, (ul”) —uf)) = 0, for t = 0. (8a)
99, L(U, 01; A) = 99, [—(Ar, g(u(t —1),64))] (8b)
= —(At,0p,8(u(t—1),6;)) fort=1,---,T. (8¢)

Recall the conventional SGD method, we update ©+! = @F — 1 i 9ol (uf(T)(0%)), where uf(T) is
i—1

interpreted as a function of @ = (6%, - - -, 6%)T.

Algorithm 2: Network Training by SGD

1 Hyperparameter: K (Numbers of Iterations), 77 (learning rate);
2 initialize: Initial guess @ ;
3 fork=0to K—1do
n
4 | Ol =0F- 1y 9pl(uf(T)(O)).
i=1

5 end
6 Output: O,

In the following theorem, we show the equivalence between dgL(U, ®; A) and dg/(u(T)(®)).
Theorem 1. dgL(U,®; A) = 9ol (u(T)(O)).

Proof. From (6) we have

agtg<ﬁ(t*1),9t) :agtﬁ(f), t=1,---,T (9a)
From (7b), we have
A1 = (A1, dyr—1)8(a(T — 1),07)) (10a)
= (=0 {(a(T)),dy(r—1)u(T)) by (7a), (6b) (10b)
= —dy(r-1)l(a(T)) (10c)

Similarly, we can show (10) holds for t =0,--- , T —1

Ay = —au(t)f(ﬁ(T)), (11)
together with (7a), we have
)—\t = —au(t)é(ﬁ(T)), t=0,---,T. (12)
Hence, (8c) reduces to
agtL(ﬁ, Qt;K) = —<7\t, agt g(ﬁ(i’ — 1), 9;5)> (13a)
= (du(nt(u(T)),09,u(t)) by (12), (%a) (13b)
=g l(a(T)(6y)), t=1,---,T. (13¢)

Thus, we derive dgL(U, ®; A) = dgl(a(T)(©)). O

This theorem shows that applying SGD on the loss function ¢ is equivalent to performing SGD on
L. We want to reach the optimal solutions (U, A) with fixed ©, so we proceed the algorithm to update
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@ in the iterative scheme by replacing notation U, A as U, AK. This training process is summarized in
Algorithm 3, where A* = (A, Ak ... AT @F = (6%, ,0%5)T, and UF = (uX(0), uX(1), -, uf(T))T
for each iteration k = 0,1, - -- , K. Now we can use one step of SGD optimization methods such as
ADAM to update @ by replacing dg/(u*(T)(©)) to be dgL(U*, ®; AF) with gradient computed in (8).

Algorithm 3: Network Training by MLM

1 Hyperparameter: K (Number of Iterations);
2 Initialize: Initial guess 9? ce®@ tr=1,---T—1;
3 fork=0to K—1do

4 | Setu*(0) = ug;

5 fort =1to T do

o || uk() = glut(e-1),60);

7 end

8 Set /\]% = —au(T)é(uk(T)) ;

9 fort=T—-1to0do

w0 | [ AR = (AR duns (a1, 050));

11 end

12 fort =1to T do

13 ‘ Update Gfﬂ = arg miner L(Uk, 0;; A ) by (8) and SGD algorithms;
14 end

15 end

16 Output: 9,{(,1‘ =1,.---,T.

Algorithm 3 trains a meta-learning model by solving a bilevel optimization problem using the
Method of Lagrangian Multipliers (MLM).
Instead of naively updating the network parameters by only minimizing the loss, this algorithm:

e Explicitly tracks the primal variables (the reconstruction variables u(t)),
*  And the dual variables (the Lagrange multipliers A¢),

to ensure that the updates respect the dynamic constraint at each iteration:
u(t+1) = g(u(t),6),

where g denotes the learned update network and 6; are the trainable control parameters at iteration ¢.

The forward pass simulates the network behavior over T iterations (like "unrolling" the optimiza-
tion).

The backward pass computes how the loss at the end depends on every single step (using the
chain rule and multipliers). The parameter update ensures that the learned optimizer g not only
reduces loss but respects the dynamic constraints (i.e., how u(t) evolves over time).

Thus, it mimics optimal control theory where we treat the evolution of the system as a dynamic
process, not just static minimization.

4. Discussion

Optimization is fundamental to solving inverse problems, yet traditional methods often require
careful tuning and lack flexibility across domains. Meta-learning addresses this by enabling opti-
mizers to learn from data how to adaptively solve new tasks, capturing task-specific structures, and
accelerating convergence[16,17]. This is especially important in applications such as quantitative
MRI reconstruction, where diverse data distributions[18] require robust and adaptable optimization
strategies.

Optimization and meta-learning are increasingly intertwined with broader developments in
decision-making under uncertainty. Recent works in predict-then-optimize frameworks[19], fair-
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ness in resource allocation[20], and integrated estimation-optimization perspectives[21] highlight the
importance of aligning learning models with downstream optimization goals[22-24].

5. Conclusion

In this work, we proposed a bilevel optimization framework for meta-learning, where the training
process is viewed through the lens of optimal control theory. By employing the Method of Lagrangian
Multipliers (MLM), we explicitly modeled both the primal reconstruction variables and the dual
Lagrange multipliers, enabling principled updates that respect the underlying dynamics of the op-
timization process[25]. Our approach bridges classical optimization techniques with modern deep
learning, offering a scalable and theoretically grounded method for learning adaptive optimization
strategies.

This formulation not only improves the training stability but also enhances generalization across
diverse tasks and domains, making it particularly suitable for challenging inverse problems such as
quantitative MRI reconstruction. The equivalence established between direct loss minimization and
Lagrangian-based optimization further validates the correctness and efficiency of our method.

Future work will explore extending this framework to more complex scenarios, such as multi-
stage reconstruction, uncertainty-aware modeling, and real-time adaptation in dynamic environments.
We believe that optimization-driven meta-learning approaches like ours hold strong potential for
advancing learning systems in both medical imaging and broader scientific computing domains.
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