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Symbolic Dynamic Formulation for the Collatz
Conjecture: II. Quasi-global Behavior

Eric Sakk

Department of Computer Science, Morgan State University, Baltimore, MD, 21251; eric.sakk@morgan.edu

Abstract

In this work, we continue the development of a symbolic dynamical formulation for the Collatz
mapping. This formulation has been previously demonstrated to induce a ternary alphabet for
characterizing the behavior of trajectories generated by this mapping. While the previous installation
of this series focused on local and quasi-global behaviors, this work presents more quasi-global results
that contribute to further understanding of the Collatz mapping.

Keywords: collatz conjecture; symbolic dynamics; expansive sequences; system stability

1. Introduction

In this work, we review and further characterize a symbolic dynamical formulation for the discrete
dynamical system

) x/2  xeven
f(x)—{ % ¥ odd 1)

for any x € Z". Much has been written about this mapping [1] and it has been observed (but, not
rigorously proved) that all initial conditions tested so far converge to the periodic solution1 — 2 —
4 — 1 — --- [4]. The goal of this paper is to continue and extend previous work that introduced this
formulation [5]. We begin this report by reviewing the main features and definitions in Section 2. We
then present results that extend various quasi-global characterizations previously presented.

2. Summary of Relevant Definitions
Definition 2.1. A node with respect to Equation (1) is any x € Z such that x is odd.

Definition 2.2. A hub is a node that is not of the form 4k + 1 for any positive odd integer k = 1,3,5,- - -.

The hub is the starting point for an object we refer to as a C-ladder. One side of the C-ladder
is formed by starting with a hub and then pumping the associated odd number k using successive
applications of 4k + 1; hence, one side of the ladder consists of a sequence of nodes. In base 2, this
sequence is formed by two left shifts then adding a value of one. The 'rungs’ of the ladder are generated
using the mapping f(x) = 3x + 1. The other side of a C-ladder is naturally induced by Equation (1).
For example, the odd integer 3 is a hub and generates the C-ladder

3 = 13 = 53 = 213 =

{ { { {
10 <« 40 <+ 160 <« 640 <«

In this diagram, 4k 4+ 1 pumps are denoted by ‘=" and application of Equation (1) is denoted by "—".
Finally, we have the following

Definition 2.3. A C-tree is the connected union of all C-ladders.

Definition 2.4. A 0-node is an odd integer of the form 6m + 3 for any nonnegative integer m = 0,1,2,- - -.
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Since 6m + 3 = 3(2m + 1), is should be clear that set of all 0-nodes represents the set of nonnegative
odd integers that are divisible by three.

Definition 2.5. A 1-node is an odd integer of the form 6m + 5 for any nonnegative integer m = 0,1,2,- - -.
Definition 2.6. A 2-node is an odd integer of the form 6m + 1 for any nonnegative integer m = 0,1,2,- - -.

Justification for these node definitions is given in Appendix A. It was thought that the justification
was obvious; however, several comments on previous work indicate an explanation is needed. If
a trajectory contains a sequence of 1-nodes, asymptotically, values will be multiplied by a factor of
3/2. If a trajectory contains a sequence of 2-nodes, then values will be multiplied by a factor of 3/4.
Hence, 1-nodes are the result of a local increase (expansion) and 2-nodes are the result of a local
decrease (dissipation). According to Equation (1), 1-nodes and 2-nodes must always have both an even
preimage and an odd preimage. 0-nodes only possess an even preimage. The node information can be
depicted as part of the directed graph introduced above

12 852

12 12
9 426
12 {2
1:2 3:0 = 13:2 = b53:1 = 213:0 =
J \ b 4 \
5:1 5 10 <+4 40 —4 160 <4 640 iy
J
21:0 <+ 42 <+ 84
J

where "<—" means divide by 2 and "<—4" means divide by 4. Using this approach, we can represent a
trajectory using the symbols {0,1,2}. For example, the sequence generated by the Collatz mapping
9 — 7 — 11 — 17 can be represented as 0211. This mod 6 characterization is useful as it makes clear
the local stability properties of a node. It tells us what has happened as a result of a transition from a
previous hub.

3. Periodic Behavior

Much has been written regarding the periodic behavior of the Collatz mapping [5,6]. In this
section, we highlight a specific property useful for relating symbolic sequences. To do this, we briefly
review the mod 8 characterization that tells us about the next transition (as opposed to telling us about
the previous transition using the mod 6 approach). Given a nonnegative integer p, if the current node
is of the form

8p +1, then the current node will transition to a 2-node
8p+3o0r8p+7, then the current node will transition to a 1-node
8p + 5, then the current node is 4k+1 pump

where the 'x’ in the bottom line means a 4k 4 1 pump, 13) means 8p + 3 will transition to a 1-node,
1) means 8p + 7 will transition to a 1-node and 2(1) means 8p + 1 will transition to a 2-node. The
periodic waltz motif "1-2-1-x-1-2-1-x ...” has been pointed out in [5]. In this work, we delve a bit deeper
into its significance. It can be readily seen that simply adding a value of 2 to a node will transform it
periodically to a another node form. However, this observation is a special case of a more general rule.
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Theorem 3.1. Given a node r and a nonnegative, even integer n, successively adding the term 2 - 3" will result
in the periodic transition sequence

1) M) _10) 5 — 1) () _106) _ ...
Given the table above, this statement is clearly true for n = 0. Appendix B provides the proof for
this statement and the following statement.

Theorem 3.2. Given a node r and a nonnegative, odd integer n, successively adding the term 2 - 3" will result
in the periodic transition sequence

10 ZoM) 1) 5 —10G) o) _ (") _ ...

Qualitatively, these theorems are true because they effectively result in the downsampling of
Table 1 by a factor of 2 - 3" for a specific value of n. Given this periodic behavior, it is important to note
that downsampling with a value of 4 - 2 - 3" leads to an invariance where the node mapping remains
constant.

Table 1. Periodic behavior of the mod 8 formulation.

8p+1: 1 9 17
8p+3,8p+7 : 3 7 11 15 19
8p+5: 5 13

20 T18 [ x [1@ 120 118 [ x [ 1™ | 20 [ 16G)

As an example of applying these theorems, consider a starting value of 3 which is of the form
8p + 3 and will map to a 1®)-node having a value of 5 upon application of Equation 1. Consider
successively adding a value of 2 - 3! = 6, Theorem 3.2 implies that the next value computed should
be of the form 8p + 1 and map to a 2-node. In other words 3 + 6 = 9 which is of the form 8p + 1 is
a 2-node. Adding a value of 6 again leads to 9 + 6 = 15 which of the form 8p + 7 and will map to
a 17)-node having a value of 23. Adding a value of 6 again leads to 15 + 6 = 21 which of the form
8p + 5 and, hence, is a 4k + 1 pump. Finally,the cycle repeats with 21 + 6 = 27 which is of the form
8p + 3 and will map to a 1(®*-node and so on. Additionally, it should be clear that adding a value of
4.2 .3 = 24 to any starting node will periodically result in a node with similar behavior.

4. Trajectory Catalog
4.1. Catalog of Primitive Itineraries

Recalling some basic terms from [5],

Definition 4.1. A primitive itinerary of Equation (1) is a sequence that begins at a 0-node and ends at a
pumped 4k + 1 node where k is odd.

More directly, a primitive itinerary begins at a 0-node and traverses a sequence of hubs that are
either 1-nodes and 2-nodes until a pumped node is encountered.

Example 4.2. 21 : 0 is a primitive itinerary of length one as it is both a 0-node and a pumped 4k + 1 node where
k=5.

Example 4.3. 15:0 — 23:1 — 35: 1 — 53 : 1 is a primitive itinerary that generates the sequence {0111}.

If the value of the pumped node is less than that of the 0-node, then we say the primitive
itinerary is dissipative. If the value of the pumped node is greater than that of the 0-node, then
we say the primitive itinerary is expansive. In [5], it was demonstrated how to construct a catalog
of all possible primitive itineraries given the set of all 0-nodes. The reasoning behind doing this is
so that trajectories having the same symbolic sequence can be grouped into families with similar
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dynamics. This formulation goes a bit further than the encoding sequence approach of [6] and, as will
demonstrated shortly, will enable a method for understanding the dynamics beyond a given primitive
itinerary. This process is important to understand because another major dissipative effect is falling
down through the rungs of a Collatz ladder which results in a decrease of at least 3/8 from the pumped
node.

To see how to apply the theorems of the previous section, consider Table 2.

Table 2. Periodicity of primitive itinerary 01.

Initial condition | Trajectory Sequence
3: 3—5 01]

15: 15—+ 23 — 35— 53 0111]

27: 27 =41 =31 — 47 = 71--- 01211---
39: 39 — 59 — 89 — 67 — 101 01121]
51: 51 — 77 01]

63: 63 — 95 — 143 — 215 — 323 — 485 | 011111]
75: 75 — 113 — 85 012]

87: 87 — 131 — 197 011]

99: 99 — 149 01]

In this table, we use the symbol ']’ to indicate the last node is the end of a primitive itinerary (i.e.
the last node is a 4k + 1 pump). By successively adding a value of 22 - 3 = 12 to the initial condition
we periodically revisit the primitive sequence 01 of length 2. This result easily follows from the results
of [6] where is it known that encoding vectors of length k are periodic modulo 2% In this work, we are
particularly interested in the special case where the period is taken modulo 2* - 3. Additionally, this
table also demonstrates the additive rules in Appendix B (where the "x-1-2-1-x" motif is clearly present)
as well as the transition rules of Appendix C.

One important consequence of this formulation when combined with results of [6] is that when
considering primitive itineraries of length L, when initial conditions are separated by a value of

2L+l’12 .3 (2)

(where np = the number of 2-nodes in the sequence), the values at the end of the sequence will be
separated by a value of
2.3k, 3)

This is why the theorems of the previous section are central to the theme of this section. It is straight-
forward to check the above table where L = 2 and n; = 0 that initial conditions separated by a value
of 22 - 3 lead to values separated by a value of 2 - 3> = 18. Considering the above example and using
the well-known formula

PP h—1)=2-3""1.h -1

for the case where ny = 0. If welet x; = 2P -h — 1, then fP~1(x;) =2 PV h — 1. If xp =27 - (h+3) — 1,
then fP~1(x;) =2-3P~1. (h+3) — 1. It follows that xp — x; = 27 -3 and fP~1(x;) — fP~1(xp) =237
as Equations (2) and (3) also indicate. Given the "x-1-2-1-x" periodicity, Equations (2) and (3) imply
that the final value of equivalent primitive itineraries of length L initially separated by a value of
4.2L%4m2 . 3 must always be separated by a value of 4 - 2 - 3! regardless of the value of 1,. We consider
the value 4 - 2 - 3L to be an important ‘anchor’, ‘invariant” or constant of the motion’ for primitive
itineraries of length L.

4.2. Traversal of Intersecting Primitive Itineraries

Once the end of a primitive itinerary is encountered, a given trajectory will fall down a Collatz
ladder by at least a factor of 3/8 depending how far that trajectory has been pumped and the type of
node encountered at the bottom of the ladder. Furthermore, the trajectory will land at the image of
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a hub contained within another primitive itinerary constrained by the addition and transition rules
of Appendices B and C. Based upon the addition and transition rules, the node encountered at the
bottom of the ladder can either be a 1-node hub, a 2-node hub (either of which can continue along
another primitive itinerary) or a 4k 4+ 1 pumped node (which can be either a 1-node or a 2-node).

As mentioned above, the final value of equivalent primitive itineraries of length L initially
separated by a value of 4 - 25772 . 3 must always be separated by a value of A = 4 -2 - 3L (which is
independent of the value of n,). Therefore, 4k + 1 pumps at the end of a primitive itinerary of length
L are periodically separated by a value of A. This implies that there exists at least one pump below
the end of the primitive itinerary where these "pre-pumps’ are periodically separated by a value of
A/4 = 2-3L. The addition rules of Appendix B then imply that the pumped node (the "pre-pump’)
directly below that of the end of the primitive itinerary will periodically obey the "x-1-2-1-x” pattern.
This result is of importance because it enables us to characterize the least decrease after falling down
the Collatz ladder. The pre-pump will either be of the form 8k 4- 1,8k + 3,8k 4+ 5,8k + 7. Nodes of
the form 8k + 3 or 8k + 7 will map to 1-node and this would represent the drop of least decrease (as
opposed to 8k + 1 or 8k+5). So, let us consider, for example, the case where a 1-node is encountered
after a pre-pump. Initial values separated by a value of 4 - 4 - 2L472 . 3 would lead to the end of
primitive itineraries separated by 4A = 4-4-2.3L. Assuming the drop leads to a 17)-node from
the pre-pump (if not, keep cycling through x-1-2-1-x until a 1-node is encountered(, the resulting
1-nodes would be separated by a value of 2 - 2 - 3!+ = 4. 3. 3L, This implies that the Collatz mapping
always has the effect of contracting sets of primitive itineraries of length L (for any value of L) after the
terminal is encountered. In other words, in the worst case, when the terminals of primitive itineraries
of length L are separated by a value of 4 -4 -2 - 3L = 32 3L, there exists a set of 1-nodes in the next
primitive itinerary separated by a value of 4 - 3 - 3L = 12 - 3. For the 2-node case, there will exist a set
of 2-nodes in the next primitive itinerary separated by a value of 2 - 3 - 3% = 6 - 3" where an extra factor
of 1/2 must be introduced. If a 4k + 1 pump is encountered, there will continue to be an even greater
contractive effect. So, the 1-node case is the "least contractive’ case where primitive itineraries of length
L will be separated by a value of 12 - 3 after dropping down the Collatz ladder to 1-node hub.

5. Conclusions

In this work, we continue a symbolic dynamical formalism for characterizing all trajectories
generated by Equation (1). This symbolic approach enables the establishment of dynamical similarities
within the presented formalism. Furthermore, this framework is useful for drawing dynamical
conclusions when, after dropping down a Collatz ladder, primitive itineraries intersect new primitive
itineraries.

Appendix A. Justification of Mod 6 for Node Definitions
1-Node Definition

Looking for odd images of numbers that obey
32n+1)+1

2
=3n+2

Only when n = 2p + 1, can x be an odd number.

x=32p+1)+2
=6p+5
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2-node definition
Looking for odd images of numbers that obey
32n+1)+1
4
= ;n +1

Only when n = 4p, can x be an odd number.
3
=6p+1

Appendix B. Proofs of Addition Rules
Appendix B.1. Transform 2(1) — 1

Let Ny represent the set of non-negative integers. Since transitions to 1-nodes involve both 8p + 3
and 8p + 7, we divide 2 — 1 transitions into 2 cases.

Appendix B.1.1. 2() — 1)
Vm, p € Ny, 39 € Ny such that

8p+1+2-32"=87+3

Proof:
Rearranging the above equation leads to

3% =4t +1

where t = g — p. Using induction, we can see that when m = 0, there exists = 0 so the base case
holds. We then assume that there exists a ¢ such that

3" =4t +1 4)

is true. We must demonstrate that there exists an r such that

320m+l) — 4 41
Using Equation 4, it follows that such an r must obey

32.3%M —4r +1=3%(4t+1) =4r +1

This condition implies that the equality

36t+9 =4r+1
must hold. Therefore, given t we have that r exists according to the condition

r=9t+2.

Appendix B.1.2. 20 1),
Vm, p € Ng,3gq € Ny such that

8p+1+2-32mtl =817
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Proof:
Rearranging the above equation leads to

3l — 4t 43

where t = g — p. Using induction, we can see that when m = 0, there exists t = 0 so the base case
holds. We then assume that there exists a ¢ such that

3l =4t +3 (5)

is true. We must demonstrate that there exists an r such that

32(m+1)+1 _ 4, +3
Using Equation 5, it follows that such an » must obey

32.3%mH — 4y 43 = 32(4t4+3) = 4r +3
This condition implies that the equality
36t+27 =4r+3
must hold. Therefore, given t we have that r exists according to the condition
r=9t+6.

Appendix B.2. Transform 1 — 2(1)

Since transitions to 1-nodes involve both 8p + 3 and 8p + 7, we divide transitions into 2 cases.

Appendix B2.1.13) — 2(1)
Vm, p € No, 39 € N such that

8p+3+2-3%mtl —8g 11

Proof:
Rearranging the above equation leads to

3l =4t —1

where t = g — p. Using induction, we can see that when m = 0, there exists t = 1 so the base case
holds. We then assume that there exists a t such that

3l =4t —1 (6)
is true. We must demonstrate that there exists an r such that
32(m+1)+1 —4r—1
Using Equation 6, it follows that such an * must obey

3237 — gy 1 =324t —1) =4r—1
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This condition implies that the equality
36t -9 =4r—1
must hold. Therefore, given t we have that r exists according to the condition
r=9t-2.

Appendix B.2.2. 17) — 2(1)
Vm, p € No, 3q9 € Ng such that

8p+7+4+2-3"" =87+1

Proof:
Rearranging the above equation leads to

32— 4t -3

where t = g — p. Using induction, we can see that when m = 0, there exists t = 1 so the base case
holds. We then assume that there exists a ¢ such that

32" =4t —3 7)

is true. We must demonstrate that there exists an r such that

g2mtl) =4y —3
Using Equation 7, it follows that such an r must obey

32.3%M —4r —3=13%(4t —3) =4r—3

This condition implies that the equality

36t —27 =4r -3
must hold. Therefore, given t we have that r exists according to the condition

r=9t—6.

Appendix B.3. Transform 1 — x
Appendix B.3.1. 14) — x
Vm, p € Ny, 39 € Ny such that

8p+3+2-32"=85+5

Proof:
Rearranging the above equation leads to

3 =4t +1

where t = g — p. This condition is similar to the 2 — 1) case above implying that, given ¢, the
condition
r=9t+2
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must hold.

Appendix B.3.2. 1) — x
Vm, p € Ny, 39 € Ny such that

8p+7+2-32"1 =84 +5

Proof:
Rearranging the above equation leads to

3l =4t —1
where t = g — p. This condition is similar to the 1(3) — 2 case above implying that, given ¢,
r=9t-2.
must hold.

Appendix B.4. Transform x — 1
Appendix B4.1. x — 1)
Vm, p € Ny, 39 € Ny such that

8p+5+2-32"t1 =844+ 3

Proof:
Rearranging the above equation leads to

32m+1 —4f—1

where t = g — p. This condition is similar to the 1®) — 2 and 17) — x cases above implying that,
given t,
r=9t-2.

must hold.

Appendix B.4.2. x — 1)
Vm, p € Ny, 39 € Ny such that

8p+5+2-3" =847

Proof:
Rearranging the above equation leads to

3" =4t +1

where t = g — p. This condition is similar to the 2 — 1) and 10) — x cases above implying that,
given ¢, the condition
r=942

must hold.
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Appendix C. Node Transition Rules

The periodic "x-1-2-1-x-...” motif is pervasive. In this section, we justify the addition rules when
applied to node transition rules. This section exhaustively lists the complete set of allowed transitions
along a primitive itinerary.
Appendix C.1. 8p + 3 Node Transitions

We already know that 8p + 3 nodes will transition to a 1-node. First, we check if the next node is

a 4k + 1 pump.

24p + 10
fisp-+3) = M0

= 12p + 5 = 8k + 5 must be satisfied
3
meaning that if p is even, we end up at a 4k + 1 pump which would signal the end of a primitive

itinerary.
When p is odd, After two transitions, we see that

f2(8p+3) = f(12p +5)

_ 36p+16
N 2
=18p+8
which requires another division by 2
1
@ =9 +4

indicating the 10)-node transitions to a 2-node when p is odd. Let g = 2p + 1 so that

Ip+4=9129+1)+4
— 187+ 13forq =0,1,2,3- -

Using a mod 4 congruence where g = 4k +rfork =0,1,2,3--- and r = 0,1,2, 3, this gives

187+ 13 = 18(4k +r) + 13
= 72k +18r 4 13
= 8(9k) +18r + 13

This leads again to the cyclic motif "x-1-2-1-x ...". So, for p odd, we have the transitions

0:] =8(9%)+13 | 8(%+1)+5 | x
=1:|=28(%)+31 |8(9%+3)+7|1
=2:| =8(%)+49 | 8(%+6)+1 |2

3:| =8(9%)+67 | 8(%+8)+3 |1
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Here, we are using the ] symbol to indicate the end of a primitive itinerary.
Combining and interleaving results with even values of p, as p increases, allowed transitions are
of the form:

These and other ‘lego blocks’ introduced below are how symbols are appended to sequences generated
by the Collatz mapping.

Appendix C.2. 8p + 7 Nodes Cannot Transition to an 8k 4+ 5 Node

24p + 22
fiap 7= B2
= 12p + 11 = 8k + 5 must be satisfied
3 3
= k= EP + Z

Given an integer p, no integer solution exists to yield a value of k. While this information is important
for understanding disallowed transitions, the next subsection discusses what is allowed.

Appendix C.3. 8p + 7 Nodes Must Always Transition to Two Consecutive 1-Nodes

We already know that 8p + 7 nodes will transition to a 1-node. After two transitions, we see that

fA(8p+7) = f(12p +11)

_ 36p2+34 —8p 17
=6(3p+2)+5
=6r+5
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also ends up at a 1-node. Using the same cyclic argument as above, allowed transitions are of the form:

17) 1]
1711
1712
1711
17) 1]
Appendix C.4. 8p + 1 Transitions
Analyses similar to the above lead to
2]
21
22
21
2]
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