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Abstract

Spectral clustering is a powerful methodology rooted in graph theory, linear algebra, and probability
theory, and is highly effective for unsupervised learning in complex, non-linear data. This article serves
as a comprehensive tutorial and guide for interdisciplinary researchers, building a clear connection
between the rigorous mathematical framework of spectral clustering, beginning with the continuous
Laplacian operator, progressing to its discrete, graph-based counterpart, and finally culminating in
a real-world application. We detail the theory through practical examples and apply the framework
to bulk RNA-seq data analysis in breast cancer cell lines, demonstrating the method’s unique ability
to uncover both broad trends and nuanced molecular subtypes. By providing intuitive knowledge
on both the theory and the application, this work aims to facilitate collaboration across mathematics,
computational science, and life sciences to support robust and sound scientific research.

Keywords: spectral clustering; RNA-seq; graph theory; spectral graph theory; graph laplacian;
unsupervised learning; bioinformatics; computational biology; machine learning; clustering algorithm;
molecular subtypes; random walks

The article is organized as follows. The first two sections give intuition into the Laplacian operator,
in the context of continuous functions as well as in the context of finite differences. We then introduce
the formal concept of the graph Laplacian, its various formulations, and its role as a powerful tool for
revealing graph structure. The fourth section provides insight into the eigenvalues and eigenvectors
of the graph Laplacian, detailing how the resulting eigenspace reflects the inherent connectivity and
structure of the graph. The next section leverages this eigenspace to perform spectral clustering, a
powerful technique for partitioning the graph into cohesive groups that reflect underlying communities.
The final section presents a concrete use case in genomics, demonstrating the method’s utility in data
analysis and exploring solutions to the practical limitations that arise when applying theoretical
techniques to complex biological datasets. Code blocks are included throughout the article to illustrate
key concepts, with complete scripts and data necessary for reproducing the results accessible on
GitHub.

1. The Laplacian Differential Operator
The Laplacian operator is ubiquitous in multivariable calculus as well as in Physics and Engineer-

ing. The aim of this section is to give some intuition of the continuous Laplacian to guide our thinking
when we eventually define such an operator on graphs where it will become a discrete operator.

Given a function f : I ⊂ R −→ R, the Laplacian ∆ f of f is the second derivative f ′′ of f , and
plays a role when one wants to study its variations (extrema), or the curvature of its graph. However,
it has another interpretation: the Laplacian of f is a measure of how much f deviates from its mean
value. Considering a ball [a − ε, a + ε] ⊂ I centered on a and with radius ε > 0, the mean value of f on
the ball is defined by:

f̄ (a) =
1
2ε

∫ a+ε

a−ε
f (x)dx.
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Performing a Taylor expansion of f around a we have for any x ∈]a − ε, a + ε[:

f (x) = f (a) + f ′(a)x +
f ′′(a)

2
x2 +

f ′′′(a)
6

x3 + O(x4),

so, after integrating and rearranging the expression, we obtain:

∆ f (a) = f ′′(a) =
12
ε2

(
f̄ (a)− f (a)

)
+ O(ε2).

Therefore, if ∆ f (a) > 0, the function f in a is lower than its average value f̄ (a), and vice versa.
So, essentially ∆ f (a) measures the deviation of f (a) from its mean value f̄ (a), see Figure 1 for an
illustration.
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Figure 1. Illustration of how the Laplacian (second-order derivative) measures the difference between a function’s
mean value over a small interval and its value at the center of the interval.
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In the multivariate case, we look at a function f : Ω ⊂ Rn → R, and the Laplacian ∆ f of f is the
function defined for all x ∈ Ω by:

∆ f (x) =
n

∑
i=1

∂2 f
∂x2

i
(x) = div(∇ f )(x),

where ∇ f =
( ∂ f

∂x1
, · · · , ∂ f

∂xn

)
is the usual gradient of f (so a vector field) and div(X) = ∑n

i=1
∂Xi
∂xi

the usual divergence of a vector field X = (X1, . . . , Xn) (so a scalar field); both are also important
differential operators in multivariable calculus. So, the Laplacian of a function is actually a measure
of compression/expansion of its gradient vector field. But what is more interesting to us is that the
previous interpretation of the Laplacian still holds in higher dimensions:

∆ f (a) measures the deviation of f (a) from its mean value f̄ (a) over a ball centered on a and
of radius ε:

∆ f (a) ∝ (average of f around a)− (value of f at a).

See [1] for more details on the multidimensional approach.

2. Discretizing the Laplacian Operator
In this section, we take a small detour in numerical analysis to continue to build our intuition.

Finite differences is a mathematical method used to discretize partial differential equations (PDE) on
regular grids. As the Laplace operator appears in various PDE, such as the Poisson equation and the
heat equation, finite differences for the Laplacian operator were developed accordingly to discretize it.

Let us first consider the single variable case. Given a function f : I → R, we can write down the
following two Taylor expansions of f (others are possible):

f (x + h) = f (x) + f ′(x)h + f ′′(x)
h2

2
+ O(h3),

f (x − h) = f (x)− f ′(x)h + f ′′(x)
h2

2
+ O(h3).

Then, combining them we obtain the following approximation for the Laplacian:

∆ f (x) = f ′′(x) =
f (x − h)− 2 f (x) + f (x + h)

h2 + O(h).

Suppose now that I = [a, b] is discretized into a regular 1D grid Ih = {xi}1≤i≤N such that x1 = a,
xN = b and the distance between two consecutive points (the so-called resolution of the grid) is h.
The function f is then represented (discretized) on Ih as the vector f = ( fi)1≤i≤N ∈ RN , and each fi

represents the value that takes f at the point (node) xi. In this setting, the preceding formula says that
we can approximate the function ∆ f on I by the discrete function L( f ) on Ih according to the formula
(with the −2 coefficient located at the i-th index in the matrix product)):

L( f )i =
fi−1 − 2 fi + fi+1

h2 =
1
h2

[
0 . . . 1 −2 1 . . . 0

]
f ,

valid at any inner point of the grid Ih. For i = 1 we remove the term xi−1, and for i = N we remove
xi+1 simply because these terms do not exist in these corner cases. The error due to this approximation
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is bounded by the resolution h of the grid. All in all, we can write L( f ) as the matrix product L f where
L is the sparse matrix given by:

L =


−2 1 0 . . . 0
1 −2 1 . . . 0
...

. . . . . . . . . 0
0 . . . 0 −2 1

.

Finite differences for the Laplacian in multiple dimensions are available as well. Let us now
consider a function of two variables f : (x, y) ∈ Ω ⊂ R2 7→ f (x, y) ∈ R, and suppose Ω is a square
than can be discretized into a regular 2D grid Ωh = {xi,j}1≤i,j≤N with both horizontal and vertical
resolutions equal: ∆x = ∆y = h. The function f is then discretized into a matrix f = ( fi,j)1≤i,j≤N ∈
RN×N , where fi,j represents the value of f at node xi,j. Then using Taylor series we can for instance
come up with the approximation:

∆ f (x, y) =
f (x − h, y) + f (x + h, y)− 4 f (x, y) + f (x, y − h) + f (x, y + h)

h2 + O(h),

so that locally the Laplacian at a node xi,j is given by:

L( f )i,j =
fi−1,j + fi+1,j − 4 fi,j + fi,j−1 + fi,j+1

h2 ,

and it is possible after rearranging a little bit (by stacking the columns or the rows of f ) to obtain
a sparse matrix L that corresponds to the discrete Laplacian in two dimensions. See Figure 2 for
a visualization of the so-called stencil that defines the local neighborhood used to create a discrete
Laplacian by using five points.

Figure 2. Visualization of the stencil (neighborhood) used to compute the discrete Laplacian in two dimensions: at
a given point on the grid (the central one here), the Laplacian makes use of the four neighboring points represented
on this illustration.

To summarize:

• The discrete version of ∆ f (x) clearly measures the deviation of f (x) from its average over
a small grid neighborhood; we still have (in 2D):

(L f )i,j ∝ (average of f around xi,j )− (value fi,j of f at xi,j).

• The discretized Laplacian L is now a matrix, reflecting on the linear nature of the continu-
ous operator.
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3. The Ubiquitous Nature of Graph Structures
In this section we review what a graph is and what are some applications of graph theory in

applied mathematics and Science in general.
A graph is a mathematical structure, capable of modeling relationships among entities that

compose the graph. A graph G = (V, E) consists of a set of vertices (nodes) V = {v1, . . . , vN} and a
set of edges E = {e1, . . . , eM} that connect these vertices. The nodes correspond to the entities, whose
relationships are modeled by the edges. Below is an example of a graph with 6 nodes v1, . . . , v6 and 7
vertices e1, . . . , e7.

v1

v2

v3 v4

v5

v6

e1 e2 e4 e5

e3

e7 e6

Figure 3. An example of an undirected graph with six nodes v1, . . . , v6 and seven edges e1, . . . , e7.

Such a mathematical structure allows one to encode any system whose parts are interdependent
rather than isolated, although a graph can also be composed of nodes not connected to any other
node. The distances between the nodes are not important in our setting, we are rather interested in the
relationships between the nodes, who is connected to whom, which constitutes the so-called topology
of the graph. Note also that the regular grids described in the previous section are actually a certain
type of graph for which the geometry (the precise location of the nodes in the discretized domain) is
important as well. When there is a priori no orientation for the edges, the graph is said to be undirected
by opposition to a directed graph. Later, we will also add weights to the edges, in that case we speak of
a weighted graph.

Graphs are used in various fields, especially those studying network-based systems, like social
networks, electrical circuits, or transportation and supply chain networks, as they offer a way to
formalize the connectivity and influence between subsystems. In Bioinformatics and Computational
Biology, graphs appear in a number of topics, such as gene regulatory networks [2,3] and single cell
RNA sequencing data analysis [4]. Graph theory is a subfield of Mathematics that provides tools to
analyze graphs, detect patterns and make predictions for these structures.

4. Various Graph Laplacians
After obtaining a good intuition of the Laplacian operator in a continuous setting (Section 1) and

also in a particular discrete setting (Section 2), in this section we define the Laplacian operator on a
graph. Actually, as we will see, there are several possible definitions, according to what we actually
want to do. Afterwards, like with any operator in applied mathematics, we can use linear algebra to
get insights and retrieve information that has been encoded. This is the main idea behind spectral graph
theory: investigate the Laplacian of a graph (or other related matrices) to gain insights into the internal
organization of the data. We refer the reader to [[5], chapter 1] as well as [6] for more details.

A function on the graph is just the association of a number to each node of the graph. Therefore,
it can be represented as a vector f = ( f1, . . . , fN) ∈ RN . We will also encounter functions on the edges
of the graph. They are represented by vectors g = (g1, . . . , gM) ∈ RM and correspond rather to the
concept of vector fields on the graph, as we associate a value to each possible direction.

4.1. The Gradient of a Function

As we are going to define the graph Laplacian as the divergence of the gradient, let’s first introduce
the gradient of a function on a graph. In the usual Euclidean space R2, the gradient of a function gives
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the variations of the function in the direction given by e1 = (1, 0) and e2 = (0, 1), which are available at
each point (x, y). However, unlike continuous Euclidean space, a graph offers no privileged directions
at a given node. Instead, the available directions are strictly defined by the edges incident to that node.
To this end, we give an orientation to the edges: we simply sort the nodes by increasing order, and say
that an edge e goes from node u to node v if and only if the index of u is less than the index of v. Now,
given a node vi ∈ V, and an edge e = vi → vj ∈ E starting at this node, the variation of the function f
into the direction given by that edge is simply f j − fi. We can do so for all edges adjacent to this node
vi, which basically represents the gradient of f at the node vi. Then, we can repeat this process for all
nodes. All in all, we can present this information by using a matrix, the so-called incidence matrix K, of
size |E| × |V|, whose coefficients are defined by:

Ke,v =


1 if e starts at v

−1 if e ends at v

0 otherwise

.

Essentially, the incident matrix tells if a certain node is the source or the end of an edge, or neither. For
the example graph above, the incidence matrix reads:

K =



1 −1 0 0 0 0
0 1 −1 0 0 0
0 0 1 −1 0 0
0 1 0 −1 0 0
0 1 0 0 0 −1
0 0 0 0 1 −1
0 0 0 1 −1 0


,

where rows correspond to the edges e1, . . . , e7 and the columns correspond to the nodes v1, . . . , v6.
Then, computing the gradient of f amounts to compute the matrix-vector product K f :

K f =



1 −1 0 0 0 0
0 1 −1 0 0 0
0 0 1 −1 0 0
0 1 0 −1 0 0
0 1 0 0 0 −1
0 0 0 0 1 −1
0 0 0 1 −1 0





f1

f2

f3

f4

f5

f6


=



f1 − f2

f2 − f3

f3 − f4

f2 − f4

f2 − f6

f5 − f6

f4 − f5


,

so that each row of the result corresponds to the gradient of the function f in the direction given by the
edge associated to that row. Notice that the output is then of size M, that is the gradient of a function
on the nodes is a function on the edges of the graph.

4.2. The Divergence of a Vector Field

Now we also need an operator on the graph that mimics what the divergence of a vector field
does in the continuous case, which represents the net flow of this vector field that goes in and out at a
point. For us, the input will be a function on the edges of the graph and the output will be a function
on the nodes of the graph. Such input somehow already represents the flow of an hypothetical vector
field, therefore we can define the divergence as simply the sum of all the function components, with a
sign according to whether the edge is ingoing or outgoing at that node. For example, given a function
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g ∈ R7 on the edges of the example graph above, the divergence of g at the node v4 is g3 + g4 − g7. It
turns out that doing so for all the components of g we find that the divergence of g is actually −KTg:

−KTg =



−1 0 0 0 0 0 0
1 −1 0 −1 −1 0 0
0 1 −1 0 0 0 0
0 0 1 1 0 0 −1
0 0 0 0 0 −1 1
0 0 0 0 1 1 0





g1

g2

g3

g4

g5

g6

g7


=



−g1

g1 − g2 − g4 − g5

g2 − g3

g3 + g4 − g7

g7 − g6

g5 + g6


,

so that each row of the result corresponds to the divergence at a node in the graph.

4.3. The Laplacian of a Function

Finally, since the continuous Laplacian is given by the divergence of the gradient, the graph
Laplacian L of a function f ∈ RN is simply defined to be the function L f := −KTK f , which mimics
perfectly the relation ∆ f = −∇⋆∇ f of calculus, where ∇⋆ is the dual of the gradient with respect to
the integrated Euclidean dot product, which is nothing less than minus the divergence according to
the divergence theorem, assuming no boundary. As an example, let us compute (L f )2, which is the
value of the graph Laplacian of f at the node v2 in the example graph above:

(L f )2 =−(KTg)2
∣∣
g=K f

=( f1 − f2)− ( f2 − f3)− ( f2 − f4)− ( f2 − f6)

=( f1 + f3 + f4 + f6)− 4 f2.

Note that it follows from the definition of the graph Laplacian that it is symmetric.

• The graph Laplacian L is a symmetric matrix.
• It measures the deviation of a function on the nodes from its average over adjacent nodes;

we have again:

(L f )i ∝ (average of f over adjacent nodes to vi)− (value fi of f at node vi).

4.4. Another Expression of the Graph Laplacian

The graph Laplacian admits another expression that uses two other matrices. The degree matrix of
the graph is the diagonal matrix D with the i-th element on its diagonal being the degree deg(vi) of
the node vi ∈ V, that is, how many adjacent edges to vi are there. Therefore it is of size N × N. Second,
the adjacency matrix is yet another matrix A, also of size N × N, defined by:

Ai,j =

1 if there is an edge between vi and vj

0 otherwise
.

Remark that Di = ∑j∈N (i) Ai,j by definition of the degree, where N (i) denotes the set of neighbors of
the i-th node. We are going to show that the graph Laplacian L is equal to A − D, that is, −KTK =

A − D. To show this equality, we work coefficient by coefficient. Recall from linear algebra that
(AB)i,j = Ai,•B•,j, where Ai,• denotes the i-th row of the matrix A, and B•,j the j-th column of the
matrix B. We have

(−KTK)i,j = −(KT)i,•K•,j = −(K•,i)
TK•,j,

therefore:
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• For i = j, (−KTK)i,i = −(K•,i)
TK•,i = −deg(vi), because all the −1 get multiplied with the same

−1, and similarly for the 1;
• For i ̸= j, K•,i relates to edges adjacent to vi while K•,j relates to edges adjacent to vj. Therefore,

the product (K•,i)
TK•,j takes into account edges that are adjacent on both vi and vj (because

otherwise a zero will zero out the contribution of an adjacent edge to one node only), which are at
most one. For such an edge, we will always obtain −1 because vi is either the start or end of that
edge, while vj would be the opposite.

The N × N matrix L known as the graph Laplacian admits the following expressions:

L = −KTK = A − D,

where K is the M × N incidence matrix, A is the N × N adjacency matrix and D is the N × N
degree matrix. With this expression it is easy to obtain the following one (that we already had
a glimpse into):

(L f )i = ∑
j∈N (i)

( f j − fi),

where j ∈ N (i) means that we are looking at nodes vj that are adjacent to node vi. This formula
clearly states that the graph Laplacian of a function at a certain node measures the deviation
between its average on a direct neighborhood of the node and the value of the function at that
node.

In the same way as in multivariable calculus, the Laplacian operator we defined is negative-
definite. Indeed we have for any f ∈ RN :

fTL f = − fTKTK f = −∥K f ∥2
2 ≤ 0.

Therefore, in order to have positive eigenvalues later on, in everything that follows we will
use the opposite of the operator we defined. From now on we set L = KTK = D − A.

4.5. Variants of the Graph Laplacian

We introduced perhaps the most elementary version of the graph Laplacian that mimics the
Laplacian found in multivariable calculus. It is sometimes called the combinatorial Laplacian or the
unnormalized Laplacian. There are variants though, depending on the analysis we wish to conduct.
Below are some pointers to other variations of the initial definition we gave.

• The incidence matrix is often defined as the transpose of the matrix we used, so the combinatorial
Laplacian is then L = KKT, but it is now positive-definite, as we explained in the previous box.

• A very important case is when the graph is weighted, meaning that to an edge between nodes
vi and vj is associated a positive real number wi,j, called the weight of the edge. Negative
weights are also possible but the generalization of the Laplacian in this case can go into different
directions, see for instance [7] and [8]. In the case of a weighted graph, weights are directly
incorporated naturally in the adjacency matrix A. The (positive-definite) graph Laplacian is then
L = D − A = KWKT, with W a M × M diagonal matrix containing all the weights. We still obtain
a symmetric positive-definite graph Laplacian.

• Normalizations: it is sometimes important to normalize the diagonal entries of the graph Lapla-
cian to 1, for instance, in order to interpret certain quantities in terms of probabilities as we
will see in Section 7. As mentioned before, the diagonal of the graph Laplacian consists of
the degrees of the different nodes. Normalizing the Laplacian consists of decreasing the influ-
ence of the degree of a node (i.e., its total connectivity). Therefore, normalizing the Laplacian
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naturally introduces the pseudo-inverse of the degree matrix, D+, which is necessary because
some nodes may have zero connections. This operator is used to define the so-called random
walk Laplacian, Lrw := D+L = IN − D+A. Note, however, that this matrix is not symmetric
anymore, which is an important property, for instance, if we want to guarantee that eigen-
vectors form an orthonormal basis. In the case we want a symmetric normalized Laplacian,
Lsym := (D+)

1
2 L(D+)

1
2 = IN − (D+)

1
2 A(D+)

1
2 will do. This variant is sometimes called the

symmetric random walk Laplacian.

5. Eigenvalues and Eigenvectors of the Laplacian
In this section, we explore how eigenvalues and eigenvectors of the graph Laplacian relate to the

structure of the graph. As a positive-definite matrix, the graph Laplacian has positive eigenvalues.
If in addition it is symmetric (remember that certain normalizations break the symmetry), then the
associated eigenvectors are orthogonal to each other. Because eigenvectors of the Laplacian can actually
be considered as functions on the nodes of the graph, we will use the term eigenfunctions instead. Here
is an outlook of what we are going to observe:

• The smaller the eigenvalue, the smoother the eigenfunction (meaning, the less variations). Indeed
let λ be an eigenvalue and f be the associated eigenvector of L. We can always normalize f
without loss of generality, so we will suppose fT f = 1. Then

λ = fTL f = ∑
i,j∈N (i)

( f j − fi)
2. (1)

Therefore, when an eigenvalue is high, it can essentially be for two reasons. Either the graph has
lots of connected nodes, corresponding to a lot of terms in the above sum even if the variations
f j − fi are not large (like in the cyclic graph example below), or there are a few nodes that are a lot
more connected than the others (like in the star graph example below) so the sum has less terms
but the variations f j − fi are larger. For clarity, let’s derive expression (1):

fTL f = ∑
i

Di f 2
i − ∑

i,j
Ai,j fi f j

= ∑
i,j

Ai,j f 2
i − ∑

i,j
Ai,j fi f j

=
1
2 ∑

i,j
( f j − fi)

2

= ∑
i,j∈N (i)

( f j − fi)
2,

where we used the symmetry of the adjacency matrix A from the second to the third line.
• The multiplicity of the zero eigenvalue corresponds to the number of connected components of the

graph.
• The eigenfunction of the first non null eigenvalue is the called the Fiedler vector and partitions the

graph in two.

But first we need a way to define a graph in terms of code and compute its Laplacian. We choose
to represent the graph by its adjacency matrix A. Unless specified, we will work with non weighted
graphs in this section. From the adjacency matrix it is then possible to compute the degree matrix D by
summing the columns of A. Then, as we have seen in the previous section, the combinatorial graph
Laplacian is L = D − A.

import numpy as np
import scipy.linalg as lg
import matplotlib.pyplot as pl

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 December 2025 doi:10.20944/preprints202512.1031.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202512.1031.v1
http://creativecommons.org/licenses/by/4.0/


10 of 28

def laplacian(adjacency):
degrees = np.diag(adjacency.sum(axis=0))
return degrees - adjacency

5.1. Computations for a Line Graph

Let us now compute the Laplacian, eigenvalues and eigenfunctions for a line graph, whose
adjacency matrix is defined by:

A = np.array([[0, 1, 0, 0],
[1, 0, 1, 0],
[0, 1, 0, 1],
[0, 0, 1, 0]], dtype=np.float64)

v1 v2 v3 v4

Figure 4. The line graph whose adjacency matrix was given above.

Now by typing L = laplacian(A) , we are able to compute the Laplacian of the line graph:

L =


1 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 1

.

Then, the eigenvalues and eigenvectors are computed with the SciPy routine eig that lever-
ages Singular Value Decomposition (SVD1). After this computation is done, eigenvalues and the
corresponding eigenvectors are sorted in increasing order.

eigenvalues, eigenfunctions = lg.eig(L)

# Sort the eigenvalues in increasing order.
idx = eigenvalues.argsort()
eigenvalues = eigenvalues[idx]
eigenfunctions = eigenfunctions[:,idx]

To have a simple output of this eigenvalues, we format them as follows and take the real part
(SciPy do all computations with complex numbers):

np.set_printoptions(precision=3, suppress=True)
eigenvalues.real

We then obtain that the spectrum of L (the set of all eigenvalues of L) is {0, 0.59, 2, 3.41}. We
also plot the eigenfunctions against the different vertices of the graph with the help of the following
function:

def plot_eigenfunctions(eigenvalues, eigenfunctions):
labels = list(map(lambda e: f"{e:.2f}", eigenvalues))
pl.plot(eigenfunctions.real, label=labels)

1 For large graphs, any method based on power iteration would perform better.
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pl.legend(loc='center left', bbox_to_anchor=(1, 0.5))
pl.xticks(np.arange(len(eigenvalues)))
pl.xlabel("Nodes")
pl.ylabel("Values")
pl.title("Eigenfunctions")
pl.grid(True)

plot_eigenfunctions(eigenvalues.real, eigenfunctions.real)

0 1 2 3
Nodes

0.6

0.4

0.2

0.0

0.2

0.4

0.6

Va
lu

es

Eigenfunctions

0.00
0.59
2.00
3.41

Figure 5. The eigenfunctions obtained for the line graph above. Note that the higher the eigenvalue, the higher
the variations of the eigenfunction.

From this plot we see that the lower the value of the eigenvalue, the less variations in the
corresponding eigenfunction. This is familiar to those readers who have practiced mechanics: the
highest eigenvalues of the operator describing a system’s dynamics (it often involves a Laplacian or a
discrete Laplacian) correspond to the largest vibrations of the system (see [9] and the seminal article
[10]).

5.2. Computations for a Cyclic Graph

Let us define a cyclic graph with the following adjacency matrix:

A = np.array([[0, 1, 0, 1],
[1, 0, 1, 0],
[0, 1, 0, 1],
[1, 0, 1, 0]], dtype=np.float64)

v1 v2

v3v4

Figure 6. The cyclic graph whose adjacency matrix was given above.
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Figure 7. The eigenfunctions obtained for the cyclic graph above. Note that the two eigenfunctions associated to
the eigenvalue λ = 2 exhibit some symmetry.

5.3. Computations for a Star Graph

The case of a star graph is also interesting, because it exhibits dissymmetry: one node at the center
is connected to all others. For adjacency matrix we take:

A = np.array([[0, 0, 0, 0, 1],
[0, 0, 0, 0, 1],
[0, 0, 0, 0, 1],
[0, 0, 0, 0, 1],
[1, 1, 1, 1, 0]], dtype=np.float64)

v1

v2

v3

v4 v5

Figure 8. The star graph whose adjacency matrix was given above.

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 December 2025 doi:10.20944/preprints202512.1031.v1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202512.1031.v1
http://creativecommons.org/licenses/by/4.0/


13 of 28

0 1 2 3 4
Nodes

0.75

0.50

0.25

0.00

0.25

0.50

0.75

Va
lu

es

Eigenfunctions

0.00
1.00
1.00
1.00
5.00

Figure 9. The eigenfunctions obtained for the star graph above.

Here we observe that the eigenfunction associated with the highest eigenvalue, λ = 5, does not
exhibit a lot of variations compared to other eigenfunctions. Indeed, according to (1), the high value of
λ comes from the high degree of the central node which results in an eigenfunction that puts a lot of
weight on this particular node.

5.4. Computations with a Complete Graph

We will now observe that the more connected the graph is, the higher the eigenvalues are. Starting
from 4 individual nodes (like with a cyclic graph before), we complete the graph so that each node is
connected to all the others; we obtained a so-called complete graph whose adjacency matrix is given by:

A = np.array([[0, 1, 1, 1],
[1, 0, 1, 1],
[1, 1, 0, 1],
[1, 1, 1, 0]], dtype=np.float64)

v1 v2

v3v4

Figure 10. The complete graph whose adjacency matrix was given above.
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Figure 11. The eigenfunctions obtained for the complete graph above.

5.5. Multiplicity of the Zero Eigenvalue

We now consider the case where the graph is composed of multiple connected components.

A = np.array([[0, 0, 0, 0, 0, 0, 0, 0, 0],
[0, 0, 1, 1, 0, 0, 0, 0, 0],
[0, 1, 0, 0, 0, 0, 0, 0, 0],
[0, 1, 0, 0, 0, 0, 0, 0, 0],
[0, 0, 0, 0, 0, 1, 0, 0, 1],
[0, 0, 0, 0, 1, 0, 1, 1, 1],
[0, 0, 0, 0, 0, 1, 0, 0, 0],
[0, 0, 0, 0, 0, 1, 0, 0, 0],
[0, 0, 0, 0, 1, 1, 0, 0, 0]], dtype=np.float64)

A

G F

H

I

E C

B

D

Figure 12. The multiple connected components graph whose adjacency was given above. This graph G has 3
connected components: G1 = {A}, G2 = {G, F, I, E, H} and G3 = {C, B, D}.

Notice the block structure of the adjacency matrix due to the connected components. This block
structure directly transfers to the graph Laplacian which will also have a block structure. The spectrum
of the graph Laplacian (its eigenvalues) will also be composed of three different groups of eigenvalues,
one for each connected component.

A quick computation that makes use of the definition of the matrix-vector product shows that
L1G = 0 when the graph G has only one connected component, and L1Gi = 0 when the graph G has
multiple connected components Gi. Here 1G denotes the function on G that takes the value one at
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each node, while 1Gi denotes the function on G that takes the value one at each node of the connected
component Gi, zero elsewhere. Indeed,

(L1G)i = (D1G)i − (A1G)i = ∑
j

Di,j − ∑
j

Ai,j = Di − ∑
j

Ai,j = 0,

and similarly for L1Gi . So, 1G is the eigenfunction corresponding to the eigenvalue 0 in the single
connected case, and 1Gi corresponds to the 0 eigenvalue associated to the connected component Gi in
the multiple connected case.

Using SciPy like before, we observe that the eigenvalue zero has multiplicity 3, which is exactly
the number of connected components of the graph. A mathematical proof of this fact can be found in
[6, proposition 2]. Note that when we look at the 3 eigenfunctions related to the zero eigenvalue, we
do not recover the 3 functions 1Gi , i ∈ {1, 2, 3}. The reason is that SciPy’s eig method computes a basis
of Ker L which could be a different basis from {1G1 , 1G2 , 1G3}.

5.6. The Fiedler Vector

In the previous section we have seen that for a graph G with one connected component, 0 is always
the first eigenvalue and 1G is the associated eigenfunction. The second eigenvalue is known as the
algebraic connectivity, while the associated eigenfunction is called the Fiedler vector. This eigenfunction
partitions the graph into two groups: the first group correspond to the nodes with negative coefficients
in the Fiedler vector, while the second group corresponds to the nodes with positive coefficients. For
example, let’s consider the graph whose adjacency matrix is given by:

A = np.array([[0, 1, 1, 0, 0, 0, 0],
[1, 0, 1, 1, 0, 0, 0],
[1, 1, 0, 1, 0, 0, 0],
[0, 1, 1, 0, 1, 0, 0],
[0, 0, 0, 1, 0, 1, 1],
[0, 0, 0, 0, 1, 0, 1],
[0, 0, 0, 0, 1, 1, 0]], dtype=np.float64)

A

B

C

D E

F

G

Figure 13. The graph whose adjacency given above.

Then the Fiedler vector is the second eigenvector of the Laplacian which after computation by
ScipPy like before yields:

array([-0.424, -0.348, -0.348, -0.147, 0.308, 0.48 , 0.48 ])

Therefore, the Fiedler vector separates the graph G into two subgraphs G1 = {A, B, C, D} (the
first four components are negative) and G2 = {E, F, G} (the last three components are positive).

Let us briefly give some intuition into why it is working. The eigenfunction 1G (for the eigenvalue
0) represents the whole graph. If we now want to partition the graph into two parts, we would need
an eigenfunction that varies as little as possible but is not constant; the nodes over which the variations
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happen define the groups we have seen above. In other words, we precisely want to find the second
eigenfunction (associated to the next eigenvalue after 0, assuming as always that they have been sorted
in increasing order). The Rayleigh quotient approach to eigenvalues gives another viewpoint on this
second eigenvalue and eigenvector:

λ2 = max
f⊥1G , ∥ f ∥=1

fTL f
fT f

= max
f⊥1G , ∥ f ∥=1

fTL f ,

and the minimizer f2 of this optimization problem will be the second eigenfunction. If we imagine
the graph as a network of springs with stiffness matrix given by L, then it means we are searching
for a state that minimizes its potential energy that is not the trivial state (represented by 1G). Then
from expression (1) it means that nodes that are tightly connected tend to have similar components
in f2, while weakly connected groups get different values. It is possible to be more mathematically
precise, see [6, section 5.1], where it is proven that searching for the second eigenvalue and eigenvector
is equivalent to cutting the graph into two parts.

6. Spectral Clustering
Let us first recall what clustering is about. Clustering is a mathematical procedure to automatically

discover and partition data into several groups (the clusters), in an unsupervised fashion (no extra
data guides the algorithm). It has multiple applications in Science (for instance, discovering species
in a large group of flowers), manufacturing (for instance, to segment the market for a given product
into different sizes) and many others. One traditional method to cluster data points that sit in Rn is
k-means (see [11]), which does so by iteratively assigning each data point to the nearest cluster centroid
and then recalculating the centroids. The primary goal is to minimize the squared distances between
each data point and its assigned cluster’s centroid, which results in minimizing the total within-cluster
sum of squared errors. This process continues until both the cluster assignments and the centroids no
longer change, according to a certain criterion. We would like to do the same with graphs, but there
are essentially two issues:

1. The first is that a graph is an abstract structure: the nodes are not a priori embedded in any Rn

and so we cannot use the k-means algorithm directly. To each node we could assign a point in Rn

and then use k-means clustering but such a mapping of a node onto a point would have to reflect
the relationships between the nodes, which is not easy to do (this has developed into a whole
field of data science known as graph embeddings).

2. The second issue comes from the nature of the k-means method itself: it works well with data that
is naturally grouped into blobs or, more generally, convex regions, which are linearly separable.
When this is not the case, k-means fails. Graphs, once embedded, are usually manifolds, which
means that data is not organized into convex, linearly separable regions.

Spectral clustering is a clustering technique specially designed for graphs in order to circumvent
the problems mentioned above (see [12] for a modern reference). It uses the eigenvectors of the graph
Laplacian to create a meaningful embedding of the nodes, such that, in the embedding space, the
data becomes untangled and we can apply k-means. First, recall that when we are searching for
eigenvalues and eigenvectors of a linear transformation (matrix), we obtain the principal directions
of the transformation (the eigenvectors) together with their magnitude (the eigenvalues). When
transferring this point of view to the case of the graph Laplacian, the eigenvectors correspond to the
directions in which functions on the graph will have important deviations from the mean, while the
eigenvalues correspond to the magnitude of these deviations. If we conceptualize the clusters as being
groups of similar nodes, then it means that within these regions of the graph, the deviation should be
small. Therefore, we are looking at the smallest eigenvalues and the associated eigenfunctions: we
have seen in Section 5 that the eigenfunction associated with the first eigenvalue is representing the
whole connected component, and the eigenfunction associated with the second eigenvalue, the Fiedler
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vector, partitions the graph into two groups of nodes. Suppose we know the graph can be grouped into
k clusters or that we want it to be grouped into k clusters. The method of spectral clustering consists
of computing the first k eigenvalues (in ascending order) of the graph Laplacian together with the
associated k eigenfunctions f1, . . . , fk ∈ RN (recall that N is the number of nodes in the graph). Using
the analogy between the graph and a network of springs, we are looking at the smallest vibration
frequencies and the associated vibration modes. If we now stack the eigenfunction into a matrix
U = [ f1| · · · | fk] ∈ RN×k, each row of U corresponds to the embedding of the corresponding node in
Rk. This embedding is sometimes known as the spectral embedding. In the newly formed embedding
space Rk, euclidean distances correspond to graph distances and simplifying the exposition, the issues
we mentioned earlier disappear so that k-means can be applied (to understand mathematically why,
see [6]).

Let us wrap up the spectral clustering method with an example. In the following, we will use the
normalized Laplacian, as we have seen in Section 4.5. It has the effect of normalizing those nodes that
have a large degree.. Without normalization, nodes that are more connected overall can distort the
geometry of the embedding space and obscure the true cluster structure to some extent.

import scipy.cluster.vq as vq
import networkx as nx
import matplotlib.colors as cl

np.random.seed(42)

nbr_nodes = 8
A = np.random.rand(nbr_nodes, nbr_nodes)
A = 0.5*(A + A.T)
A[A < 0.6] = 0
np.fill_diagonal(A, 0)

D = np.diag(A.sum(axis=1))
D_inv_sqrt = np.diag(1 / np.sqrt(np.maximum(D.diagonal(), 1.0E-7)))
L = np.eye(nbr_nodes) - D_inv_sqrt.dot(A.dot(D_inv_sqrt))

eigenvalues, eigenvectors = lg.eig(L)

k = 2
U = eigenvectors[:, :k]

centroids, _ = vq.kmeans(U, k)
labels, _ = vq.vq(U, centroids)
print("Cluster labels:", labels)

fig, axes = pl.subplots(1, 2, figsize=(10, 4))
cmap = cl.ListedColormap(["lightcoral", "cornflowerblue"])

G = nx.from_numpy_array(A)
pos = nx.spring_layout(G, seed=42)
nx.draw_networkx_nodes(G, pos, node_color=labels, cmap=cmap, node_size=600,

edgecolors='black', ax=axes[0])
nx.draw_networkx_edges(G, pos, alpha=0.5, ax=axes[0])
nx.draw_networkx_labels(G, pos, font_color='black', font_size=10, ax=axes[0])
axes[0].set_title("Graph (nodes colored by cluster)")
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axes[0].axis('off')

axes[1].scatter(U[:, 0], U[:, 1], c=labels, cmap=cmap, s=100,
edgecolors='black')

for i, (x, y) in enumerate(U):
axes[1].text(x + 0.007, y + 0.01, str(i), fontsize=9)

axes[1].set_title("Spectral embedding (nodes colored by cluster)")
axes[1].set_xlabel("Eigenvector 1")
axes[1].set_ylabel("Eigenvector 2")

pl.tight_layout()

The code above generates a random graph, computes the normalized Laplacian along with its
eigenvectors that are used to create the spectral embedding. Then k-means (with k = 2) is applied
by calling the appropriate routine from SciPy. In practice, the number of clusters k is determined
by looking at a plot of the eigenvalues: if we spot a large gap (called the spectral gap) between two
consecutive eigenvalues λk and λk+1, then k is usually a good estimate for the number of clusters in
the data. We then draw the graph where the nodes are colored according to the cluster they belong to,
and we also draw a plot showing all nodes in the spectral embedding space. We can notice that the
nodes are clearly linearly separable after using the spectral embedding.
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Figure 14. Viewing the clusters and the nodes in the spectral embedding space.

7. The Probabilistic Point of View
In this section, we further our exploration by giving another point of view on clustering which

comes from Probability Theory. Given a graph and its adjacency matrix A, the matrix P = D−1 A is the
transition matrix for a random walk on the graph: if xT ∈ RN (where N is still the number of nodes
of the graph) denotes the probability distribution of the random walk at some time, then xP is the
distribution of the random walk at the next time, which essentially gives the probabilities that adjacent
nodes can be reached by the random walk.

The graph Laplacian is the infinitesimal generator of the random walk, which essentially gives the
expected infinitesimal change of a function on the state space of the walk after an infinitesimal amount
of time elapsed. In the case of a discrete Markov chain (Xn)n≥0, the definition simplifies because we
only have discrete steps in time. Given a function f ∈ RN on the graph, the infinitesimal generator
G : RN → RN of the random walk is the linear operator defined by:

(G f )i = E
[

f (Xi
n+1)

]
− fi,
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where Xi
n+1 denotes the node at which the random walk is located at time n+ 1, knowing that it passed

through the i-th node at time n, and f (Xi
n+1) denotes the value of f at that new node. Fortunately in

our case the infinitesimal generator can be computed easily:

(G f )i = ∑
j∈N (i)

Pi,j f j − fi

= ∑
j∈N (i)

wi,j

di
f j − fi

=
1
di

∑
j∈N (i)

wi,j( f j − fi)

= (Lrw f )i,

where Lrw = D−1L = I − D−1 A = I − P is the random walk Laplacian as introduced in Section 4.5.
From this very relation between the transition matrix and the graph Laplacian, we see that studying
eigenvalues and eigenvectors of P is equivalent to study the ones of Lrw. For instance, stationary
distributions xT ∈ RN of the random walk satisfy x = xP, which is equivalent to LrwxT = 0. It means
that it is possible to compute connected components of the graph from the transition matrix of the
random walk.

The previous ideas have given rise to a variety of clustering algorithms based on random walks
on the graph, either by studying the transition matrix, or by repeatedly sampling the random walk,
and observing how the structure of the graph unravels as the walk spends time in clusters (see [13]
and [14]). To provide intuition for this important concept, we propose a simulation. This simulation
demonstrates how simply recording the visit frequency of the nodes can reveal the underlying cluster
structure of the graph. We first define a function that performs (a certain number of steps of) a random
walk:

def random_walk(graph, start_node, max_steps, frequencies):
walk = [start_node]
for i in range(max_steps):

candidates = list(graph.neighbors(walk[-1]))
weights = G.degree(candidates, weight="weight")
weights = np.array(list(dict(weights).values()))
probabilities = weights/weights.sum()
next_node = str(np.random.choice(candidates, p=probabilities))
walk.append(next_node)
frequencies[next_node] += 1

return walk

In the simulation, the transition probabilities must be recomputed at each time step. For efficiency,
one could instead compute the transition matrix once and for all and use it to improve computational
performance. To capture the clusters, we then start multiple random walks at random start nodes and
record all the visit frequencies. Note that we use the weighted graph defined in 13 together with the
weighted random walk Laplacian to facilitate the demonstration.

A = np.array([[0, 5, 5, 0, 0, 0, 0],
[5, 0, 6, 3, 0, 0, 0],
[5, 6, 0, 3, 0, 0, 0],
[0, 3, 3, 0, 1, 0, 0],
[0, 0, 0, 1, 0, 1, 1],
[0, 0, 0, 0, 1, 0, 1],
[0, 0, 0, 0, 1, 1, 0]], dtype=np.float64)
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G = nx.from_numpy_array(A)
G = nx.relabel_nodes(G, {0: "A", 1: "B", 2: "C", 3: "D",

4: "E", 5: "F", 6: "G"})

def colorize_clusters(graph, nbr_walks, max_steps):
frequencies = {node: 0 for node in list(graph.nodes())}
for _ in range(nbr_walks):

start_node = str(np.random.choice(graph.nodes()))
random_walk(graph, start_node, max_steps, frequencies)

frequencies = numpy.array(list(frequencies.values()), dtype=np.float64)
frequencies /= frequencies.sum()
pos = nx.spring_layout(G)
nodes = nx.draw_networkx_nodes(G, pos, node_size=500,

node_color=frequencies, cmap=pl.cm.summer)
nx.draw_networkx_labels(G, pos)
nx.draw_networkx_edges(G, pos)
pl.colorbar(nodes)
pl.axis("off")

colorize_clusters(G, 100, 30)
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Figure 15. This simulation highlights clusters by recording the visited nodes. The higher the color, the higher the
number of times the node was visited. The difference in colors between the groups {G, F, E} and {B, D, C, A} is
the first indicator of where the clusters are.

Visit frequencies are just the first statistics that come to mind when trying to capture the clusters
of the graph. Others are: return probabilities or expected time of return to a certain node, commuting
times between two nodes, and also the escape probability from a ball which is related to metastability.
Some of these statistics are related to the eigenvalues of the random walk Laplacian. In recent
developments, diffusion distances have played an imported role and gave rise to a new method for
clustering graphs known as diffusion maps (see [15] and [16]), of which we introduce just the main idea
in the following. Starting at a node i and running a random walk on the graph for n steps, we obtain
a distribution Pn

i,•, which indeed is the i-th row of the transition matrix P raised to the n-th power.
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If nodes i and j belong to the same cluster, then the probability distributions Pn
i,• and Pn

j,• should be
similar, as distributions. The diffusion distance between two nodes i and j is then defined as:

Dn(i, j)2 = ∑
k

(Pn
i,k − Pn

j,k)
2

πk
,

where π denotes the stationary distribution (equilibrium distribution) of the random walk, defined by
π = πP as mentioned previously. Essentially, nodes are close with respect to the diffusion distance
if the random walk exhibits similar mixing behavior when starting from them. It is different from
the natural distance on the graph, which measures how many steps there are between two nodes.
Diffusion distance is global in nature as it measures the similarity with which these two points explore
the whole graph. Also, the number of steps n plays an important role: the larger the number of
steps is, the more global the cluster structure. Therefore, diffusion maps are also able to discover
cluster structures at different scales, see [17]. Also, it turns out that the diffusion distance can be directly
computed from the eigenvalues and eigenvectors of Pn, or the graph Laplacian alternatively. Readers
interested into probabilistic approaches to clustering are invited to look at [18] and [[19], Chapter 9].

8. Application to RNA-seq Data
Several active natural science research areas employ graphs. For example, bioinformaticians

search for gene regulatory networks by trying to reconstruct the graph of the true relationships between
genes. To accomplish that, we can examine the transcriptome in certain conditions of interest, and
search for gene modules by spectral clustering.

This section assumes basic knowledge of bioinformatics, such as knowledge of what RNA-seq
data is. In the following, we demonstrate the theory discussed in previous sections by analyzing
bulk RNA-seq data from [20]. This dataset is composed of several breast cancer cell lines (MCF7,
T47D, MDA-MB-231, Hs578T) and a cell line of human foreskin fibroblasts (HFF). All cell cultures
were first measured, then treated with chemotherapeutic agents to induce senescence (a dormant,
non-proliferative cell state). Lastly, after treatment, repopulating cells (cells that escaped the dormant
state) were measured. This resulted in a complex dataset, with several possible conditions concerning
both molecular subtype and treatment.

Analyzing such complex data poses unique challenges in interpretation and visualization. For
example, RNA-seq data has much larger dimensions than previously presented data in this work, and
is also more noisy. Another matter is that regulation is not straightforward. The relationship between
two related genes, as detectable in RNA-seq, may or may not be linear. And yet an other issue can
be that the signal in RNA-seq data is not deterministic of the underlying regulatory relationship. To
illustrate this latter point, let us say that the expression of two genes shows a strong correlation. This
can mean that one regulates the other, or, that a third gene regulating both at the same time. While this
list of challenges is not exhaustive, it aims to highlight some of the differences between mathematical
theory and practical application. With our application example, we aim to underline the importance
for both natural scientists to understand complex mathematical methods, and mathematicians to
understand practical application. This mutual understanding is necessary for better scientific research.

8.1. Methods

We use bulk RNA-seq data composed of five cell lines (MCF7, T47D, MDA-MB-231, Hs578T, and
HFF) and three treatment conditions (control, senescent, and repopulated) [20]. We first preprocess
the raw count matrix as described by Bajtai and colleagues [20], then obtain a similarity matrix by
computing the pairwise distance correlation between each possible gene pairs. We set the main diago-
nal to zero, so as to not consider self-relationships. Then, we compute the random-walk normalized
graph Laplacian, and its eigendecomposition. We determine the number of gene clusters, k, by taking
the elbow of the spectrum, and employ k-means clustering with k + 1 clusters in the space spanned
by the first k eigenvectors aside from the trivial solution corresponding to the zero eigenvalue. We
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compute k + 1 clusters to allow for genes that do not belong in any active functional modules to cluster
separately. This concludes the spectral clustering step. We then visualize the data and interpret the
results, as laid out below.

8.2. Data Visualization and Interpretation

First, we explored the data using Principal Component Analysis (PCA) to obtain a general
impression of inherent groups. While data can be clustered after PCA, here, we only employ the
technique for visualization. Our paper does not make it a point to thoroughly contrast PCA-based
clustering with spectral clustering, but briefly, PCA is designed for data that lie on vector spaces, not
manifolds, and therefore often fails to capture non-linear trends; spectral clustering, however, is not
constrained by this linearity assumption. In Figure 16 we see roughly three groups split by molecular
subtypes. Three of the cell lines, MDA-MB-231, Hs578T, and HFF appear to be more closely related.
This is due to their shared biological state: they are mesenchymal types. In contrast, cell lines T47D and
MCF7 represent luminal phenotypes. Notably, T47D and MCF7 do not form visibly related clusters
despite their shared luminal classification. This is due to a key difference in the mutation status of the
P53 gene between the two cell lines. Overall, the five cell lines organize into three main groups, which
presents a challenge when the goal is to characterize the cell lines themselves.

Regarding treatment conditions, while there seems to be a difference between control, senescent,
and repopulated cells, it is not as marked as the separation between the three main molecular subtypes.
All in all, Figure 16 tells us that there are clusters and sub-clusters in our data.
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Figure 16. PCA plot of breast-cancer bulk RNA-seq data, samples colored by molecular subtype (left) and
treatment (right). Abbreviations in the figure: control (ctr), therapy-induced senescence (tis), and repopulated
cells (repop).

Let us start exploring the potential gene groups that characterize cellular phenotypes. One helpful
plot discussed previously is a line-graph of the eigenfunctions. However, this plot is impractical for a
large dataset such as ours, as demonstrated by Figure 17.
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Figure 17. Eigenfunctions corresponding to the second and third eigenvalues of the graph Laplacian (ordered in
ascending order).

Therefore, we summarize the data by alternative means. Firstly, we need to infer the number of
clusters present in the data. To do so, we can use the the spectrum as depicted by Figure 18. We first
order the eigenvalues of the graph Laplacian (its spectrum) in an ascending order. We then locate
the elbow, which determines the number of clusters, k, inherently present in the data. In our present
analysis, we find 17 plausible gene clusters. We note here, that theory tells us to employ the spectral
gap for this purpose. However, in real data, the connectivity of the graph is increased compared to
concise, small examples. This causes the spectrum to be smooth, and the spectral gap no longer be
pronounced enough to be easily located.
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Figure 18. Non-trivial eigenvalues of the Graph Laplacian in an ascending order.

We then employ k-means clustering with k + 1 = 18 clusters (to account for a cluster of genes
that are not related to the cell conditions, such as house-keeping genes) on the eigenspace spanned
by eigenvectors 2 through 17. The results can be neatly visualized using a heatmap, as shown in 19.
This heatmap depicts eigenvectors as columns, and maps their components to a color scale, effectively
visualizing the eigenvectors of a large dataset. This format allows for easy and quick comprehension
of the same information that would be obscured by multiple, superimposed line-graphs as in Figure
17. An added benefit is that the clusters can easily be marked to enrich the plot with even more
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information. The intensity of the color hue within a cluster directly indicates the strength of that
cluster’s association with the corresponding eigenvector.

After obtaining gene clusters, usually referred to as gene modules in bioinformatics, we perform
enrichment analysis using ToppGene [21]. We discuss results for cluster 8. This cluster, based on Figure
19, could be largely determined by the second eigenvector, v2. Table 1 displays a relevant subset of the
enrichment results, the most significant enrichment in coexpressed sets. These sets mark differences
between luminal and mesenchymal cells. Based on this, and knowing, that the second eigenvector v2

is associated with this gene group, v2 should logically more-or-less mark luminal and mesenchymal
celltypes.

Heatmap of eigenvectors 2:16 as columns, 
rows are clustered using kmeans with k=17
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Figure 19. Heatmap of clustered eigenvectors. The color scale corresponds to the numerical values of the vector
components.

Table 1. Four most significant sets resulting from coexpression enrichment analysis with ToppGene on genes from
cluster 8.

Set name FDR B&H

CHARAFE BREAST CANCER LUMINAL VS MESENCHYMAL DN 1.689E−106

CHARAFE BREAST CANCER LUMINAL VS BASAL DN 8.815E−59

CHARAFE BREAST CANCER LUMINAL VS MESENCHYMAL UP 1.540E−45

MURARO PANCREAS MESENCHYMAL STROMAL CELL 2.738E−36

The problem is that v2 is defined in the gene dimension, not the sample dimension. We can
mitigate this through transforming the counts by the eigenfunction, meaning, through multiplying
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the transpose of the count matrix by the second eigenvector of the Laplacian. The resulting vector’s
length matches the number of samples, and its components are linear combinations of gene expression.
This vector can be used to create a color gradient for the samples, which we can overlay onto our PCA
scatterplot. Figure 20 displays the luminal versus mesenchymal subtypes (left), as well as the gradient
obtained from the second eigenvector (right): he two visualizations indeed align.
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Figure 20. PCA plot of breast-cancer bulk RNA-seq data, samples colored to distinguish luminal versus mesenchy-
mal molecular subtypes (left), and (right) colored by a gradient obtained from transforming the counts by the
second eigenfunction (multiplying the transpose of the count matrix by the second eigenvector of the Laplacian).

Other eigenfunctions reflect other structures in the data, and can be more granular. For example,
the fourth eigenvector appears to differentiate the three main molecular subtypes, while the fifth
eigenvector the five cell lines (figure 21). This demonstrates the ability of spectral clustering to pick up
on structures at different scales, and indicates its advantage over linear methods like PCA. Specifically,
performing k-means on the first two principal components would likely yield three sensible clusters,
but would not identify the cell types. Furthermore, k-means on the first two principal components
would likely struggle to differentiate luminal and mesenchymal cells or to resolve differences in
treatment conditions.
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Figure 21. PCA plot of breast-cancer bulk RNA-seq data, samples colored by a gradient obtained from transform-
ing the counts by the fourth (left) and fifth (right) eigenfunctions respectively (multiplying the transpose of the
count matrix by the second eigenvector of the Laplacian)

8.3. Advantages of Spectral Clustering

As the present analysis demonstrates, spectral clustering offers several key advantages:

1. It detects both large-scale trends (e.g., luminal and mesenchymal subtypes) and highly nuanced
differences (e.g., individual molecular subtypes) in a single run through spectral clustering.

2. Particularly in the context of gene-regulatory networks, its modular nature provides flexibility in
similarity metric selection and allows for the incorporation of different weights in the adjacency
matrix. This flexibility is crucial because gene-to-gene relationships follow various patterns
(linear or non-linear), and ideally, we would like to capture most of them.

3. Spectral graph theory is an anchor point between three very different fields of mathematics, each
approaching the data in its uniquely useful way. The graph interpretation provides a structure for
intuitive understanding and organization of gene regulatory relationships. The linear algebraic
interpretation enables matrix operations, which are very useful for efficient computation. Finally,
the probabilistic point of view offers methods based on random walks, which allow for the
modeling of uncertainty and the inference of transitions between biological states.

9. Concluding Remarks
In this article, we explicate spectral graph theory by grounding its core mathematical concepts

in intuitive examples. Our paper covers multiple fields, namely, graph theory, linear algebra, and
probability theory, demonstrating how spectral graph theory links together these diverse fields of
mathematics. We connected the continuous Laplacian operator of calculus to its discrete counterpart
on a graph, showing how the resulting eigenvalues and eigenvectors offer a robust framework for
revealing hidden structure within complex datasets.

Our practical application to RNA-seq data demonstrated the utility of the technique in real-life
data, providing examples of useful visualizations for studying hidden structures within such large
and complex datasets. We showed that spectral clustering is capable of identifying both broad trends
and nuanced molecular subtypes.

In our concluding remarks, we emphasize that the intersection of sophisticated mathematics
and knowledge of natural sciences is necessary for strong and sound scientific research. Therefore,
we highly recommend that natural scientists strive for a deeper understanding of mathematics, and
mathematicians for a deeper understanding of applications. We hope that our work encourages fruitful
interdisciplinary interactions.
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Data Availability Statement: All code and data necessary for reproducing the results presented in this article are
available at https://github.com/eregenyi/spectral_graph_theory.
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