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Abstract: Stabilization of planar premixed flame front on a lattice (porous) burner is considered. It
is rigorously mathematically proved that there exist two different stabilization regimes: one with
flame front located nearby the surface of the burner, and another with flame front located inside the
lattice. These two regimes result in qualitatively different gas temperature profiles along the flow,
that is monotonic and non-monotonic, respectively. Boundary between the two regimes is described
in terms of dependence of the lattice solid material temperature on flow Peclet number. Likewise
temperature profiles, such dependencies may be both monotonic and non-monotonic. Transition
between the two types of dependencies is controlled by Arrhenius number. Conclusions of the study
are supported by numerical analysis. They also compare favourably with available experimental
data. Novelty of the present approach is fundamentally rigorous analytical analysis of the problem.

Keywords: premixed lattice burner; flame stabilization; analytical model

1. Introduction

Combustion waves are commonly emerge as a natural way of flame spread. Classical
theory of combustion waves, covering laminar premixed flame propagation in pipes, and
flame front propagation in solid reactive media is widely known [1-6].

There are other well-recognised types of combustion wave processes, for example,
flame spread over surfaces of solid materials [7,8].

Investigation of combustion waves with homogeneous multi-phase heat exchange
within the wave structure has been somewhat more recent. One type of such process is
convective combustion where reacting gases interact with either combustible or inert ma-
trix of porous material [9-14].

Another is standing combustion wave developing on a lattice (porous) burner (Fig-
ure 1). The latter device is of significant importance, both theoretically and practically.

a b
premixed products
T, L —
reactants reactants
: ! -
0 X, X

Figure 1. Schematic of the lattice burner considered. (a) side view (cross-section); (b) front (up-
stream) view.

Combustion process in porous burners has been studied extensively [15-29], using
both experimental and numerical modelling methods, with respect to different burner
configurations, combustion regimes and employed fuels (for example, biofuels). Recently
Arutyunov et al. [30], using numerical methods, investigated nature of the upper limit of
methane-air mixture combustion on a flat porous lattice. They demonstrated that position
of the flame front, relative to the lattice surface, depends strongly on the heat exchange
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rate between the gas and the solid lattice material. Within certain ranges of fuel preheating
and injection rates unstable combustion regimes were observed, However, rigorous ana-
lytical studies of this combustion system have not been conducted.

The present paper investigates combustion wave structure on a lattice (that is on a
laminar premixed porous burner). The study rigorously proves existence of the two dis-
tinctive combustion wave modes, with monotonic and non-monotonic temperature pro-
files, respectively.

The existence of double-mode wave structure, rigorously proven in the present pa-
per, agrees qualitatively with experimental evidence, as discussed below.

2. Mathematical formulation

Assuming one-dimensional flow structure and uniform material properties (of both
the gas and the solid lattice), the following steady-state Heat Transfer Equation (HTE) is
considered to model the combustion process

-d?T _dT MR =
= s +QAC*(T-T,) "exp

koY)
Ol

+hS(T,-T)=0 (1)

- |h,>0;%€[0,%]

0 Xe ()? ,oo]
Flow is directed from left to right, and the lattice occupies the region from 0 to
X, (Figure 1).

The third term on the Left Hand Side (LHS) of equation (1) describes contribution
from bimolecular reaction occurring in premixed stream. Concentrations of both reactants

are assumed to be equal at all times, i.e. él ()~() = éz ()~() = é ()~() The fourth

term describes heat transfer process between the gas and the solid lattice, with the heat
transfer coefficient being assumed constant.
Chemical reaction rate is written in the form which makes it vanish at the initial tem-

~

perature TO . This is a standard assumption in the combustion theory.

The kinetic equation is

~ ~

1/2 E
o) ep|-=| ©

~

= AC? (T

dx

Further simplification which is being made is that variable concentration C isre

placed on the Right Hand Side (RHS) of (2) by its initial value C= CO = const.

This is reasonable in the view of much stronger dependence on reaction rate on tempera-
ture, compared to dependence on reactant concentrations.
Simplified kinetic equation takes the form

dC
dx

The following non-dimensional (scaling) variables are introduced

~

~

“Z = ACH (T -T,) exp

(3)
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g=X, g= 1l . pe Xl c-%
%, (RT;/E) g C,
~ ~ -1/2 ~ ~ ~
<~ ~, X2 [ RT? E hSx?
A=QAC? =L | =20 exp| - — | ; h=—2 4
Q 0 7| TE p RT, 7 (4)
2 ~ oy \12 ~
X[ =< E
=L AC, | —=2 | exp| ———
g = o p RT,

The problem formulation becomes

3;9 oG+ AT (6)CH (O)H(C) +(6,-0)=0

4

{h >0; £e[0,1]

0, > =
0; g‘e 1 L]

with the boundary conditions

6(0)=4, c(0)=1, a9

—(L)=0 (6)

where L >0 is arbitrarily large number.
Here, for convenience of mathematical proofs, we assume that the temperature at the
left boundary is slightly different from zero, i.e. 90 >0 is arbitrarily small positive

number.

3. Results and discussion
3.1. Types of solutions

First of all, we demonstrate existence of solutions of the set of equations (5) with the
boundary conditions (6).

This follows from the few Lemmas proved below.

Let us consider the set of equations (5) with the boundary conditions


https://doi.org/10.20944/preprints202206.0290.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 21 June 2022 d0i:10.20944/preprints202206.0290.v1

4 of 26

Lemma 1.

Proof.

Lemma 2.

Proof.

d’e
dé&?

déo

0(0)=6,, C(0)=1, 0

(0)=p 7)
where [0 may assume any real value.
Define gk in the following way: é:k =L if 0(5) #0 on [0, L), other-
wise é:k is such that «9(§k ) =0 and 0(5) #0 on [0, gk)

ék , 0 (fk ) and g—g (gk ) are continuous functions of [J.

The statement is correct for 5 K <1 since solution of the Cauchy problem depends

continuously on initial conditions.

déo

If gk >1 then @ (1) and d—(l) depend on [) continuously. Therefore,

5 K’ 0 (é: K ) and j—g ( 5 K ) are also continuous functions of [J.

For any ps there exists [) such that for some gs 0 (55)2 0. and

OI‘9(92)> P,

de

Re-write the set of equations (5) in the form

déo Pe dC

Pe—-A C?’(0)H(C)+h(6,-6)=0 (8)

dé g dé

3—§=—Pief(9)H(c)

and integrate the first equation on [O, 5 ] .
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We get
deo APe :
gz (8)=p+Pe(0(2)-6) -7 ~{1-C°H (C))-h.(6,-6)d¢ )
0
Therefore,
déo APe
— ———¢h o 10
1z (&) P e, (10)
Let us chose now
APe ho’
I T (11)
Then, for §€|:O,i:|,
déo 6
—(&)>p, 9(—5}>95 (12)
dé( ) P
L]
Lemma 3.
0 (f ) increase monotonically if ps > Aé—Fg)e
Proof.
Integrating (8) on [gs ) C_,Z ] we get
deo APe :
gz (6)= P+ Pe(8(£)-6,) -7 =(1-C°H(C))+ [, (0(a)~6,)da (1)
§S
0

Lemma 4.

There exists [J; such that gk =L and 0(§k ) =0.

Proof.
Let ngk —L if é':k < L,and ng(é:k) if é:k = L. Then g is con-

tinuous function of [J which assumes both positive and negative values.
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THEOREM 1 (Existence of solution)

There exists a solution of the set of equations (5) with the boundary conditions (6).

Proof.
do

dé

at P= pO' and there exists [0 such that

(L) is continuous function of 0 on [ Pos +OO) . Since d—( L) <0

9(L)>O then g—g(l_):o at

some [J E[po,-l-OO).
L]
A

In the following analysis of the set of equations (5) 4 = —— will be assumed to

be a large parameter.

Let us define 50 in the following way:

C(&)=0; C(£)#0 on [0,4) (14)

The following 3 cases are possible

1) &, does notexist(C(§)¢0 on [0, L))
2) 1<, <L
3) 0<§,<1

Consider first the case 1< 50 <L.

For §O > 1 the set (5) assumes the form

2
90 _ped9 3,pedCc2(g)H(C)=0
de dg de

©__9
e Pe f(0)H(C) (15)

Lemma 5.

For 5 S [1, 50] H(é) does not decrease; for 5 S [50, L]
9(5) = 6’(50) =0
Proof.
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This follows easily from (15) and the condition

Letnow O = @ . Integratin (15) we get
0 & & g

3_2’_ Ped - uPeC (£)H (C) = —Ped’

(16)

~

te v o 0<E<E L u(é)=0"-0(5-¢)
c(d)-cla-9)

The set of equations (15) takes the form

d—uA+ Peu = uPeC®
dé

ac =if(¢9*—u) (17)

du 2
It follows from (17) that q =~ < ,uPeCS.

Therefore

A du N
pelr s, 9 AU 6 —u 18
o027 T Pedé (") (19

Integrating (18) on |:O, 5 :| we obtain

HPe 2, g T
———C'>— | f(0)do 19
4 >Png_u ( ) 19)

__dinf(9)
do

Let 0=0"
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Lemma 6.
0
f(0)>af f(w)dw (20)
0
Proof.
dinf(8) 1 1
Indeed, = + 5 is monotonically decreasing
do 20 (1+Aro)
function of & . Therefore, for W < @ Inf (W) <Inf (9) + OZ(W— 9), or
f(w)<f (Q)EXp(a (w— 9)) Integrating the later inequality,
we prove Lemma 6.
Ll
Further, define the constant CO by
uPe 2y _ g%
T(Co) _El f(6)do (21)
Lemma 7.
dC auPe( (a2 \* 2,
d§> . ((CO) C ) (22)

It follows from Lemma 6 that

2 0" —u 0
dci>ﬂ _[ f(w )dw—agj dw—ﬁ f (w)dw (23)
d¢& Pe Pe o

a,uPe

(CO) and, according to (19)

| _99
: P{
g

a,uPe

J- dW then Lemma 7 is proved.
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L]
Lemma 8.
C>C,|1-2exp| — |exp|—auPeC & (24)
0 2 0
Proof.
Consider the following equation
dy _ 2\ 4 . _
E_K((c:o) —y) ; y(0)=0 (25)
for gZOI y<éO‘
Its exact solution is
KG = % 3In[qo+yj+ % 3arctg(AlJ (26)
4(C,) \S=Y) 2(Cy) Co
Since Y < éo arCtg [CALJ < % and we obtain
0
2\8 T C,+ y
4(C Kg——<|n£ 2 J (27)
( 0) 2 Co -y
y>C,|1- 2 (28)

1+ exp(4(éo)3 KG —Zj

Upon comparison with (22) Lemma 8 is proved.
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We have actually shown that for Q{4 > 1 and §0 >1 (where h= O) solu-

tion of the set of equations

d’0 _ do _
i PeE+yPe5(§—§o)+h(6§ ~0)=0

0(&)=6

~——C*(1) =11* f (w)dw (29)

6(0)=0 €% 1)=0 £e[LL]

is a good approximation for solution of the set of equations (5) on the interval

Ee[LL]

It may be shown by similar arguments that for 0< é:O <1 (where h > O) solu-
tion of the set of equations (5) is also well approximated by the solution of the set of equa-
tions (29).

The requirements for [/ given by the conditions QYL >> 1 and the third of the

conditions (29) enforces narrow reaction zone.

Analytical solution of the Boundary Value Problem (BVP) (29) is presented in the
Appendix A.

This analytical solution delivers two different types of temperature profile, that is
non-monotonic and monotonic. These occur, for example, for the sets of parameters
shown in captions to Figures 2 and 3, respectively.

O 180

140
120 4 1

100 +

80 4
60—.
40—‘
204

0

-20 ] T T T T T T T
&
Figure 2. Non-monotonic solutions. 1 — approximate model (29); 2 — original model (5); Pe=135;

A=2.75x10"8; Ar=0.012; hs=7.14x10% 05 =90; g=1.0x102; IU =91.67; é:O =0.41.
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Figure 3. Monotonic solutions. 1 — approximate model (29); 2 — original model (5); Pe=135;

A=2.75x1018; Ar=0.012; h+=7.14x10% 95 =50; g=1.0x102; /Ll =91.67; 50 =1.74.

Since the Lemmas 5 - 8 prove approximation of the problem (5) by the problem (29),
and the two types of solutions can be demonstrated for (29), then the following Theorem
below, the major result of the paper, has been proved.

THEOREM II (Existence of the two types of solutions)

The set of equations (5,6) admits two types of temperature profile solutions: mono-
tonic and non-monotonic.

3.2 Numerical results

The Boundary Value Problem (5,6) may be solved numerically. False time transient
method is used with the following numerical scheme

ekn+1 _ gkn _ 2 ekn;rll _ ekn+l B ekn+1 . kn_+11 e (ekn+l . I(n_+11) .
r (hk + hk+1) hk+1 hk hk

vAF(g)(Cr) +h, (6, -4

(30)
Sk
C = 1—%£f(9”(s))ds H(cr)

Iterations are performed until steady-state solution is achieved, with certain a’priori
specified accuracy.
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Based on existing data [31,32] physically meaningful ranges of the problem parame-
ters are identified as follows:

Pe <[4,280],
Ac [4.7 x107%,4.7 ><10—12],

Are|1.2x107,2.0x107 |,
ge[9.7x10%,9.84x107 ],
w1 €[75.0,208.0],

6, €[50.0,705.0],

h, €[ 7.14x10%,1.14x10° |

It should be remembered that besides the above restrictions for the parameters A,

A

0 and W therelation f{ = —— must always hold.
39
Numerical solutions plotted in Figures 2,3 confirm good approximation provided by
(29) to the problem (5), as has been proved earlier in the Section 3.1.
Analytical solutions of the approximating problem (29) (Appendix A) show that this

problem has non-monotonic solutions for 0< §0 <1 and monotonic for 50 >1.

It is instructive to identify, in the parameter space, the regions corresponding to the
two types of solutions.
For this purpose, let us introduce the “critical curve”, defined by the condition

§0 =1 since the latter separates the two different types of solutions. From the equation

©)

1—C(§)=Piei F(6(s))ds (31)

Therefore, due to definition (14), the requirement 50 =1 translates into the fol-

lowing relationship between the governing parameters 95 and Pe (with the param-

eter J being considered fixed)

g 1
P_e-([ f(6(s))ds=1 (32)

The computed critical curve is presented in Figure 4.
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65 <

0 " 50 100 10 200 Pe
Figure 4. Critical curve HS = Hs ( Pe) 1 — approximate model (29); 2 — original model (5);

A=2.75x10"18; Ar=0.012; hs=7.14x10% g=1.0x10-%; lLl=91.67.

3.3 Analysis of the critical curve behaviour

Behaviour of critical curves and their dependence on parameters may be understood
in more detail from Figures 5-9.

g 350 : : . , . , . ,
I L2500 s

300 L

] 3 L 2000
250

] 2 L 1500
200 -
150 4 1 - 1000
100 4 =00

50 T T y T 7 T y T 0
0 100 200 300 400
Pe

Figure 5. Monotonic critical curves. Approximate model (29). Ar=0.02; hs=7.14x10% /,l =75.0; 1 —
A=2.75x1013; g=1.22 x10°15; 2 — A=2.75x1015; g=1.22 x10'7; 3 — A=2.75x1018; g=1.22 x10-%"-
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Figure 6. Transition from monotonic to non-monotonic critical curve. Approximate model (29).
A=2.75x1018; hs=7.14x102; /,l =75.0; g=1.22 x1020;, 1 - Ar=0.02; 2 - Ar=0.012.

L

0.9
08 -
0.7 -
0.6 —
)
0.4 -
0.3 -
0.2 -

0.1

0~0'1'|-|'|-|'|'|-|'|-J|
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 §1,0

Figure 7. The integral \Pl (é: ) Approximate model (29). A=2.75x101%; h+=7.14x10%, 1L =75.0;
g=1.22 x102%; 1 —monotonic critical curve. Ar=0.02; Pe=50.0; HS =702.01; 2 -non-monotonic crit-

ical curve. Ar=0.012; Pe=50.0; 6, =87.70.
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Figure 8 Solutions in the case of non-monotonic critical curve.

Approximate model (29).

A=2.75x1018; Ar=0.012; hs=7.14x10%; /l =75.0; g=1.22x10%;

0, =87.70

1 -Pe=50.0
2 — Pe=84.35

09
0.8
0.7 4
0.6
0.5
0.4+
0.3
0.2

0.14

0.0 - : ; / .
0.97 0.98 0.99 EJ1,00

Figure 9 The integrals \Pl (5 ) for the Figure 8 solutions.
Approximate model (29).

A=2.75x1018; Ar=0.012; hs=7.14x10%; lLl =75.0; g=1.22 x10-%;

6, =87.70

1 - Pe=50.0
2 — Pe=84.35
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It turns out that both monotonic and non-monotonic critical curves exist. The results
presented in Figures 5 — 9 are obtained using the approximate model (29) with delta-func-
tion.

Figure 5 shows three curves drawn at different value of the parameters A and g

. It is evident that all the three critical curves are monotonic.
Transition to non-monotonic behavior occurs upon variation of the Arrhenius num-

ber Ar (Figure 6), with all other parameters being kept constant. Non-monotonic be-
havior emerges upon decreasing Arrhenius number.

Particular type (monotonic or non-monotonic) of the critical curve is controlled by
behavior of the integral

Tl(f)zpiej f(6(s))ds (33)

which must be equal to unity at 5 =1.

Figure 7 demonstrates these integrals for monotonic and non-monotonic curves. For
non-monotonic solution the total value of the integral accumulates in the small vicinity of

the point é: =1
In the non-monotonic case (curve 2, Figure 6) the same value of 95 = 87.70 corre-
sponds to the two values of the parameter P€, namely P@ =50and P€ =84.35.
The solutions & (5 ) for these two values of P€ are presented in Figure 8, while
Figure 9 presents the integrals \‘Pl (éz ) for these solutions.

It is evident from Figure 9 that total values of the both integrals accumulate in the

small vicinity of the point é =1

The critical curve decreases at the point ( Pe =50, Hs = 87.70), and increases at
the point (P€ =8435, 6, = 87.70).

It may be concluded that sharp behaviour of the integral \Pl (é: ) in the vicinity

of the point g =1 isthe necessary condition for the critical curve to be non-monotonic.

Counterintuitive existence of non-monotonic critical curves may be explained in the
following way.

Assuming the approximate O - function model (29) and setting 50 =1 results in the

following BVP for the temperature profile on [O, 1]
d*o do

' PeE+hs(6?S -0)

0 (34)

deo

0(0)=0; G- (1)=u-Pe

and, for a given Pe the value of 95 is determined from the condition
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P%O f(6(s))ds=1 (35)

where the source function f (@ ) is given by the equation (5).
Let

Pe + ./Pe? + 4h
jootNTE A, 2N (36)

2 "7 Pe+./Pe’ +4h,

Then ﬂ’.l is sufficiently large for hs =720, P@ <50, while at the same time 12

is negative with sufficiently large absolute value, so that approximately

0(&)~6,(1- exp(ﬂ§))+%exp(4(§—1)) (37)

Let us consider the case where the value —— | (95 ) is negligibly small. It is only
Pe
in this case when the original problem is well approximated by the model with O - func-
tion source. In this case we can assume

0(&)=6, +”Tpeexp(xl(§—1)) (38)

and then

do
E_/11(9—95) (39)

We solve, under the above assumptions, the equation

F(6,,Pe)= gj ))ds =1 (40)

with respect to (93 at a fixed value of P€.

It is easy to see that F (93 ) Pe) is monotonic with respect to 95 . Therefore, the

solution 93 ( PE) of the equation F (03 ) Pe) =1 is unique with respect to 95 :

If £>O at F(QS,PG)ZJ. then de, <0.
oPe dPe
oF
Let us calculate .
oPe
u=60-46

Let S, then
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upe
(6, +u
F(6,Pe)=- | O+u) g, (41)
Pe 1 Au
(We have assumed that the value P_ f (95 ) is small and the lower bound of the
e
integral is irrelevant).
Further,
oF __2n  ugf(Y)

oPe ;2. [pe? +4h, Pe yPe
yPe

6?+u

[ ey,
Pe® +4h, u
- 2h gf (6?) - 21,
e?\/Pe? +4h, Pe?,/Pe? +4h,
(42)
Here 9 = Q (1) 9 + lupe,and we have used the fact that
uPe
Z
J~ f(6’3+u)du:ﬂlPe @)
1 u g

déo . 3
Therefore, under our assumptions, S <0 f (0 ) > i
Pe gh,

It is easy to see that upon increasing [l or decreasing Ar (atfixed {, Pe, hs
), 93 (PE) decreases, while f (9 ) increases.

Therefore, by increasing [/ or decreasing Ar , we can obtain points on the critical

dé, <0
Pe

curve where

3.4. Comparison with experimental data
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Let us compare results of the present study with available experimental observa-
tions.Yakovlev et al. conducted a very detailed numerical investigation of flame stabiliza-
tion process in thin-layered radial porous burner. It consisted of a mounting flange con-
nected with a thin-layered porous shell. Flow configuration for the reported experiment
may be considered as a flow through porous wall of the infinitely long hollow cylinder in
the direction normal to the wall (i.e. in the plane perpendicular to the axial axis of sym-
metry of the cylinder). Flow direction is from the inner surface of the cylinder to the outer
surface.

Within stable operating ranges, the flame front can be stabilized within the cavity of
the burner (internal regime), within porous media (submerged flame) or above it (surface-
stabilized flame), by adjusting equivalence ratio and the flow rate.

The first of these regimes (stabilization upstream from the lattice) is not considered
in the present study, however, the latter two are of most interest. Similar to the present
study, Yakovlev et al. observed two types of temperature distribution profiles, that is mon-
otonic and non-monotonic. When flame stabilized within porous media (submerged re-
gime), then non-monotonic profile was observed. When flame stabilized downstream
from the surface (surface-stabilized regime), then monotonic profile was observed. This
change of profile configuration upon flame front relocating from the porous to the gas
region is quantitatively identical to the behavior reported in Figures 2 and 3 of the present
study.

Mital et al. and Janvekar et al. considered porous burners of cylindrical shape, with
the flow parallel to the to the axial axis of symmetry of the cylinder. This configuration
would be asymptotically identical to the one used in the present study if the radius of the
cylinder increases infinitely.

Both studies observed flame stabilization regime inside the porous material (sub-
merged reaction zone) with non-monotonic temperature profiles similar the one pre-
sented in Figure 2.

Thus the studies of Yakovlev et al., Mital et al. and Janvekar ef al. provide indirect, but
nevertheless very convincing support for the results of the present study.

4. Conclusions

Standing premixed combustion wave on a lattice burner has two qualitatively dis-
tinctive regimes: flame stabilizes either downstream from the burner surface, or inside the
solid lattice.

For the first time, this fact has been proved absolutely rigorously using one-dimen-
sional analytical model of reacting flow.

It has also been demonstrated using numerical simulations.

In the space of controlling parameters, the two stabilization regimes are separated by
the specific dependence of the lattice temperature on the flow Peclet number (the critical
curve), with all other parameters being fixed.

Transition from monotonic to non-monotonic regimes occurs as Arrhenius number
sufficiently decreases.

Results of the present study agree qualitatively with available experimental data.
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LHS Left Hand Side
RHS Right Hand Side
Notation

Ascents

~

wave: dimensional, and only dimensional, variables

cap: auxiliary non-dimensional variables

Latin

pre-exponential factor
Arrhenius number

reactant concentration

L 02>

specific heat at constant pressure

activation energy
chemical source function

parameter

Heaviside function (unity for positive values of
the argument; zero for non-positive values)

heat transfer coefficient
arbitrary large positive number
Peclet number
heat of reaction
universal gas constant
lattice surface area per unit volume

temperature

gas mixture velocity

xcHwoOJr= T @ —~m

spatial coordinate

<

lattice thickness

Greek

delta-function

S

temperature
thermal diffusivity

thermal conductivity
parameter ( A / (3g ) )

spatial coordinate

NSV YR R R

density
time
Subscripts
S surface

O ambient; initial
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APPENDIX A

Here an analytical solution for the approximate O - function model (29) is presented.
We solve the following problem

d0 _ do )
i E (£-&)+h(6,-0)=0 (A)
6(0)=0 99 1)=o0 £e(0L)

do

The location 50 is determined by the condition

=
9
P_el f(0(s))ds=1 (A.TD)

The source function | (9 ) is given by the eq. (5).
The parameters ﬂ'l o used below are given by the eq. (36).

Let us solve the problem (A.]) at a fixed value of 50 .

Case 1. Oﬁgo <1

In this case solution has the form

0,(1-e*)+C, (&) (e -e™); £€[0,4)

®1(§v§o):< 0, +C3,1(§o) e — j:le(ﬂl %) eﬂ%&j fe(ém ] (A.III)

0,+C,, (&) e”&—iﬁew@ eﬂf]; Ee(lL]

2

~

The matching conditions at § = éjo are
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0, (1_ ot ) +C,, (ezlcfo _ ot ) =0,+C,, {e% _ % o) e%)

2 (AIV)

\C3'1/11 (eﬂléo —el e ) +0,4,0% - Cis (’11 R N ) =—uPe

from where

95(2'1 _/12)12 _l_ﬂpe(e(ﬂrﬂz)e—ﬂiéo ﬂl_eﬂzéo 12)

C1,1(950): (,11_,12)(e(ﬂi—ﬂz)ﬂl_ﬁz) (AV)

C3’1 (é‘o) _ 12 (93 (ﬂl - 12 ) +(ZP§)(eﬂi§o — g0 ))
(31—12)(e /11_12)
Case2. £, =1
Solution has the form
_ ks W k).
HEs) {93 (1=e™)+Cur(&)(em—e): <o) (AVI)
C, (50); £ (1’ L]

The matching conditions

{03 (1-e*)+C,,(e"—e*)=C,, AV

00,6 ~Cy, (4"~ 2,e")=—uPe
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Cio (&)= (9 fé - 1_2 ;:;ZG; (A.VIII)
Z
()0, (1) 1 L2

e 7o)

Case3. &, >1

Solution has the form

0,(1-%)+C,5 (&) (e¥—e*); £<[01]
®3(§’§o):< C3,3(§o)+C4,3(§o)epe§; 56(1150]
\C3,3(§0)+C4,3(§0)epe§0; 56(60’ L]

Matching derivatives at & =¢&, gives

Cus(&)=pe ™ (AX)

The matching conditions at & =1

0, (1— e’ ) +Cy, (eﬂi _eh ) =C,, + luePe(l—go)
AXI
_9512 g™ + Cl,S (/’ll e — ﬂz % ) = luPe ePe(l—ch) ( )

(A.IX)
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0., %+ yPee™ %)
Ca(&)="F——— (AXII)
(he"—%e?)
0,0, €"+ uPee™ %)
Cis(&) =6 1-e® _ﬂepe(l_é))‘k( : e’ —e”
Solution of the BVP (A.I-A.IT) on the whole interval [0, L] is
0,(¢,%); &<[01)

0(£.5%)=10,(5.%); &=1 (AXIID)

\®3(68:5o); G € (1’ L)
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