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Abstract: The AUC-ROC is a widespread measure to assess the performance of a binary classification model
across various discrimination thresholds. Yet, it is not apt for unbalanced class problems and is misleading for
early retrieval. For instance, link prediction in complex networks is an unbalanced early retrieval problem,
whose goal is to offer a ranking of the nonobserved network links, prioritizing a small cohort of positive links
(for which we are sure the labels are reliable) on top of a list largely populated by unlabeled links (for which
the labels are uncertain). Differently from binary classification, here the evaluation focuses on how the
predictor prioritizes the positive class, because the negative class does not exist and is replaced by an unlabeled
class. For decades, scholars have been investigating the necessity to correct and to generalize the AUC-ROC to
work for both unbalanced classification and early retrieval evaluation, this is requested in many applied
domains of computational science. Here we propose the area under the magnified ROC (AUC-mROC), a new measure
that adjusts the standard AUC-ROC to work for unbalanced early retrieval problems such as link prediction. Finally, we
introduce the area under the generalized ROC (AUC-gROC), which unifies both AUC-mROC and AUC-ROC to provide
a universal and reliable evaluation measure that can work for both classification and early retrieval problems, regardless
of class proportion. This discovery represents a critical achievement, culminating in success after decades of contentious
research. Its solution promises to significantly impact various domains within applied computational science.

Keywords: AUC-ROC; Slassification: Early retrieval evaluation; link prediction

Introduction

Many complex networks have a sparse connectivity that, at a first glance, seems irregular and
unpredictable to the extent that a non-trained human eye would encounter serious difficulty to
retrieve a set of few deleted links. Even an expert in complex networks might miserably fail to address
this link prediction problem without the help of computational methods. These methods can be
model-based! or model-free2. The model-based approaches encompass generative-models or
explanatory models. A generative model® generates networks with an idealized amount of controlled
complex features and predicts links by inferring the values of the parameters associated to these
complex features in a real network. An explanatory model' is not able to generate networks itself,
yet it predicts links by evolving a given network topology according to a paradigm that is considered
to account for a relevant part of the connectivity formation. In contrast, a model-free? method is
relying directly on the structure of the data. All these methods can be stochastic® or deterministic?,
furthermore can be formalized mathematically® or by means of a network automaton rule'.

Link prediction mainly aims to top-rank (recommend) "relevant” items versus less relevant
items, rather than classifying two different types of items. For instance: in a social network the goal
might be to suggest possible new contacts; in a protein-protein interaction network the goal might be
to suggest possible undetected protein interactions to test in the lab*. These are all examples of
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unbalanced early retrieval problems. In other words, the focus is usually on recommending a small
set of relevant (positive) interactions with respect to the vastity of all the possible others.

The most employed link prediction evaluation measures that respect the early retrieval
framework by design, are: precision>¢, area under the precision curve (AUC-precision)”#, area under
the precision-recall curve (AUC-PR)*'. The precision is the ratio of top-k correctly prioritised positive
links on all positive links, in general the value of k is set equal to the number of all positive links, that
is a specific condition under which the precision is equal to the recall. The reason to set k equal to the
number of all positive links is that in the best scenario (for precision equal to 1) the link predictor
works as a recommender system that ranks to the top all the positive links, and in the worst scenario
(for precision equal to 0) no positive links are ranked to the top. The AUC-precision is the normalized
area under the top-k precision curve, it evaluates how well-prioritized are the positive links in the
top-k position of the rank. The AUC-PR is the area under the precision recall curve that quantifies
the performance trade-off of a predictor between precision and recall (sensitivity) at all thresholds of
the ranking. Note that the only widely employed link prediction evaluation measure that does not
respect the early retrieval framework by design''1? is the area under the receiver operating
characteristic (AUC-ROC), which quantifies the performance trade-off of a predictor between
sensitivity and specificity (more precisely the false positive rate that is equal to: 1 - specificity) at all
thresholds of the ranking. However, several studies in fields other than generalized link prediction
warns about the inappropriate use of AUC-ROC in evaluation of early retrieval problems (to this
topic we dedicate an entire section below), chief among them is the study of Truchon and Bayly™
that in 2007 offered solid arguments about the fact that the AUC-ROC metric is clearly a bad metric
for such types of problems because it is not sensitive to early recognition’>. To support this claim
Truchon and Bayly proposed a simple but ‘iconic’ reasoning that we must report here verbatim!:
“Consider three basic cases: (1) half of the actives are retrieved at the very beginning of the rank-
ordered list and the other half at the end; (2) the actives are randomly distributed all across the ranks;
(3) all of the actives are retrieved in the middle of the list. In all three cases, the ROC metric is 1/2
when, in terms of the “early recognition”, case 1 is clearly better than case 2, which is also significantly
better than case 3. In this paper, we give a mathematical proof that shows that the ROC metric
corresponds to a linearly scaled average of the positions of the actives without preference for those
that are found early in the rank-ordered list.”” These few sentences are the most crystal-clear
explanation we encountered in literature about why and how AUC-ROC is inappropriate for early
retrieval evaluation, and this directly transfers to link prediction. Indeed, Truchon and Bayly
investigated measures for evaluation of virtual screening methods in biomedical chemistry. Virtual
screening consists in computationally predicting the active compounds that establish a chemical
interaction with biological targets in biomedical screenings and, although Truchon and Bayly did not
explicitly mention a relation with link prediction in their study, here we let you notice that virtual
screening can be interpreted as a link prediction problem similar to drug-target interaction prediction
in network biology'¢15. The only difference is that in virtual screening the methods to provide the
prediction are not necessarily network-based. Besides, several studies in link prediction per se
warned about different reasons for which AUC-ROC can lead to misleading evaluations*9101416, For
instance, AUC-ROC will misleadingly overestimate the link prediction algorithms that can
successfully rank many nonobserved links at the bottom of the ranking, while this capability is
insignificant in unbalanced early retrieval problems such as link prediction®'°. Because of these issues
associated to the AUC-ROC evaluation in link prediction, several studies suggested to adopt only the
AUC-PR?014 which indeed is becoming increasingly popular in link prediction evaluation. However,
in a recent and milestone review article on link prediction, Tao Zhou'” commented that (text is
reported verbatim): “In summary, empirical comparisons and systematic analyses about evaluation
metrics for link prediction are important tasks in this stage because many publications use AUC-ROC
as the sole metric, while an ongoing empirical study (by Y.-L. Lee and T. Zhou, unpublished) shows
that in about 1/3 pairwise comparisons, AUC-ROC and AUC-PR give different ranks of algorithms,
and a recent large-scale experimental study also shows inconsistent results by AUC-ROC and AUC-
PR181°, Before a comprehensive and explicit picture obtained, my suggestion is that we have to at least
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simultaneously report both AUC-ROC and AUC-PR, and only if an algorithm can obviously beat
another one in both metrics for a network, we can say the former performs better in this case”. The
most updated version of the large-scale experimental study’®!® to which Tao Zhou refers in his
review, reports AUC-ROC and AUC-PR evaluations of two landmark link prediction methods:
Cannistraci-Hebb adaptive network automata (CHA) and stochastic block model (SBM). These
methods are tested over 5500 simulations (550 networks x 10 repetitions) and the result is that: in 66%
cases AUC-PR and AUC-ROC agrees that CHA performs better than SBM; in 31% cases CHA has
higher AUC-PR and SBM has higher AUC-ROC; in 3% cases SBM has higher AUC-PR and CHA has
higher AUC-ROC. This means that in the study of Muscoloni and Cannistraci'®!® there is around 34%
disagreement between AUC-ROC and AUC-PR that indeed is in line with Tao Zhou!” mentioning
that 1/3 of cases have disagreement. Interestingly, in a recent study, Tao Zhou® offers a valid
theoretical explanation of the conditions under which AUC-PR and AUC-ROC evaluation agrees. In
brief, Tao Zhou proposes a toy model with tunable noise and predictability, demonstrating that if two link
predictors have the same type of positive link-ranking distribution but one is affected by a level of
random noise (independently generated from a uniform distribution with tunable extremants) that
is lower than the other, then both AUC-ROC and AUC-PR will agree that the link predictor with
lower noise is performing better than the one with higher noise. This result of Tao Zhou is
fundamental because, in our opinion, it suggests the 66% AUC-ROC and AUC-PR agreement
observed in empirical studies is occurring when the link prediction methods provide a ranking of the
positive links that, regardless of the noise level, follow the same type of distribution. This is related
with the fact that, in the ROC space, an algorithm’s prediction Prl is strictly better than another
algorithm’s prediction Pr2 only if Prl’s threshold curve completely dominates Pr2’s curve (in general,
in any given space, a curve C1 dominates another curve C2 if C2 is always equal or below curve C12.
Since Davis and Goadrich®? have proven that a curve dominates in ROC space if and only if it
dominates in PR space, we are confident to say that this is a sufficient condition to imply an
agreement of AUC-ROC and AUC-PR. However, the condition of domination is too rigid, and it is
not respected in many real evaluation scenarios such as the 34% disagreement cases evidenced above.
Indeed, the recent study of Tao Zhou® does not aim to investigate the disagreement of the two
evaluation measures, and an open question remains about the causes behind the 34% AUC-ROC and
AUC-PR disagreement observed in empirical studies.

Here, in the first part of our study, we will offer evidence that a reason that contributes to this
34% disagreement is the fact that two link predictors produce a ranking of the positive links that
follow different types of distributions. This distribution-type inhomogeneity is behind the fact that
AUC-ROC, and not AUC-PR, misleadingly overestimates the link predictors that can successfully
rank many nonobserved links at the bottom of the ranking, but cannot early retrieve successfully
positive links at the top of the ranking. As sanity check that AUC-ROC evaluation is misleading, we
consider a measure of binary classification known as the Matthews correlation coefficient (MCC)224,
MCC is a binary classification rate that generates a high score only if the binary predictor was able to
correctly predict most of positive data instances and most of negative data instances?>?. This means
that, differently from AUC-ROC, MCC provides a fair estimate of the predictor performance in class
unbalanced datasets such as the one in link prediction problem. However note that, differently from
AUC-PR, MCC does not give more importance to the positive class and it fairly and balanced
considers the position in the ranking of positive and negative (in our case nonobserved links)
instances. In brief, we find that, although MCC is not mathematically designed to give more relevance
to early retrieval, it agrees with AUC-PR and not with AUC-ROC, and this result suggests that AUC-
ROC and not AUC-PR is misleading.

In the second part of the study, we address a remaining open problem in link prediction. Some
scholars!” argue that an AUC-ROC like evaluation accounting for the relative positioning of the few
positive links among the vastness of unlabeled links is a valid concept to pursue. Therefore, here we
will address this problem by proposing the area under the magnified ROC (AUC-mROC), which is a
new measure that is based on the normalization of an adaptive logarithm-based magnified ROC. We
offer evidence that the AUC-mROC adjusts the standard AUC-ROC to work for unbalanced early
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retrieval problems such as link prediction. Finally, we introduce the area under the generalized ROC
(AUC-gROC), which unifies both AUC-mROC and AUC-ROC to provide a universal and reliable
evaluation measure that can work for both classification and early retrieval problems, regardless of
class proportion.

Previous solutions proposed in the literature to adjust the AUC-ROC in early problem failed in
front a theoretical obstacle: how to mathematically guarantee that the adjusted measure preserves, as
in the standard ROC, a random predictor straight diagonal line y=x between the points (0,0) and (1,1),
which implies that the adjusted AUC-ROC of a random predictor should still conserve the values 0.5.
A key achievement of AUC-mROC and AUC-gROC is that its adjustment guarantees to preserve this
necessary condition of the AUC-ROC. This discovery is a critical achievement that culminates in
success after decades of controversial research, providing a solution that will impact any domain of
applied computational science.

Link Prediction Evaluation Framework

Given an unweighted and undirected network defined by the pair (V,0), where V is the nodes
set and O is the observed links set (multiple links and self-connections are not allowed), we assume
that there is a set M of missing or future links that is included (and hidden) in the set of nonobserved
links H, which counts V- (V —1)/2 — 0 links. Link prediction is an early retrieval problem that
aims to rank those M<<H links at the top (prioritize) of the nonobserved links list which is sorted by
their predicted likelihood to appear in the network. Here, we will consider the most investigated
variant of the link prediction problem, according to which only network topological knowledge (the
mere network connectivity expressed in a binary adjacency matrix A) can be used by the link
predictors to address this early retrieval problem. This simple formulation of the link prediction
problem is one of the most studied because it overlaps with one of the questions at the ‘heart’ of
network science: discovering general principles, laws or rules that elucidate the process of
connectivity formation in network-based complex systems.

When there is no information available about missing links or links that will appear in the future
with respect to the time point of the network under consideration, one of the most frequently adopted
procedures'” to test the performance of link prediction algorithms is to divide at random with
uniform probability the observed links set O into two parts: 90% links for training (O1) and 10% links
for probing (M1). This is termed 10% link removal evaluation framework. The training set O1 is
treated as known information and it can be thought as representing a new O set, while the probe set
M1 is used to artificially generate a M set which is necessary for algorithm evaluation, and of course
no information in M1 can be used for prediction. The set-union of M1 and H is regarded as a new H1
set, inside which the probe set M1 constitutes the positive set whose links should be prioritized by
the link predictor with respect to the original H unlabelled (because nonobserved) links. Some further
technical details are that: (i) depending from study’s design, the links randomly removed from O to
generate P, might be sampled avoiding to destroy the one component network connectivity; (ii) the
repartition is applied generally for at least 10 independent realizations and an average performance
measure (with associated standard error) is finally considered.

The practice to delete 10%, and not a larger percentage of the observed links for creating the
probe set, is motivated by the necessity to induce a small random perturbation that aims to preserve
as much as possible the original network features?. However, in relation with the aims of the study
and in networks that are not too sparse, also increasing percentages of links for the probe set can be
adopted. This is useful to investigate how the performance of the link predictors decay with a
reduction of the topological knowledge but, differently from the 10% probe set case that is a single
evaluation point, here the normalization by the random predictor is necessary - as explained in
Cannistraci et al.# - because the larger is the probe set the higher is the likelihood to sample at random
a link from the M1 set inside H1.

In this study we do not aim to discuss the performance variation of specific link predictors
caused by topological knowledge depletion, therefore we will provide examples that are framed in
the standard scenario of 10% link removal evaluation. The random removal of links to generate the
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10% M1 set is applied preserving the one component network connectivity. The prediction
performance is evaluated using several evaluation measures, considering as positive samples the
set M1 of links previously removed. When it is necessary to take into account for the randomness
of the link removal, the evaluation is repeated for 10 random realizations and mean values are
considered.

AUC-ROC: Definition, Limitations and Solutions in Early Retrieval Evaluation

In this section we will discuss how the AUC-ROC limitations for evaluation of early retrieval
were addressed in fields other than the link prediction for which a solution is not available yet.

Let’s consider a general link prediction framework with S samples, each sample has associated
a binary label: positive link or nonobserved link, which means that a nonobserved label might hide a
positive unknown label. In link prediction (that is an unbalanced early retrieval problem) the
nonobserved links N might contain both positive and negative links, and it is crucial to concentrate
the evaluation on the performance of positive links early retrieval, which is the goal of the challenge.
This is different from the traditional binary classification framework for which AUC-ROC has been
designed, in which the class N is all composed by negative samples and the goal is to discriminate P
from N samples.

A certain predictor provides in output a ranking of the S samples, therefore it assigns to each
sample a ranking position r€[1,5] (tied rankings are also possible). Given the output of the predictor,
we define the true positives (TP@k) at a certain ranking threshold ke[1,S] as the number of positive
samples with ranking position r<k. Analogously, we define the false positives (FP@k) at a certain
ranking threshold k€[1,5] as the number of nonobserved samples with ranking position r<k. Hence,
we can define the performance of the theoretical random predictor, according to which the
probability of assigning a positive sample to a certain ranking position is uniform over all ranking
positions. Therefore, at each ranking threshold ke[1,5], the random expectation is to have a number
of positive and nonobserved samples proportional to their actual proportions in the dataset:
TPrgna@k =k-P/S and FP. @k =k-N/S.

The ROC curve is obtained by evaluating the true positive rate (TPR) and false positive rate
(FPR) at each k € [1,S]:

TP@k

TPR@k = ——
P

FPR@k = Fpok
N

The ROC curve is composed of the points at coordinates (FPR@k, TPR@k) for k € [1,5]. The
AUC-ROC is obtained by computing the area under the ROC curve (for example using the
trapezoidal rule), which is between 0 and 1.

For the random predictor, the TPR and FPR at each k € [1,S] are:

TPrana@k  k
TPRyqna@k = % =3

FPrana@k  k
FPR,gnqg@k = % =3

Therefore the ROC curve of the random predictor is composed of the points at coordinates (g , %)

for k € [1,S], which is the bisector of the first quadrant (y = x), and the AUC-ROC is equal to 0.5.

A first strategy to adjust the AUC-ROC for unbalanced problems with low prevalence (low
number of positive samples in comparison to the negative) was introduced in 1989 in the field of
medical decision making by McClish?” and it is based on the idea to consider only the early partial
area under the ROC curve (pAUC-ROC). However, the pAUC-ROC is asymmetric in its
consideration of positives and negatives in contrast to the AUC, indeed it ignores actual negatives
(whether false positives or true negatives), except the ones in the region of interest?®. The pAUC is
also inappropriate for high prevalence data?3031 where the top (often top-right) portion of a ROC
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curve is of interest. An effort to address some of these issues was recently proposed by McClish with
a standardized version of pAUC® and Carrington et al. with the concordant pAUC, however future
studies are required to demonstrate the value of these adjustments for imbalanced data with high
prevalence?.

Meanwhile and independently the inaptness of AUC-ROC for evaluation of early retrieval
problem was spotted in fields other than medical decision making. For instance, in information
retrieval of documents, the normalized discounted cumulative gain (NDCG) was proposed32%, and
in biomedical chemistry some studies proposed to address the early retrieval problem in virtual
screening (which can be also interpreted as a link prediction problem, see introduction) by
introducing alternative measures to the AUC-ROC such as the robust initial enhancement* and the
Boltzmann-enhanced discrimination of receiver operating characteristic’®>. However, in 2008, still in
biomedical chemistry, Clark et al.!! proposed a second strategy to directly adjust the AUC-ROC by
means of a transformation function that is simply applied to the false positive rate values on the x-
axis plot of the ROC. Instead to increasing the influence of early hits, the rationale followed by Clark
et al. is to decrease the influence of late hits, and to achieve this aim they proposed two possible
options. The first way is to apply the logarithm to the false positive rate on the x-axis plot of the ROC
and then to compute the AUC-ROC as integration of this semilogarithmic plot!'. The second way is
to apply a weighting scheme that penalizes the late hits of the false positive rate on the x-axis plot of
the ROC. The main limitations are that the adjusted AUC-ROC is not anymore bounded between 0
and 1, and the value 0.5 is not anymore implying a random guess as in standard AUC-ROC. In 2010,
in drug discovery bioinformatics, Swamidass et al.”? proposed a generalized framework named
concentrated ROC for addressing the early retrieval problem. In comparison to previous approaches,
the concentrated ROC is able to “put a microscope’” on any portion of the ROC curve, particularly the
early part, to amplify events of interest and disambiguate the performance of various classifiers by
measuring the relevant aspects of their performance’2. The magnification is mediated by a concave-
down transformation function with a global magnification parameter a that allows one to smoothly
control the level of magnification'2. Swamidass et al.’? investigated a designing rationale which is
opposite to the one proposed by Clark et al.! that were explicitly trying to avoid setting of parameters
or elaborated choice of transformation functions. However, as for the previous AUC-ROC
adjustments based on transformation functions, two main problems remain unsolved also in the
concentrated ROC (cROC): (i) the first problem is about performance reference curve and
visualization, indeed the cROC curve of a random predictor can vary in different evaluation scenarios
and is not the straight diagonal line y=x between the points (0,0) and (1, 1) as in the classical ROC
plot; (ii) the second problem is a consequence of the first one and is about performance evaluation in
respect to a random predictor, indeed a random predictor AUC-cROC performance can vary in
different evaluation scenarios and is not anymore equal to 0.5.

Results

Innovations and Achievements of the Magnified ROC (mROC) and the AUC-mROC

The adjustment of the AUC-ROC for early retrieval evaluation can be thought as an engineering
problem, hence there is not a unique way to solve it, and different designing principles can be
followed. In this study we aim to propose a solution that, following the legacy of Clark et al.’t,
embraces a designing strategy inspired by simplicity. This means that our approach will not require
elaborated choices of transformation functions and parameters. Furthermore, we aim to progress
current knowledge by addressing the two main limitations discussed above about the previous
adjusted ROC solutions: (i) we wish that in the proposed mROC plot the random predictor is always
a straight diagonal line y=x between the points (0,0) and (1,1); (ii) as a consequence of the first point,
we wish that the AUC-mROC of a random predictor is always equal to 0.5.

We define the un-normalized magnified TPR (umTPR) and un-normalized magnified FPR
(umFPR) at each k € [1,S], where S is the number of samples, as:
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log(1 + TP@k)
10g(1—+P) = log(HP) (1 + TPek)

log(1 + FP@k)
—log(1 N log(HN)(l + FP@k)

The un-normalized mROC curve is composed of the points at coordinates
(umFPR@k,umTPR@k) for k € [1,S]. The un-normalized AUC-mROC is obtained by computing
the area under the un-normalized mROC curve (for example using the trapezoidal rule), which is
between 0 and 1. We borrow from Clark et al.!" the basic rationale to adopt the logarithm function to
decrease the influence of late hits in adjusting the AUC-ROC, which is a solution previously
supported by Jarvelin et al. in the NDCG measure®%®. However, the main difference is that Clark et
al.’" apply a fixed log10 transformation directly and only to the FPR (in practice a semilogarithmic
ROC plot), whereas we apply an adaptive logarithm-based transformation to both TP and FP and, in
our case, the attenuation of late hits is varying with the number of P and N respectively. This means
that in our adaptive logarithm-based adjustment if P << N (as in unbalanced early retrieval problems)
then the attenuation of the logarithm function on FP will be stronger than on TP, and viceversa. This
adaptive mechanism is fundamental to automatically adjust the ROC curve to diverse unbalanced
prediction evaluation scenarios such as P << N or P >> N. In addition, in the next section of the study
we will provide computational evidences that the tactic to apply the transformation to both TP and

umTPR@k =

umFPR@k =

FP is necessary for an appropriate evaluation of the random predictor performance when the number
of samples grows (compare Fig.3b and 3d).

For the random predictor, the umTPR and umFPR at each k €[1,5] can be computed
analytically:

P
log(1 + TPrgna@k) 108 (1 tk- §)

umTP Rrana @k = log(1+P)  logd+P) 108;4s) (1 tk E)

N
log(1 + FPrang@l) 108 (1+k-5) (1+£:)
g +N)  log+N) _ Bawm) s

UMFPR, 4q@k =

Therefore, the un-normalized mROC curve of the random predictor (Fig. 3c, grey dashed line) is
composed of the points at coordinates (UMFPR,qnq@k, umTPR,q,q@k) for k € [1,S]. Differently
from AUC-ROC, the un-normalized AUC-mROC of the random predictor is not 0.5 and, as for the
CROC framework proposed by Swamidass et al.’?, it is dependent on the proportion of positive and
negative samples in the dataset (see Fig. 3d). For this reason, we propose the final mROC curve with
a normalization such that the random predictor curve follows the bisector line, and the associated
AUC-mROC for the random predictor is 0.5. The procedure is as follows.

For each point (xu = umFPR@k1,yu = umTPR@k1) of a predictor's curve in the un-
normalized mROC plot, we define the respective point (xur = umFPR,q,,@k2 = xu,yur =
umTPR, 4, @k2) of the random predictor’s curve. The crucial concept to understand is that the same
xu value on x-axis of the ROC plot can be achieved at two different k values: k1 for the predictor and
k2 for the random predictor. Since we already know that xur = umFPR,;;,,@k2 = xu =
umFPR@k1, our goal is to analytically compute (by using the equations reported some lines above)
the value of yur as a function of umFPR@k1 = f(FP@k1): yur = f(xur = umFPR,,,,@k2 =
umFPR@k1) = f(FP@k1). This is achievable by combining the following two equations:

N
UMFPR, 4p,q@k2 = 10g(1+1v) (1 + k2 E) = 10g(1+1v) (1+ FP@kl) =umFPR@k1

P
yur = umTPR,4,q@k2 = log(HP) (1 + k2 E)

From which it is simple to derive that:

d0i:10.20944/preprints202209.0277.v2
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S
k2 = FP@kl Y

P
yur = log(HP) <1 + FP@kl N)

The goal of the normalization is to map these curves in a new mROC plot where the random
predictor curve - as for the classical ROC curve - is the bisector of the first quadrant with coordinates
(xr = xur = xu,yr = xr = xu) and the new coordinates of the predictor are (x = mFPR@k =
xu,y = mTPR@k). To achieve this, we consider two cases separately, as illustrated in Fig. 1.
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Figure 1. The normalization principle of the magnified ROC curve. The figure demonstrates the
normalization principle behind the derivation of mROC. Red coloured lines represent the curves of
the actual predictor, and the black coloured lines represent the curves of the random predictor. The
un-normalized magnified ROC (umROC) curves are shown as solid lines, and the curves after
normalization (mROC) are represented by dashed lines. xu, yu and y correspond to the umFPR,
umTPR and mTPR of the actual predictor, obtained at threshold k1. yur and yr correspond to the
umTPR and mTPR of the random predictor, obtained at threshold k2. (a) The panel reports the case

when yu > yur. (b) The panel reports the case when yu < yur.

The first case is visualized in Fig. 1a, where yu > yur. The un-normalized mROC curve of the
actual predictor lies below the corresponding curve of the random predictor. In order to implement
this mapping to the new coordinates, we perform a rescaling such that:

y— yr _yu-—yur
1—yr 1—yur

The rescaling preserves the ratio of the y-axis coordinates of the two predictors with respect to the
upper bound (y = 1), ensuring that yr < y < 1 always holds. The second case, where yu < yur, as
visualized in Fig. 1b, requires a different rescaling such that:
y—yr yu-—yur
yr yur

Similarly, the rescaling preserves the ratio of the y-axis coordinates of the two predictors with

respect to the lower bound (y = 0), ensuring that 0 < y < yr always holds. Finally, by considering
both cases, we arrive to the unified formula
y—yr _ yu —yur
H(yu—yur) —yr H(yu—yur) — yur

in which H(-) is the Heaviside step function. This implies that, since yr = xr = xu:
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_ (u—H(yu —yur)) - (yu — HQyu — yur))
Y= yur — H(yu — yur)

+ H(yu — yur)

And, by substituting all the terms with their actual values, we obtain the final formula:
(lOg(1+N)(1 + FP@kl) - h) . (lOg(1+p)(1 + Tp@kl) - h) +h
loga+p(1+ FP@k1-P/N) —h
h = H(logar 1+ TP@kl
1+ FP@k1-P/N
The normalization is only applied to the y-axis, so that mFPR@k = umFPR@k.

mTPR@k =

From Unbalanced to Balanced: A Generalized ROC (§ROC) and AUC-gROC

Although the link prediction problem, like many other early retrieval problems, is often
characterized by extremely unbalanced classes within the dataset, a border range of early retrieval
problems encompass all possible proportions of positive and negative samples.

From the previous analysis, we know that mROC applies the same logarithm transformation on
the both axes, regardless of the ratio of P and N. It defaults to the presumption that P « N, such that
the top-most region of the rankings is attached with more importance, while the other parts, such as
the middle and bottom, are considered less relevant. This behavior is not desired for a meticulous
control of the evaluation in face of less unbalanced or balanced datasets. Thus, we propose to use the
mROC for extremely unbalanced dataset with few positives, while switching back to the standard
ROC for balanced and inversely unbalanced cases. To allow for the automatic transition from
unbalanced to balanced scenario, we proposed the generalized ROC (gROC) as follows:

P P
gTPR@k = [1 —min <1'N)] - mTPR@k + min (l'ﬁ) - TPR@k

P P
gFPR@k = [1 —min (l'ﬁ)] -mFPR@k + min (l’ﬁ) - FPR@k

Indeed, gROC is a proportional mixing of mROC and ROC, such that when P « N itis equal to
mROC and when P = N it is equal to ROC. One crucial merit of this adjustment is that the curve of
a random predictor is again the bisector of the first quadrant, and the AUC-gROC of the random
predictor remains at 0.5.

We claim that gROC is a class-proportion-aware metric that is apt for evaluating all types of
classification and early retrieval problems, including link prediction. In the following sections, we
will provide more computational evidence to demonstrate the adaptability of gROC.

Computational Experiments to Assess the Validity of AUC-gROC and AUC-mROC

As we briefly sketched in the introduction, in 2007 Truchon and Bayly® proposed a
‘quintessential’ argument about the inadequateness of AUC-ROC measure for evaluation of early
recognition problems. They hypothesized three basic cases in which, regardless of their fundamental
differences, the AUC-ROC is equal to 1/2. The first is that half of the items are retrieved at the very
beginning of the rank-ordered list and the other half at the end; the second is that the items are
randomly distributed all across the ranks; and the third is that all of the items are retrieved in the
middle of the list. Truchon and Bayly noted that, in terms of the ‘early recognition’, the first case is
clearly better than second one, which is also significantly better than the third one.

We analysed the results of a large-scale experimental study’®'® on link prediction, which reports
AUC-ROC and AUC-PR evaluations of two landmark link prediction methods - Cannistraci-Hebb
adaptive network automata (CHA) and stochastic block model (SBM) - tested over 5500 simulations
(550 networks x 10 repetitions). One of the interesting finding is that in 31% cases CHA has higher
AUC-PR and SBM has higher AUC-ROC. In our opinion, this incongruency represents a new crucial

d0i:10.20944/preprints202209.0277.v2
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scenario to investigate for improving our understanding about the inadequateness of AUC-ROC in
evaluation of early recognition.

To this aim, Fig.2 reports a paradigmatic example to investigate the AUC-ROC problem in this
novel scenario. Specifically, Fig.2a displays, for both CHA and SBM, a table with the ranking
positions of the 63 positive samples (i.e. the links removed in one of the tested simulations) in the
ranking of 279378 non-observed links. For the first 46/63 positive samples retrieved both by CHA and
SBM (i.e. up to recall 0.73, see items above magenta dashed line in Fig.2a), the ranks assigned by CHA
are overall much lower than the ones assigned by SBM. Instead, the last 17/63 retrieved positive
samples are better ranked by SBM (see items below the magenta dashed line in Fig.2a). Looking at
this table, it is visually evident that CHA is performing better than SBM at top-ranking relevant links.
This emerges, although not patently, also in Fig.2b that reports the probability of an item to occur at
the different levels (ratios) of the ranking. Indeed, in this plot CHA achieves probability close to 0.7
to rank items at the very beginning, whereas SBM achieves probability slightly above 0.5.
Nevertheless, the same plot might be visually misleading because the top-ranking zone is
compressed very close to the y-axis and a matching with the information reported in the table of Fig.
2a is not visually evident. This issue is solved in Fig. 2d where the proposed adaptive logarithmic
magnification of the x-axis is applied. Indeed, Fig. 2d is matching the same visual information of Fig.
2a, and the supremacy of CHA on SBM in top-ranking relevant links is evident.
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Figure 2. The rationale behind the magnified ROC curve. The figure reports the results for CHA
and SBM methods in a representative link prediction simulation (10% link removal evaluation) on
the network#1. (a) The panel shows the positions of the 63 positive samples (i.e. the 10% of links
removed) among the ranking of 279378 samples (i.e. all the non-observed links in the network after
10% link removal). (b) The panel shows the probability distribution of the rankings of the positive
samples according to the predictions of CHA and SBM, considering the rankings divided by the
maximum. The probability distribution is approximated with a histogram of 40 bins equally spaced
between 0 and 1. (c) The panel shows the curves [ranking/S, TPR] (dashed lines) and the curves
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[FPR,TPR] (solid lines) for the methods CHA (red), SBM (black). (d) The panel is analogous to panel
(b), considering the rankings in adaptive logarithm magnification scale. (e) The panel shows the
curves [log(ranking)/log(S),umTPR] (dashed lines) and the curves [mFPR,umTPR] (solid lines) for the
methods CHA (red), SBM (black). Note that in highly imbalanced datasets, the ranking proportions
(dashed line) are approximately equal to the FPR (solid line), so we can report both on the x-axis and
the associated ROCs have a similar trend.

Fig. 2c displays the ROC plot associated to this example and here also, as for Fig. 2a, the relevant
early retrieval information is visually hidden because it is compressed very close to the y-axis.
However, the fact that CHA is better then SBM in early retrieval is emerging, although not patently,
also in ROC plot of Fig.2c. Indeed, if we give a closer look at the area before the crossing point (the
point in which the ROCs of CHA and SBM cross each other), we can notice that (see inset in Fig. 2c)
the ROC of CHA clearly dominates the one of SBM. This means that in the ROC plot there is a clear
early retrieval information about the fact that CHA is able to top-rank relevant links better than SBM
with a 0.73 sensitivity (also termed: recall or true positive rate) and with a false positive rate of 0.05,
which is low with respect to the sensitivity achieved. Practically CHA is better than SBM for the top
~15000 links of the ranking, which is the most relevant part at the application level, but this relevant
part is constrained within a very small area, because the top 15000 links are only ~5% of the whole
ranking (and correspond to FPR ~0.05), and ROC is giving similar importance to the entire ranking.
In conclusion SBM gets a higher AUC-ROC because it performs better in the zone of the ranking that
is less relevant from the application point of view. This information is not visually conveyed in the
ROC plot that is misleading when we refer to the area under the curve (AUC-ROC). Indeed, the
number of positive links (P = 63) is small in comparison to the non-observed ones (N = 279378 - 63),
therefore the AUC-ROC ‘tells” us more about the most abundant items that are the N, and visually
neglects (confining in a small early area, see inset in Fig. 2c) the information on the positive items that
are in reality the one to which we are interested. Consequently, if used to evaluate early retrieval, in
this scenario the AUC-ROC provides the misleading information that the performance of CHA
(AUC-ROC = 0.83) is worse than SBM (AUC-ROC = 0.94).

Fig. 2e shows that, by applying the log adaptive magnification (proposed in this study) to both
axes of the ROC plot, we can adjust the ROC plot in a way that is matching the same visual
information of Fig. 2a, and the supremacy of CHA on SBM in top-ranking relevant links is evident.
Indeed, now the crossing point is moved to umTPR = 0.93 and mFPR = 0.76, and the merit of this
adjustment is the adaptive mechanism that automatically tunes the logarithm function with respect
to the number of items considered on the respective axis. However, this adjustment does not
guarantee that the random predictor is always associated to a ROC that is the bisector of the first
quadrant (y = x) and whose AUC-ROC is 0.5. This is a fundamental feature of the ROC theory and,
in this study, we achieve two main findings. The first is that the log adaptive magnification of the
ROC x-axis only (Fig. 3a) is not enough to ensure that the AUC-ROC of the random predictor behaves
symmetrically when the ration of P/N is varying, and the number of samples is growing (Fig. 3b).
Therefore, the log adaptive magnification of both the ROC axes is necessary (Fig. 3c) in order to
guarantee that this symmetry is obtained (Fig. 3d). The second achievement is a consequence of the
first finding, indeed once we fixed the issue of being able to analytically (see the previous section for
the mathematical formula) compute the performance of the random predictor in our magnified ROC
plot, now the last obstacle is to design a mathematical normalization that adjust the magnified ROC
plot in a way that the random predictor has always AUC-mROC = 0.5. In the previous section we
derived a mathematical theory to design this normalization. Consequently, in Fig. 3e we show that
the result of this normalization is able to effectively achieve our aim to provide a magnified ROC plot
that respects the basic ROC theory according to which the random predictor has a mROC that follows
the bisector of the first quadrant and the AUC-mROC = 0.5. Meanwhile, the magnified ROC plot in
Fig.3e is able to match the same visual information of Fig. 2a, and the supremacy of CHA on SBM in
top-ranking relevant links is explained also in terms of AUC-mROC. Indeed, the AUC-mROC
provides the appropriate information that the performance of CHA (AUC-mROC = 0.78) is better
than SBM (AUC-mROC = 0.54).
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Figure 3. Magnification and normalization of TPR. (a,c,e) The panels report the results in a
representative link prediction simulation (10% link removal evaluation) on the network#1. They show,
respectively, the curves (a) [nFPR,TPR], (c) [mFPR,umTPR] and (e) [mFPR, mTPR], for the methods
CHA (red solid), SBM (black solid) and random predictor (grey dashed). The corresponding AUC
performances are reported on top of each subplot. (b) For each sample size S = [100, 1000, 10000,
100000], for each proportion of positives P/S from 0.01 to 0.99 at steps of 0.01, the heatmap reports the
AUC of the curve [mFPR,TPR] for the random predictor. (d) The heatmap is analogous to (b) for the
AUC of the curve [mFPR,umTPR] for the random predictor. (f) The heatmap reports the AUC of the
curve [mFPR, mTPR] for the random predictor.At this stage of the study we deepen our investigation.
Among all 550 real networks recently analysed in the large-scale experimental link-prediction paper
of Muscoloni and Cannistraci'®'®, in Fig. 4 we selected three representative scenarios: 1) inverse trend
of AUC-PR and AUC-ROC (which is the same scenario discussed in the previous figures); 2) large
AUC-PR difference and similar AUC-ROC; 3) similar trend of AUC-PR and AUC-ROC (which is
similar to the scenario considered by Tao Zhou in one of his recent studies?). In order to allow
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replication of these results, the networks identities in which these scenarios occur are reported in the
Dataset sub-section of the Method section.

In all these scenarios we compared the evaluations of AUC-ROC with AUC-mROC, AUC-gROC
and other baseline early retrieval evaluation measures that we commented in the introduction:
precision, AUC-precision, AUC-PR, NDCG. Furthermore, we included in the comparison also the
MCC as sanity check that AUC-ROC evaluation is misleading. MCC is a binary classification rate that
generates a high score only if the binary predictor is able to correctly predict most of positive data
instances and most of negative data instances?%. Differently from AUC-ROC, MCC provides a fair
estimate of the predictor performance in class unbalanced datasets such as the one in link prediction
problem. However, differently from the other early retrieval evaluation measures, MCC does not
attribute more importance to the positive class and it fairly and balanced considers the position in
the ranking of positive and negative (in our case nonobserved links) instances. In Fig. 4, on the left
side, each plot reports the probability (both for CHA and SBM separately) of a positive link to occur
at the different levels (ratios) of the ranking, the x-axis is transformed according to the proposed
adaptive logarithm magnification function. On the right, each plot reports the performance of CHA
and SBM according to the different evaluation measures.
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Figure 4. CHA and SBM link prediction results: three case studies. The figure reports the link
prediction results for CHA and SBM methods on three case studies: network#1, network#2 and
network#3 (see Methods for the information on the network identity). (a,c,e) The panels show the probability
distribution of the rankings of the positive samples according to the predictions of CHA and SBM,
considering the rankings in adaptive logarithm magnified scale. Each probability distribution is
approximated with a histogram of 40 bins equally spaced between 0 and 1. To improve the statistical
robustness of the distribution, the histograms are computed on rankings combined from 10
repetitions of the link prediction evaluation. (b,d,f) The panels show the mean and standard error of
several evaluation measures over 10 repetitions of the link prediction evaluation, for CHA, SBM and
random predictor.

The first scenario is the one commented till now, indeed Fig. 4a coincides with the Fig. 2d. We
already commented above this result explaining that the AUC-ROC provides a misleading evaluation
of the early retrieval performance of CHA with respect to SBM (indicating that SBM is better than
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CHA) because of two reasons. Firstly, in an unbalanced scenario, it gives more importance to the
most abundant class that in this case is not the one of interest for the evaluation of the prediction.
Secondly, according to its definition the mistakes at the bottom ranking are equally relevant as the
correct predictions at the top ranking, which is not matching the purpose of link prediction in real
applications. Looking at the full ranking, CHA ranks most of the positives (> 60% positives) in the
top 2%, while SBM < 40% positives. In particular, with a zoom in the top 1%, CHA ranks around 16%
positives in the top 0.02%, while SBM only 0.8% positives. Therefore, the performance of CHA is
remarkably better than SBM at top-ranking positive links. If we look at the bottom-50% ranking, we
can notice that CHA positions around 12% positives in the second half of the ranking, while SBM
only 0.1%. From an application perspective, having more positives in the top-ranking at the expense
of more mistakes in the bottom ranking, is much more valuable than having few positives both in the
top and bottom ranking, since often for practical usage only a small fraction of the top predictions is
considered, while the bottom predictions are rarely assessed. Therefore, in this scenario we would
assess that CHA provides better link recommendations than SBM. This is now confirmed by the fact
that in Fig. 4b both AUC-mROC and all the other early retrieval measures agrees that CHA
outperforms SBM in link prediction. Most importantly, even MCC - that is designed as AUC-ROC to
be a binary classification rate and not an early retrieval measure - disagrees with AUC-ROC and
clearly agree with the other early retrieval measures, offering an incontrovertible evidence that AUC-
ROC is unreliable for evaluation of this link prediction scenario. MCC, as AUC-ROC, neglects the
early retrieval nature of the problem but differently from AUC-ROC is able to adjust for the class
unbalance.

The second scenario is commented in Fig. 4c. CHA ranks almost all the positives (99%) in the
top 1%. SBM ranks 50% of the positives in the top 1%, with 95% of the positives within the top 10%
and only few positives in the bottom ranking. In this scenario, we would argue that the competition
between CHA and SBM for link recommendation has a clear winner in CHA. However, looking at
the value of the performance measures in Fig. 3d, we can notice that AUC-ROC does not highlight
the difference and it is very close for both methods (~1.00 vs 0.97), simply because both methods are
good enough at not making many mistakes at the bottom ranking, which is however not the main
goal of the application. Therefore, we believe that also in this scenario AUC-ROC provides a
misleading assessment. This is confirmed by the results in Fig. 4d, where all the other measures
including AUC-mROC and MCC highlight a significant performance gap in favour of CHA with
respect to SBM.

The third scenario is commented in Fig. 4e. CHA is better than SBM in the top ranking, and both
methods are equally bad at making some mistakes at the bottom. Therefore, in a similar scenario - as
already investigated by Tao Zhou in a recent study? — AUC-ROC agrees with all other measures (see
Fig. 4f) on the fact that CHA is consistently better than SBM in link prediction. In all three scenarios,
the evaluation given by AUC-gROC is almost identical to that given by AUC-mROC due to P < N.

The above analysis showcases the aptness of mROC and AUC-mROC for unbalanced early
retrieval problem, in which the objective is to retrieve a few most relevant samples among the vast
majority of irrelevant ones. Moving towards a boarder range of problems, we may encounter cases
where the proportion of the positive class is approximately equal to or even higher than that of the
negative class. We investigate deeper into the scenarios with various class proportions to provide
stronger computational evidence in support of the proposed measure.
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Figure 5. Evaluation of two predictors on a balanced dataset. The figure reports the results of two
predictors generated artificially on a balanced dataset with P = N. (a) The panel shows the positions
of the 2238 positive samples among the rankings of 4476 samples. (b) The panel shows the probability
distribution of the rankings of the positive samples according to the predictions of predictorl and
predictor2 in adaptive logarithm magnification scale. The probability distribution is approximated by
a histogram with 40 bins spaced between 0 and 1. (c) The panel shows the values of several evaluation
measures for predictorl, predictor2 and the random predictor. (d, e, f) The panels show the (d) ROC
curves [FPR,TPR], (e) gROC curves [gFPR,gTPR], and (f) mROC curves [mFPR,mTPR] for predictorl
(red solid), predictor2 (black solid), and random predictor (grey dashed), respectively.

.5, the results of predictorl and predictor2 on the balanced class dataset are plotted, both results
are generated artificially to simulate actual cases. Fig. 5a displays for each predictor the ranking
positions of the 2238 positive samples among the rankings of 4476 samples, and Fig. 5b reports the
probability distribution of the positive samples for the two predictors, in adaptive logarithm
magnification scale. Both two predictors correctly rank the positive samples in the top-ranking
region. However, predictor] places more positives in the middle of the rankings than predictor2, and
put a few positives at the very bottom. Its visually evident that predictorl performs better than
predictor2 in ranking the most relevant samples, and this is confirmed by all the measures in Fig. 5c
except for AUC-mROC. This discrepancy occurs because AUC-mROC always focuses on the top-
ranking regions without considering the proportion of the positive class, leading to a misleading
evaluation that suggests both predictors have similar performance. This issue is also confirmed in
Fig. 5f, which shows that the mTPR of predictor2 rapidly raises to 0.8 at a very low mFPR. The issue
is properly resolved by gROC and AUC-gROC. As shown in Fig. 5c and Fig. 5e, the evaluation given
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by gROC and AUC-gROC is essentially the same as that given by ROC, which is desired for this
scenario.

Next, we consider the inversely unbalanced scenario with P > N. Again, we manipulate the
results of two predictors on a dataset with 30 negative samples among 30,000 samples. In Fig. 6, the
two predictors mistakenly recognize negatives as positives and place them at the top of the rankings.
The rankings of negative samples for the two predictors are displayed in Fig. 6a. It is visually evident
that predictorl places fewer negatives at the top than predictor2, and therefore, it performs better
than predictor2 under the early retrieval framework. Indeed, this conclusion is agreed upon by all
three ROC-based measures: AUC-ROC, AUC-mROC, and AUC-gROC. Note that in this case, AUC-
mROC exhibits a stronger discrimination capability owing to its magnification mechanism, but
overall, all three measures provide a correct evaluation.
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Figure 6. Evaluation of two predictors on an inversely balanced dataset: negatives at the top. The
figure reports the results of two predictors generated artificially on an inverse unbalanced dataset
with P > N. The two predictors mistakenly recognize negatives as positives and place them at the
top of the rankings. (a) The panel shows the positions of the 30 negative samples among the rankings
of 30000 samples. (b) The panel shows the probability distribution of the rankings of the positive
samples according to the predictions of predictorl and predictor2 in adaptive logarithm
magnification scale. The probability distribution is approximated by a histogram with 40 bins spaced
between 0 and 1. (c) The panel shows the values of several evaluation measures for predictorl,
predictor2 and the random predictor. (d, e, f) The panels show the (d) ROC curves [FPR,TPR], (e)
gROC curves [gFPR,gTPR], and (f) mROC curves [mFPR,mTPR] for predictor] (red solid), predictor2
(black solid), and random predictor (grey dashed), respectively.

Nevertheless, for a comprehensive study, we provide in Fig. 7 another example of the inversely
unbalanced scenario. Analogous to the derivation in Fig. 6, this time the two predictors correctly
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recognize most of the positives and place the few negatives at the bottom. As observed in Fig. 7a,
predictorl is slightly better than predictor2 by assigning higher rankings to the negatives.
Subsequently, in Fig. 7c, both AUC-ROC and AUC-gROC demonstrate the superiority of predictorl,
while AUC-mROC provides relatively weak differentiation. Although for the early retrieval problem,
the rankings at the bottom are not as important as those at the top, this example shows that even in
the worst scenario, AUC-mROC does not ignore the bottom rankings. Finally, through the
computational evidence obtained in various scenarios, it is undoubtedly evident that AUC-gROC is
a generalized evaluation measure suitable for early retrieval problems with arbitrary class
proportions. It is elegant, parameter-free, and highly interpretable.
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Figure 7. Evaluation of two predictors on an inversely balanced dataset: negatives at the bottom.
The figure reports the results of two predictors generated artificially on an inverse unbalanced dataset
with P > N. The two predictors mistakenly recognize negatives as positives and place them at the
top of the rankings. (a) The panel shows the positions of the 30 negative samples among the rankings
of 30000 samples. (b) The panel shows the probability distribution of the rankings of the positive
samples according to the predictions of predictorl and predictor2 in adaptive logarithm
magnification scale. The probability distribution is approximated by a histogram with 40 bins spaced
between 0 and 1. (¢) The panel shows the values of several evaluation measures for predictorl,
predictor2 and random predictor. (d, e, f) The panels show the (d) ROC curves [FPR,TPR], (e) gROC
curves [gFPR,gTPR], and (f) mROC curves [mFPR,mTPR] for predictor1 (red solid), predictor2 (black
solid), and random predictor (grey dashed), respectively.

Table 1 emphasizes that AUC-mROC and AUC-gROC are among the measures with highest
correlation to AUC-ROC, along with NDCG. This offers evidence that the AUC-mROC is an
appropriate adjustment of the original AUC-ROC, and that AUC-gROC is equivalent to AUC-mROC
in unbalanced scenarios. Meanwhile, AUC-mROC and AUC-gROC exhibit the highest mean
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correlation (Spearman correlation coefficient of 0.915) with the other measures. This evidence
suggests that they are the most suitable evaluators for this task, as they demonstrate centrality within
the ensemble of all evaluators. Their strong association with all the other measures makes them
representative of the entire set.

Table 1. Correlation of evaluation measures. The 10% link removal evaluation has been run for CHA
and SBM on all the 550 networks of the dataset (10 repetitions), obtaining for each of the 8 evaluation
measures a total of 2x550x10=11000 values. The table reports, for each pair of evaluation measures,
the Spearman correlation coefficient computed between the two respective vectors of 11000 values.
At the bottom, the table shows the mean Spearman correlation between each evaluation measure and
the others. The measures with the highest mean correlation to all measures are highlighted in bold.

. AUC- AUC-  AUC- AUC- AUC-
precision . NDCG MCC
precision PR ROC mROC gROC
precision 0.98 0.95 0.65 0.94 0.94 0.94 0.99
AUC-
. 0.98 0.94 0.63 0.96 0.96 0.95 0.97
precision
AUC-PR 0.95 0.94 0.66 0.93 0.93 0.93 0.91
AUC-ROC 0.65 0.63 0.66 0.70 0.70 0.71 0.66
AUC-
0.94 0.96 0.93 0.70 1.00 0.94 0.93
mROC
AUC-
0.94 0.96 0.93 0.70 1.00 0.94 0.93
gROC
NDCG 0.94 0.95 0.93 0.71 0.94 0.94 0.93
MCC 0.99 0.97 0.91 0.66 0.93 0.93 0.93
mean 0.912 0.914 0.893 0.673 0.915 0.915 0.906  0.903

Fig. 8 displays an unsupervised multidimensional analysis by means of the principal component
analysis of the evaluation measures performance across all networks and link predictors (the details
on the way we implemented the analysis are provided in figure legend). This knowledge
representation analysis maps in a two-dimensional reduced space the relation of similarities that arise
in the multidimensional space between the evaluation measures. Hence, measures that provide a
similar evaluation trend (across the networks and link predictors) tend to cluster together in a similar
geometrical region of the two-dimensional representation space.
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Figure 8. PCA of evaluation measures. The 10% link removal evaluation has been run for CHA and
SBM on all the 550 networks of the dataset (10 repetitions), obtaining for each of the 8 evaluation
measures a total of 2x550x10=11000 values. The figure shows the first two principal components of
the 8 evaluation measures obtained performing PCA on the 8x11000 matrix (each row of the matrix
has been normalized by the sum). All the evaluation measures are shown as black circles except for
AUC-mROC (purple square), AUC-ROC, and AUC-gROC (red circle), in order to highlight their
proximity in the PC space.

AUC-ROC and AUC-gROC appears very close in the same geometrical neighbourhood and this
is a further evidence (a confirmation) that, as we noted in the previous correlation analysis, the AUC-
gROC is an appropriate adjustment of the original AUC-ROC. Moreover, since the evaluated
networks are mostly composed of P <« N, AUC-gROC completely overlaps with AUC-mROC,
indicating their high equivalence in this scenario.

Discussion

Differently from the previous solutions proposed in the literature - which we review in the
introduction of this study - to adjust the ROC for evaluation of early retrieval problems, a remarkable
achievement of gROC and AUC-gROC is that its adjustment secures, as in the standard ROC, that a
random predictor follows the straight diagonal line y=x between the points (0,0) and (1,1) and, a
consequence, its AUC-gROC is equal to 0.5. This is a key feature necessary to compare the
performance of link predictors, indeed one of the most employed evaluation methodologies is to
report their mean performance on a set of networks that belongs to the same class, and then to
compare how different link predictors behave across different classes of networks. For instance, Zhou
et al.% or Muscoloni and Cannistraci!’%!® showed that understanding why some link predictors
perform better on a class of networks, and other link predictors excel on other classes of networks, is
crucial to infer the type of rules and mechanisms that are behind the connectivity formation in diverse
complex connected systems. Hence, the fact that a measure of performance such as the AUC-ROC
when adjusted for early retrieval problems retains its stability (evaluating randomness at the same
manner regardless of other factors) is a wished feature which becomes crucial in link prediction, and
it is useful in any data science application. The AUC-gROC theory that we introduce in this study
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achieves this objective: on one side it preserves the original theoretical framework of the AUC-ROC
and, on the other side, it is able to adjust the ROC evaluation for class unbalance early retrieval
problems. The AUC-gROC does not require any parameters tuning and its major points of strength
are the adaptive logarithm magnification, the normalization, and proportional mixing. The first does
not require any tuning of parameters and adapts automatically the ROC plot to class unbalance, the
second ensures that the random predictor follows always the bisector of the first quadrant, and the
third allows for a generalized evaluation framework that works for any ratio of classes. These three
innovations are the cardines of the theory proposed in this study and integrated together represents
an effective solution to a problem that afflicted the field of data and network science for decades. We
encourage future studies to test the AUC-gROC in evaluation scenarios different from link prediction
and to spot possible flaws that we were not able to detect in the context of the current study. To this
aim we openly release the code of the AUC-gROC at this link https://github.com/biomedical-
cybernetics/ AUC-mROC-And-AUC-gROC.

Methods

Link Prediction Evaluation Measures

e balanced precision (or precision)

The balanced precision (or simply precision) is computed as the proportion of TP among the
top-P ranked samples:

. TP@P
precision = ——
This evaluation measure is called balanced precision? because, when the ranking threshold is
equal to P, precision is equivalent to recall.

For the random predictor, the balanced precision is equal to the proportion of positive samples in the
dataset:

P
precision,enag = ¢

e precision curve and AUC-precision
The precision curve is obtained by evaluating the precision at each k € [1, P]:

. TP@k
precision@k = %

The precision curve is composed of the points at coordinates (k, precision@k) for k € [1,P]. The
AUC-precision is obtained by computing the area under the precision curve (for example using the
trapezoidal rule) and then dividing it by the width of the x-axis range thatis P — 1, so that the AUC-
precision is between 0 and 1.

For the random predictor, the precision is equal to the proportion of positive samples in the
dataset at any ranking threshold k € [1,S5]:

TPrgna@k P
kS

Therefore the precision curve of the random predictor is composed of the points at coordinates
(k, 2) for k € [1, P], and the AUC-precision is equal to g.

o precision-recall (PR) curve and AUC-PR

The precision-recall (PR) curve is obtained by evaluating the precision and the recall at each k €
[1,5]:

precision, g, @k =

. TP@k
precision@k = %
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TP@k

ll@ek = ——
recall@ P

The PR curve is composed of the points at coordinates (recall@k, precision@k) for k € [1,S].
The AUC-PR is obtained by computing the area under the PR curve (for example using the
trapezoidal rule) and then dividing it by the width of the x-axis range thatis 1 — recall@], so that the
AUC-PR is between 0 and 1.

For the random predictor, the precision and the recall at each k € [1,S] are:

. TPrgna@k P
pPrecision, g, @k = — Y =3
TPrgna@k k
. @k =—rand— _ —
recallyana P S

Therefore the PR curve of the random predictor is composed of the points at coordinates (g,g)
for k € [1,S], and the AUC-PR is equal to S.
e Matthews correlation coefficient (MCC)

In this evaluation framework, the MCC is assessed by setting as ranking threshold k = P and
computing TP@P and FP@P. Consequently, the number of true negatives (TN) is TN@P = N —
FP@P and the number of false negatives (FN) is FN@P = FP@P. Finally, the MCC formula is
applied:

(TP -TN — FP - FN)
JTP+FP)- (TP + FN)- (TN + FP) - (TN + FN)

The MCC assumes values between -1 and 1, with 1 meaning perfect prediction, -1 meaning
totally wrong prediction, and 0 being the performance of the random predictor.

e Normalized Discounted Cumulative Gain (NDCG)
The Discounted Cumulative Gain (DCG) is computed as:

MCC =

s
Yr

DCG = Z—

_110g2(1 +7)

where y, is the relevance of the sample at ranking position r. In the binary case y, = 1 for positive
samples and y, = 0 for negative samples, therefore it is equivalent to summing up only the terms of

the positive samples, each contributing for g (1)

The Ideal DCG (IDCGQG) is the best possible DCG and it is equal to:

P

1
Ibee = Zl log,(1+71)
r=

The Normalized DCG is computed as:

NDCG = bea
T IDCG

For the random predictor, we recall that the probability of assigning a positive sample to a
certain ranking position is uniform over all ranking positions. Therefore, computing the DCG is
equivalent to performing a uniform random sampling of P rankings (with replacement, since tied
rankings are possible), and then summing up the terms associated to those P rankings. We can model
each of the P terms as a function Y(X) of a discrete uniform random variable X: X €

[1,5], Prob(X =7) = é,y(x =7r) =

1 .
g )’ The expected value is:

s 5 \
1 1 1 I
E[Y(X)] =;Prob(X =r) YX=r) :;?ngz;w
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Since the P random samplings are independent, the expected value of the sum of the P terms is
equal to P times the expected value E[Y(X)]. Therefore the DCG and NDCG of the random predictor
are:

DCG PZS: !
rand — & T~ 1 L.
S £ log,(1+1)

DCGrona
NDCGrand = =500

Link Prediction Methods

Cannistraci-Hebb Adaptive (CHA)

The Cannistraci-Hebb (CH) theory has been introduced as a revision of the local-community-
paradigm (LCP) theory and it has been formalized within the framework of network
automata'481415%537. While the LCP paradigm emphasized the importance to complement the
information related to the common neighbours with the interactions between them (internal local-
community-links), the CH rule is based on the local isolation of the common neighbours by
minimizing their interactions external to the local community (external local-community-links). In
particular, Cannistraci-Hebb (CH) network automata on paths of length n are all the network
automata models that explicitly consider the minimization of the external local-community-links
within a local community characterized by paths of length n'. The CH adaptive (CHA) network
automaton incorporates multiple deterministic models of self-organization and automatically
chooses the rule that better explains the patterns of connectivity in the network under investigation.
As suggested in the original study', we considered the following CH models within the CHA network
automaton: CH2-L2, CH3-L2, CH2-L3, CH3-L3. In addition, each of the four CH models applied the
associated CH-SPcorr score for sub-ranking!, in order to internally sub-rank all the node pairs
characterized by the same CH score, reducing the ranking uncertainty of node pairs that are tied-
ranked.

Stochastic Block Model (SBM)

The general idea of stochastic block model (SBM) is that the nodes are partitioned into B blocks
and a B x B matrix specifies the probabilities of links existing between nodes of each block. SBM
provides a general framework for statistical analysis and inference in networks, in particular for
community detection and link prediction®. The concept of degree-corrected (DC) SBM has been
introduced for community detection tasks® and for prediction of spurious and missing links®, in
order to keep into account the variations in node degree typically observed in real networks. We
considered the implementation available in Graph-tool (http://graph-tool.skewed.de/), that adopts
an optimized Monte Carlo Markov Chain (MCMC) to sample the space of the possible partitions.
In general the predictive performance is higher when averaging over collections of partitions than
when considering only the single most plausible partition, since this can lead to overfitting®.
Therefore, for a given network we sampled P partitions, for each partition we obtained the likelihood
scores related to the non-observed links, and then considered the average likelihood scores as the link
prediction result. We set P = 100 for networks with N <100, P = 50 for 100 < N <1000, P = 10 for N >
1000.

Dataset: The dataset consists of the 550 real-world networks adopted by Ghasemian et al.41. All
networks are analysed as undirected, unweighted, without self-loops and only using the largest
connected component. The 3 specific networks analysed in Fig. 4 have the following number of nodes
N, edges E, and label in the original dataset:

- network#1, N=749, E=811, 296_Norwegian_Board_of_Directors_net2mode_2006-11-01.
- network#2, N=833, E=2632, 206_Norwegian_Board_of_Directors_netlmode_2008-08-01.

d0i:10.20944/preprints202209.0277.v2
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- network#3, N=194, E=774, 431_5936021067ec90f1500d6597 .

Hardware and software: MATLAB code has been used for CHA link prediction and evaluation.
Python code has been used for SBM link prediction. The computation was executed on a Lenovo
Thinkstation P920 with 1TB RAM and 2x Intel(R) Xeon(R) Gold 6242 CPU @ 2.80GHz (2x 32 cores).

Data and code availability: The dataset of 550 networks and the code for link prediction simulations
related to the methods CHA and SBM are publicly available at the GitHub repository associated to
the study of Muscoloni and Cannistraci!®1: https://github.com/biomedical-
cybernetics/stealing_fire_or_stacking _knowledge_to_model link_prediction. The MATLAB code
of the AUC-gROC is publicly available at: https://github.com/biomedical-cybernetics/ AUC-mROC-
And-AUC-gROC.
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