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Article

An Analytical Solution to Rectangular Kirchhoff
Plates Supported at All Corner Points Using Two
Single Series and the Boundary Collocation Method

Valentin Fogang

Civil Engineer, C/o BUNS Sarl, P.O Box 1130, Yaounde, Cameroon; valentin.fogang@bunscameroun.com

Abstract: The aim of this paper is the analysis of arbitrarily loaded isotropic rectangular Kirchhoff
plates supported at all corner points, whereby the edges are arbitrarily supported (simply
supported, clamped, or free). Analytical methods commonly used include the single trigonometric
series of Lévy, the double trigonometric series of Navier, the power series expansions, etc. In this
paper the deflection surface was approximated with the sum of a particular solution to the
governing differential equation (GDE) and two single series. The terms of the single series were the
product of an unknown function of an independent variable and a trigonometric function of the
other independent variable, whereby the trigonometric functions were chosen to vanish at the
corner points. On the one hand the terms of the series were required to satisfy the homogeneous
GDE, leading to two uncoupled differential equations, one for each unknown function, and so the
approximate solution satisfied exactly the GDE. On the other hand the boundary conditions were
satisfied only at selected collocation points along the boundary, the number of collocation points in
each direction corresponding to the number of terms of the associated series. Results for several
plates supported at all corner points with arbitrary edge support conditions were presented and
showed good agreement with the exact results, the accuracy increasing the more terms of series
were considered. Cantilevered plates and plates having two adjacent edges free will be analyzed
using this approach in future research.

Keywords: isotropic rectangular Kirchhoff plate; analytical solution; two single series; boundary
collocation method; arbitrary edge support conditions; supports at corner points

1. Introduction

The Kirchhoff-Love plate theory (KLPT) was developed in 1888 by Love using assumptions
proposed by Kirchhoff [1]. The KLPT is governed by the Germain-Lagrange plate equation; this
equation was first derived by Lagrange in 1811 in correcting the work of Germain [2] who provided
the basis of the theory. Numerous exact analytical solutions for rectangular isotropic linear elastic
thin plates have been developed in the literature; among them the double trigonometric series of
Navier [3] for plates simply supported along all edges, the single trigonometric series of Lévy [4] for
rectangular plates simply supported along two opposite edges, the power series expansion, etc.
Timoshenko [5] presented solutions for several cases where the single trigonometric series of Lévy
was mostly considered. In this study the analysis was conducted using the boundary collocation
method. This method, also called the generalized Trefftz [6] approach, consists of the use of trial
functions which satisfy the governing differential equations of the problem. The unknown
coefficients of those functions are determined by the satisfaction of the boundary conditions at
collocation points. Many authors worked on collocation techniques. Herrera [7] proposed a precise
definition of Trefftz method and, starting with it, explained briefly a general theory. This led to
formulating numerical methods from a domain decomposition perspective. Deng et al. [8] presented
a theoretical framework for the accuracy analysis of meshfree collocation methods with a particular
focus on the effects of boundary conditions. The error of a meshfree collocation formulation is
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decomposed into three parts, namely, the collocation errors associated with the interior nodes, the
Dirichlet boundary nodes and the Neumann boundary nodes, respectively. Borkowska et al. [9]
analyzed the generalized collocation Trefftz method which allows to combine the advantages of the
T-Trefftz and the method of fundamental solutions. The initial idea of the method is to approximate
the solution with a linear combination of many basis functions with many source points. Volkov-
Bogorodskiy et al. [10] proposed a Trefftz approximation scheme on the structure of subdomains-
blocks for the problems of the gradient elasticity. The scheme was based on the analytical
representation for the gradient elasticity solutions of Papkovich-Neuber type. Piltner [11] presented
a collection of personal choices to help future developers of numerical methods based on Trefftz trial
functions. Hu et al. [12] introduced radial basis functions into the collocation methods and the
combined methods for elliptic boundary value problems. Yang et al. [13] discussed Trefftz
discretization techniques with a focus on their coupling with shape functions computed by the
method of Taylor series. The highlights are the control of ill-conditioning, the solving of large scale
problems, and the applications to non-linear Partial Differential Equations.

In this paper two single series were considered due to the possibility to satisfy the boundary
conditions along the four edges, inspired from the Lévy solution that involves one single series and
the satisfaction of the boundary conditions along two opposite edges (the other edges are simply
supported). Moreover the approach can be seen as a mixed analytical-numerical method: analytical
since the efforts and deformations are described analytically throughout the plate and numerical
since the boundary conditions are only satisfied at collocation points on the boundary.

2. Materials and Methods

2.1. Governing Equations of the Plate

The Kirchhoff-Love plate theory (KLPT) [1] is used for thin plates and shear deformations are
not considered. The spatial axis convention (X, Y, Z) is represented in Figure 1 below with the origin
of the axes at the plate center.

Rectangular plate

7
Figure 1. Spatial axis convention X, Y, Z.

The equations of the KLPT are recalled in the present section. The governing equation of the
isotropic Kirchhoff plate, derived by Lagrange, is given by
o'w o'w 0w q(x,y)
12 +—=
ox ox*oy* oy D
where w(x,y,z) is the mid-plane displacement in z-direction, q(x,y) the transverse distributed load,

and D the flexural rigidity of the plate. The bending moments per unit length Mx and My, and the
twisting moments per unit length My are given by

@™

2 2 2 2
M =-Dx 6v2v+V6v2v , M, =-Dx 6v2v+V6v2v ,
: Ox oy ! oy Ox
*w ER (2a-d)

M _ =-Dx(1-v)x——, D=——F+—
i a=v) Ox0y 12(1-v?)
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The shear forces per unit length are given by
0’ 0’ 0’ 0’
Q. =-Dx VSV+ Wz , 0O, =-Dx V:+ 2W . (3ab)
ox°  OxOy ! oy°  Ox°0y

The Kirchhoff shear forces per unit length used along the free edges combine shear forces and
twisting moments, and are expressed as follows:

o'w o’w o'w o’w
Vx :_DX{§+(2_V)&X§J;2J’ Vy :—DX(ay3 +(2—V)%j. ((4a-b))

In these equations, E is the elastic modulus of the plate material, h is the plate thickness, and v is the
Poisson’s ratio.

2.2. Rectangular Plate Supported at All Corner Points with the Edges Supported or Free

The plate dimensions in x- and y-direction were denoted by a and b, respectively. The
rectangular plate was assumed supported at the four corner points whereby the edges had arbitrary
support conditions (simply supported, clamped or free). The displacement function was
approximated with the sum of a particular solution wp(x,y) to the governing differential Equation (1)
and two single series. The choice of two single series is on the one hand due to the possibility to
satisfy the boundary conditions along the four edges, inspired from the Lévy solution that involves
one single series and the satisfaction of the boundary conditions along two opposite edges (the other
edges are simply supported). On the other hand two single series are “geometrically isotropic,” in
that the independent variables x and y are treated in the same fair way in terms of accuracy.

Requiring that the particular solution wp(x,y) and the single series are zero at the corner points
and recalling that the origin of the axes is at the plate center, four possible formulations of the
displacement function are as follows

mrx 1 n

W(xay):Wp(xay)"‘% Z F,(y)cos +B Z Gn(x)cos%,

m=1,35... n=13,5...

w(x,y)=wp(x,y)+% > Fm(y)cosmﬁx+% > Gn(x)sin%,

m=1,3,5... n=2,4,6...
1 . 1
w(x,y) = wp(x,y)+5 > F,(»)sin mrx t5 > Gn(x)cos%,

m=2,4.6... a n=1,3,5...
mrx 1

w(x,y)=wp(x,y)+% > F,(y)sin 5 > Gn(x)siany,

m=2,4,6... a n=2,4,6...

(5a-b)

Furthermore the term wp(x,y) can be taken as the deflection of a plate strip parallel to the x-axis (or
the y-axis), supported at both ends and subjected to the load q(x,y).

Each of the formulation of Equations (5a-d) can generally be considered. In the following the
formulation of Equation (5a) is considered. The term wp(x,y) is a particular solution to Equation (1)
and consequently

84Wp(an’) +284Wp(xay) +84Wp(X,J’) _ q(x,y) 6

o ax?dy? & D ©

Setting am = ram/a and fn = gm/b and sukistitutin Equation (5a) into (1) yield
Ohiy() 8wy () Gy}

J’_
ox* ox?0y? oy’
4 2

1 dF—m4(y)_2a; dF—'"z(y)+a:1Fm (») |cosa, x+ @)
D 355 dy dy

1 d'G,(x) 2 d’G,(x) q(x,y)
— -2 =4 B'G, (x) |cos =

Dn=135 |: dx4 ﬁn dx2 ﬁn n( ) ﬂny D


https://doi.org/10.20944/preprints202410.2244.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 30 October 2024

4

Observing Equation (6) and given that (7) holds for any value of x and y, it results the following
differential equations

d'F,(») _, . d°F,(0) (y)
dy* "

d'G,(x) —2p +BG.(x)=0
dx’

Equations (8a, b) further applied in case of Equations (5b-d) for the displacement function. The

— 2 ta'F (y)=0

(8a,b)
,d’ G, (x)

solutions are given by

F (y)=4,,cosha,y+B, a, ysinhe,y+C,, sinhe,y+D, o ycosha,y
G,(x)=A;,cosh B x+ B, B xsinh f x+C,, sinh B x+ D, B xcosh S x

where the coefficients Afm, Bfm, Ctm, DFm, Acn, Ben, Cen, and Den are determined by satisfying the
boundary conditions at selected collocation points. The collocation points should be suitably
distributed along the edges, and particularly so as to avoid singular matrices. Furthermore, the
external running moments and running loads should also be suitably distributed at these points.

It is noted that the collocation points at the edges x = + 4/2 are associated with the series having
the function Gn(x) while those at y =+ b/2 are associated with the series having the function Fu(y). Let
us consider an approximate solution where the first and second series have M and N terms,

(9a,b)

respectively. It results in 4M + 4N unknown coefficients. Therefore M collocation points should be
considered at each of the edges y =+ b/2 and N collocation points at each of the edges x =+ 4/2. Since
two boundary conditions are set at each collocation point it results in 4M + 4N equations. So there are
as many unknowns as equations.

However in case of symmetry of the structure about an axis and symmetry/anti-symmetry of the
loading an appropriate choice can simplify the analysis: here are some useful examples

1. Symmetrical system about x and y axis and loading symmetrical about x and y axis: Equation
(5a) is considered for the displacement whereby only the even parts of Fm(y) and Gn(x) are
considered, leading to Cfm = Dm = Con = Don = 0. The boundary conditions are then applied at
only one fourth of the structure.

2. Symmetrical system about x and y axis and loading symmetrical about the x axis, i.e., q(x, y) =
q(x, -y), and anti-symmetrical about the y axis, i.e., q(X, y) = -q(-X, y): Equation (5c) is
considered for the displacement whereby only the odd parts of Gn(x) and the even parts of
Fm(y) are considered, leading to Acn = Bon = Cem = Dim = 0. The boundary conditions are applied
at only one fourth of the structure.

3. Symmetrical system about the x axis and loading symmetrical about the x axis, i.e., q(x, y) =
q(x, -y): Equations (5a) or (5c) are considered for the displacement and only the even parts of
Fm(y) are considered, leading to Ctm = Dim = 0. The boundary conditions are applied at one half
of the structure.

4. Symmetrical system about the y-axis and loading anti-symmetrical about y-axis, i.e., q(x, y) = -
q(-x, y): Equations (5c) or (5d) are considered for the displacement and only the odd parts of
Gn(x are considered, leading to Acn = Ban = 0. The boundary conditions are applied at one half
of the structure.

The efforts are expressed using Equations (2a-c), (3a-b), (4a-b), (5a), and (9a-b) as follows
2 2 2
M. = —D(a i +Va—w2”J— z { alF (y)+v 5”’2(y)}cosamx— Z {m—vﬂf@(x)}cosﬂny
'y

o’ oy m=135.. n=l3,5. dx’
0* 0w
ofEsaty).
x oy

I A, (v=1)cosha, y+B,, (2vcosha,y+(v-1)a,ysinha,y)+ coser o (10a)
ws C, (V—l)sinhamy+DFm(2vsinhamy+(v—l)amycoshamy)

| e (1-v)cosh B,x+ By, (2cosh,an+(1—v),3nxsinh,3nx)+
13.5 & Cs, (1-v)sinh ,x+ D, (2sinh,an+(1—v)ﬂnxcoshﬂnx) Fry

n=13.5..

d0i:10.20944/preprints202410.2244.v1
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LEWD) vy g 4°6,(x)
{ 0 vamFm(y)}cosamx z { B.G (x)+v o }cosﬂny

n=1,3,5..

(10b)

] cosa,,x —

(1-v

L1 4, (1=v)cosha, y + By, (2cosha, y +(1-v)a,ysinha, y) +
o
)sinha,y+ Dy, (2sinha,y+(1-v)a,ycosha,y)

A, (v—1)cosh B x+B. (2vcosh S x+(v—1) B xsinh B x)+
'BZ[ o (v=1)cosh ,x+ By, ( B,x+(v—1) B,xsinh 3,x)
= e

cos S,y
v —1)sinh B x+ D, (2vsinh 8,x+(v —1) B,xcosh j,x) ]

nsinha,y+B, (sinha,y+a,ycosha,y)+

o’w , 14
M :—D(l—v)axa;+(1—v) a {

" Cy, cosha, y+D,, (cosha,y+a,ysinha,y)

sina,, x+
m=1,3,5..

(10c)

n=1,3,5..

, {AG,, sinh B,x + B, (sinh B,x+ B, x cosh 3,x) +

1-v sin
A-n 2, 5, Cg, cosh B,x+ D, (cosh B,x + S, xsinh f,x) } buy

a F,(»)-(2-v)a

m

dzld:mz(y):|sin o x- |:d3G,1(x) —(Z—V)ﬂ,,z M} Cosﬁﬂy
y 1,3,5

dx’ dx

™

n=1,3,5..

o*w o’w
:—D{ ax;’ +(2_V)axay”2]— (11a)

+| 4 (v—1)cosha, y+ By, ((2v-4)cosha,y+(v-1)a,ysinha,y)+ | |
a sina, x —
w55 | Cp, (v=1)sinha, y+D,, ((2v—4)sinha,y+(v-1)a,ycosha,y) "
Ag, (v=1)sinh B,x + B, ((1+v)sinh B,x+(v—1) B, xcosh B,x)+

C,, (v—1)cosh B,x+ Dy, ((1+v)cosh B,x +(v—1) B,xsinh j,x)

o*w o'w
14 :—D( 2 +(2-v) zp]—

Oy Ox“0y
VF,,,(y)_(z_V) » dF, ()

3 a, cosa,, x —
dy dy

A { ]COSﬂ,,y

[ﬂiGnu)—(Z—v)ﬂ,, %}sinﬂny

n=1,3,5..

3 3
—p| L L | (11b)
ox“0y

. {Aﬂn (v-1)sinh e, y+B,, ((v+1)sinha,y+(v-1)a,ycosha,y)+
1,3,5

2 cosa,x —
C,, (v—1)cosha,y+D,, ((v+1)cosha,y+(v—1)a,ysinha,y) ]

| 46, (v=1)cosh B,x+ B, ((2v —4)cosh B,x+(v—1) B,xsinh B,x)+ |
" C, (v=1)sinh B,x+ D, ((2v —4)sinh B,x +(v —1) B,xcosh S x) infhy

The slopes 0w/0x and 0w/0y used as boundary conditions are given by

n=1,35..
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ow (x, A,. cosha yv+B,. a ysinha y+
ﬁw(x, y) — p( y) _ Z am Fm . my Fm my my Sil’l amx+
ox Ox moiss. | Cp,sinha, y+D, o ycosha,y
A, sinh B x+ B, (sinh  x+ 8 xcosh B x)+
T Z ,Bn Gn ﬂn Gn( an ﬂn . an ) COSIBny
woiss. | Cg,cosh B,x+ Dy, (cosh B,x+ f,xsinh 3 x) (11c-d)

o
oy oy D ,55s.

1

- > B,[4s, cosh B,x+ B, B,xsinh B x+C,, sinh B,x+ D, B,xcosh ,x]sin 3,y
n=1,3,5..

The shear force Qy used by continuity equations and in case of symmetry are expressed using
Equations (3b), (5), and (9a, b), as follows

_ (O O, | d’F,(y)  ,dF,() B oG],
Q= D[ P + 5x28yj mgs{ & a, b }cosamx n%‘i.{ﬂn@(x) B, = }sm/ﬁ'ny

ow(x, y) _ Gwp(x,y)+l Z A, sinhea, y+B,, (sinhamy+amycoshamy)+ cosa x—
"| Cp, cosha,y+D,, (cosha,y+a,ysinha,y) "

D 63wp N 63wp ~ (11e)
o' oy
Y. 2a, (B, sinha,y+ Dy, cosha,y)cosa,x+ Y. [2,53 (By, cosh B x + Dy, sinh ﬂnx)] sin B,y
m=135.. n=135..

The efforts and deformations above for other formulations of the deflection surface (Equations (5b-
d)) are expressed in Appendix A.

With the determination of the coefficients Arm, Brm, Cfm, Drm, Acn, Bon, Caon, and Daon the
deflections are calculated using Equations (5) and (9a, b) and the efforts (bending moments Mx, My,
and twisting moments Mxy , and effective shear forces Vx and Vy) using Equations (10a-c) and (11a-
b).

Analysis of special cases
a) Concentrated force and moment applied at the interior of the plate

Let an external force P and external concentrated moments Mx0 and My0 be applied at the
position (xo, yo) as shown in Figure 2.
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Figure 2. Plate subjected to an external force P and external moments Mx0 and My®0.

Referring to Figure 2, the deflections defined as before (Equations (5)) are represented with the
subscripts I and II for the ]plate zones —b/2 <y <-b/2 + bo and -b/2 + bo < y < b/2, respectively, as follows

1
w,(x,y)=— Z F (y)cosa,x+— Z G, (x)cos By
D m=1,3,5... D n=13,5...
) | (12a-b)
W]] (xb y) = B %5 FmH (y) Cos amx + B ;5 Gn]] (x) COosS ﬂny

Let the first series of w1 and wu have each M terms, and the second series have Niand Nu terms,
respectively. Therefore, the lines y =—b/2, y =—b/2 + bo, and y = b/2 should be discretized with M nodes,
and each of the edges x = + /2 of the plate zone I and II should be discretized with Nrand N nodes,
respectively. It results in 4M + 4Ni unknowns in plate zone I and 4M + 4N unknowns in plate zone
II. The external force P and the moments are distributed to the nodes as follows
e  If the force P or moment Mx0 is applied at a node the corresponding distributed load p or
moment mx is obtained by dividing it with the node spacing; otherwise the force or moment is
first distributed to the two neighboring nodes and then divided with the grid spacing to obtain
the corresponding distributed loads or moments at the nodes.
The continuity equations along the line y =-b/2 + bo express the continuity of the deflection w and
slope 0w/0y and the equilibrium of bending moment myy and shear force Qy: these equations are

given by
w, (x, J’)|y=_b/2+bo =w, (x, y)|y=—b/2+b0
ow,(x,) _ ow, (x,)
8y y=—b/2+h, 8y y==b/2+h, (13a-d)
M, (x, Y)‘yz_b/%bo -M,,(x, y)‘yz—b/2+b0 = o
Qy,] ('x9 y)‘y=—b/2+b0 - QJ’7H (x’ y)‘y=—b/2+b0 - p

Equations (13a-d) are set at each of the M nodes along the line y = -b/2 + bo.
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Following number of equations are set for boundary conditions an continuity equations
e  Plate zone I: 2N1 equations at x = -1/2, 2N1 equations at x = 4/2, and 2M equations at y = -b/2
e  Plate zone II: 2Nu equations at x = -a/2, 2Nu equations at x = a/2, and 2M equations at y = b/2
e  4M continuity equations at y = -b/2 + bo.

So there are as many unknowns as equations.

In case of an external moment My0, the continuity equations are applied along the line x = xo.

It is noted that discrete supports can also be modeled. In this case a node is placed at the position
of the support and the continuity equation involving the shear force is replaced with a zero deflection
equation.

b) Continuous rectangular plates

Let us consider the continuous plate represented in Figure 3. The same deflection approximation
is taken in each panel of the plate. For simplification purpose in the current example, only one term
of each series is considered and consequently only one collocation point along the sides of each panel.
This leads to eight unknowns for each panel, hence to forty unknowns for the five panels of our
example.

Figure 3. Continuous plate.

On the one hand two boundary conditions are applied at each collocation point along the
boundary of the plate, leading to twenty equations. On the other hand four continuity equations are
applied at the collocation points between two panels, leading to twenty equations. So there are as
many unknowns as equations.

Generally the panels aligned in x-direction should have the same number of collocation points
in the edges parallel to y-axis, and vice versa.
c¢) Plate having a free edge clamped at its ends

A plate having a free edge that is clamped at one or at both ends was considered. Recalling that
the corner points do not deflect due to the single series (the trigonometric functions are so chosen),
the free edge clamped moments due to the series are automatically zero. To fix this, the odd an even
numbering of the series was inverted: this led to deflections at the corner points of the plate due to
the series and the boundary conditions had to be satisfied accordingly. An example was calculated
in Results 3.5, but the results were not satisfactorily. Further research is needed to analyze this case.

3. Results and Discussion

3.1. Plate Clamped Along All Edges and Subjected to a Uniformly Distributed Loading P

Taking the particular solution wp(x,y) as the deflection of a plate strip parallel to x-axis and
clamped at both ends, the displacement surface using the symmetry considerations mentioned earlier
is given by
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2 2

wix,y)=—L—| L | + 1 Y. (4, cosha,y+B,,a,ysinha,y)cosa,x+
24D 4 m=1,3,5...

(14)

1

> Z (A, cosh 8, x+ B, B xsinh 3 x)cos 8,y
n=1,3,5...

The bending moments per unit length at the plate center, depending on the ratio b/a, are Mxm =
qa?/Nxm, Mym = qa*/Nym and the clamped moments are Mxa = -qa?/Nxd, Myd = -qa%/Nyd whereby M and
N are the number of terms of the first and second single series, respectively. Details of the analysis
and results are presented in the supplementary material “Rectangular plate clamped along all edges”
and the collocation points are the following
e CaseM=1N-=1:(a/2,0)and (0, b/2)

e CaseM=2N=2:(a/2,0),(a/2, b/4), and (0, b/2), (a/4, b/2)
e CaseM=3N-=3:(a/2,0), (a/2, b/6), (a/2, b/3) and (0, b/2), (a/6, b/2), (a/3, b/2)

Table 1 lists the results obtained using the Czerny tables [14] (exact results) and those obtained
in the present study.

Table 1. Coefficients of bending moments.

b/a= 1.00 1.50

Nixm Nym Nxda Nycl Nxm Nym Nxa Nycl

Czerny tables [14]

56.80 56.80 19.40 19.40 29.60 9350 13.20 17.50

Present study
=1 N=1 5450 58.09 29.48 25.62 32.34 8391 1593 2741
=2 N=2 55.85 5591 1797 17.88 29.61 94.69 12.67 16.44
=3 N=3 56.62 56.56 19.76 19.93 29.56 99.21 1336 17.99

As Table 1 shows, the results show good agreement with the exact results and the accuracy is
increased the more terms of series are considered. It is worth mentioning that Czerny [14] presents
the maximal bending moments My,max that not necessarily occur at the plate center while the present
study presents the value at the plate center.

3.2. Rectangular Plate Simply Supported Along All Edges and Subjected to a Uniform Load

Taking the particular solution wp(x,y) as the deflection of a plate strip parallel to x-axis and
simply supported at both ends, the displacement function using the symmetry considerations
mentioned earlier is given by

w(x,y) = L(——xzj(——x2]+— > (4, cosha,y+B,,a,ysinha, y)cosa,x+

(15)

1 .
o (A, cosh 8,x+ B, 3, xsinh 3,x)cos B,y
n=135..
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The bending moments per unit length at the plate center, depending on the ratio b/a, are Mxm =
ga?Nxm, Mym = qa?Nym whereby M and N are the number of terms of the first and second single series,
respectively. Details of the analysis and results are presented in the supplementary material
“Rectangular plate simply supported along all edges” whereby the collocation points were (a/2, 0)
and (0, b/2). Table 2 lists the results obtained by Courbon [15] using the Fourier analysis (exact results)
and those obtained in the present study.

Table 2. Coefficients of bending moments at the middle of the plate.

b/a= 1.00 1.25 1.667 2.00

Nxm Nym Nixm Nym Nixm Nym Nxm Nym

Courbon [15]

0.0368 0.0368 0.0561 0.0334 0.0820 0.0242 0.0965 0.0174

Present study

M=1 N=1 0.0369 0.0369 0.0562 0.0334 0.0822 0.0242 0.0966 0.0173

As Table 2 shows, the results are in agreement with the exact results, with only one term of each
series. It was observed that the constants of the second single series are zero, which corresponds to a
Lévy solution routinely used in case of two opposite edges simply supported. It can be concluded
that the Lévy solution is a special case of the solution of the present study. The deflection surface
taking only the first term of the series is then

2 2
p (a , | Sa ] 1 Ty Ty . Ty X
x,y)=——| —=x" || ——x" |+—| 4, cosh—+ B, —sinh—— |cos—
W) 24D[4 ][4 jD(“ a a aj a

(16)

4 4
R L+LM(L2+L)’ BFIZL(Lﬁi], o2
cosh®| 384 2 87" 384 2cosh®@\ 87 384 2a

3.3. Square Plate Resting on Four Corner Points with All Edges Free Subjected to a Uniform Load

The square plate is supported on the four corner points while the edges are free. Taking the
particular solution wp(x,y) as the deflection of a plate strip parallel to x-axis and simply supported at
both ends, the displacement function using the symmetry considerations mentioned earlier is given

by

2 2
wix,y) = P (a_ — xzj(_Sa - xZJ +i Z (4, cosha, y+ B, a,ysinha,y)cosa,x+
m=1,3,5...

- 17)

1 .
- > (A, cosh B,x+ B, B,xsinh B x)cos B,y
n=135...

The bending moments per unit length at the plate center are Mxm = qa?Nxm, Mym = qa?Nym, and
at the middle of the free edges Mxte = qa2Nxte, Myfe = qa2Nyte whereby M and N are the number of terms
of the first and second single series, respectively. Table 3 displays the results obtained by Timoshenko
[5] taking the Poisson ratio v = 0.25 and those obtained in the present study. Details of the analysis
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and results are presented in the supplementary material “Square plate resting on four corner points”
whereby the collocation points were the same as those of Results 3.1.

Table 3. Coefficients of bending moments.

Nxm Nym Nixte Nyfe

Timoshenko [5]

0.1109 0.1109 0.1527 0.1527

Present study
M=1 N-=1 0.1048 0.0962 0.1384 0.1302
M=2 N=2 0.1082 0.1073 0.1481 0.1475
M=3 N=3 0.1094 0.1091 0.1498 0.1496

As Table 3 shows, the results show good agreement with the exact results, and the accuracy is
increased the more terms are considered.

3.4. Rectangular Plate Simply Supported at Edges x =+ a/2, Clamped at y = b/2, Free at y = -b/2 and
Subjected to a Uniformly Distributed Loading p

Taking the particular solution wp(x,y) as the deflection of a plate strip parallel to x-axis and
simply supported at both ends, the displacement function using the symmetry considerations

mentioned earlier is given s
5 1 .
wix,y)=—L—| Loy || 2o |+ — > (A4, cosh B,x+ B, B,xsinh B x)cos B,y +
24D\ 4 4 n=13,5...

18

% Z (A4, cosha, y+ B, a,ysinha,y+C,, sinha, y+ D, a,ycosha,y)cosa, x o

m=1,3,5...

The bending moments at the middles of the free and clamped edge, depending on the ratio b/a,
are Mxte = qb%/Nxte and Mya = -qb?/Nya, respectively, whereby N and M are the number of terms of the
first and second single series, respectively. Details of the analysis and results are presented in the
supplementary material “Rectangular plate free, clamped, and simply supported” with the following
collocation points
e CaseM=1N=1:(a/2,0), (0, b/2), and (0, -b/2)

e CaseM=1N-=2:(a/2,-b/6), and (a/2, b/4), (0, b/2), and (0, -b/2)

Here the collocation points were distributed along the edge x = 4/2 so as to avoid a singular
matrix. Table 4 lists the results obtained using the Czerny tables [14] (exact results) and those obtained
in the present study.

Table 4. Coefficients of bending moments.

b/a= 0.50 1.00 1.20 1.50

Nixfe Nycl Nixfe Nycl Nixte Nycl Nixte Nycl

d0i:10.20944/preprints202410.2244.v1
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Czerny tables [14]

9.71 341 11.37 8.51 14.06 11.79 19.64 18.13

Present study
M=1 N=1 9.71 3.24 11.35 8.25 1405 1147 19.62  17.60
M=1 N=2 9.71 3.24 11.35 8.25 1405 1147 19.62 17.60

As Table 4 shows, the results are in agreement with the exact results. It was observed that the
constants of the first single series (N =1, N = 2) are zero, which leads to a Lévy solution used in case
of two opposite edges simply supported. Therefore in order to increase the accuracy more terms of
the second series (M =2, 3 ...) should be considered.

3.5. Rectangular Plate Clamped at Edges x =+ a/2 and y = b/2, Free at y = -b/2 and Subjected to a Uniformly
Distributed Loading

This case of a plate having a free edge that is clamped at one or at both ends was analyzed in
Materials and Methods Section. Taking the particular solution wp(x,y) as the deflection of a plate strip
parallel to x-axis and clamped at both ends, the displacement function using the symmetry
considerations mentioned ezarlier is given by

2
p | a 2 1 .
wWx,y)=——| ——Xx | +— A. cosh B x+B xsinh £ x)cos +
=525 5| o B, Chacomprs 8o fcos

(19)
% Z (A4, cosha, y+B,,a,ysinha,y+C, sinha,y+D,,a,ycosha,y)cosa,x
m=2,4.6...

The bending moments at the middles of the free and clamped edge, depending on the ratio b/a,
are Mxte = qb%/Nxte and Myd = -qb?/Nya, respectively, whereby N and M are the number of terms of the
first and second single series, respectively. Details of the analysis and results are presented in the
supplementary material “Rectangular plate free at one edge and clamped along the other edges.”
Table 5 lists the results obtained using the Czerny tables [14] (exact results) and those obtained in the

present study.
Table 5. Coefficients of bending moments.
b/a= 0.50 1.00 1.50
Nixfem Ny« Nixfec Nxfem Nyd Nixfecl Nixfem Nyd Nixfecl
Czerny tables [14]
10.64 493 343 2429 1759 11.59 53.69 3947 26.73
Present study
eI N s 251 14 2518 973 12.02 5416 2190 27.03
M=1 N 21.89 261 0.36 2541 9.65 8.72 5392 21.61 25.82
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M= E 5 N 28.53 1.37 0.22 2752 5.28 7.21 54.73 13.12 2513
M=2 N i 1.54 -0.10 2722 741 -2.82 48.68 18.42 )
=3 10.08 28.25

As Table 5 shows, the results are not in agreement with the exact results and no convergence
is observed with increasing number of terms. Further research is needed to analyze this case, whereby
a powerful tool may be utilized to avoid computing errors. Fogang [16] proposed a solution to this
problem using the flexibility method and a Lévy type solution.

4. Conclusion

In this paper, arbitrarily loaded isotropic rectangular Kirchhoff plates supported at all corners,
the edges being simply supported, clamped or free, were analyzed. The deflection surface was
approximated with the sum of a particular solution to the governing differential equation and two
single series: the terms of the series were the product of an unknown function of an independent
variable and a trigonometric function of the other independent variable, whereby the trigonometric
functions were zero at the corner points. On the one hand the particular solution satisfied the
nonhomogeneous differential equation and the single series were chosen so as to satisfy the
homogeneous differential equation. On the other hand the boundary conditions were satisfied at
selected collocation points along the boundary, the number of collocation points in each direction
corresponding to the number of terms of the associated series. Numerical results were presented and
showed good agreement with the exact results. In future research cantilevered plates and plates
having two adjacent edges free will be analyzed using this approach.

However, the following study limitations were noted: the case of a plate having a free edge
clamped at its ends was analyzed but the results were not satisfactorily. This should be investigated
in future research.

Supplementary Materials: The following files were uploaded during submission: “Rectangular plate clamped
along all edges” “Rectangular plate simply supported along all edges” “Square plate resting on four corner
points,” “Rectangular plate free, clamped, and simply supported,” “Rectangular plate free at one edge and
clamped along the other edges.”

Conflicts of Interest: The author declares no conflict of interest.

Appendix A. Efforts and Deformations for the Formulation of Equation (5d)

1 . 1 .
W(X,J’):Wp(xay)"‘B z Fm(y)SIHam'x+E Z G,(x)sin S,y (A1)

m=2,4.6... n=2,4,6...

82 62 2 2
Mx:—D( %y W"J— > {—a;En(y)+v%}sinamx— > {d G”(x)—VﬂfGn(x)}Sinﬂny
)y

o’ ayz m=2,4,6.. n=2,4,6. dx’
o’w o’w
=-D 2p _"V_zl7 -
ox oy
. (A2)
- A, (v-1)cosha, y+B,, (2vcoshamy+(v—1)amys1nhamy)+ ne
w26 | Cp,(v=1)sinha,y+D,, (2vsinha,y+(v-1)a,ycosha,y) "

p A4g, (1-v)cosh B x+ B, (2cosh B,x+(1-v) B,xsinh B,x)+ | P
i
"| C;, (1=v)sinh B,x + D, (2sinh B,x +(1-v) B,x cosh S3,x) "
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*w *w j

:_D£62Wp +V®J_

Fm(l v)cosha, y+ By, (2cosha,y+(1-v)a,ysinha,y)+| (A3)
o sina, x—
w26 | Cp,(1-v)sinhe, y+D,, (2sinhe,y+(1-v)a,ycosha,y)

2 2
dF—’"z(y)—va,iFm (») |sine, x— d an(x)
2.4.6.. dy dx

{—ﬂf G,(x)+v }Sin By

n=2,4.6..

n

5 [AGn (v—1)cosh B,x+ By, (2v cosh B,x +(v —1) B,xsinh B,x)+
2,4.6. ! (

sin By
Cq, (v—1)sinh B,x+ D, (2vsinh B,x +(v—1) B,xcosh 3 x) }

sinha,,y+ B, (sinh e,y +a, ycosha, y)+

w26 | Cpycosha,y+ D, (cosha,y+a,ysinha,y)

M, =-D(1- V)a -1-v) Y Z{AF’"

} cosa,,x —

1) ,| 4g, sinh 8, x+ B, (sinh 8, x+ S, xcosh /3 x) + p (Ad)
-v
w2m6. | Cg, cosh Bx+ D, (cosh B x+ B,xsinh S,x) g

—a o, CEO) ~ PG, () o\ 0 dG ()
45[ amFM(y)+(2 V)O-’m dy2 j|cosamx n2,4,6u|: dx’ (2 V)'Bn dx :|Slnﬂn

oO'w oO’w
:—D[ p+(2—v) p2j+ (A5)

| A, (v=1)cosha,y+B,, ((2v—-4)cosha, y +(v-1)a,ysinha,y) +
o, cosa,,x —
6. | Cp,(v=1)sinha,y+ Dy, ((2v-4)sinha,y+(v-1)a,ycosha,y)

P Ag, (v—1)sinh B x+ B, ((1+v)sinh B,x+(v 1) B,xcosh B,x)+ | 5
w236 | Cg, (v—=1)cosh B,x+ D, ((1+v)cosh B,x+(v—1) B xsinh B x) !

n

2
Ty aZZm_y}mamx_ [—ﬂiGn(x)+(2-V)ﬂndzz(x)}cosﬂny
n=2.4.,6..

ox*oy
. [AFM (v-1)sinha,y+ By, ((v+1)sinhe,y+(v-1)a,ycosha,y)+
meog.

:_D(OSWP NP ]— (A6)

sina,, x +
Cp, (v=1)cosha,y+ Dy, ((v+1)cosha,y+(v-1)a,ysinha,y) ]

Ag, (v=1)cosh B,x+ B, ((2v —4)cosh B,x+(v—1) B,xsinh B,x) +
Cg, (v—1)sinh B x+ D, ((2v —4)sinh B,x +(v —1) B,xcosh ,x)

2] e

The slopes 0w/0x and 0w/0y used as boundary conditions are given by
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ow(x,y) Oow,(x,y) A4, cosha, y+B, a yvsinha, y+
= + a, . cosa, X +
Ox Ox meaas. | Cm,sinha, y+D, a, ycosha,y
by A, sinh B x+ B, (sinh 8,x+ B xcosh 8,x)+ sin 8 »
w26 | Cgcosh Bx+ Dy, (cosh B,x+ B, xsinh 8 x) ! A7)
ow(x, y) awp (x,y) 1 A, sinha,y+ B, (sinh a,y+a,ycosh amy) +|
= +— a, . sina,, x +
o o) D, %% | Cp,cosha,y+D, (cosha,y+a,ysinha,y)

1 > B[4, cosh B,x+ B, B,xsinh 8, x+Cy, sinh 8, x+ Dy, ,x cosh 8 x]cos 3,y

n=2,4,6..
The shear force Qy used by continuity equations and in case of symmetry are expressed using
Equations (3b), (5), and (9a, b), as follows

o o 3 2
0,=-D M;” + ZW” - {d F;”3(y) —a,i dr,, (y)}sin a,x— {—ﬂjGﬂ x)+p, d G”z(x)}cosﬂ”y
oy X | wame| A dy n=2,4,6.. dx
AT (A8)
o Aoy
> 2a,(B,,sinha,y+Dy, cosha,y)sina,x— [2 B} (Bg, cosh B,.x+D,, sinh ﬂ"x)J cos B,y
m=2,4,6.. n=2,4,6..

The efforts and deformations for formulations of the deflection surface according to Equations
(5b-c) will be expressed through a combination of the formulations of (5a, d).
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