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Abstract: In information systems, data analysis plays a crucial role in uncovering hidden patterns
and insights. Visualizing data behavior enables researchers to examine its dynamics, strengths, and
limitations. For pure mathematical problems, traditional approaches rely on mathematical tools for
problem-solving. However, adopting a data-driven approach—where relevant data is generated within
the problem’s scope and analyzed intuitively—allows for alternative perspectives and solutions. In this
article, we present an analytical and visual framework for addressing mathematical and engineering
problems. By developing a novel manifold learning-based algorithm, we examine these problems from
a unique perspective. We demonstrate the effectiveness of this approach through various applications,
including approximate solutions to partial differential equations (PDEs) and classical mathematical
problems such as studying the distribution and behavior of prime numbers. Our results show that
even pure mathematical problems can benefit from this methodology. This framework can also be
applied to other scientific and engineering disciplines. We aim to provide innovative perspectives on
diverse challenges across mathematics, engineering, and the sciences.

Keywords: manifold learning; data-driven analysis; PDEs; prime number distribution; visual analytics;
scientific computing

1. Introduction

Visual observation of the behavior of data and their associated functions can reveal various
behavioral aspects, highlighting ambiguous points and deviations from the goals defined in the
objective function. This process often leads to the discovery of new solutions or specific areas of
interest within the existing data [1].

Manifold learning spans multiple disciplines, including geometry, computation, and statistics,
and has emerged as a significant research topic in data mining and statistical learning [2]. In simple
terms, manifold learning refers to a class of algorithms designed to extract low-dimensional manifolds
embedded within high-dimensional spaces [3]. Among the most popular linear dimensionality
reduction techniques are Principal Component Analysis (PCA), which creates uncorrelated linear
projections of data with maximum variance [4], and Multidimensional Scaling (MDS), which aims to
preserve pairwise distances and is primarily used for data representation [5].

Analyzing the behavior of functions with more than three variables in a visible and plottable space
can greatly enhance the understanding of variable interactions and their dependent functions [6].

In this article, we introduce the RDSF algorithm, which is designed based on the MDS technique
(due to its property of preserving pairwise distances) and leverages computational resources and data
collection capabilities. We demonstrate that this algorithm can be used to analyze various problems
and derive results through observations, which can then inform potential solutions to those problems.

In the following sections, we present three applications of this algorithm. The first application
involves solving PDE equations. The method described for this purpose is based on the analysis and
application of the RDSF algorithm. Specifically, using this algorithm, we have developed a method to
solve such problems [7].
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The second application of the RDSF algorithm addresses a classic mathematical problem: the
distribution of prime numbers. By applying this algorithm, we examine the distribution of prime
numbers and present it graphically, which can lead to broader conclusions in this field [8].

2. Algorithm for Reducing the Dimension of the Space of Independent and
Dependent Variables of Real-Valued Functions (RDSF)

Assuming M is an information space with dimension #, and a real-valued function f(x1,...,xy)
is defined for any point in M, the goal of this algorithm is to analyze the behavior of points on the
function f at different locations and observe the dispersion of information around the desired value
in a 3D space. To achieve this, we employ the Multidimensional Scaling (MDS) method from the
manifold learning framework. The MDS method is particularly suitable because, after dimensionality
reduction, it preserves the pairwise distances between points in the original high-dimensional space
and the reduced-dimensional space [10]. This property is crucial for accurately examining the behavior
of points in M with respect to the objective function f. By maintaining these distances, the reduced
three-dimensional space reflects the same spatial relationships as the original space, allowing us to
correctly interpret the behavior of the function.

This algorithm consists of four steps and is implemented as follows:

1. First, for each point (x1, X, ..., X, ) in the space M, we calculate the value of the objective function
f at that point.

2. Next, we transform the n-dimensional space M into the 2-dimensional space N using the MDS
method. This transformation ensures that the distances between points in the new 2D space (N)
are equal to the distances between the corresponding points in the original space (M).

3. Next, for each member of space N, such as point (y1,y2), we add the value of the function
f(x1,x2,...,x,) corresponding to that point in space M, to the 2-dimensional space. This
process results in the creation of a 3-dimensional space Z, from which we derive the form
(1, y2, f(x1, %2, .., Xn)).

4.  Finally, we draw the 3-dimensional graph of the space Z. In the resulting graph, we can intuitively
examine and analyze the behavior of the function in the original space within the observable
space, relatively. This allows us to derive the necessary insights into the behavior of the function,
as well as the dispersion and clustering of points in the original space, in relation to the objectives
of the function.

3. Some Applications of the RDSF Algorithm

The RDSF algorithm can be used for investigating and analyzing a wide range of mathematical
and engineering problems. In practical problems, sufficient information is often available to analyze
the issue effectively. In such cases, the information can be classified, and the objective function’s
value can be calculated based on various parameter values to construct the M-space. However, for
theoretically posed problems, it is often necessary to use computational methods to generate data
randomly. This generated data is then used to compute the objective function’s value and create
the M-space.

The creation of the M-space is a crucial initial step in applying the RDSF algorithm. When data is
generated randomly or is insufficient, it may be necessary to regenerate new data or obtain it from
external systems. This process might need to be repeated multiple times to ensure a comprehensive
analysis of the problem under different data conditions. Essentially, the RDSF algorithm serves as a
method for observing and examining a problem to gather sufficient insights for its resolution. In the
following sections, we will explore several applications of the RDSF algorithm in analyzing problems
across mathematics and other scientific disciplines.
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3.1. Analysis and Review of Partial Differential Equations (PDEs)

One of the most significant applications of the RDSF algorithm explored in this article is the
investigation of the solvability of partial differential equations (PDEs). PDEs are one of the most
important mathematical problems that are widely used in various technical and engineering fields.
Finding exact or approximate solutions to these equations is crucial, as deriving a general solution is
often impossible and typically requires case-by-case analysis.

In this study, we initially examined various PDEs intuitively by employing diverse functions and
generating random data computationally using the RDSF algorithm. Through the analysis of these
mathematical functions, we identified potential solutions to specific PDEs with the desired level of
approximation. This approach enabled us to derive a general solution framework.

To achieve this, we introduce the necessary concepts and present a theorem. Subsequently, we
demonstrate how the RDSF algorithm, in conjunction with this theorem, can be utilized to obtain
approximate solutions with the desired accuracy for any given PDE.

Definition 1. We call the n-variable real-valued function f(x1,xy, ..., x,) FADF if the function is finite and
all its derivatives of any order are also finite with respect to each of its variables.

Example 1. The sin(x) and cos(x) functions are FADF by definition.

Theorem 1. For any arbitrary partial differential equation (PDE) with coefficients that are finite within the
domain of its independent variables, and all its derivatives exist, there exists at least one real-valued function f
of the FADF type and a dependent constant €, such that within the domain of the independent variables, this
function brings the equation to an acceptable value close to zero.

Proof. We consider an arbitrary equation of the form A(X, U) = 0, where X = (x1,x,...,X,) repre-
sents the set of independent variables, and U is the dependent variable. Furthermore, we express the
desired equation A(X, U) = 0 in its general form as:

Pl

ﬁ + G(xllxz,.. .,x;fl)
1 2 n
dx;'0x,% ... dxy

m
A(X,U) = Z @i(x1,x2,..., %)
i=1

We consider the FADF function f(x1, xp,...,x,) = []/_; sin(x;) and
U(xy,x,...,%0) =& (flx1,X2,...,xn) + G (xy,x2,...,x0))

within the domain of definition of the equation, where k represents the degree of the equation. By
substituting U(x1, X2, ..., X,) into the equation, we obtain:

Bl Pif(xy,xa,...,x
=¢- f( 1,72 ")—I—G(xl,xQ,...,xn)-Hi(xl,xZ,...,xn)

’Xi ‘xi i ol ai i
1 2 Xy 1 2 Xn
0x,'0x,% ... 0xy dx;'0x,% ... 0xy

where H;(x1,xp,...,Xy,) is a function with maximum powers up to order k.
Thus:

m a)Bl X1,X2,...,X%
A(X,u) =€ Z(Pi(xlIXZI"'/xn) fl;cg llxiz :1)
i=1 0x,10x,% ... 0xy"

+G(x1,%2,...,xn) - Hi(x1,%2,...,%4))]
+ G(x1,x2,...,%)

By considering the properties of the FADF function in the domain of defining the independent
variables of the equation, there is a constant value < such that:
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q’i(xlrxzr- . -/xn) 'Hi(x11x2/~- -/xn) + 1)
i=1

m
AXU)<e v ) @i(x,x2,..., %) +G(X1,xz,...,xn)<€~
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According to the assumption of the theorem, within the domain of the independent variables of
the equation, the coefficients of the PDE equation are finite. Thus, the constant value & can be chosen
such that the PDE equation is sufficiently close to zero, and based on the acceptable value of the
distance of the PDE from zero, the value of the constant ¢ can be estimated.

Consequently, there exists a real-valued function of the FADF type:

n
U(xqy,x2,...,x) =€- (Hsin(x,') + GF(x1, x2, . ..,xn)>

i=1

which reduces the equation sufficiently close to zero. This function can be considered an approximate
solution to the equation, depending on the specific conditions of the equation. O

Corollary 1. According to the proof, it is practically impossible to calculate the exact value of the constant €
within the domain of the independent variables due to the high dimensionality of the problem. As a result, we
are left with an equation involving several variables, which cannot be solved accurately. Therefore, by using
the RDSF algorithm and generating random values, we can determine an appropriate value for € within a
limited tolerance.

Example 2. We consider the following heat equation:

ou u  *u  *u
A(x,y,z,t) = g — (axz + W + aZz> =0

where u(x,y,z,t) is the temperature at position (x,vy,z) and time t [11].
To check the solvability of the above equation, we consider the following FADF function:

f(x,y,2,t) = sin(x) - sin(y) - sin(z) - sin(t)

With a dependent constant value ¢ = 0.01 (see Figure 1), which serves as the initial value for the dependent
constant of this function, we substitute the function u(x,y,z,t) = f(x,y,z,t) - € into the equation. Based on
the RDSF algorithm and using a computer, random values for the independent variables (x,y, z, t) are generated.
We then evaluate the deviation A(x,y, z,t, u) from the zero objective function by plotting a three-dimensional
graph. This process is repeated until an appropriate value for the dependent constant e is obtained, based on the
acceptable error margin in the calculations. After performing calculations for 500 random points, the results are
presented in the form of the following graph:

40 o c
= 00300020091(;(08 0 1000200030004000-4088%  able
able

Figure 1. Scatter plot of the objective function for the constant value ¢ = 0.01.
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According to the diagram, the dispersion of the target function in the interval [—0.01,0.01] is greater
than at other points. To find a more suitable solution, we re-evaluate the initial constant value using values
smaller than the original, such as e = 0.001 (see Figure 2) and ¢ = 0.0001 (see Figure 3), and analyze the
resulting graphs.

\'_’//'—0.003
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—4000-2000 0 2000 ~1006000 %%
X Lable 4000 Y Lable

Figure 2. Scatter plot of the objective function for the constant value ¢ = 0.001.
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Figure 3. Scatter plot of the objective function for the constant value e = 0.0001.

Based on the obtained graphs and the analysis of the dispersion of the objective function values, the best
estimate for the dependent constant is e = 0.0001.
Therefore, according to the acceptable approximation, the function:

u(x,y,z,t) = (sin(x) - sin(y) - sin(z) - sin(¢)) - 0.0001
is the most suitable option among the evaluated values for solving the PDE equation in this example.

3.2. Analysis and Investigation of the Dispersion of Prime Numbers

Finding prime numbers is one of the most fascinating topics in mathematics [12]. In this section,
we employ the RDSF algorithm to study the distribution of prime numbers. Since any non-prime natu-
ral number can be expressed as a product of the numbers 1 through 9, we construct the n-dimensional
spaces (M) required by the RDSF algorithm. These spaces consist of n-dimensional points that include
the values 1 to 9. The largest number in this space is represented in the form:

I9xXx9x%x---%x9
~—_——

n times

For each number generated by multiplying the members of the n-dimensional space (1 > 1), we
define the value of the objective function at that point in the M-space as the number of times we add
one to the resulting number to reach the first prime number. We then construct the n-dimensional
space required by the RDSF algorithm and plot the final 3-dimensional diagrams for the 3-, 4-, and
5-dimensional spaces as examples.

In the two-dimensional space (see Figure 4), for the parameter of the first number after each
product of the members of the space, the values 1, 2, 3, 4, and 5 are obtained with scattering counts of
14,9, 5, 4, and 4, respectively. The highest concentration occurs at points with distances of 1 and 2, and
the dispersion decreases for higher values.
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Scatter plot of prime numbers in 2D space
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Figure 4. Distance diagram to the first prime number in 2D space.

In the three-dimensional space (see Figure 5), for the parameter of the first number after each
product of the members of the space, the values 1, 2, 3,4, 5, 6,7, 8,9, 11, and 13 are obtained, with
scattering counts of 37, 18, 11,9, 13,1, 5, 1, 2, 2, and 1, respectively. The highest concentration occurs at
points with distances of 1 to 5, and the dispersion decreases for higher values.

Scatter plot of prime numbers in 3D space
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Figure 5. Distance diagram to the first prime number in 3D space.

In the four-dimensional space (see Figure 6), for the parameter of the first number after each
product of the members of the space, the values 1, 2, 3,4, 5, 6,7, 8,9, 10, 11, 13, 14, 16, 17, 19, and 20 are
obtained, with scattering counts of 75, 28, 21, 16, 26, 3,19,2,7,1,9, 8,1, 2,5, 1, and 1, respectively. The
highest concentration occurs at points with distances of 1 to 7, and the dispersion decreases for higher
values. Additionally, points with a distance of 10, which were not observed in the three-dimensional
space, appear in this space.

Scatter plot of prime numbers in 4D space
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Figure 6. Distance diagram to the first prime number in 4D space.

In the five-dimensional space (see Figure 7), for the parameter of the first number after each
product of the members of the space, the values 1, 2, 3,4, 5,6,7, 8,9, 10, 11, 12, 13, 14, 15, 16, 17, 19, 20,
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21, 23, 25, 26, 27, and 31 are obtained, with scattering counts of 127, 39, 39, 25, 50, 5, 38, 9, 15, 1, 31,
1,20,3,1,5,13,6,1,1,4,1,1, 2, and 3, respectively. The highest concentration occurs at points with
distances of 1 to 13, and the dispersion decreases for higher values. Additionally, points with distances
of 12 and 15, which were not observed in the four-dimensional space, appear in this space.

Scatter plot of prime numbers in 5D space
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Figure 7. Distance diagram to the first prime number in 5D space.

In this application of the RDSF algorithm, by analyzing the results, the following conclusion can
be drawn:

Corollary 2. Ifny,ny, ..., ny, represent an arbitrary m-dimensional space, then based on the degree of dispersion,
the probability that the natural number:

p=np Xny X - Xny+t

is a prime number is higher for values of t between 1 and the dimension of the space (m), and lower for values
greater than m.

3.3. Analysis and Investigation of the Behavior of Multivariate Arbitrary Real-Valued Functions

Assuming f(x1,x2,...,x,) is a real-valued function of an arbitrary variable, we can use the RDSF
algorithm to analyze the behavior of this function around a specific value. Using Python software,
we select random values for the variables x1, x3, ..., x, within their domain to form the M-space.
Notably, the more points we generate, the more accurate the analysis becomes with the help of the
RDSF algorithm.

Following the algorithm'’s steps, we calculate the function f(x1,xy, ..., x,) for the set of randomly
generated points. In the next step, we apply the MDS method to map these points into a 2-dimensional
space while preserving their pairwise distances. Then, we add the value of the function at each n-
dimensional point to create a 3-dimensional space. By plotting the 3-dimensional graph and observing
the proximity of the dimension related to the function’s value, we can analyze the behavior of the
function near the desired point.

Example 3. The Rastrigin function is one of the most well-known test functions in the field of multivariate
optimization and evolutionary algorithms. Finding the minimum of this function is a relatively challenging task
due to its extensive search space and the large number of local minima [13].

F(x) = An+ 2 [xf - Acos(znxi)}
i=1

where:

e X = (x1,x2,...,%y) is the input vector of dimension n.
e Aisa constant, typically set to 10.
*  nis the number of dimensions.
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In the two-variable case (see Figure 8), the behavior of this function can be examined and visualized in a
three-dimensional space, where the large number of local minima within a limited range is clearly observable.

Figure 8. Rastrigin Function (2 Variables)

In the three-variable case, since it is not possible to plot a four-dimensional space, one variable is typically
held constant, and the remaining two variables along with the function value are analyzed in a three-dimensional
space. By employing the RDSF algorithm and reducing the dimensions of the four-dimensional space, the
behavior of the function can be intuitively examined in a three-dimensional space without assuming any variable
to be constant, based on the behavior of all variables.

First, in the smaller range [—2,2], using a computer and following the steps of the RDSF algorithm,
random data is generated within this range, and the corresponding graph is obtained (see Figure 9). As can be
observed, similar to the two-variable case, there are numerous local minima within this small range.

Figure 9. Rastrigin Function (3 Variables) in the range [—2, 2]

Next, in the larger range [—10,10], using the RDSF algorithm and a computer, data is generated, and the
observable space is obtained (see Figure 10). In this case, the global minimum of the function at the origin (zero
point) is clearly visible, similar to the two-dimensional case.

Figure 10. Rastrigin Function (3 Variables) in the range [—10, 10]
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In this problem, without imposing any constraints on the variables, the behavior of the function is visually
examined, and previous findings regarding the existence of numerous local minima and a single global minimum
at the origin are clearly confirmed.
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