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Abstract: This paper presents an analysis of the number of zeros in the binary representation of
natural numbers. The primary method of analysis involves the use of the concept of the fractional
part of a number, which naturally emerges in the determination of binary representation. This idea is
grounded in the fundamental property of the Riemann zeta function, constructed using the fractional
part of a number. Understanding that the ratio between the fractional and integer parts of a number,
analogous to the Riemann zeta function, reflects the profound laws of numbers becomes the key
insight of this work. The findings suggest a new perspective on the interrelation between elementary
properties of numbers and more complex mathematical concepts, potentially opening new directions
in number theory and analysis.
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1. Introduction

We will use the following well-known fact: if, for the members of the Collatz sequence, zeros
predominate in their binary representation, then these members will lead to a decrease in the
subsequent members according to the Collatz rule. A striking example is when the initial number
in the Collatz sequence is equal to 2". Let’s write the solution of the equation n = 2* in the form
x = {x} + [x] and note that the smaller x, the more zeros in the corresponding binary representation
for n. Developing this idea, we come to the following steps.

* Analysis of the binary representation of simple cases of natural numbers.

* Creation of a process for decomposing an arbitrary natural number into powers of two.

* Analysis of the proximity of the process to binary decomposition at the completion of
decomposition at each stage.

¢ Calculation of the number of zeros in the binary decomposition of a natural number.

¢ Estimation of the Collatz sequence members depending on the number of ones in the binary
decomposition.

2. Results

This document reveals a comprehensive solution to the Collatz Conjecture, as first proposed in [1].
The Collatz Conjecture, a well-known unsolved problem in mathematics, questions whether iterative
application of two basic arithmetic operations can invariably convert any positive integer into 1. It
deals with integer sequences generated by the following rule: if a term is even, the subsequent term is
half of it; if odd, the next term is the previous term tripled plus one. The conjecture posits that all such
sequences culminate in 1, regardless of the initial positive integer. Named after mathematician Lothar
Collatz, who introduced the concept in 1937, this conjecture is also known as the 3n + 1 problem, the
Ulam conjecture, Kakutani’s problem, the Thwaites conjecture, Hasse’s algorithm, or the Syracuse
problem. The sequence is often termed the hailstone sequence due to its fluctuating nature, resembling
the movement of hailstones. Paul Erd6s and Jeffrey Lagarias have commented on the complexity
and mathematical depth of the Collatz Conjecture, highlighting its challenging nature. Consider an
operation applied to any positive integer:

¢ Divide it by two if it’s even.

© 2024 by the author(s). Distributed under a Creative Commons CC BY license.
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* Triple it and add one if it’s odd.
This operation is mathematically defined as:

z ifn=0 mod 2,
fln) =32 L
3n+1, ifn=1 mod 2.

A sequence is formed by continuously applying this operation, starting with any positive integer,
where each step’s result becomes the next input. The Collatz Conjecture asserts that this sequence
will always reach 1 Recent substantial advancements in addressing the Collatz problem have been
documented in works [2]. Now let’s move on to our research, which we will conduct according to the
announced plan. For this, we will start with the following

Theorem 1. Let

M €N,
o] = [aj41] = 6; >0,
€1 < 0.65,
[Fj(x)| < |x],
aj = [aj] +¢j,
€j <1,
U’j =1- ej.
j—1 j
M= Z 2[”‘:‘] +2% M = 22[”‘1'] + 2%j+1, (1)
i=1 i=1
Then for 6; = 1
_ -1 Tjy11In2 it
0j =2 ‘7']'+1<1_2 + E ST K 2)
and for 6; > 1
2= _n=26+1 o2 . In2 In? 203
P —20; j+1 —26i 1> j+1
Proof. Consider
j j—1
M-—M=0= Zz[ai] 4 2%+ 2lai] 4 ot
i=1 i=1

— 2l ot _puy
2% — ool 4 o — ola] 4 olajal =] +la] e

Next, we move to functional relations between ¢; and 0 1:

2€j — 27(5]'4’5]'4,1 + 1
= 217% = 2791011 4

= 11'1(21—0']‘) =1n2 — o In2 = ln(2_5f+1_‘71+1 + 1)'
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Calculating for §; = 1, we get:
In(27%* 1% 4 1)) =1In(27%+1 +1)
5=
2 2 3
0'-+1]n2 0’-+1ln 2 07
=In2+In|1--~ / F |- .
net < I S A WD
Continuing calculations for §; > 1, we get:
0iy1In2
ln(2—57'+1—0'/‘+1 + 1) =1n (1 + 2—(5j+1 _ 2—(5]‘+1 j+1 +2_5j+1Fj (0}2+1 + 2—(5j+1>>
S5 ne2641 g T IN2 o
— 270 _ 72l _ =67 5 +2 Jlfj((sz+1).
Thus, we obtain the final formulas. [
Theorem 2. Let .
M= 371 2[0&}+{0¢} _ 27121,
i=1
In(3)
1- . = 4
{a} > 055, n [nln@)} , 4)
then
1>
Y=o 2
Proof. Let "
n_ na _ n _ ola]+{a}
3'=2"=u 1n(3)/1n(2):>3

Using Theorem 1, we create a sequence

€;, mj, €1 = {a},

€1 — lzl ol = | pai—ay
k=0

Assuming that the binary decomposition process, according to formula (1), stops at the j-th step. From
this it immediately follows that the other terms of the decomposition are zeros and we immediately
reach the truth of the statement of the Theorem. Therefore, we will consider the case when the
generation of the decomposition according to formula (1) does not stop, and j reaches n. This means
thatallo; >0,/ <n

We conduct a more detailed analysis of the number of zeros and ones in our binary representation
Introduce the following notations:
1- the number of zeros in the binary representation.
m- the number of ones in the binary representation.
n- the digit capacity of the binary decomposition and then

n=l+m. )
In24;4 PR
%—L%—Q%_<U_ 2])”+5<12)

2
56 _ 026 +1 ‘ In? 253 7 —26j+1 .
6 >1a; = —2% (1 - +2“5JR]» i+l + B = 29

In2 8 In2
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Solving the following system of equations
Oj1 = &5+ Bjoj
Conduct a series of transformations to understand the following steps.
n—2 n—2 Qpm
Un+1:“n+“1Hﬁn—k+Zﬁn7m H,Bn k+011—[ﬁnk
k=0 m=1
«
Ol —“n+l31 Hﬁn K+ Z Bn-mm— H.Bn k+¢71Hﬁn k
o
Opn+l = &n + Hﬁn k+Z nmnﬁn k+011_[ﬁnk (5)
n—m j._
Introduce the notations
o
a, = inf —*
* 7 o0<i<n Bi
a* = sup -
0<i<n F1

k:1,(5]:l k:1,(5]‘>1

Note that dy, 0y appear at points with coordinates x(dx), x(0%), x(d;) = x(0x) and by definition «;
l1<a,<a®<13
Thus, all possible variants with L-zeros will be determined by all possible sets of

(81, 82....01)

With corresponding coordinates

l:l,5i>1
Rewrite formula (5)
-1
On+1 An "= &n—m 1
— = — + a1+ Z — + 07
Vo Bk TIZg Buk =1 Br-m TTIZL Bk
PRI VI
1= 240 T 24l &

To calculate the sum in the last inequality, we use the equations

k=1 k=11 k=11 k=1
=14y 2, 42 =2 (14 ) 2| =2+ )} 2 =24 ) 2

i=0 i=0 i=0 i=l

It is important to note that here k1 also have their coordinates x(k), x(!) and all i, < i < k, have
coordinates x(i) which are built on a uniform grid Thanks to these simple formulas and corresponding

coordinates, we can calculate sums using integrals.
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1= i 24(0)
i=1

my + (In2 + €)1
_— >

n—1
I(y) = / 2%dx =1+ R(n), v= ”
0

where R(n) is the residual term which we can neglect for large n Where
L=n—-1<m,

- a given level of the number of zeros.

1 —24(n)
)= 53
1—2-40) dI(7)
* <
“ 2In2(1+1In2+4¢€) — o doy <0=
_—A(n)
., 1-2 <o, dai(y) _ g

“ 2In2(1+1In2+€) — dry

Note that the smaller <y the larger I(7y) therefore to reach the given level L it is possible only with the
corresponding ¢y and to reach the level L = n/2 it is necessary to choose

1.3
055 = 2In2(1+1In2+¢) <N

=L>n/2. =
The statement of the theorem is true. [

Proof. Let .
n_ na _ n_ 2[0(]4—{04}.
3 2" = 711’1(3)/11‘1(2) =3

Using Theorem 1, we create a sequence

€, m;, e = {a},

2€1 — E plok]—ar 4 pai—an
k=0

Assume that the process of binary decomposition, according to formula (1), stopped at the j-th step.
From which it immediately follows that the remaining terms of the decomposition are zeros and we
immediately reach the truth of the Theorem’s statement. Therefore, we will consider the case when the
generation of decomposition according to formula (1) does not stop, and j reaches n. This means that
allo; >0,j<n

Let’s conduct a more detailed analysis of the number of zeros and ones in our binary
representation. Introduce the following notations:
l- number of zeros in the binary representation.
m- number of ones in the binary representation.
n- bit depth of the binary decomposition and then

n=l+m. .
In2j,4 o7y
51—1'“1—@51—((1— 5 )/2+Fi<iz )
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2
5=6j _ n—26;+1 In 20«3+ 1 272+
S1la=-20[1-2—"2 "~ 1279R. I =29

Solving the following system of equations
Oj1 = &+ Bjoj

we get

n—1 m—1 n—1
On+1 = &p + Z Xn—m H Burk+ 01 H Bn—k
m=1 k=0 k=0

Let’s perform a series of transformations to understand the following steps.

Ont1 = &n

Ont+1 = ’Xn‘f',Bl H.Bn k+Z,Bn mH.Bn kﬁnm+01Hﬁnk

‘Tn+1—’xn+al H,Bn k+zanm1—[ﬁn k+(71Hﬁnk

(Tn+1—rxn+£71 H,Bn kt Z S H,Bn k+01Hﬁn k
m=1

Introduce notations N
i

() = inf{ A (m) — m > t}

()
= Zt Iny(Bj) = mu(t)(In2 —In(1 —In20,1/2)) > my(t) In2

Note that &, 0y appear at points with coordinates x(dy), x(0%), x(dx) = x(0x) and by definition of ;

l1<a,<a*<13
Thus all possible variants with L-zeros will be determined by all possible sets of

(81, 82....01)

With corresponding coordinates

(x(61), x(62)....x(y))

Note that
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T a "
0122A(n) = AW ;2 ()

To calculate the sum in the last inequality, we use the following formulas

k=1 k=1-1 k=I1-1 k=1
d=1+Y 2 42 =2 (14 Y 2| =24 ) 2 =2y VY
i=0 i=0 i=0 i=l

It is important to note that here k1 also have their coordinates x(k), x(I) and all i,/ < i < k, have
coordinates x(i) which are built on a uniform grid Thanks to these simple formulas and corresponding
coordinates, we can calculate sums using integrals.

my—1

m* . .
=Y 240 = ¥ 2 4 R(n)
i=1 i=1

where R(n) is a residual term that we can neglect at large values

x(mx)—1
1(7):/ 27, L+ve _ L+mu(L)In2
0

BT TR (5) B

Where L- given level of number of zeros.

m=120

1= 29In2
1—2-4m) dl
oym2 SOV d(;”<0:>

_2—An)
=274 di(y)

22 = ey <07

Note that the smaller v the larger I(-y) therefore to reach a given level L only with corresponding 07 and

to reach the level L = n/2 it is necessary to choose m < 0q and x(m*) =n/2=L>n/2. =

The statement of the theorem is true. [

Theorem 3. Let i
ap =Y 72, n>1000, ;€ {01},
i=0

then
3" €{0,1}, and gp—jr < an.

Proof. Introduce operators defined as follows:

Pf = g Tf=3f+1, Zf=23f,

T; € {P,T}, R; € {Z,P}.

Consider all possible scenarios of Collatz sequence behavior, which can be written in the following
form:
Apyn = 1T, ... Thay,

We need to estimate each 2n-th term of the Collatz sequence based on the number of applied operators
P, T, Z during n steps.
aptn = TyTy—1... Thay,

doi:10.20944/preprints202401.0227.v11
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Let a,, have m ones in its binary representation, then we count the number of applications of operator
Z using the following formula:
)DIRY

i<n

and the number of applications of operator P using the following formula:

Y l=m+n-—m=n.
Ri=P,
i<n
Since each application of Z is accompanied by operator P, and the number of applications of operator
P corresponds to the number of zeros in a,, which equals n — m. According to the rules of Collatz,

after n steps we have:
m m

Ant+n = ?2,7{111 +TTTyq... Tl = 275711 + By,
By <2~ "+m2 3y < 2o g, < 272 3
=
According to the last formula, we see that the growth of each term of the sequence depends on the
number of ones in the binary representation. Next, we will show that a large number of ones at
the 2n-th step leads to an increase in the number of zeros at the 3n-th step for binary representation
according to the previous theorems, from which it follows that subsequent terms of the sequence
decrease:
apy, = 3"a, - 27" + B, = 3" +3"(ay —2") + By,

Repeating the reasoning of Theorem 2, consider the equation
Zx — aZn — Smﬂn ,2—71 + Bn — 3m +3Wl(an _271) 'z—n + Bn/

xIn2=mIn(3) +1In (1+ (a, —2")- 27"+ B, -37"),

From the last equation, to apply the results of theorem 2, we need o7 > zfﬁ To satisfy the last
inequality, consider m; = m —j, 0 = (a, —2")-27",

(x} = mm{ (m I]) In(3) . In(1+96) TF <1) } ’

j<10 n(2) In2 2"In2

Consider p = (m — ])ﬁ:—g = (2k +1)1.5849625007 ..., € = 1.5849625007 ... — 1.5, we get

P=(2k+l)(1.5+e+w):3k+(2k+l)_€+%,
{P}:{1-5-l+(2k+l)~€+W}:{1.5.l+{(2k+l).€+w}}’

Choosing | from even numbers less than 10, if inequalities 0 < {(2k) - € + 4 HG } < 0.5, are true
( ) _ n(1+6)
{pt={2%k-e+———}={2% e T}’

In(1+6)

1n2 } < 1, are true

Choosing 1 from odd numbers less than 10, if inequalities 0.5 < {2k - € +

{p}:{Zk~e+W}:{0.5+(2k+l)-€},
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Using € < 0.1, also satisfy the condition oy =1 — {x} > 211T

m* number of non-zero 7y;,

According to theorem 2 we get
m*<n/2+(n—j*)-In3/1n2/2,

According to our application of Collatz rules, we have an element ay,_j+, and the order of its binary
representation is
np=n+(n—j*)-In3/In2/2,

After 3n — j* steps of applying Collatz rules we have

m* m*
Ban—j* = Sgp—j Tan + T3y Tap—1-j+ ... 11 = o fan + B3y,
m* 3m’* 3m
a4n,]'* = ﬁﬂzn + Tgn,]‘* T3n,]'*,1 o1l = ﬁ (Wﬂn + Bn> + B3n7j*/

Agyje = 3" M. 2730 gy 43" 272 B, 4 By e,
Agp—j* < qi1 - an,

By definition of m*,[*, B,, we get
g <1,

Using n > 1000, it follows that g1 <1 = a4, j» < a,. O

Theorem 4. Let .
ap =Y %2, n>1000, +;€{0,1},
i=0

then
Jj* <0.1n, and ag,_j < ay.

Proof. Let’s introduce operators defined by the formulas

Pf=35, Tf=3f+1, Zf=3f,

T; € {P, T}, R; € {Z,P}.

Consider all possible scenarios of the behavior of the Collatz sequence, which can be written in the
following form:
antn =TTz ... Tyay,

It is necessary to calculate an estimate for each 2n-th member of the Collatz sequence based on the
number of P, T, Z operators applied during n steps.

antn = TyTyp—1... Tran,

Let a, have m units in its binary representation, then calculate the number of applications of the Z
operator by the following formula:
m= 2 1,
Ri=Z

i<n


https://doi.org/10.20944/preprints202401.0227.v11

Preprints.org (Wwww.preprints.org) | NOT PEER-REVIEWED | Posted: 5 February 2024

10 of 11

and calculate the number of applications of the P operator by the following formula:

Y l=m+n—m=n.
R;=P,
i<n
Since each application of Z is accompanied by the P operator, and the number of applications of the P
operator corresponds to the number of zeros in a,,, which is equal to n — m. According to the rules of
Collatz after n steps, we have:

3m m
An+n = 270111 +TuTyq... Tl = on —-an + By,
m 3]
Bﬂ S 2—1’1+Wl Z 2]ﬂ <2~ n—+m 37]1/21?1 ay < 2= —2n+1 3m
j=1

According to the last formula, we see that the growth of each member of the sequence depends on the
number of units in the binary representation. Next, we will show that a large number of units on the
2n-th step leads to an increase in the number of zeros in the 3n-th step for the binary representation
according to previous theorems, hence the reduction of subsequent members of the sequence:

ap, = 3"a, - 27" + B, = 3" +3"(ay —2") + By,
Repeating the reasoning of Theorem 2, consider the equation
2x = ayy = 3man . 2—7! + Bn — 3m +3m(an - 2”) . 2—1’! + Bn,

xIn2=mIn(3) +1In (1+ (a, —2")-27" 4+ B, -37"),

From the last equation, in order to apply the results of theorem 2, we need 07 = 1 — {x} > 0.5. To
fulfill the last inequality, consider m; = m — j, 0 = (a, —2")-27",

1= min {0 ()}

Consider p = (m — ]HE% = (2k +1)1.5849625007 ..., € = 1.5849625007 ... — 1.5, we get

p=(2k+1)(15+e+ %) =3k+(2k+1).6+%,
)= (514 @kt MEEOY s gk ey MLEAYy

In2

Choosing I = 0, if the inequalities 0 < {(2k) - € + In 1+9 } < 0.5 are true,
( ) _ In(1+96)
{pt={2%k-e+———"}={2k¢ UL

Choosing I = 1, if the inequalities 0.5 < {2k - € + ln(1+9

} < 1are true,

{p}:{2k~e+%}:{0.5+(2k+l)-€},

Using € < 0.1, we also satisfy the condition oy =1 — {x} > 0.51.

m”* is the number of non-zero 7;,

doi:10.20944/preprints202401.0227.v11
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According to theorem 2 we get
m*<n/2+(n—j*)-In3/1n2/2,

According to our application of the Collatz rules, we have the element a4, _j+, and the order of its
binary representation is
np=n+(n—j*)-In3/In2/2,

After 3n — j* steps of applying the Collatz rules, we have

m* m*
Ban—j* = Sgp—j Tan + T3p—j Tap—1—j+ .. 1l = oz f2n + By,
m* 3m* 3m
Aan—js = g fan + T3y Tap—je—1... Tl = pYTl (Wun + Bn> + B3y,

Ay_je = 3" M. 2730 gy 43" 272 B, 4 By e,
Agp—j* < q1 - an,

By definition of m*,[*, B,, we get
g <1,

Using n > 1000, implies g1 <1 = ay,j» < ap. [

Theorem 5. Let .
an =Y 72, n>1000, «;€{0,1},
i=0

then for a,, the Collatz conjecture is true.

Proof. The proof follows from Theorems 1-3. [J

Proof. Proof follows from theorem 1-3

6. Conclusions

Our assertion proves that after 3n steps, a sequence with an initial binary length of n arrives at a
number strictly smaller than the initial one, from which the solution to the Collatz conjecture follows.
This is because by applying this process n times, we are guaranteed to arrive at 1.
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