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THE PARTIALLY DEGENERATE CHANGHEE-GENOCCHI
POLYNOMIALS AND NUMBERS

YUNJAE KIM!, BYUNG MOON KIM2, GWAN-WOO JANG3,
AND JONGKYUM KWON#*

ABSTRACT. In this paper, we introduce the partially degenerate Changhee-
Genocchi polynomials and numbers and investigated some identities of
these polynomials. Furthermore, we investigate some explicit identities
and properties of the partially degenerate Changhee-Genocchi arising from
the nonlinear differential equations.

1. Introduction

As is well known, the Genocchi polynomials G,,(x) are defined by the gener-
ating function as follows:

oo ’IL

et+1 Z = (see [1,3,6,17)). (L1)

When z =0, G,, = G,(0) are called the Genocchi numbers.

The Changhee polynomials Ch,,(x) are defined by the generating function to
be

2
51+ ZCh —see[5,8,13,16,18]). (1.2)

When x =0, Ch,, = Ch,(0) are called the Changhee numbers.

By replacing t by ef — 1, we get
o0
t" 2
ZEn(x)m = et ¥ 16

_ Z ChTﬂrZ‘(I> (et _ 1)m

m=0

= Z Chp(x) Z Sa(n, m)n'
t’l’L
—Z(Z(Jh S2nm)> —
n!
where E,,(z) are ordinary Euler polynomials.
Thus, we have
Z Chon(2)S2(n, m). (1.4)

Now, we define the degenerate exponentlal function as follow:
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When z =0, CG,, = CG,(0) are called the Changhee-Genocchi numbers.

The Genocchi-Changhee polynomials GCh,,(x) are defined by the generating
function to be

2t
2+t1+t ZGC’h ) (1.10)

When z = 0, GCh,, = GCh,,(0) are called the Genocchi-Changhee numbers.

The degenerate Changhee-Genocchi polynomials CG,(x | A) are defined by
the generating function to be

2log(1 + logel)

(14 1logeh) CGp(z | )\ (see [11]). (1.11)
2+ log e} A Z

When z = 0, CG,, = CG,(0) are called the degenerate Changhee-Genocchi

numbers.

We recall the Stirling numbers of the first kind Sy(n,m) and Sz(n,m) are

defined by
1 e t"
—(log(1+1))™ = Z Si(n,m)— (see [4,7,14]). (1.12)
and
(et —1)™ Z Sy(n,m) —! (see [10,12,15]). (1.13)

Recently, B-M. Kim et al. studied Changhee-Genocchi polynomials and some
identities of these polynomials. They also introduced Changhee-Genocchi poly-
nomials and investigated some identities of these polynomials ([?]). Also, H.
-I. Kwon et al. introduced degenerate Changhee-Genocchi polynomials and
some identities of these polynomials and investigated some identities of these
polynomials ([?]). In this paper, we introduce the partially degenerate Changhee-
Genocchi polynomials and numbers and investigated some identities of these
polynomials. Furthermore, we investigate some explicit identities and proper-
ties of the partially degenerate Changhee-Genocchi arising from the nonlinear
differential equations.
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2. The partially degenerate Changhee-Genocchi polynomials and
numbers

In this section, we define the partially degenerate Changhee-Genocchi poly-
nomials and numbers and investigate some identities of the partially degenerate
Changhee-Genocchi polynomials.

Now, we consider the degenerate Genocchi polynomials which are given by
the generating function to be

2 L, o~ t"
=) G —. 2.1
19 7;) n (@) (2.1)

When = = 0, G, » = G,,A(0) are called the degenerate Genocchi numbers.

It is not difficult to show that G x(0) = 0.

So,
2t X Gyia(r) !
* = _— 2.2
el + 19 Z n+1 n! (2:2)
A n=0
Thus,
- Gn+1,>\($) ¢t _ 2 tx
E =1 7 ey
n+1 n! el +1
n=0
(2.3)

tn+1

= nZ:OEn’)\(SC) n! .

Comparing the coefficients on the both sides in (??), we have the following
result.

Theorem 2.1. Let A € C, with 0 < |\|, < 1. Then

Gn+1,/\(z)

ntl Ep(z), (n>0). (2.4)

In [4], the degenerate Changhee polynomials which are given by

T = t
A n=0 '
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By replacing ¢ by 1(e* —1) in (??), we get

2 1, "
51 1+t ZChm)\ (/\( t_1)>

= Z Chm,)\(x))\_m Z Sg(n,m)gt" (26)
- Z (Z Chym A(T) A" Sy (n, m)> g
n=0

Thus, we obtain the following result.

Theorem 2.2. Let A € C, with 0 < |\|, < 1. Then

Z Chym A () A" 8y (n, m). (2.7)

Now, we define the partially degenerate Changhee-Genocchi polynomials which
are given by
2log(1 +¢)

oo o tn
2+ log el (1+1logeh)” = Z CGn,A(x)ﬁ. (2.8)
§ !

When z = 0, 6‘5” A= C/'E’n 2(0) are called the partially degenerate Changhee-
Genocchi numbers.

Also, we define the higher-order partially degenerate Changhee-Genocchi num-
bers which are given by the generating function to be

2log(1 +1t) — (k) t"
<W> ZCG . (2.9)

Now, we observe that

21og(1 + ¢
o og(1+1)

2log(1+1t)
i bt =1 Sl L7
=0 2+ log e}

2+t
ot log(1 +t
+tzog( +1)

(1+1loge})” (1+t)"

I .
NE
Q
3
=
&
=| &
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3
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Comparing the coefficients on the both sides in (?7?), we have the following
result.

Theorem 2.3. Let A € C, with 0 < |\, <1 and A = 0. Then
— n n
CGpo(z) = GChy(z)D,,—;. 2.11
o0 =3 (7). (211)

Now, we observe that

o0
— " 2log(l+1t) .
N ClCua— = 52T (1 4 logel)”

AN 2 + log e} (1+loge))

2t Llog(1+1)
= T loge L TIOEN T

A\ [ (2.12)
= ;C’hu(m)ﬁ ZzoDm%

S (R enn)

Comparing the coefficients on the both sides in (??), we have the following
result.
Theorem 2.4. Let A € C, with 0 < |\|, < 1. Then
—_— n n
CGpy = ChiaDp_;. 2.13
A ; ( l) 1At (2.13)

‘We observe that

t” 2log(1+1) ;
§ : o =228 T (1 +logeh)”
CG( 2+1oge§( +loge})

© gl
(ZCGI,)\%> < (@) kl(logq)’“)
1=0 0
> 1 m m
- (ZCGM%> ( (Z( AR S (m, k)) —')
1= k=0

n
nl’

0
-y (i 3 (Z)( YN E S, (1, k) OG- m) !

e

(2.14)
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Theorem 2.5. Let A € C, with 0 < |A|, < 1. Then

CGun(x) =3 (Z) (@) kA" F 81 (m, k) OG- (2.15)

m=0 k=0
3. The partially degenerate Changhee-Genocchi numbers arising
from differential equations

In this section, we investigate some identities of the partially degenerate
Changhee-Genocchi numbers arising from differential equations.

Let
F:F(t):;. (3.1)
2) + log(1 + At)
Then, by taking the derivative with respect to ¢t of (?7?), we obtain
d 1 A
P = al®= (2X + log(1 + At))2 (_ 1+ )\t) -
- ( A ) F2. .
14+ At
From (?7), we have
A2 = —(14+ A)FD), (3.3)
By taking the derivative with respect to ¢ in (??), we note that
AFFW = AFM — (14 A F®. (3.4)
Thus, by multiple (1 + At) on the both sides of (??), we obtain
A1+ M)FFD = N1+ M)FD — (14 M)2F3, (3.5)
From (?7?) and (?7?), we get
INZFS = N1 4+ X)FM + (14 1t)2F@, (3.6)
From the above equation, we have
3NF2FEMW = 2P L XA+ M) F® 1201+ M)F® 4 (14 M\)2FO) 37)

= A2FMW 1301+ M) FP + (1 4+ M) F®),
Multiply (1 + At) on the both sides of (?7?), we get
3N+ M) F2FEW = X2(1 4 M) FD 4 30(1 4 M)2F@ 4 (1 4+ M)3FO). (3.8)
From (??) and (?7?), we obtain

3INFY = —X2(1 + M)FW —3X(1 4 M)2F® — (14 M) F®), (3.9)
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Continuing this process, we get

N
NINNpN+L — Z NIANVE(@ 4 A FR), (3.10)

Let us take the derivative on the both sides of (?7)
with respect to t. Then we obtain

N
(N+DAVFNFD = (D) " ap (N)AVFH (1 4 A)E L P®)
k=

! (3.11)
+ (=D T ap (AN E (L 4 M) REFD,
k=1
Multiply (1 + At) on the both sides of (?7?), we have
N
(N+D)INNA+ M)FVNFD = (—1)N Z kap(N)AN=FHL(1 4 )k )
(3.12)

Zak NN K1 agye ),
Then, by (??) and (?7?), we obtain

N
(N + 1)ANFHLpN+2 — (_1)N+L Z kag(N)AN =R (1 4 )k )
N+1 Zak /\N k 1_|_ /\t)k+1F(k+1)

N+ Z kap(N)AN=FHL(1 4 X))k )

N+1
N+1 Z a1 ( N)AN- k+1( +)\t)kF(k)

= (—1)N+1a1(N))\ (14 Mx)FD
(~D)N*Lan (N)(1 + x)N LR+

_|_

N
DNV (kag(N) + a1 (N) AN (1 4+ xe)F PR

(3.13)
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By substituting N by N + 1 given in (??), we have another equation.
N+1
(N + DIANVFLENF2 = ()NFEN " ) (N 4 DAV (L + Aty F®)
k=1
= (=1)M*lay (N + DAV (1 + A FD

+ (=DM ay 1 (N +1)(1+ AN p(vED
N
+ (DN ap (N + DAV (1 AR
k=2

(3.14)

Comparing the coefficients on the both sides of (??) and (??), we have
ar(N+1)=a;(N), ayr1(N+1)=an(N), (3.15)

and

ap(N +1) = kar(N) + ap—1(N), for 2<k<N. (3.16)
From (??) and (??), for N = 1, we obtain

1
NF? == ap(OAF(1+ AP PR
k=1

= —a;(1)(1 + A)FD (3.17)
= —(1+A)FW.
From (?7), we get
a; (1) =1. (3.18)
From (?7), we have the following result using (?7).
a(N+1)=a(N)=a1(N-1)=---=a1(1) = 1. (3.19)
and
anti(N+1)=any(N)=any_1(N—-1)=---=a1(1) = 1. (3.20)
From (?7), for 2 < k < N, we have
ar(N +1) = kar(N) + ar—1(N)
= k(kar(N — 1) + ag—1(N — 1)) + ax_1(N)

= k?ap(N — 1)+ kap_1(N — 1) + ap_1(N) (3.21)

= kN_k+1(Lk(k) + kN_kak,l(k) + -+ (kal(N)
Therefore by (??) and (?7), we get


http://dx.doi.org/10.20944/preprints201808.0144.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 August 2018 d0i:10.20944/preprints201808.0144.v1

The partially degenerate Changhee-Genocchi polynomials 9

ar(N +1) = kN " lap (k) + kY Fap_1(k) + - + ap_1(N)

N—k+1
= Z ]{:N_k+1_i1ak_1(k -1+ il)
i1=0
N—k+1 i
= 3 RN (k- 1) R ay_o(k — 2+ i)
i1=0 i5=0
N—k+1 1
= 3 D RN (k- 1) R ay_o(k — 24+ iy)
i1=0 i2=0
N—k+1 i ip—2
- Z Z Z EN R ()t gtk (1 4y q).
01=0 i2=0  ix_1=0
(3.22)
From (?7?) and (?7?), we obtain
N-k+1 i iz
ap(N+1)= > > o Yo BN — 1) g2 (3.93)
i1=0 i2=0  i5_1=0

Thus, we have the following theorem.

Theorem 3.1. Let N € N. Then the following differential equation,

NINNENHL — ()N N 7 (N)AVF (1 4+ A ™

T

have a solution F = F(t) = where

1
22 +log(1+At)

an(N) =1, a;(N)=1

and

N—k i1 ik—?

ap(N)= >3 o > BN (k1) 22T for 2 < k< N.

11=0i2=0 ip—1=0
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From (?7), we get
_ 1
2\ +log(1 + At)
B t " 1 ><210g(1+t)
~log(l+t) ~ 2xt "~ 2+logef

1 g2t
(Zbl” ') <ZCGZQ’ 23 1! ) (3.24)

11=0 lo=1
1 th2
(lzoblll |> (lZ_:OCGh*”QA(l 1) 1y )

ls 1 tls
Z (223 <z>bl‘°‘ A3, 1>> ls!"

From the above equation, we get

F) = (%)kF(t)

< [/ I s
) (Z (Z G)bcc“m) %> (3.29

I13=0 \12=0

0o I3+k l
s+ k 1 ts
> (E < Iy >bza—12+k0012+1,xm>g

13=0 \1l2=0

Multiply 2¥*1\(log(1 + ¢))V*! on the right sides of (??), we get

Zak N)ANFFINHL (1601 4 £))N (1 4 At)FFF)

N M
:(—1)N2ak(N))\N_k+12N+1< Z Si( Ml,N+1)M'>
k=1

=N+1
k th
Ma=0 2
N 00 M3 M
_(_1\N N—k+1oN+1 3
= (=1 ) ar(N)A 2 > < > (M1>
k=1 Ms=N+1 \ M;=N+1

tMs
x S1(My, N + 1)(k)M3—M1)‘MS_M1> WF(H'
3.
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Where Sy (n, k) is the Stirling number of the first kind.

Thus, by (??) and (?7?), we get
N

(=DM ap(N)AN RN (log (1 + 1)) V(1 4 )k FO)
k=1

N oo Ms
= ()N 3" (N)AN k1N +1 ( M;
o o2l (o)

s=N+1 \M=N+1 ¥ !

tMs
x S1(My, N + 1) (k) s, s, /\M3M1> -

Ms!
[e'e] ls+k 1
l3—|—k) 1 (A
X biy— 1,4k CGlapi N |
(Z<Z< )

55 R e

k=1 n=N+1Ms=N+1 M =N+1 15=0
xak(N))\N ot M3 — M12NS1(M1,N+1)(k)M3_M1bn_M3_12+k
tn

cG v
KB AT X

(3.27)

o £ (S5 8 E e

n=N+41 \ k=1 Ms=N+1 Mi=N+1 1=0
X ak(N))‘N h M= M12N51(M17N+ 1)(k)M3—M1bn—M3—lz+k
1 t"
X OGZ2+1 AT ) X —.

n!

Also, multiply 2V \(log(1 +¢))N*1 on the left sides of (?7), we get
2log(14¢)\ "
N12NFIAN+L (1gg(1 + £))N+LEN+L N ( og(1+ ))

2+ log e,
A (3.28)

Z CG N+1

n=N-+1

By equation (?7?), (?7) and (??), we finally get the explicit expression arising
from nonlinear differential equation.
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Theorem 3.2. Forn > N + 1, we have
n—Ms+k

6555;1)__]\7! Z Z Z Z ( ><M3><n—JZ3+k)ak(N)

k=1 M3=N+1M,=N+1 12=0 M,

1

x \N =k Ms=MigN g (M, N + 1)(k)M3_M1bn—M3—12+kC'Glz+1,>\7l2 1

4. Conclusion

T. Kim have studied some identities of Changhee numbers which are derived
from generating function using nonlinear differential equation(see [8]). In this
paper, we study some identities of the partially degenerate Changhee-Genocchi
polynomials and the partially degenerate Changhee-Genocchi number arising
from nonlinear differential equation. In Theorem 2.3 and Theorem 2.4, we
get the some identities of the partially degenerate Changhee-Genocchi polyno-
mials. In Theorem 3.1, we get the solution of nonlinear differential equation
arising from generating function of the partially degenerate Changhee-Genocchi
numbers. In Theorem 3.2, we have explicit expression of the partially de-
generate Changhee-Genocchi number from the result of Theorem 3.1 using
generating function and nonlinear differential equations.
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