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Abstract. In this paper, we introduce the partially degenerate Changhee-
Genocchi polynomials and numbers and investigated some identities of

these polynomials. Furthermore, we investigate some explicit identities

and properties of the partially degenerate Changhee-Genocchi arising from
the nonlinear differential equations.

1. Introduction

As is well known, the Genocchi polynomials Gn(x) are defined by the gener-
ating function as follows:

2t

et + 1
ext =

∞∑
n=0

Gn(x)
tn

n!
(see [1, 3, 6, 17]). (1.1)

When x = 0, Gn = Gn(0) are called the Genocchi numbers.

The Changhee polynomials Chn(x) are defined by the generating function to
be

2

2 + t
(1 + t)x =

∞∑
n=0

Chn(x)
tn

n!
(see [5, 8, 13, 16, 18]). (1.2)

When x = 0, Chn = Chn(0) are called the Changhee numbers.

By replacing t by et − 1, we get
∞∑
n=0

En(x)
tn

n!
=

2

et + 1
ext

=

∞∑
m=0

Chm(x)

m!
(et − 1)m

=

∞∑
m=0

Chm(x)

∞∑
n=m

S2(n,m)
tn

n!

=

∞∑
n=0

(
n∑

m=0

Chm(x)S2(n,m)

)
tn

n!
,

(1.3)

where Em(x) are ordinary Euler polynomials.

Thus, we have

En(x) =

n∑
m=0

Chm(x)S2(n,m). (1.4)

Now, we define the degenerate exponential function as follow:

etλ = (1 + λt)
1
λ =

∞∑
n=0

(1)n,λ
n!

tn, (see [9]). (1.5)

Where (x)n,λ = x(x− λ) · · · (x− (n− 1)λ).

Note that

lim
λ→0

etλ =

∞∑
n=0

tn

n!
= et. (1.6)

In [2], L. Carlitz consider the degenerate Euler polynomials which are given
by the generating function to be

2

etλ + 1
etxλ =

∞∑
n=0

En,λ(x)
tn

n!
. (1.7)

The Bernoulli polynomials of the second kind bn(x) are defined by the gener-
ating function to be

t

log(1 + t)
(1 + t)x =

∞∑
n=0

bn(x)
tn

n!
(see [17]). (1.8)

When x = 0, bn = bn(0) are called the Bernoulli numbers of the second kind.

The Changhee-Genocchi polynomials CGn(x) are defined by the generating
function to be

2 log(1 + t)

2 + t
(1 + t)x =

∞∑
n=0

CGn(x)
tn

n!
(see [3]). (1.9)

2010 Mathematics Subject Classification. 11B68, 11S40, 11S80.
Key words and phrases. partially degenerate Changhee-Genocchi polynomials, degenerate

Genocchi polynomials, degenerate Changhee polynomials .
4 corresponding author.

1

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 7 August 2018                   doi:10.20944/preprints201808.0144.v1

©  2018 by the author(s). Distributed under a Creative Commons CC BY license.

http://dx.doi.org/10.20944/preprints201808.0144.v1
http://creativecommons.org/licenses/by/4.0/


2 YunJae Kim, Byung Moon Kim, Gwan-Woo Jang, Jongkyum Kwon

When x = 0, CGn = CGn(0) are called the Changhee-Genocchi numbers.

The Genocchi-Changhee polynomials GChn(x) are defined by the generating
function to be

2t

2 + t
(1 + t)x =

∞∑
n=0

GChn(x)
tn

n!
. (1.10)

When x = 0, GChn = GChn(0) are called the Genocchi-Changhee numbers.

The degenerate Changhee-Genocchi polynomials CGn(x | λ) are defined by
the generating function to be

2 log(1 + log etλ)

2 + log etλ
(1 + log etλ)x =

∞∑
n=0

CGn(x | λ)
tn

n!
(see [11]). (1.11)

When x = 0, CGn = CGn(0) are called the degenerate Changhee-Genocchi
numbers.

We recall the Stirling numbers of the first kind S1(n,m) and S2(n,m) are
defined by

1

m!
(log(1 + t))m =

∞∑
n=m

S1(n,m)
tn

n!
(see [4, 7, 14]). (1.12)

and

1

m!
(et − 1)m =

∞∑
n=m

S2(n,m)
tn

n!
(see [10, 12, 15]). (1.13)

Recently, B-M. Kim et al. studied Changhee-Genocchi polynomials and some
identities of these polynomials. They also introduced Changhee-Genocchi poly-
nomials and investigated some identities of these polynomials ([?]). Also, H.
-I. Kwon et al. introduced degenerate Changhee-Genocchi polynomials and
some identities of these polynomials and investigated some identities of these
polynomials ([?]). In this paper, we introduce the partially degenerate Changhee-
Genocchi polynomials and numbers and investigated some identities of these
polynomials. Furthermore, we investigate some explicit identities and proper-
ties of the partially degenerate Changhee-Genocchi arising from the nonlinear
differential equations.
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2. The partially degenerate Changhee-Genocchi polynomials and
numbers

In this section, we define the partially degenerate Changhee-Genocchi poly-
nomials and numbers and investigate some identities of the partially degenerate
Changhee-Genocchi polynomials.

Now, we consider the degenerate Genocchi polynomials which are given by
the generating function to be

2t

etλ + 1
etxλ =

∞∑
n=0

Gn,λ(x)
tn

n!
. (2.1)

When x = 0, Gn,λ = Gn,λ(0) are called the degenerate Genocchi numbers.

It is not difficult to show that G0,λ(0) = 0.
So,

2t

etλ + 1
etxλ =

∞∑
n=0

Gn+1,λ(x)

n+ 1

tn+1

n!
. (2.2)

Thus,

∞∑
n=0

Gn+1,λ(x)

n+ 1

tn+1

n!
= t

2

etλ + 1
etxλ

=

∞∑
n=0

En,λ(x)
tn+1

n!
.

(2.3)

Comparing the coefficients on the both sides in (??), we have the following
result.

Theorem 2.1. Let λ ∈ Cp with 0 < |λ|p < 1. Then

Gn+1,λ(x)

n+ 1
= En,λ(x), (n ≥ 0). (2.4)

In [4], the degenerate Changhee polynomials which are given by

2

2 + log etλ
(1 + log etλ)x =

∞∑
n=0

Chn,λ(x)
tn

n!
. (2.5)
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By replacing t by 1
λ (eλt − 1) in (??), we get

2

2 + t
(1 + t)x =

∞∑
m=0

Chm,λ(x)
1

m!

(
1

λ
(eλt − 1)

)m
=

∞∑
m=0

Chm,λ(x)λ−m
∞∑
n=m

S2(n,m)
λn

n!
tn

=

∞∑
n=0

(
n∑

m=0

Chm,λ(x)λn−mS2(n,m)

)
tn

n!
.

(2.6)

Thus, we obtain the following result.

Theorem 2.2. Let λ ∈ Cp with 0 < |λ|p < 1. Then

Chn(x) =

n∑
m=0

Chm,λ(x)λn−mS2(n,m). (2.7)

Now, we define the partially degenerate Changhee-Genocchi polynomials which
are given by

2 log(1 + t)

2 + log etλ
(1 + log etλ)x =

∞∑
n=0

ĈGn,λ(x)
tn

n!
. (2.8)

When x = 0, ĈGn,λ = ĈGn,λ(0) are called the partially degenerate Changhee-
Genocchi numbers.

Also, we define the higher-order partially degenerate Changhee-Genocchi num-
bers which are given by the generating function to be(

2 log(1 + t)

2 + log etλ

)k
=

∞∑
n=0

ĈG
(k)

n,λ

tn

n!
. (2.9)

Now, we observe that

lim
λ→0

2 log(1 + t)

2 + log etλ
(1 + log etλ)x =

2 log(1 + t)

2 + t
(1 + t)x

=
2t

2 + t
(1 + t)x

log(1 + t)

t

=

( ∞∑
l=0

GChl(x)
tl

l!

)( ∞∑
m=0

Dm
tm

m!

)

=

∞∑
n=0

(
n∑
l=0

(
n

l

)
GChl(x)Dn−l

)
tn

n!
.

(2.10)
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Comparing the coefficients on the both sides in (??), we have the following
result.

Theorem 2.3. Let λ ∈ Cp with 0 < |λ|p < 1 and λ→ 0. Then

ĈGn,0(x) =

n∑
l=0

(
n

l

)
GChl(x)Dn−l. (2.11)

Now, we observe that

∞∑
n=0

ĈGn,λ
tn

n!
=

2 log(1 + t)

2 + log etλ
(1 + log etλ)x

=
2t

2 + log etλ
(1 + log etλ)x

log(1 + t)

t

=

( ∞∑
l=0

Chl,λ(x)
tl

l!

)( ∞∑
m=0

Dm
tm

m!

)

=

∞∑
n=0

(
n∑
l=0

(
n

l

)
Chl,λDn−l

)
tn

n!
.

(2.12)

Comparing the coefficients on the both sides in (??), we have the following
result.

Theorem 2.4. Let λ ∈ Cp with 0 < |λ|p < 1. Then

ĈGn,λ =

n∑
l=0

(
n

l

)
Chl,λDn−l. (2.13)

We observe that
∞∑
n=0

ĈGn,λ(x)
tn

n!
=

2 log(1 + t)

2 + log etλ
(1 + log etλ)x

=

( ∞∑
l=0

ĈGl,λ
tl

l!

)( ∞∑
k=0

(x)k
1

k!
(log etλ)k

)

=

( ∞∑
l=0

ĈGl,λ
tl

l!

)( ∞∑
m=0

(
m∑
k=0

(x)kλ
m−kS1(m, k)

)
tm

m!

)

=

∞∑
n=0

(
n∑

m=0

m∑
k=0

(
n

m

)
(x)kλ

m−kS1(m, k)ĈGn−m,λ

)
tn

n!
.

(2.14)
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Theorem 2.5. Let λ ∈ Cp with 0 < |λ|p < 1. Then

ĈGn,λ(x) =

n∑
m=0

m∑
k=0

(
n

m

)
(x)kλ

m−kS1(m, k)ĈGn−m,λ. (2.15)

3. The partially degenerate Changhee-Genocchi numbers arising
from differential equations

In this section, we investigate some identities of the partially degenerate
Changhee-Genocchi numbers arising from differential equations.

Let

F = F (t) =
1

2λ+ log(1 + λt)
. (3.1)

Then, by taking the derivative with respect to t of (??), we obtain

F (1) =
d

dt
F (t) =

1

(2λ+ log(1 + λt))2

(
− λ

1 + λt

)
=

(
− λ

1 + λt

)
F 2.

(3.2)

From (??), we have

λF 2 = −(1 + λt)F (1). (3.3)

By taking the derivative with respect to t in (??), we note that

2λFF (1) = −λF (1) − (1 + λt)F (2). (3.4)

Thus, by multiple (1 + λt) on the both sides of (??), we obtain

2λ(1 + λt)FF (1) = −λ(1 + λt)F (1) − (1 + λt)2F (2). (3.5)

From (??) and (??), we get

2λ2F 3 = λ(1 + λt)F (1) + (1 + λt)2F (2). (3.6)

From the above equation, we have

3!λ2F 2F (1) = λ2F (1) + λ(1 + λt)F (2) + 2λ(1 + λt)F (2) + (1 + λt)2F (3)

= λ2F (1) + 3λ(1 + λt)F (2) + (1 + λt)2F (3).
(3.7)

Multiply (1 + λt) on the both sides of (??), we get

3!λ2(1 + λt)F 2F (1) = λ2(1 + λt)F (1) + 3λ(1 + λt)2F (2) + (1 + λt)3F (3). (3.8)

From (??) and (??), we obtain

3!λ3F 4 = −λ2(1 + λt)F (1) − 3λ(1 + λt)2F (2) − (1 + λt)3F (3). (3.9)
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Continuing this process, we get

N !λNFN+1 = (−1)N
N∑
k=1

ak(N)λN−k(1 + λt)kF (k). (3.10)

Let us take the derivative on the both sides of (??)
with respect to t. Then we obtain

(N + 1)!λNFNF (1) = (−1)N
N∑
k=1

ak(N)λN−k+1k(1 + λt)k−1F (k)

+ (−1)N
N∑
k=1

ak(N)λN−k(1 + λt)kF (k+1).

(3.11)

Multiply (1 + λt) on the both sides of (??), we have

(N + 1)!λN (1 + λt)FNF (1) = (−1)N
N∑
k=1

kak(N)λN−k+1(1 + λt)kF (k)

+ (−1)N
N∑
k=1

ak(N)λN−k(1 + λt)k+1F (k+1).

(3.12)

Then, by (??) and (??), we obtain

(N + 1)!λN+1FN+2 = (−1)N+1
N∑
k=1

kak(N)λN−k+1(1 + λt)kF (k)

+ (−1)N+1
N∑
k=1

ak(N)λN−k(1 + λt)k+1F (k+1)

= (−1)N+1
N∑
k=1

kak(N)λN−k+1(1 + λt)kF (k)

+ (−1)N+1
N+1∑
k=2

ak−1(N)λN−k+1(1 + λt)kF (k)

= (−1)N+1a1(N)λN (1 + λt)F (1)

+ (−1)N+1aN (N)(1 + λt)N+1F (N+1)

+ (−1)N+1
N∑
k=2

(kak(N) + ak−1(N))λN−k+1(1 + λt)kF (k).

(3.13)
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By substituting N by N + 1 given in (??), we have another equation.

(N + 1)!λN+1FN+2 = (−1)N+1
N+1∑
k=1

ak(N + 1)λN−k+1(1 + λt)kF (k)

= (−1)N+1a1(N + 1)λN (1 + λt)F (1)

+ (−1)N+1aN+1(N + 1)(1 + λt)N+1F (N+1)

+ (−1)N+1
N∑
k=2

ak(N + 1)λN−k+1(1 + λt)kF (k).

(3.14)

Comparing the coefficients on the both sides of (??) and (??), we have

a1(N + 1) = a1(N), aN+1(N + 1) = aN (N), (3.15)

and

ak(N + 1) = kak(N) + ak−1(N), for 2 ≤ k ≤ N. (3.16)

From (??) and (??), for N = 1, we obtain

λ2F 2 = −
1∑
k=1

ak(1)λ1−k(1 + λt)kF (k)

= −a1(1)(1 + λt)F (1)

= −(1 + λt)F (1).

(3.17)

From (??), we get

a1(1) = 1. (3.18)

From (??), we have the following result using (??).

a1(N + 1) = a1(N) = a1(N − 1) = · · · = a1(1) = 1. (3.19)

and

aN+1(N + 1) = aN (N) = aN−1(N − 1) = · · · = a1(1) = 1. (3.20)

From (??), for 2 ≤ k ≤ N , we have

ak(N + 1) = kak(N) + ak−1(N)

= k(kak(N − 1) + ak−1(N − 1)) + ak−1(N)

= k2ak(N − 1) + kak−1(N − 1) + ak−1(N)

= · · ·

= kN−k+1ak(k) + kN−kak−1(k) + · · ·+ ak−1(N)

(3.21)

Therefore by (??) and (??), we get
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ak(N + 1) = kN−k+1ak(k) + kN−kak−1(k) + · · ·+ ak−1(N)

=

N−k+1∑
i1=0

kN−k+1−i1ak−1(k − 1 + i1)

=

N−k+1∑
i1=0

kN−k+1−i1
i1∑
i2=0

(k − 1)i1−i2ak−2(k − 2 + i2)

=

N−k+1∑
i1=0

i1∑
i2=0

kN−k+1−i1(k − 1)i1−i2ak−2(k − 2 + i2)

= · · ·

=

N−k+1∑
i1=0

i1∑
i2=0

· · ·
ik−2∑
ik−1=0

kN−k+1−i1(k − 1)i1−i2 · · · 2ik−2−ik−1a1(1 + ik−1).

(3.22)

From (??) and (??), we obtain

ak(N + 1) =

N−k+1∑
i1=0

i1∑
i2=0

· · ·
ik−2∑
ik−1=0

kN−k+1−i1(k − 1)i1−i2 · · · 2ik−2−ik−1 . (3.23)

Thus, we have the following theorem.

Theorem 3.1. Let N ∈ N. Then the following differential equation,

N !λNFN+1 = (−1)N
N∑
k=1

ak(N)λN−k(1 + λt)kF (k)

have a solution F = F (t) = 1
2λ+log(1+λt) , where

aN (N) = 1, a1(N) = 1

and

ak(N) =

N−k∑
i1=0

i1∑
i2=0

· · ·
ik−2∑
ik−1=0

kN−k−i1(k− 1)i1−i2 · · · 2ik−2−ik−1 , for 2 ≤ k ≤ N.
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From (??), we get

F =
1

2λ+ log(1 + λt)

=
t

log(1 + t)
× 1

2λt
× 2 log(1 + t)

2 + log etλ

=

( ∞∑
l1=0

bl1
tl1

l1!

)
×

( ∞∑
l2=1

CGl2,λ
1

2λ

tl2−1

l2!

)

=

( ∞∑
l1=0

bl1
tl1

l1!

)
×

( ∞∑
l2=0

CGl2+1,λ
1

2λ(l2 + 1)

tl2

l2!

)

=
∞∑
l3=0

(
l3∑
l2=0

(
l3
l2

)
bl3−l2CGl2+1,λ

1

2λ(l2 + 1)

)
tl3

l3!
.

(3.24)

From the above equation, we get

F (k) =
( d
dt

)k
F (t)

=
( d
dt

)k( ∞∑
l3=0

(
l3∑
l2=0

(
l3
l2

)
bl3−l2CGl2+1,λ

1

2λ(l2 + 1)

)
tl3

l3!

)

=

∞∑
l3=0

(
l3+k∑
l2=0

(
l3 + k

l2

)
bl3−l2+kCGl2+1,λ

1

2λ(l2 + 1)

)
tl3

l3!
.

(3.25)

Multiply 2N+1λ(log(1 + t))N+1 on the right sides of (??), we get

(−1)N
N∑
k=1

ak(N)λN−k+12N+1(log(1 + t))N+1(1 + λt)kF (k)

= (−1)N
N∑
k=1

ak(N)λN−k+12N+1

( ∞∑
M1=N+1

S1(M1, N + 1)
tM1

M1!

)

×

(
k∑

M2=0

(k)M2
λM2

tM2

M2!

)
F (k)

= (−1)N
N∑
k=1

ak(N)λN−k+12N+1
∞∑

M3=N+1

(
M3∑

M1=N+1

(
M3

M1

)

× S1(M1, N + 1)(k)M3−M1λ
M3−M1

)
tM3

M3!
F (k).

(3.26)
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Where S1(n, k) is the Stirling number of the first kind.

Thus, by (??) and (??), we get

(−1)N
N∑
k=1

ak(N)λN−k+12N+1(log(1 + t))N+1(1 + λt)kF (k)

= (−1)N
N∑
k=1

ak(N)λN−k+12N+1
∞∑

M3=N+1

(
M3∑

M1=N+1

(
M3

M1

)

× S1(M1, N + 1)(k)M3−M1
λM3−M1

)
tM3

M3!

×

( ∞∑
l3=0

(
l3+k∑
l2=0

(
l3 + k

l2

)
bl3−l2+kCGl2+1,λ

1

2λ(l2 + 1)

)
tl3

l3!

)

= (−1)N
N∑
k=1

∞∑
n=N+1

n∑
M3=N+1

M3∑
M1=N+1

n−M3+k∑
l2=0

(
n

M3

)(
M3

M1

)(
n−M3 + k

l2

)
× ak(N)λN−k+M3−M12NS1(M1, N + 1)(k)M3−M1bn−M3−l2+k

× CGl2+1,λ
1

l2 + 1
× tn

n!
(3.27)

= (−1)N
∞∑

n=N+1

(
N∑
k=1

n∑
M3=N+1

M3∑
M1=N+1

n−M3+k∑
l2=0

(
n

M3

)(
M3

M1

)(
n−M3 + k

l2

)
× ak(N)λN−k+M3−M12NS1(M1, N + 1)(k)M3−M1

bn−M3−l2+k

× CGl2+1,λ
1

l2 + 1

)
× tn

n!
.

Also, multiply 2N+1λ(log(1 + t))N+1 on the left sides of (??), we get

N !2N+1λN+1(log(1 + t))N+1FN+1 =N !

(
2 log(1 + t)

2 + log etλ

)N+1

=N !

∞∑
n=N+1

ĈG
(N+1)

n,λ

tn

n!
.

(3.28)

By equation (??), (??) and (??), we finally get the explicit expression arising
from nonlinear differential equation.
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Theorem 3.2. For n ≥ N + 1, we have

ĈG
(N+1)

n,λ =
(−1)N

N !

N∑
k=1

n∑
M3=N+1

M3∑
M1=N+1

n−M3+k∑
l2=0

(
n

M3

)(
M3

M1

)(
n−M3 + k

l2

)
ak(N)

× λN−k+M3−M12NS1(M1, N + 1)(k)M3−M1
bn−M3−l2+kCGl2+1,λ

1

l2 + 1
.

4. Conclusion

T. Kim have studied some identities of Changhee numbers which are derived
from generating function using nonlinear differential equation(see [8]). In this
paper, we study some identities of the partially degenerate Changhee-Genocchi
polynomials and the partially degenerate Changhee-Genocchi number arising
from nonlinear differential equation. In Theorem 2.3 and Theorem 2.4, we
get the some identities of the partially degenerate Changhee-Genocchi polyno-
mials. In Theorem 3.1, we get the solution of nonlinear differential equation
arising from generating function of the partially degenerate Changhee-Genocchi
numbers. In Theorem 3.2, we have explicit expression of the partially de-
generate Changhee-Genocchi number from the result of Theorem 3.1 using
generating function and nonlinear differential equations.
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