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Abstract

Vector-borne plant diseases represent a complex phytosanitary challenge. Mathematical models serve
as a key tool for analyzing integrated management strategies, enabling more effective control of these
pests. A dynamical system is presented to model the infection of Tahiti lime (Citrus x latifolia) with
the bacterium Candidatus Liberibacter asiaticus (CLas), transmitted mainly by infected adults of the
psyllid D. citri, which causes the citrus greening —Huanglongbing (HLB). The proposed model is based
on the D. citri-HLB pathosystem, basic interactions between bacteria, vector psyllid hosts, trees and
a vector parasitoid wasp. It consists of nine ordinary differential equations that model the rates of
change of the numbers of infected and uninfected vector nymphs and adult females, of infected and
uninfected trees of high and low productivity, and of the parasitoid Tamarixia radiata, recommended
for the biological control of D. citri. The parameters of the model are identified from extant literature or
otherwise estimated, in both cases being adjusted to Colombian conditions. A mathematical analysis of
a simplified model is carried out, and simulations are conducted to demonstrate the effect of different
types of control measures.

Keywords: dynamical system; agricultural pest; mathematical model; Huanglongbing (HLB); Diapho-
rina citri; Citrus x latifolia; Tamarixia radiata; integrated pest management (IPM)

1. Introduction

Citrus Huanglongbing (HLB) represents one of the most devastating threats to citrus production
worldwide. This disease is caused by bacteria of the genus Candidatus Liberibacter spp. (variants
asiaticus, americanus and africanus), the asiaticus strain being the one present in Colombia, where it is
transmitted by the psyllid Diaphorina citri Kuwayama. It was first detected in the Tolima Department
of Colombia in 2008 and it has since become established in at least six departments in the north of
the country. HLB causes a variety of symptoms, including foliar discoloration, fruit deformation, and
eventual tree decline, drastically reducing citrus crop productivity and quality, rendering fruit inedible,
and ultimately destroying trees [1,2].

Globally, inadequate management strategies have caused severe regional economic impacts:
annual losses of USD 1 billion in Florida, USA [3], an increase in production costs of USD 153 million
in Mexico [4] and a 68% decline in Brazil’s fruit production in five years [5]. Therefore, it is important
to reassess production and management strategies. In Colombia, although the disease arrived later, its
presence has been confirmed in approximately 20% of the citrus production regions [6].

Control strategies for HLB focus on integrated measures, including the use of resistant or tolerant
varieties, cultural management such as removal of infected trees, chemical control of the vector, orchard
management practices to reduce disease incidence [3], and biological control through parasitoids
specific of D. citri, such as the wasp T. radiata [7]. These practices not only aim to mitigate the spread of
pathogens, but also to maintain the long-term viability of citrus production systems.
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We propose a mathematical model to describe the dynamics of the D. citri-HLB pathosystem,
considering some of the most common control practices. We aim to simulate integrated management
strategies and to compare the effectiveness of these control practices —individually or in combination—
with the goal of evaluating potential bioeconomic strategies for more effective HLB control in the
future. We carry out the analysis of a reduced dynamical system model, including local and global
existence and uniqueness of solutions, global preservation of positivity, and the existence and stability
of up to three steady states:

*  The extinction equilibrium —locally asymptotically stable when the basic reproduction number
of D. citri, Z, is smaller than 1 (in which case it is the only steady state), and unstable when it is
larger than 1;

e an equilibrium with D. citri nymphs and adults but no T. radiata that exists only when %2 > 1;
and

* acoexistence equilibrium of vectors and parasitoids.

2. Materials and Methods

In this section, a nonlinear ODE system is described to model the life cycle of the psyllid summa-
rized in just the two compartments that are important for the dynamics of citrus trees infections with
HLB. They are D. citri adults and stages-3-to-5 nymphs, because later nymphal stages are considered
the most efficient at acquiring and replicating the bacterium [8] and additionally these are the only
stages that can be parasitized by T. radiata [9]. Furthermore, group nymphs in stages 3-5 can be merged
into a single compartment because there is no appreciable difference in the interactions of those three
stages of nymphs with the citrus trees, with the HLB bacteria, or with the T. radiata wasps. Given the
demonstrated low bacterial uptake capacity in adult D. citri [10], it restricts the infectious D. citri adults
to psyllids that acquired CLas as nymphs.

In summary, we neglect the egg, nymph-1, and nymph-2 stages of D. citri and simplify the model
to collapse oviposition, transition from egg to nymph, and the first two moultings, into a single
transition from adult to stage-3 nymph.

To keep the model simple, we do not consider the difference between infected and infectious D.
citri, that is, we do not consider an incubation period.

Consequently, the psyllid population is divided into four compartments, with the following sizes
at time t > 0:

*  N(t):=number of D. citri stage 3-4-5 nymphs not carrying bacteria CLas (i.e., uninfected nymphs);

*  Nj(t):= number of D. citri stage 3-4-5 nymphs carrying bacteria CLas (i.e., infected /infectious
nymphs);

e A(t):=number of D. citri adults that do not transmit the HLB.

e A;(t):= number of D. citri adults that transmit the HLB.

We also divide the citrus tree population into four compartments, with the following sizes at time
t>0:

e Tj(t):=number of citrus trees with high sprouting and fruit production, and free of HLB
e Tj;(t):= number of citrus trees with high sprouting and fruit production, and infected with HLB
e T,(t):=number of citrus trees with low sprouting and fruit production, and free of HLB.
e Tp;(t):= number of citrus trees with low sprouting and fruit production, and infected with HLB

Throughout this paper, we will use the expression infected trees to mean citrus trees infected with
HLB and, a fortiori, also with HLB-infected D. citri. However, uninfected trees will mean they are free of
HLB though not necessarily of D. citri. If an uninfected tree has D. citri nymphs on its shoots, they
must necessarily be HLB-free nymphs. The T. radiata population considered consists only of adult
females because this is the stage in which they can parasitize D. citri nymphs. Thus, the dynamics of
the wasp population is modeled with a single compartment, with the following size at time ¢ > 0:

e W(t):= number of adult female T. radiata

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202601.0045.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 January 2026 d0i:10.20944/preprints202601.0045.v1

30f22

We make several assumptions in order to simplify the model while still capturing the essen-
tial features of interactions among the various species and also allowing for the different types of
interventions that we want to consider:

®  The per capita “oviposition" rate of adult D. citri, p, is actually the product of four factors: their
natural per capita egg-laying (= oviposition) rate, the probability of survival from egg to nymph-1
stage, the probability of survival from nymph-1 to nymph-2 stage, and the probability of survival
from nymph-2 to nymph-3 stage. Hence the quotation marks around ‘oviposition’.

¢ The per capita oviposition rate of adult D. citri is the same whether they are healthy or infected;
thus the generation of new nymphs does not depend on whether they originate from a healthy or
an infected adult.

*  Nymphs that hatch on a healthy tree are considered healthy, while those that hatch on an HLB-
infected tree are considered infected, regardless of the HLB-infection status of the adult parent.
This is justified because, as far as we know, HLB is not transmitted vertically from adult female
moths to their offspring to daughter.

®  Because oviposition and nymph development take place only on citrus tree shoots, we assume
that the availability or scarcity of the latter impacts the natural oviposition rate through a factor
that is an increasing function of the total number of shoots of the corresponding infection status,
with values between 0 and 1.

e Because D. citri nymphs are immobile, they do not have logistic per capita mortality driven by
intra-species competition.

*  Because the livelihood of adult D. citri is intimately tied to the availability of citrus tree shoots
to feed on, logistic mortality from intra-species competition is assumed to occur at a rate that
decreases with increasing availability of shoots of any infection status.

*  Because adult D. citri who get infected with HLB from feeding on shoots from an infected tree
have too short a life-span to develop a pathogen load high enough to further transmit infection
to uninfected trees when feeding on their shoots, we do not consider such feeding as a source
of infected adults since we only want the compartment A; to contain infectious adults and not
infected-but-not-infectious.

*  Because T. radiata deposes its eggs only in D. citri nymphs —only one egg per nymph— and
this results in the death of the nymph, the per capita T. radiata-induced mortality rate of D. citri
nymphs is assumed to be proportional to the number of T. radiata wasps.

®  D.citri adults are considered infected only if they originate from infected nymphs.

¢ D.citrinymphs may die due to natural causes, to the effect of agrochemical products used for
their control, or to parasitism by T. radiata.

¢ D.citri adults may die due to natural causes or as a result of agrochemical control.

¢ We do not include the planting of new trees. Therefore, the total tree population can only decrease.

®  Trees are classified into high-fitness —producing a commercially acceptable amount of fruit—
and low-fitness —with very low and commercially negligible production.

*  Irrespective of their fitness, trees can develop HLB only if an infected D. citri adult feeds on them.

¢ The only way for a high-fitness tree to transition to low fitness is through neglect, irrespective of
whether it is healthy or HLB-infected.

* A healthy low-fitness tree can recover and transition to high fitness with proper care.

*  An HLB-infected low-fitness tree cannot recover and regain high fitness, because of the disease.

*  Irrespective of their fitness, healthy trees produce healthy shoots and HLB-infected trees produce
infected shoots.

e HLB-infected trees, whether of high or low fitness, may be eradicated as a control measure.

e T radiata wasps experience natural mortality and may also die from the effect of agrochemicals
applied for the control of D. citri.

The dynamics of the system is described by the following system of nine ordinary differential
equations, four for the psyllid, four for the citrus trees, and one for the parasitoid.
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d—N = (A+A')L— N—yN—¢WN — 6N (t)N (2.1a)
a ~F Dpvp,  MNE T N '
aN; = (A—i—A-)L— N; — yN; — EWN; — o (E)N; (2.1b)
dt Y iy ¥ bi UNIN; i i N i .
dA Ca
i YN <VA+m(A+Az)>A da(h)A (2.1¢)
dA; C
d_tl = N - (P‘A + FAbi(A + Ai)) Aj —6a(t)A; (2.1d)
dTy - A;

7 = TT2 — /\T] GTmTl (216)

dTy; A;

le = 9T11+A—1—|—AiTl — ATy —aqTh; (2.1f)
arn A;

W = ATl yTz T2 TTZ GTU TAL Ai Tz (21g)

dT; A;

T = ATt ot T, T a T (2.1h)
AW N + N; .
aw  _ A _ — 2.1
b= A0 )W W aww @1

where
b =mTy +myT, = total number of shoots in trees free of HLB, 22)

b; = mq;T1; + my;Tp; = total number of shoots in trees infected with HLB.

It is assumed that the average number of shoots for each of the four types of trees —my, my, my;,
mp;— stays constant in time. Concerning control measures, assume that agrochemicals affect D. citri
the same way irrespective of their infection status, but differentially for nymphs and adults. We also
assume that agrochemicals induce additional mortality for T. radiata as an undesired side effect.
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Table 1. Description of parameters of the D. citri model.

Symbol | Description

0 maximal per capita production rate of D. citri 3rd-instar nymphs (per adult)
my average number of shoots per high-sprouting uninfected tree
my; average number of shoots per high-sprouting infected tree
my average number of shoots per low-sprouting uninfected tree
My; average number of shoots per low-sprouting infected tree
UN natural per capita mortality rate of stages 3-5 nymphs
UA natural per capita mortality rate of adult D. citri
Mr, per capita mortality rate of low-productivity uninfected trees
Mo, per capita mortality rate of low-productivity infected trees
Uw per capita mortality rate of T. radiata

0% per capita transition rate of stage 3-5 nymphs to adulthood

¢ per capita oviposition rate of T. radiata

On(t) | per capita mortality rate of D. citri nymphs from agrochemicals

t) | per capita mortality rate of adult D. citri from agrochemicals

dw(t) | per capita mortality rate of T. radiata from agrochemicals

Ca intra-specific competition constant in adult D. citri mortality per sprout
O per capita infection rate of trees by adult D. citri when all of them are infected
T per capita transition rate of low-productivity trees to high productivity

per capita transition rate of uninfected trees from high to low productivity

A per capita transition rate of infected trees from high to low productivity
a1 per capita eradication rate of high-productivity trees with HLB
L) per capita eradication rate of low-productivity trees with HLB

A(t) | per capita release rate of T. radiata

v number of nymphs in stages 3-5 resulting in 50% reduction of T. radiata
7 fraction of adult D. citri to keep tree infection rate continuous at A = A; =0
3. Results

3.1. Mathematical Analysis of a Reduced Model

Let us denote the total adult D. citri population size as x(t) = A(t) + A;(t), and the total D. citri
nymph population size as y(t) = N(t) + N;(t). Then, summing equations (2.1c) with (2.1d) and (2.1a)
with (2.1b), we see that D. citri adults, D. citri nymphs, and T. radiata satisfy the following system of

ODEs:
dx - CA
A (#A +0a(t) + Bx) X, (3.1)
d
Y= px— (v r WD)y, (32)
aw y - _
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where B = B(t) = b(t) + b;(t) is the total number of shoots on the plantation’s trees, which we will
assume constant for this analysis. We shall also assume that the only control measure used is the
parasitoid T. radiata, so that éyy = 0, and that no wasps are released after an initial release that left their
population’s fate up to having enough nymphs to lay their eggs in, i.e. A(t) = 0.

3.1.1. Well-Posedness

The well-posedness of the reduced system

d—x = - +%x X

dy

T P (un+7+EW)y, (3.4)
aw y

@ ‘3<V+y)w‘”wwf

follows from the general existence and uniqueness theorem for systems of ODEs. That is,

Theorem 1. Let ty € Rand X = (xo,y0, Wo)T € R3 be arbitrary, with yo # —v . Then, there exists h > 0
such that the system (3.4) has a unique solution X(t) = [x(t),y(t), W(t)]T for t € (to — h, to + h) which
satisfies X(ty) = Xo.

We can also prove that the system also gives ecologically meaningful solutions. That is,

Theorem 2. For any initial condition (xo,yo, Wo) € R, (the non-negative cone of R3), the system (3.4) has a
unique, non-negative solution X(t) = [x(t),y(t), W(t)]T for t € [ty, o) which satisfies X (to) = Xo.

1

loc

W(t) = Woexp (/Ot LCK(;()S) - yw] ds) >0, (3.5)

and W = 0if, and only if, Wy = 0. Concerning the system for x and y, we first discard the trivial case

Proof. First note that, for any function y € L, ([0, )) bounded away from —v, for any Wy > 0, and

forallt >0,

when no adults or nymphs are initially present, that is xg = yp = 0. Then, the only solution of system
(3.4) is (0,0, Woe #w!), by (3.5), and the theorem holds trivially.

Let us then assume that not both xy) = 0 and yy = 0 are true. We will prove that, in this case,
x(t),y(t) > 0forall t > 0, so that a fortiori y is bounded away from —v. Note that if either xy = 0
or yo = 0 (but not both), then the derivative of that which is initially zero is positive and, therefore,
for all t > 0 small enough, by continuity, both x(t) and y(t) will be positive. Hence, we may assume,
without loss of generality, that xo > 0 and y¢ > 0. Using an integrating factor to solve explicitly for y
as a function of x in system (3.4),

y(t) =yoe~ Jo (un+r+EW(s) ) ds +p /ot o= S (W (s) ) ds x(t)dt. (3.6)

Suppose now that x and y do not remain positive for all time and let ¢ be the first positive time
for which either x or y vanish. Equation (3.6) proves that it is not possible that y(ty) = 0 because
then it would necessarily exist f € (0, fy) for which x(f) = 0, contradicting the definition of f.
Therefore, x(tp) = 0, y(tp) > 0, and ¥ = min{y(¢t): t € [0,p]} > 0 by continuity and definition

[e 4
+4

for all t € [ty — h,tp]. But then Equation (3.4) implies that x'(t) > 7 — (yA + %“)x(t) > 0 for
all t € [tg — h, to] and, because x(t) > 0 for all t € (o — h, ty), it is impossible for x(tp) to vanish,
contradicting our assumption. Consequently, x and y remain positive por all time.

O

of tg. Because x is continuous and x(ty) = 0, there exists h > 0 such that x(t) < min{ Y 1}
Ha
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3.1.2. Steady States of the System

The steady states of the system (3.4) are the solutions (%, 7, W) € R3 of the following quadratic
algebraic system:

C
VY — (yA + FAx)x =0, (3.7)
px — (un +v+EW)y =0, (3.8)
oL \wW-u,w =o. (3.9)
vty W
It follows from (3.8) that
Xx=0<«= y=0. (3.10)
We see from (3.9) that -
W=0 or §g=-"", 3.11
YT G0
Next, Equations (3.7) and (3.8) imply that
7= (”—A+C—Ax>x and 7= <+_>x, (3.12)
v 7B T+ un+EW
whereby
=0 or x=ﬁ<+_—"—/*>. (3.13)
Ca\y+un+eW v

We can establish the following results concerning the equilibrium points of the system (3.4).
Theorem 3. There are two equilibria without T. radiata: the extinction equilibrium
Ey = (0,0,0), (3.14)
and a unique “no-T. radiata” equilibrium
Ew = (%,9,0), £> 0,7 > 0. (3.15)

Proof. It follows from (3.9) and (3.10) that the only steady state with ¥ = 0 or ¥ = 0 is Ey. Also, (3.12)
and (3.13) imply that a steady state of the form (3.15) must have

. 7B ( 4 VA) N 0B ( 4 VA)
== — = and = — ==, 3.16
Ca\r+un o Y Caly+un)\r+un 7 (3.16)

where the basic reproduction number for D. citri must be larger than 1:

b .= Pr -9 317
O waly +un) (3.17)

O

Note that this basic reproduction number is the product of the expected number of nymphs that a

D. citri adult will produce, Jf N and the expected number of adults that those nymphs will develop
into, HlA'
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Concerning coexistence steady states, we see from (3.7) that, for any steady state (%, 7, W) with
¥#0and 7 # 0,

=L+ )
y_,Y ]’lA B s

which is equivalent to

x i
- , (3.18)
Yy p,+ %AX
and in turn, equivalent to
x
== (i) =~ — (4 ) = (1) -1 G619
Yy ‘llA—‘r?x VA(’Y—FVN)"’_%X

Finally, we can describe the coexistence equilibrium that requires the T. radiata basic reproduction
number to be larger than 1:

RE= £ > 1. (3.20)
Hw

2 = =
Theorem 4. Let 9?0T> 1, lety = gl_“;lzv, and ¥ = Y #aB) JFZ?ACAW HaB If%OD > 1+ gﬁz' there exists a

unique coexistence equilibrium
E* = (x*,y*, W), with x*,y*,W* >0. (3.21)

Proof. It follows respectively from (3.7), (3.11), and (3.8) that

X

2Ca &—pw’ e

. _ V (#4B)? +4BCavy* — paB Y= pwv o L (px*
y*

-7 - VN) , (3.22)

where x* in (3.22) is positive if y* is, while y* in (3.22) is positive if, and only if, %] > 1. Finally, W*

in (3.22) is positive if, and only if, py > p, (v + uy) + M

oY _ gD Cax
.”A('YJFFNE)] =%y >1+ Bu,®

x* because of (3.19), or equivalently,

3.1.3. Local Stability of Equilibrium Points

We shall now study the stability properties of these steady states by linearizing system (3.4) about
each steady state.
The Jacobian matrix of the flow of system (3.4) is

—HUA— 2% x v 0
J(x,y, W) = P —UN—T7—C¢W  —Cy . (3.23)
0 VW vy
(v+y)? vty Hw

We begin with the extinction steady state, Ey.
Theorem 5. The extinction equilibrium is locally asymptotically stable if 5 < 1 and unstable if Z5 > 1.

Proof. We see from (3.23) that

—Ha Y 0
J(Eo) = P —un—7 O (3.24)
0 0 —Hw
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has eigenvalues — iy and the two roots of A2 + (4 + pn + 7)A + pa(un + ) — py = 0, which has
two roots with negative real part if, and only if, its coefficients are positive. This is equivalent to

pua(pn + ) —py > 0, that is

0~ pa(ly +un)

Similarly, when %}’ > 1, the characteristic equation has two real roots, one negative and the other
positive, making the equilibrium unstable and finishing our proof.
O

Next we turn to the stability of the “no-T. radiata" steady state.
Theorem 6. Let %) > 1o that Eyy exists. Then, Ey is LAS if £} <1+ ; and it is unstable if ZF > 1+ 5

Proof. The Jacobian matrix (3.23) at the equilibrium Eyy is

pa— ZWJZ‘ZN v 0
J(Ew) = o —uN—7  —CF , (3.25)
0 0 V% —Hw
with eigenvalues
¢y
A= — 3.26
1= 7 Hw (3.26)
and the two roots of
2
A2+<'7+VN+7PVA))\+'YPVA('Y+VN):O- (3.27)
Y+ UN

The discriminant of this quadratic is positive:

2yp
Y+ UN

2 2
(’Y+HN+ T —#A) —4(re —paly +pn)) = ( —.”A) + (v +1n) 4204 (7 + pv),

and hence both its roots are real. Because %5 > 1, all the coefficients of (3.27) are positive, making both

its roots negative. Finally, it follows from (3.26) that a necessary and sufficient additional condition for
&y
v+y

condition is equivalent to Mi <1+ 5 and the theorem is proved.
W
O

Ew to be locally asymptotically stable is < pw, which is automatic if Z; < 1. In any case, this

We finally turn to the stability of E*.

Theorem 7. Let Z} > 1and %Y > 1+ %Ax*
Ha
stable.

. Then, the coexistence equilibrium E* is locally asymptotically

Proof. The Jacobian matrix (3.23) at the coexistence equilibrium is

—dj 0% 0
JEY=| ¢ —p v |, (3.28)
0 hp O
where d; = \/p% + MTAW. The characteristic polynomial is
A%+ paA® + piA + po,
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where

SHy VW™

x* x* Cuy VW™
=d — >0, =p—d +T"——
P2 1+Py* pr=p_cd1+ vty

> 0. (3.29)
y vty

—PY, po=d
In order to prove that all eigenvalues have negative real part, we shall use the Routh-Hurwitz criterion:
p2 > 0,and 0 < pg < p1p2. We just need to prove that py < p1p2. We see that

x d +W_pry>,

3.30
LT (3.30)

x* x*
po < pip2 < 0<d1(py*d1—m> +py*(p

and it suffices to show that ;—* dq > . Using (3.18), it follows that

* * *\ 2 2
x 22 GV (N L Ca o+
y*d1>fy = di=puyu+ 5\ ) = yA—l—Bx
C * C
= 4’yy*>2ptAx*+?A(x*)2 = 4%>2m~|—fx*
C C
= 4<yA+BAx*>>2yA+BAx*,

thus finishing the proof. [

Remark. It follows from Theorems 6 and 7 that, if both conditions 1 < %g <1+ ; and %"éj >1+ %/;lx*
A
hold, then both equilibrium points Eyy and E* would be locally asymptotically stable. However, those

conditions cannot hold simultaneously. In fact, we have

Theorem 8. Let %OT > 1. Then, %’g <1 —l—% — %63 <14 Cax

B:”A
Proof. It follows from (3.15), (3.20), and (3.22) that
By
F <14o e yr=—tsg=_ PP (gD 1) 3.31
0 9 a1 CA('Y"’VN)( 0 ) &30

Also, it follows from (3.17) and (3.22) that

Cax* 2 2 4yC
e S (B Y, G
Bu, VA('Y""VN) -1 BVA(%() _1)

L RV o 0 vCa
(Y +muy)?  v+uy  v+py B(ZL-1)

PH4 D vCy
—A2 %y —1) > ———.
7+VN< v B(#T 1)

(3.32)

The theorem now follows from (3.31) and (3.32).
O

3.1.4. Global Stability of the Trivial Equilibrium
We can establish global stability conditions for the trivial equilibrium (3.4).

Theorem 9. If ZY < 1and %] < 1, the extinction equilibrium, Ey = (0,0,0) is globally asymptotically
stable in the positive octant, Ri.
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Proof. Consider the linear Lyapunov function
V(iy, W) =mx+ay+aW, a>0 i=123

Each term of V(x,y, W) is nonnegative for (x,y, W) € R3 \ {E¢} when a1, a2, a3 > 0. Differentiating V
along the trajectories of system (3.4) yields

V:al[“Y}/—VAx—%xz} +32[Px_<.“N+'Y+§W)]/} + a3 ¢y

=< W — Wi. 3.33
vty Hw ] (3.33)

Regrouping the terms in (3.33),

. C
V=(—ampa+ayp)x + (alfy—uz(yN+'y+§W)) y — al—BA x2
—_— ——

coef. of x

coef. of y (3.34)
gy
+ — 4%
as vty Hw
Let
g, = AHA S o
0
so that the linear x-term in (3.34) vanishes. Thus,
~ pa(pn +7+EW) Ca o gy
= 1-— — a1 =7 — . .
1% an[ oy y - mpx + a3 Tty uw |W (3.35)
Define
ky = ﬂl?(im(wﬂ) - 1>, kyi=m S, ks = as(pw — €).
Note that:
e  Since ROD < 1is equivalent to W >1 = ayy(%w - 1) =k1 >0

° a1,C4, B >0 = ﬂ]%:k2>0
¢ <lwehaveuy —¢ >0 = as(uw —¢) =k3 > 0.

rw
Use monotonicity bounds:

e Also, because Rg =

palpn +7+GSW) pa(pn +7) ki
Ty +EW S a4y = 1— <1-LARNTH 1
UN+Y+HEW > un+y oy < 07 P
Also
Y Y
T+ §v+y pw < ¢ — pHw (uw — Q)
Therefore,

VS —kly—kzxz—kgwgo.

The largest invariant set where V = 0 is exactly Eg = (0,0,0). By LaSalle’s invariance principle, every
trajectory with nonnegative initial conditions converges to Eg. Hence Ej is globally asymptotically
stable in R3 .

O

3.2. Simulations
3.2.1. Reduced System

For our first simulations, corresponding to the reduced system (3.4), we use the parameter values
displayed in Table 2, estimated from the literature or within a biologically relevant range —with the
exception of some tree-related parameters that were set to zero to ensure a constant total number of
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shoots as required in (3.4). We then modify the values of some of the parameters so that they fall under

the ranges of Theorems 5-7.

Parameter | Value Parameter | Value
o 6.52 x 1072 Ca 2.07 x 1075
Ha 1/32 UN 1/6
0% 1/6.11 Uw 0.04
¢ 2 v 200

These result in the following basic reproduction numbers:
%OT >1 and%’(? > 1,
which correspond to Theorem (7). We ran a 60-year simulation using the following initial

conditions:

Table 3. Initial values for the reduced D. citri-T. radiata model.

Variable Initial Value
N(0) 30
A(0) 0
T:(0) 200
T>(0) 100
N;(0) 0.2
A;(0) 150
T1;(0), To;(0) | O
W(0) 1,000

Table 2. Parameter values for simulating the reduced D. citri-T. radiata model

The results of are displayed in Figures 1 and 2, clearly corroborating Theorem 7.

3000

2500

2000

1500

D. citri adults

1000

500

AAAA

——Total
—— xstar

VA

0.5 1 1.5
time (days)

Figure 1. D. citri population and equilibrium values x*, y*.
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14000

T. radiata
—— Wstar
12000

10000

8000 [

T. radiata

6000 [

4000 [

2000 ’\ /\ /\‘

N — AW AV ‘ ;
0 0.5 1 15 2 25
time (days) x10%

Figure 2. T. radiata population and equilibrium W*.

Next, we modified the unit birth rate of T. radiata to ¢ = 0.041 so its basic reproduction number is
AT = 1.025 corresponding to Theorem (6), as corroborated in Figures 3 and 4.

6 5
5 10 } 6 X10 :
—— Total —— Total
—— xhat ——yhat
25 5 1
2 4
£ 2
=1 Q
£ B
=15 £3
s 5
= a
1 2
0.5 1 1
0 . . 0 . .
0 0.5 1 15 2 25 0 0.5 1 1.5 2 25
time (days) %10% time (days) «10%

Figure 3. D. citri population and equilibrium £, §.

1000
900 ]
800
700
o 600
5
g 500
" 400
300
200
100
o ' i i )
0 0.5 1 1.5 2 25
time (days) «10%

Figure 4. Total T. radiata population.

Finally, we restore ¢ = 0.1 and slightly modify the value of the per capita “oviposition” rate for D.
citri to p = 0.0625 to lower its basic reproduction number to %5 = 0.991 that corresponds to Theorem
(5), as corroborated below in Figures 5, and 6.
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Figure 5. D. citri population extinction.
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Figure 6. T. radiata population extinction.

3.2.2. Full System

Because the model (2.1)-(2.2) was designed for a real agricultural context, we considered several
different scenarios to simulate potential management practices. For all of them we assume:
¢ No transition between low-productivity and high-productivity trees (or vice versa)
¢ No tree eradication
e  Effectiveness of agrochemical decays linearly to zero 30 days after application

For our second set of simulations, corresponding to the system (2.1), we use the parameter values
displayed in Table 4, estimated from the extant literature or chosen within a biologically relevant range.
We ran a 1-year simulation using the initial conditions described in Table 5.
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Table 4. Parameter values for simulating the extended D. citri-T. radiata model.

Parameter | Value Source
0 0.995 Estimated value from [11]
mq 42 Estimated value from [12]
my; 32 Assumed from [12]
My 21 Assumed from [12]
Mpy; 21/2 Assumed from [12]
UN 0.02 Estimated value from [12]
Ha 1/(48.25) Estimated value from [13]
UW 0.04 Estimated value from [14]
My, 1/(10*365) | Estimated value from [15]
Hr,. 1/(5*365) Estimated value from [16]
0% 1/9 Estimated value from [13]
¢ 25 Estimated value from [17]
Ca 2.07 x 107° | Assumed
01 7.00 x 1073 | [18]
T 0 Assumed
A A 0 Assumed
a1, 0 0 Assumed
v 200 Assumed
n 107° Assumed

Table 5. Initial values for the extended D. citri-T. radiata model.

Variable | Initial Value
N(0) 192
A(0) 214
T1(0) 100
T>(0) 43
N;(0) 96
A;(0) 107
T1,(0) 100
T»;(0) 42
W(0) 0

A total of 285 Tahiti acid lime trees (Citrus x latifolin Tanaka ex Q. Jiménez) are included, corre-
sponding to standard planting density per hectare for Colombian cultivation [15]. The interventions we
consider are one or both of releasing T. radiata and applying agrochemicals. Therefore, our simulation
scenarios are the following four:

®  Scenario 1, No control: (i.e., no management interventions)

51\](1') = 5A(i‘) = 5w(i‘) =A(t)=0,vt>0.
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e  Scenario 2, T. radiata release only: introduction of 400 females at the initial time, taking into
account as a reference the prescribed release rates (individuals/ha, between male and female)
[15], as shown in Figure ??.

e Scenario 3, Agrochemical application only: (dn/(t), 64 (t), dw(t)) shown in Figure 2.

*  Scenario 4, Combined control: pairing initial agrochemical application (see Figure ??) with T.
radiata release of 100 females at day 30 (see Figure ??).

- Release rate of T. radiata Effectiveness of the agrochemical 100 Release rate of T.raditata
0N, 04, 0w
200 50
0 0 0
0 100 200 300 400 30 0 200 400
Time (days) Time (days) Time (days)

Figure 7. Functions modeling the interventions

The results of these simulation scenarios are shown in Figures 8, 9, and 10. In each of these figures,
the right panels depict a zoom-in of the corresponding left panels near the origin to help understand
the initial impact of the interventions, while the 1-year simulations displayed on the left panels are
intended to show the long-term effect of the interventions. In Figure 8, we show the result of the
simulations for the populations of uninfected D. citri nymphs and adults. In Figure 9, we show the
result of the simulations for the populations of infected D. citri nymphs and adults. In Figure 10, we
show the result of the simulations for the populations of T. radiata and for those of uninfected and
infected trees. In all scenarios, the population of HLB-infected trees increases while the populations of
uninfected and total trees decrease, because the model does not include any source for new healthy
trees or recovery from HLB infection.

Scenario 1 serves as a baseline that underscores the devastating effect that HLB may have on the
plantation (second panel of Figure 10). We see that after one year, the initial 142 infected trees would
increase their numbers to 245 (72.5% increase), while the initial 143 uninfected trees would decrease to
just 26 (81.8% decrease).
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Non-infectious D. citri Close-up: Non-infectious D. citri
Scenario 1, without control
x 108 2000 —
100 - - Nymphs !
i M. |—Adults h - = Nymphs
b N ) —Adults
5 i Sa 1000} |
1 Sa ” ]
1 1
1 1
1 1
0 200
0 100 200 300 400 0 20 40 60
Time (days) Time (days)
Scenario 2, release of T. radiata only
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Scenario 3, agrochemical application only
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Scenario 4, using both control methods
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0 l 0
0 200 400 20 40 60
Time (days) Time (days)

Figure 8. non-infectious D. citri populations

We see, in Figure 8 for the uninfected D. citri and in Figure 9 for the infectious D. citri, that just
the release of 400 adult wasps of T. radiata when the D. citri nymph population is still small (here,
one-half the number of released T. radiata, Scenario 2) results in a very quick extinction of the latter, in
approximately 2 days in both figures (second panels of Scenario 2), which then depletes the D. citri
adult population in about 8-9 months (first panels of Scenario 2), as well as the T. radiata population

that cannot productively lay their eggs once the nymphs are depleted (first panel of Scenario 2 in Figure
10). After one year, this intervention is very successful in reducing the plantation’s losses, by reducing
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the proportional increase of infected trees from 72.5% when no control measures are implemented to
57.7%, as well as diminishing the 81.8% decrease in the number of uninfected trees to 66.4%.

Infected D. citri

Close-up:

Infected D. citri

Scenario 1, without control
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Figure 9. infected D. citri populations

On the other hand, we also see, in Figures 8 and 9, that just the application of an agrochemical of
high initial effectiveness at that same time when the D. citri nymph population is still small (numbering
200, Scenario 3) almost leads to the extinction of the latter in the 30 days that the agrochemical is still
effective (second panels of Scenario 2 in both figures) and, consequently, we also see the adult D. citri
population being almost led to extinction. However, after those 30 days, the D. citri nymph population
takes off to exceedingly large numbers that peak after about 5 months (first panels of Scenario 3 in
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both figures) by which time the population of uninfected trees has fallen to approximately half of its
original number (second panel of Scenario 3 in Figure 10), causing the decline of both nymph and

adult populations of D. citri to decrease.

T. radiata Trees
Scenario 1, without control
300
- = Healthy
—With HLB
200 245
100 Sl =
0 Setigd
0
0 100 200 300 400 0 200 400
Time (days) Time (days)
Scenario 2, release of T. radiata only
400 300
- - Healthy
300 —With HLB|
200 =
100 | e
100 T

0
0 100 200 300 400

0
0 100 200 300 400

Time (days) Time (days)
Scenario 3, agrochemical application only
300 ————
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Scenario 4, using both controls
100 300 ‘
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200 239
50 g
1007 " Teol
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Figure 10. T. radiata and tree populations

In Scenario 4, we considered the sequential use of both control measures rather than their com-

bined used simultaneously, with the release of T. radiata 30 days after the application of agrochemicals,

to avoid considering the negative impact that the use of the latter has on the population of the former
(because we assume that the effectiveness of the agrochemical is negligible after 30 days). In this
scenario the realease of T. radiata involves just 100 adult wasps, instead of the 400 used in Scenario
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2. Yet, their timely release when the populations of D. citri had been decimated by the agrochemical,
is enough to “finish the job". In fact, at day 30 in Scenario 4, the ratio of T. radiata to D. citri nymphs
is considerably larger than the 2:1 ratio at the start of Scenario 2, thus making the wasps much more
effective in extinguishing the D. citri population (and henceforth self-eliminating too!).

Comparing the second panels of Scenarios 3 and 4 in Figures 8 and 9, we see that the plots are
identical during the first 30 days because the two scenarios are actually the very same during those 30
days. However, the delay in the release of the wasps when compared to Scenario 2, as expected, still
significantly improves the results after one year in Scenario 3, both in terms of the numbers of healthy
and infected trees and in the D. citri populations but cannot match the outcomes of Scenario 2, either
for the trees or for the psyllyd populations.

The seeming resurgence of D. citri adults after approximately 2-3 months (first panel of Figure 9,
Scenarios 1 and 3) is a numerical artifact due to the positivity of solutions of our ODE system and the
increased number of infected trees upon whose shoots the adult psyllid feeds and lays eggs.

4. Discussion

We proposed a 9-dimensional ODE model to describe the dynamics of interactions and infection of
D. citri, T. radiata, and lemon trees with the bacterium Huanlongbing. The model incorporates control
interventions by agrochemicals (pesticides to contain the D. citri population) and by the parasitoid of
D. citri, T. radiata.

We reduced the system to a 3-dimensional system that omits the dynamics of the tree population
and combines uninfected and infected populations of D. citri. That is, the reduced model described the
dynamics of interaction of D. citri with its parasitoid T. radiata.

For the reduced system we carried out a fairly complete mathematical analysis of well-posedness
and long term dynamics. We proved that, for non-negative initial conditions, the intial value problem
has a unique, non-negative, global-in-time solution that converges asymptotically to one of three
equilibrium points of the system. The asymptotic behavior is determined by the two basic reproduction
numbers of the interacting populations in threshold form.

We found explicit expressions for the only three biologically relevant equilibrium points, one being
the extinction equilibrium, a second one, the “no-Tamarixia-equilibrium" (a boundary equilibrium,
with positive D. citri population but no T. radiata), and a coexistence equilibrium.

We provided explicit formulas for RY, the basic reproduction number for the D. citri population,
and for R], the basic reproduction number for the T. radiata population. We proved that the local
asymptotic stability of equilibria operates exactly as one would expect: when both basic reproduction
numbers are smaller than 1, the extinction equilibrium is the only one in the non-negative octant,
and it is locally asymptotically stable. As RE increases from below to above 1, the “no-Tumarixia-
equilibrium", Eyy, bifurcates from the extinction equilibrium into the non-negative octant and it is
locally asymptotically stable as long as R{ is smaller than an explicitly computable critical value that is
larger than 1. As Rg increases from below that critical value to above it, Eyy becomes unstable and the
coexistence equilibrium (which bifurcated from Ey when R crossed from below to above 1) becomes
locally asymptotically stable.

We also proved global stability of the trivial equilibrium via Lyapunov functions and LaSalle’s
invariance principle, establishing that the threshold conditions for local asymptotic stability actually
result in global stability within the non-negative octant of R3.

We performed simulations of the full 9-dimensional model in four scenarios, to get a sense of
the impact of the two types of control measures. The first scenario is without control and serves as
a baseline. The second one introduces T. radiata only while the third one uses only one application
of a high-efficiency agrochemical pesticide. The last scenario uses the agrochemical first, followed
by the release of a reduced number of T. radiata after 30 days, which is the estimated duration of the
pesticide’s effect.
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Based on the simulations, it seems that the preferred control method is T. radiata, but a further
cost anaylisis needs to be performed. The reason that T. radiata is so effective hinges upon its mode of
reproduction. The fact that they lay one egg into a D. citri nymph that will not evolve to adulthood,
makes this wasp species highly effective in controlling —and even eliminating— the D. citri population.
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