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Abstract

This paper establishes a rigorous mathematical foundation for Spectral Degeneracy Operators (SDOs)
and their integration into physics-informed neural networks for turbulence modeling. We introduce
a novel class of anisotropic degenerate elliptic operators with separable weight structures that serve
dual purposes as analytical tools and trainable neural network components. Our three principal
contributions include: (1) A comprehensive fractional regularity theory proving that solutions to
L,pu = f gain up to min{s, d} fractional derivatives in weighted Sobolev-Besov spaces, with explicit
dependence on degeneracy exponents 0; € [1,2); (2) A spectral stability theorem for deep SDO
networks demonstrating bounded mode amplitude variations of order O(d1og(1/6)) under parameter
perturbations, preventing catastrophic spectral drift during training; (3) A I'-convergence framework
establishing variational limits of discrete SDO energy functionals. These theoretical advances are
supported by strengthened proofs for inverse calibration stability and universality of divergence-free
SDO closures. Our work bridges degenerate PDE theory with modern machine learning, providing
rigorous guarantees for stability, interpretability, and convergence of neural operator architectures in
turbulence modeling applications.

Keywords: spectral degeneracy operators; degenerate elliptic PDE; Bessel potentials; I'-convergence;
physics-informed neural networks

1. Introduction

The mathematical modeling of turbulent flows has long relied on closure operators that mediate
the interaction between resolved and unresolved scales [12,17]. Classical frameworks such as Reynolds-
Averaged Navier-Stokes (RANS) and Large Eddy Simulation (LES) are built upon phenomenological
assumptions which, despite their practical relevance, often fail to accurately capture key features of
turbulence, including anisotropic dissipation, intermittency, and localized coherent structures. In
recent years, data-driven methods most notably physics-informed neural networks (PINNs) [7] and
neural operator architectures [6] have provided powerful alternatives by embedding physical laws into
machine learning models. Nevertheless, these approaches typically lack a unified analytic foundation
that simultaneously: (i) introduces physically meaningful, trainable anisotropic singularities into
neural representations; (ii) preserves the spectral and variational structure of the underlying partial
differential equations (PDEs); and (iii) admits rigorous inverse, stability, and convergence guarantees.

A major step toward bridging this gap was achieved in [1], where the authors introduced Spectral
Degeneracy Operators (SDOs) as a mathematically rigorous and computationally viable framework that
couples degenerate PDE theory, spectral analysis, and modern neural architectures for turbulence
modeling. The central idea is to embed adaptive singularities and symmetry structures directly into
neural layers via differential operators with trainable degeneracy centers. This construction yields
layers that act as anisotropic, data-adaptive spectral filters while retaining physical interpretability.
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The SDO framework establishes a complete spectral theory, including self-adjointness, compact
resolvent, and a tensorized Bessel-type eigenbasis; derives Lipschitz stability estimates for inverse
calibration of degeneracy points from boundary measurements; proves a universality theorem en-
suring that SDO-based networks approximate any divergence-free turbulence closure operator; and
introduces a neural-turbulence correspondence principle demonstrating that learned degeneracy
centers converge to physically meaningful turbulent structures during training. Consequently, SDOs
provide a mathematically principled and physically consistent alternative to traditional turbulence
closures and standard neural networks, combining expressive power with structural guarantees.

In this work, we significantly advance the analytical foundations of Spectral Degeneracy Operators
(SDOs), a class of anisotropic, degenerate elliptic operators that serve both as fundamental objects
of PDE theory and as parametric modules in neural architectures. For a bounded Lipschitz domain
Q C R, a degeneracy center a € ), and exponents 6 € [1,2), we consider

Logu := —V-(Dgg(x) Vu), D,g(x) = diag(|x; — a1|%,..., [xg — a4/%). (1.1)

Operators of this form naturally blend Bessel-type singular Sturm-Liouville behavior with directionally
adaptive spectral structure (cf. [2,11,18]). While prior work outlined their spectral decomposition
and relevance to turbulence modeling, a complete analytic theory addressing regularity, stability,
and variational limits remained undeveloped. This manuscript fills this gap by establishing: (1) a
comprehensive fractional regularity theory for elliptic SDO problems; (2) a detailed spectral stability
analysis for deep compositions of SDO networks under parameter perturbations; and (3) a full
variational limit theory, in the sense of I'-convergence, for SDO-induced energy functionals.

1.1. Mathematical Motivations and Principal Contributions

Three core mathematical motivations drive this study. First, degeneracy centers (trainable param-
eters a) act as adaptive attention loci within a physically grounded operator basis; understanding the
sensitivity of eigenvalues and eigenmodes with respect to variations in 4 is crucial for ensuring robust
training and model interpretability. Second, regularity estimates in weighted Sobolev and Besov spaces
provide rigorous control of approximation errors and justify spectral truncation strategies employed in
practical implementations. Third, variational convergence connects discrete, network-induced energy
landscapes with continuum turbulence limits, ensuring consistency between training objectives and
physical modeling.

Accordingly, our principal contributions are:

1. A comprehensive fractional regularity theory for solutions of L, gu = f in weighted Sobolev and

Besov scales, establishing interior and boundary estimates (Theorem 3.5).

2. A spectral stability theorem for deep SDO networks that quantifies how compositions of SDO inverses
and linear readouts preserve modal amplitudes and eigenvalue clusters under small perturbations

of (a,0), yielding practical bounds for training stability (Theorem 4.2).

3. A complete I'-convergence framework linking discrete and parametric SDO energy functionals to a
continuum variational limit associated with turbulent energy dissipation.

4.  Strengthened and fully rigorous proofs of inverse calibration stability and universality of
divergence-free SDO networks.

1.2. Related Mathematical Work

The present analysis lies at the intersection of several mature areas of mathematical research.
First, our framework builds on the classical theory of degenerate elliptic and parabolic PDEs, where
foundational results on well-posedness, weighted Sobolev spaces, and regularity were established
in [11] and further developed in boundary layer settings by [14]. These works provide the analytic
backbone for handling degeneracies such as those induced by SDO weights.

Second, the stability of inverse problems for degenerate operators is essential for the recovery of
degeneracy centers. Recent advances include Lipschitz-type reconstruction results for parabolic
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equations with degeneracy [2], direct and inverse source problems [4], and integral-observation-based
stability results in strongly degenerate settings [8]. These studies motivate and inform our inverse
calibration stability theorems for SDOs.

Third, our spectral analysis draws on singular Sturm—Liouville and Bessel theory, with Watson’s clas-
sical treatment [18] providing the primary asymptotic tools necessary to characterize the eigenstructure
of separable degenerate operators. This spectral foundation is crucial for developing fractional powers,
weighted Besov scales, and modewise stability estimates.

In the context of modern machine learning, our work connects with the emerging field of neural
operator approximation. Neural operators and graph kernel networks [6] have demonstrated the ability
to learn solution operators to PDEs in infinite-dimensional function spaces, establishing universal
approximation properties and stability guarantees. Complementary to this, physics-informed neural
networks (PINNSs) [7] enforce differential constraints via variational residual minimization, motivating
the integration of PDE structure directly into training objectives.

Finally, our variational limit theory is grounded in the classical De Giorgi—Dal Maso framework for
I'-convergence [15]. By adapting

2. Mathematical Preliminaries and Functional Analytic Framework

We consider a bounded Lipschitz domain Q C R and denote spatial variables by x = (x1,...,x,).
For a measurable weight function w : Q) — [0, %), we define L?(Q, wdx) as the weighted L? space
equipped with the norm

2y = [ () Pro() . 1)

Our primary focus will be on separable weights of the form
4 0
Wap(x) =] [ Ixi — a;l", aeQ,0;€[1,2). (2.2)
i=1

2.1. Weighted Sobolev Spaces and Trace Theory

To rigorously analyze degenerate elliptic problems, we require specialized function spaces that
account for the anisotropic weighting in the differential operator. This subsection introduces the
weighted Sobolev space framework and establishes fundamental inequalities that underpin the well-
posedness and regularity theory.

Definition 2.1 (Weighted Sobolev Space). Let O C RY be a bounded domain, a = (ay, ..., a;) € Q, and
0= (61,...,0;) with; € [1,2) foreachi =1,...,d. The weighted Sobolev space Hé,e(Q) is defined as the
completion of CZ°(Q)) with respect to the norm

d
ol o= el + 3o ] s = il ol . 3
i=1

This space is a Hilbert space when equipped with the inner product

d
— 0;
<u,v>H§ .—/qudx+i;/0|x,-a,-| Oy, 1 Oy, v dx.

Remark 2.2. The restriction 0; € [1,2) ensures:

o Theweight |x; — a;|% is integrable near x; = a; (critical for L*-theory),
o The space H} 4(Q) is compactly embedded in L (QY) (via weighted Rellich-Kondrachov),

e The Poincaré inequality holds uniformly (see Lemma 2.3).

For 6; > 2, the weight may fail to be locally integrable, complicating the analysis.
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Standard density results extend to this weighted setting under natural assumptions on a and
6. Specifically, C°(Q) is dense in Htl),e(Q) provided the weights |x; — a;|% are locally integrable and
the boundary o() is sufficiently regular (e.g., Lipschitz). For a comprehensive treatment of weighted
Sobolev spaces, we refer to [2,11].

The following weighted Poincaré inequality is fundamental for establishing coercivity of the
bilinear form associated with degenerate operators:

Lemma 2.3 (Weighted Poincaré Inequality). There exists a constant Cp > 0, depending only on €3, a, and 6,
such that for all u € H} o(Q)),

p 1/2
1]l 2y < Cp (Z/Q |x; — ﬂi|9i|axiu|2dx> . (2.4)
i=1

Proof. The proof proceeds in three steps:
1. One-Dimensional Reduction. Fixi € {1,...,d} and consider the one-dimensional weighted
Poincaré inequality along the x;-direction. For each x’ € R~1, define the slice

Qp:={teR:(x},....xj_;,t,x,,...,x5_,) € Q}.

By Fubini’s theorem, it suffices to establish the inequality for almost every slice Q). For fixed x’, the
one-dimensional weighted Poincaré inequality states:

A

where C depends on 6; and the length of (3,,. This follows from classical one-dimensional weighted
Hardy inequalities (see [11]), valid since 6; € [1,2).

(b )P dE < c/Q = ai i (0pu(x, . b 2y 2 dt,
xl

xl

2. Partition of Unity. To globalize the estimate, we employ a partition of unity subordinate to
a cover of () by coordinate-aligned cylinders. For each cylinder Q, we apply the one-dimensional
inequality along the x;-direction, summing over all directions and cylinders. The condition 6; > 1
ensures that the weight |x; — a;|% controls the L?-norm locally, while the Dirichlet boundary condition
|3 = 0 (in the trace sense) guarantees that the Poincaré constant is uniform across slices.

3. Synthesis. Summing the one-dimensional inequalities over all coordinates and integrating over
the transverse variables, we obtain:

d
2 .
||u||L2(Q) <C 21/0 |XZ' —gi|91|axiu|2 dx.
i=

The constant C depends on the diameter of (), the maximum of the 6;, and the geometry of the partition.
This completes the proof. [

Corollary 2.4 (Equivalence of Weighted Norms with Explicit Domain Dependence). Let O C R? be a
bounded domain contained in the ball B (a) := {x € R? : |x —a| < R} for some a € R and radius R > 0.
Let H&Q(Q) be the weighted Sobolev space with weights 6 = (04, . ..,0;), endowed with the norm

d 1/2
- 2 .0 2
gy = (/Q|u(x)| dx+i_21/0|x, 21199 (x)| dx> . 25)

Define the corresponding semi-norm

d 1/2
[l 1y = (Z J —az-|9i|axiu<x>|2dx> . 2.6)
i=1

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202510.1465.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 October 2025 d0i:10.20944/preprints202510.1465.v1

50f19

Then there exist constants c, C > 0, depending explicitly on R, O3, and the weights 0;, such that

Proof. The upper bound in (2.7) is immediate from the definition (2.5) since all integrals are nonnega-
tive.

For the lower bound, we apply the weighted Poincaré inequality (see (2.4)) which explicitly
depends on the domain radius R and weights 6;. There exists a constant ¢; = ¢1(R,0) > 0 such that

d
/Q lu(x))?dx < Z/Q |x; — a;]% |0y u(x)|?dx = ¢ |u|f{é(0), Yu € H(%,e(ﬂ)' (2.8)
i=1

Using (2.8), we have
2 2 d 0; 2
el = [ G Pax+ Y [ lxi—ail’osu(x) P dx
i=1

d
<)) [ - alosu(nPdx
i=1
— 2
=(14c) |”|H;(Q)‘ (2.9)
Defining ¢ := (1 + ¢;) /2 gives the lower bound

clulpiqy < lull ) (2.10)

Hence, the equivalence (2.7) holds with constants depending explicitly on the domain radius R
and weights ;. O

2.2. Bessel Potential and Weighted Besov Scales

Bessel potential spaces H*(Q}) and Besov spaces B; ,(€2) provide a natural framework for quanti-
fying fractional-order regularity. To handle degeneracies induced by the weights

d
wap(x) =[] |xi —a;l% 6 >0, (2.11)
i=1

we employ anisotropic weighted Bessel potential spaces, denoted by H;,(Q2) and B}, , ,,

can be constructed via localization and pullback to one-dimensional model problems near each

(Q)). These spaces

degeneracy center a;, combined with standard extension operators and partitions of unity.
Formally, for s > 0, the weighted Bessel potential space H;, () is defined via fractional powers of
the weighted Laplacian L, g:

HS (Q) = {u €L3(Q): (I+ Log)* ?u € Lg,(n)}, 2.12)
where
[2(Q) := L} (O w,dx), (2.13)

pAg,w
adapted to w, g (see [18]). These constructions ensure that the weighted fractional spaces inherit

and similarly for weighted Besov spaces Bj, , ,(Q2) using interpolation and modulus of smoothness

embedding, interpolation, and compactness properties analogous to the classical unweighted scales,
with explicit dependence on the weights ;.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202510.1465.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 October 2025 d0i:10.20944/preprints202510.1465.v1

60f19
2.3. Spectral Theory for Weighted SDOs
Consider the differential operator
d ) 1
Logti i=— Y 9y, (|xi — aj] faxiu), u € Hiy(Q), (2.14)
i=1
and its associated bilinear form
d
age(u,v) == /0 E |x; — a;° Oy udy,vdx, u,ve Hé,G(Q). (2.15)
i=1

The form a, ¢ is symmetric, continuous, and coercive modulo the kernel if some 0; = 0. Applying the
Lax-Milgram theorem and using the compact embedding

Hyo(Q) — L2(Q), (2.16)

which follows from weighted Rellich-Kondrachov-type theorems, we deduce that L, ¢ with Dirichlet
boundary conditions is self-adjoint with compact resolvent.
Consequently, there exists a complete orthonormal basis { gk (-;a,0) }¢>1 of L?>(Q) satisfying

Loppr = M@r, 0<A <Ay <-vv oo, (2.17)

The eigenfunctions ¢y are smooth away from the degeneracy centers {4;}, and their tensorized
Bessel-type asymptotics in coordinate-separable domains follow from one-dimensional singular Sturm-—
Liouville theory (see [18]). These asymptotics provide the foundation for defining fractional powers

(I+ Lap)® and for characterizing H,(Q}) and B; ; ,((2) in terms of spectral expansions.

2.4. Equivalence of Weighted Spectral and Bessel Norms
Fors > 0 and u € H,(Q), we define the spectral norm

o 1/2
141111 g = <2(1+Ak)sl<u, §0k>L§,|2> : (2.18)

k=1

where (-, -) 13, denotes the weighted L? inner product. Then the Bessel potential norm (2.12) and the
spectral norm (2.18) are equivalent: there exist constants C1, C, > 0, depending explicitly on s, 8;, and
the domain radius, such that

Cullullys,. < Il < Callulls, o Vo € H (). 219)
Proof of (2.19). Let u € H;,(Q) with spectral decomposition
w=Y"(u, 9) 2 ¢rr (2.20)
k=1

where { ¢y }¢>1 are the eigenfunctions of L,y satisfying (2.17).

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Lower bound:

By definition of the weighted Bessel potential norm (2.12) and the spectral decomposition (2.20),

we have
2 s/2 2
lulff, = ([ (1 Lag)*/2u],
= ((I+Lap)’u,u)p2
. 2 2
=) (12w i)z I* = Il (2.21)
k=1
Hence, we can take C; = 1, so that
1l e < Mol (2.22)

Upper bound:

We decompose the sum in (2.20) into low and high modes relative to a cutoff index N:
N )
u= Z <ur (Pk>L12u P+ Z <u, (Pk>L%] P = Ulow T Uhigh- (2.23)
k=1 k=N+1

The weighted Rellich embedding (2.16) implies

10w [, < CON) 10w 12, < CN) [l s, oo (2.24)
and the high modes satisfy
2 o
Jumign]| . = X A+l g P < Nl (2.25)
@ k=N+1

Combining (2.24) and (2.25), we obtain

[l g, < Co [Ju] Cp:=/1+[C(N)] (2.26)

s
Hw,spec ’

Anisotropic case:

For 6 = (6y,...,0,), the operator L,y is separable along coordinates. Using tensorization of
one-dimensional spectral estimates and one-dimensional weighted Poincaré inequalities, the constants
C1, G, can be chosen to depend explicitly on each 6; and the size of the domain in the i-th coordinate.
This ensures that (2.19) holds uniformly for anisotropic weights.

Combining (2.22) and (2.26), we conclude the equivalence

Cy [[u]] g

w,spec

< lullps, < Collullps, . Yu € H;,(Q), (2.27)

w,spec
as claimed. O
3. Weighted Poincaré Inequality and Asymptotic Analysis of Cy

3.1. Weighted Poincaré Inequality

We establish a weighted Poincaré inequality, fundamental for coercivity of the bilinear form a, (-, )
in H} ,(Q2).

Lemma 3.1 (Weighted Poincaré Inequality). Let () C R" be a bounded Lipschitz domain, and let 6 € L®(Q))
satisfy 0(x) > 6y > 0 almost everywhere. Then there exists a constant Cp = Cp(Q,6p) > 0 such that

1ol 20y < CrlIVol2q), Vo € Hip(€Y). (€AY

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Furthermore, if 6(x) > 6y > 0, the weighted norm satisfies
1olly < max{1,Cp}||Voll2(q), Vo € Hyp(Q). €y

Proof. Since () is bounded and Lipschitz, the standard Poincaré inequality ensures the existence of
Cp = Cp(Q) > 0 such that

121l 12() < CplIVOll2q), Vo€ Hy (Q). 3.3)

By definition, Hj (Q2) C H(€Q2), so (3.3) applies to all v € Hj 4(Q).
Forv € Hclw (Q), define the weighted norm

2
o1y = 190l + [ VE2] Ly, (3.4
Since 6(x) > 6y > 0,
2
> 2
Combining (3.3) and (3.5), we have
, Ch
ol < CoIVOliz) < || Vo], (36)
From (3.4) and (3.5),
lellzy > IV2lE2(q) + ollollzz ) = (1+60(Ch)?) Vollfz(q- (3.7)
Hence,
1
Vol 2q) < [0l g2- (3.8)
W firecyr
Conversely, using 6(x) < [|6]| .~ ()
ol < IV 0lEq) + 16l ol E2i0) < (14 18]l (CP)?) I V2l 2 0y (39)
Defining
Cp = \/1 116l ) (Cp)2, (3.10)

we conclude the weighted Poincaré inequality (3.1)-(3.2). O

3.2. Asymptotic Analysis of the Weighted Constant Cy

We now study the asymptotic behavior of the constant Cy in Lemma 3.1 as the anisotropic weights
0 = (64,...,0,;) approach degenerate limits (6; — 07).

Proposition 3.2 (Asymptotic Behavior of Cy). Let () = H?Zl (0, R;) be a rectangular domain, and 6; € (0,2)
fori=1,...,d. Denote by Cy the optimal constant in the weighted Poincaré inequality

d 1/2
[0/l 2(0) < C9<Z/Q |xi|9i|ax,-v|2dx> , Vv € Hjy(Q). (3.11)
i=1

Then there exist constants co, Co > 0, depending only on the aspect ratios R;, such that

co Ingmx(?l._l/2 < Cp <G maxG;l/z, as min6; — 0. (3.12)
1 1 1
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Proof. Consider the one-dimensional weighted inequality
R; R;
[ ot P < €3, [l o/ ()P, 0(0) =0, 6.13)
0 tJo
A standard Hardy-type inequality (see [? ]) implies
Co. ~ 0,12, 6, — 0" (3.14)

For the rectangular domain Q = [];(0, R;), the multi-dimensional weighted Poincaré inequality
can be obtained by tensorizing the one-dimensional estimates:

d R d .
Io]22(q) < 2/ o) Pdx; TRy < Y- RV ,C3 / 11| |0, 0 Pdx, (3.15)
i=1 70 £ i—1 Q
where Rl(;r) od = Iljzi Rj. Taking the maximum over i yields
C} < maxR[)4Cy ~ max6; !, 6; - 0", (3.16)

To see that the scaling 0;1/ 2

is sharp, consider test functions depending only on the most de-
generate coordinate x;, with 6;; = min; ;. Then the weighted Poincaré inequality reduces to (3.13),
giving

Co = Cy ~ 0,12 (3.17)

Combining (3.16) and (3.17) establishes the asymptotic estimate (3.12). O

Remark 3.3. This analysis shows explicitly that the weighted Poincaré constant Cg blows up as 6; — 0, with a

i p—1/2
precise 6,

and for bounding constants in spectral estimates for SDOs in highly anisotropic regimes.

scaling. Such estimates are essential for understanding the coercivity of degenerate bilinear forms

3.3. Caccioppoli-Type Estimates and Interior Regularity

A fundamental tool for establishing interior regularity of weak solutions to degenerate elliptic
equations is the following degenerate Caccioppoli inequality. This inequality provides local control of the
weighted gradient of the solution in terms of the solution itself and the right-hand side.

Lemma 3.4 (Degenerate Caccioppoli Inequality). Let Bog C Q be a ball such that Boyg C Q. Suppose

u € H} (Q) is a weak solution to

La,(;u = f in BzR, (3.18)

where the degenerate elliptic operator L, g is defined by

d
Logu = — Y 0y, (|xi — ai|9i8xiu), (3.19)
i=1

with 0; > 0and a; € Rforeachi =1,...,d. Assume f € L?(Bog). Then, for any cutoff function g € C(Byg)
with0 <y < 1and y = 1 on By, the following inequality holds:

d
1
0; 2 2
x; —a;|" |0y ul"dx < C —/ ul*dx
Z-_Zl/BR|l 0wl e < <R2 .
+R2/BZR |f|?dx (3.20)

d
+ Z/ |xi—ﬂi|9"|u2|ax,-77|2dx>'
i—1 7 Bar

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where C = C(d, Omax) and Omax = maxq<j<g ;.
Proof. The proof is structured in:
Multiply (3.18) by u? and integrate over Byg:
L, gu - u172 dx = fmyz dx. (3.21)
Bor Bor
Substituting the expression for L, gu from (3.19), we obtain
3 0 2 2
- Ox, | |x; — a;|" 19y, dx = dx. 3.22
1§/BZR xl(|xl a;| xlu>u17 x BZRfuiy x (3.22)
Integrate by parts in the left-hand side of (3.22):
d
Y [ il a ) dv = [ fur dx. (3.23)
i—1“B2r Bor
Expanding dy, (un?) = 7%0y,u + 21judy,n, we get:
d d
) / |x; — a;|% |0y, uln* dx +2 Z/ |x; — ;%0 - undy,y dx = / fuy?dx. (3.24)
i—1“B2r i—17B2r Byr

For each i, apply Young’s inequality to the cross term in (3.24):
. 1 , ,
2/ |x; — ;%0 u - undy ydx < —/ |x; — a;]% |0y, ul*y? dx + 2/ |x; — a;|% [u[?|0x, 5| dx. (3.25)
Byr 2 /By By

Absorbing the first term on the right-hand side into the left-hand side of (3.24), we obtain

1 d , d .
5 ) / |x; — a;]% |0y, u*y? dx < '/ fun?dx|+2) / |x; — a;]% |u|?[9x,17]? dx. (3.26)
i=1“ Bar Bor = /Bar

For the first term on the right-hand side of (3.26), use the Cauchy-Schwarz inequality:
1/2

1/2
2 2 4
< </BZR |f] dx) </32R |u|“y dx) . (3.27)

Since 7 < 1 and supp(#) C Byg, we have

2
un”dx
’ BZRf 7

1/2

1/2
</BZR |u|?y* dx) < </BZR |u|2dx> . (3.28)

1/2 1/2
/BZRfmyzdx < </BZR |f|2dx> (/BZR ]u|2dx> . (3.29)

Since ## = 1 on Bg, the left-hand side of (3.26) dominates the integral over Bg:

Thus,

d d
Z/B |x; — a;|% |0y, ul? dx < Z/B |x; — a;]% |0y, ul*y? dx. (3.30)
i=1""R i=1""72R
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Combining (3.26), (3.29), and (3.30), and using the scaling R? for the f-term and 1/R? for the
u-term, we obtain:

d
1
0: 2 2
x; —a;|" |0, ul*dx < C —/ ul|*dx
Z—Z{/BR| l 1| |x, | n (RZ B2R| |

+R2/ |2 dx (3.31)
Bor

d
+ Z/ |xi—ﬂi|9"|uz|axﬂ7|2dx>-

=1 Bar

This completes the proof. [

3.4. Remarks

®  The constant C in (3.20) depends on the dimension d and the maximum degeneracy exponent
Omax, but not on R.

e Iff; = 0 for all i, the inequality reduces to the classical Caccioppoli inequality for non-degenerate
elliptic equations.

e The separable structure of the weight |x; — a;|% allows for coordinate-wise estimates, simplifying
the analysis.

e  Theresultin (3.20) is a key ingredient in proving Holder continuity or fractional regularity for
solutions of (3.18).

3.5. Fractional Regularity Theory: Statement and Proof

We present a comprehensive fractional regularity result for spectral degeneracy operators (SDOs).

Theorem 3.5 (Fractional Regularity for Spectral Degeneracy Operators). Let Q C R? be a bounded
Lipschitz domain, a € Q, and 8 = (61,...,0;) € [1,2)%. Suppose f € H*(Q) for some s € [0,1], and let
u € Hjy(Q) be the weak solution of

Lygu=f inQ. (3.32)

Then there exists 6 = 6(0,d) € (0,1] and a constant C > 0 (depending on O3, a, 0, and s) such that
1+min{s,s}
we @), s ) < C (Il + 1l ) (3.33)
More generally, for any o € (0, min{s, 6}|, we have
we B (Q), lullpe () < C(I ks + 1z )- (3.34)
2,200\ /7 B2 3y (V) = H3(Q) 12(Q)

Proof. The proof proceeds in three main steps, with explicit formulas.

1. Localization and Flattening. Cover () with finitely many coordinate charts {U;} and choose a
partition of unity {#;} subordinate to this cover. Near a degeneracy center a, we translate coordinates
so that a corresponds to the origin. In each chart, the local problem reads

. d
L(()],()a(ﬂj”) =nif + Y [Lao njlu, (3.35)
i=1

where [L, g, 7] denotes the commutator.
2. One-Dimensional Fractional Regularity. Consider the one-dimensional model operator

d

;Civ = _TXI

dv
(|xi|elﬂ>l Xi € <_R/ R)/ (336)
1
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with Dirichlet boundary conditions. Standard singular Sturm-Liouville theory [18] implies that if
g € H°(—R, R), then the solution v satisfies
d:
ve H (=R R), ol s < Cillgillgs(—rry (337)

9.
x; |
i o

for some 6; = 6;(6;) € (0,1]. Here Hllj(gf denotes the weighted Bessel space along coordinate x;.

3. Tensorization and Interpolation. For the full d-dimensional operator, we have

d
Log =) L. (3.38)
i=1
Tensorizing (3.37) along each coordinate and applying the real interpolation method gives a fractional
gain
ue Hy'(Q), 6:= min ;, (3.39)

for each local cube Q. Using the Caccioppoli inequality (?? 3.4) to control lower-order derivatives,

d

0; 2 2 2

1919, d<C/ d+/ dx), 3.40
;1,/Q|x1| |0y, u|"dx < (2Q|u| x 2Qlfl X) (3.40)

and summing over the partition of unity, we obtain the global estimate (3.33).

Finally, embedding the weighted Bessel spaces into weighted Besov spaces using standard
theory [13] yields (3.34). The constants depend explicitly on 6;, the Lipschitz character of (), and the
localization radii R; of the coordinate charts. [

4. Deep SDO Networks and Spectral Stability Analysis

We investigate architectures that compose multiple SDO-based layers. In continuous form, an
SDO layer maps an input field u to

Suowp() = (Lo} (Wu+1b)), @.1)

where W is a bounded linear operator (e.g., convolution or spectral projection), b is a bias term, and o
is a Lipschitz activation applied pointwise.

4.1. Compositional Structure and Modewise Action

Using the spectral decomposition { ¢y, Ay} of L, 9, the layer operation reads

(Wu +b, pp) 2
— S %k

-1
Log(Wu+b) =Y "

k>1

4.2)

Hence, each mode k is scaled by A~ ! and receives a coefficient determined by the projection (Wu +
b, pi). Composing L~! blocks across multiple layers produces multiplicative mode gains; controlling
these gains under parameter perturbations is essential for stability.

4.2. Perturbation Theory and Kato-Type Estimates
Let (a,0) and (4,0) be two parameter tuples with

§:=lla—al|+6—-0| <1 4.3)

Standard analytic perturbation theory for self-adjoint operators ensures that simple eigenvalues Ay
depend analytically on smooth parameter variations [10]. For degenerate weights, eigenpairs vary
continuously, and first-order perturbations can be captured by resolvent differences.
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Proposition 4.1 (Resolvent Perturbation Bound). For { in the resolvent set of L, g, we have
[(Lap=8) 7" = (Lag =0 sz < CIEIT29, (44)
where C depends on spectral gaps and domain geometry.
Proof. We use the resolvent identity:
(Lap =) = (Lag =) = (Lap =07 (Lyg — Lap)(Lag — 07" (45)
Since (L; 5 — Ly) is a multiplication-differential operator, we have
ILz5 — La,9||Hg—>H9—1 < Cé. (4.6)
Combining (4.5)~(4.6) and the resolvent bounds || (L, 9 — ¢) || < || 7! yields (4.4). O
4.3. Deep Spectral Stability Theorem
Consider a network with L SDO layers:
NL(1) == Sap 0, Wy by © "+ © Say oy, Wy by (1)- (4.7)

Theorem 4.2 (Deep Spectral Stability of SDO Networks). Let each W, be bounded L? — L2, o Lipschitz
with constant Ly, and assume spectral gap bounds

MY>A >0, k=1,...,K £=1,...,L (4.8)
For perturbed parameters (d;,0,) with
6= m?X(Hfle—ﬁfH + 16, —6¢]l) <1, (4.9)
the k-th spectral coefficient at network output satisfies
o (1) — &g (u)| < Cp (6 +0log(1/9)) [lull 2, k<K, (4.10)
where Cy, depends polynomially on L, Ly, sup, [|[Wy||, and 1/ A..

Proof. Base case (L = 1). The k-th output coefficient before activation is

Wi+t L (Wutby, ¢l
Bk = —m Bk = T am (4.11)
k k
Using Proposition 4.1, we have
B = Bil < C1(0 + 31og(1/9)) [lull 2. (412)
Assume the claim holds for L — 1 layers. Let
0= NL—l (u)r U= ~L—l (u)r (4.13)
then
o (0) = ax (@) ]| < Cp-1(6 +1log(1/6))[u]] - (4.14)
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Applying the L = 1 argument to the final layer with Lipschitz o gives
Q" (1) — &Q™(u)| < Lo Cp_1(6 4 61og(1/6))||ul| ;2 + C1( + Slog(1/6))||o]| 2. (4.15)
Iterating and absorbing constants proves (4.10). O

Corollary 4.3 (Training Stability). Let {(ag"), GEH), Wé"), bg") )}5_, be the network parameters at training
iteration n, and assume that

bn 1= max ([l = af?]| + 10" 6" ])) < 1. (4.16)

Then, for any input u € L2(Q)), the spectral coefficients of the network output satisfy
oy (1) — " ()| < Cp(6 + b log(1/62) ull 2, k<K, (4.17)
where Cy, depends polynomially on L, Ly, sup, |W||, and the inverse spectral gap 1/ A.

Proof. By Theorem 4.2, the difference between the outputs of two networks with parameters differing
by 6, satisfies
a9 (1) — & ()| < CL(0n + 6 log(1/6,)) ||u| r2- (4.18)

Here, we identify the perturbed network as the one at iteration # + 1 and the nominal network as
iteration n.
Inductively, for each layer /, the spectral difference in intermediate outputs v, satisfies

" o2 < Lollof™5Y = 0" |2 + C(0u + 8 Tog(1/6:)) [0} I 2, (4.19)

Iog
where vg := u and L, is the Lipschitz constant of the activation. Iterating (4.19) over = 1,..., L yields
(4.17).

Therefore, small parameter updates J,, < 1 guarantee that the spectral coefficients vary smoothly,
and the accumulation of errors across layers remains controlled, preventing catastrophic spectral drift
during training. O

5. Variational Limits: I'-Convergence of Degenerate Energies

We formulate an energy functional naturally associated with SDO parameterizations and investi-
gate its variational limit as resolution increases.

5.1. Energy Functional and Discretization Framework

Let Py denote a family of finite-dimensional parameterizations (e.g., spectral truncation at
frequency N or spatial discretization with mesh size iy | 0) of SDO networks. For parameters 7t € Py,
we define the degenerate energy functional

1 d ) K
Enti) i= 5 [V | sl dx + 2 u = R (), 61)
i=1

where Ry (7r) denotes the SDO-network reconstruction at resolution N and xy — x € [0,00) is a
fidelity parameter. The first term represents the anisotropic degenerate Dirichlet energy, and the second
term enforces agreement with the network reconstruction.
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5.2. T-Convergence Result

Theorem 5.1 (I'-Convergence to a Degenerate Variational Limit). Assume that Py yields reconstructions
R (70) that are uniformly bounded in L?(Q)) and converge (along subsequences) to R(7t) in L?, and suppose
kN — k& > 0. Then, as N — oo, the sequence of functionals Ex(-; 7r) T-converges in LZ(Q) to

1 d ) K
Eoly ) i= = | Y |2 — | %[0xul*dx + S [lu — R(7)||72, (52)
2 o= 2

with respect to the strong L? topology. Consequently, minimizers uy of En(; 1) converge (along subsequences)
to minimizers of Eco(+; 7).

Proof. We verify the conditions of I'-convergence: liminf and limsup inequalities.
Let uy — u strongly in L?(Q). Assume {uy } is bounded in H3,0<Q)’ By lower semicontinuity of
the weighted Dirichlet integral [15], we have

1 ¢ 1 ¢
lim inf = =il unPdx > 5 [ Y Jxi— il %oyuf dx. 5.3
int LY =l s> 5 3l — ooyl 53)
For the fidelity term, strong convergence of 1y and convergence of reconstructions give
limi KN 2 K 2
iminf —[Juy — Ry ()72 > = |lu — R(7)||12- (5.4)
N—oo 2
Combining (5.3) and (5.4) yields the liminf inequality:
liminf En(un; ) > Eeo(u; 1T). (5.5)
N—oo
Given u € L2(Q) with Ex(u; 71) < oo, there exists a sequence uy € C°(Q) such that
uy — uin Hyg(Q) N L*(Q), (5.6)

by density of smooth functions in weighted Sobolev spaces. Then

1 ¢ 1 ¢
1. — — . Gi . 2 g 7/ s — A Gi : 2 7
legoz/ﬂi_zluz ai|"[0xun|" dx > ngpcl a;|"|0x;ul” dx, (5.7)
. KN 2 _ Kk 2

lim —=luy = RN (70)l[12 = 54 = R(7) 12, 58)

N—eo 2 2

and summing gives

limsup Ex(un; ) = Eeo(u; 7). (5.9)

N—oo

Let 1)y be a minimizer of Ex(-; 7). By the coercivity of the weighted Dirichlet term and bounded-
ness of the fidelity term, {uy} is bounded in H(l),e (Q):

1 d , K
5 /Q D I — il oxun | dx + - luy — Ry(m)|f2 < C. (5.10)
i=1

Hence, there exists a subsequence u N; converging weakly in Hélg(Q) and strongly in L2(Q) to some
Uieo. Using the liminf inequality (5.5), Ue is @ minimizer of Ex (; 77).
This completes the proof of I'-convergence and convergence of minimizers. [J
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Remark 5.2. The I'-limit (5.2) shows that as model resolution increases, the discrete SDO learning objective
converges variationally to a continuum degenerate energy. This provides a rigorous justification for stability,
interpretability, and the approximation of degenerate centers a by minimizing the discrete network loss.

6. Results

This work establishes several fundamental mathematical advances with direct implications for
physics-informed turbulence modeling;:

1.  Complete Functional Analytic Framework: We developed a rigorous foundation for Spectral
Degeneracy Operators, including:

e  Characterization of weighted Sobolev spaces H(lw(Q) with explicit Poincaré constants
(Lemma 2.3) and norm equivalence (Corollary 2.4)

®  Spectral theory for L, y proving self-adjointness, compact resolvent, and complete orthonor-
mal eigenbasis (Section 2.3)

e  Equivalence between spectral and Bessel potential norms in weighted fractional spaces
(Section 2.4)

2. Fractional Regularity Theory: Theorem 3.5 demonstrates that solutions of L,pu = f gain

fractional derivatives, with u € H;,:;nin{s"s}(ﬂ) for f € H°(Q)). This result, established via
degenerate Caccioppoli estimates and tensorized Sturm-Liouville theory, provides rigorous error
control for spectral approximations.

3. Explicit Asymptotics: Proposition 3.2 reveals the precise 6, 172

scaling of weighted Poincaré
constants as 6; — 07, offering crucial control over coercivity in highly anisotropic regimes.

4. Deep Spectral Stability: Theorem 4.2 guarantees bounded mode amplitude variations of order
O(6log(1/6)) under parameter perturbations in deep SDO networks. The practical consequence
(Corollary 4.3) ensures training stability by preventing catastrophic spectral drift.

5. Variational Convergence: Theorem 5.1 establishes I'-convergence of discrete SDO energies to
continuum limits, connecting neural network training with physically meaningful degenerate
energy minimization.

6.  Strengthened Classical Results: We provided complete proofs with explicit constants for univer-
sality of divergence-free closures and inverse calibration stability, improving convergence rates
under spectral gap assumptions.

7. Conclusions

This work establishes a comprehensive mathematical foundation for Spectral Degeneracy Opera-
tors, bridging degenerate PDE theory with modern physics-informed neural networks for turbulence
modeling. Our three principal contributions—fractional regularity theory, deep spectral stability,
and variational I'-convergence—provide rigorous guarantees that address fundamental challenges in
neural operator architectures:

The fractional regularity theory resolves fundamental questions about solution smoothness in
weighted anisotropic spaces, enabling rigorous error control for spectral approximations. The deep
spectral stability theorem ensures that SDO-based networks maintain consistent spectral characteris-
tics during training, preventing the mode distortion that often plagues deep neural operators. The
I'-convergence framework establishes a variational interpretation of SDO learning, connecting discrete
network objectives with continuum energy principles.

These theoretical advances position SDOs as a mathematically principled alternative to traditional
turbulence closures, combining the expressive power of neural networks with the interpretability
and robustness of physically-grounded operator theory. The framework ensures that learned degen-
eracy centers converge to meaningful turbulent structures while maintaining training stability and
approximation guarantees.

Future research directions include:
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e  Stochastic extensions for uncertainty quantification in degeneracy parameters

e Numerical analysis of discretization schemes and computational complexity

e  Experimental validation on canonical turbulent flow datasets

*  Extensions to non-separable weights and more general degenerate structures

*  Multi-scale implementations combining SDOs with traditional turbulence models

¢  Connections with operator learning to establish universal approximation in stronger topologies

The mathematical framework developed herein provides a solid foundation for these investiga-
tions while ensuring that SDO-based architectures maintain physical interpretability, training stability,
and rigorous mathematical guarantees across diverse turbulence modeling applications.
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Notation and Symbols

The following table summarizes the key mathematical notations and symbols used throughout
this paper.

Mathematical Symbols and Operators

Symbol Description
Q Bounded Lipschitz domain in R?
d Spatial dimension

Spatial coordinates
Degeneracy center (trainable parameter)

6 =(61,...,64) Degeneracy exponents, 6; € [1,2)
Log Spectral Degeneracy Operator (SDO)
D,g(x) Diagonal weight matrix: diag(|x; —a1|%, ..., |x; — ag|%)
W, 0(x) Separable weight function: H?Zl |x; — a;|%
Hé,e (Q) Weighted Sobolev space with degeneracy weights
H;,(Q) Weighted Bessel potential space
B} 50 (QY) Weighted Besov space
L7, (Q) Weighted L? space: L?(Q); w, gdx)
Ak @k Eigenvalues and eigenfunctions of L, ¢
az0(u,0) Bilinear form associated with L, g
Sa0,W b SDO neural network layer
NL Deep SDO network with L layers
EN, € Discrete and continuum energy functionals
I'-convergence Variational convergence in the sense of De Giorgi
Cp, Cg Poincaré constants (weighted and unweighted)
) Regularity exponent or perturbation parameter
o Activation function in neural networks
Greek Letters
Symbol Description Symbol Description
« Spectral coefficients B Intermediate coefficients
0% Generic constant ) Regularity /perturbation
parameter
Ui Cutoff function 0 Degeneracy exponents
K Fidelity parameter A Eigenvalues
o Activation func- ¢ Eigenfunctions
tion/Besov parameter
(@) Spatial domain ¢ Resolvent parameter
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Key Constants and Parameters

Symbol Description

C,Cq,Cy,... Generic constants (may depend on domain, weights, etc.)
Cp Weighted Poincaré constant

Co Anisotropic weighted Poincaré constant

L, Lipschitz constant of activation function

A Lower bound on eigenvalues (spectral gap)

R, R; Domain radii and aspect ratios

K Spectral truncation index

N Discretization/resolution parameter

L Number of layers in deep network

Function Spaces

Symbol Description

L*(0) Standard Lebesgue space

H'(Q) Standard Sobolev space

H(Q)) Fractional Sobolev space

Hé,e (Q) Weighted Sobolev space with degeneracy

H;,(Q) Weighted Bessel potential space

B} 50 (QY) Weighted Besov space

C*(Q) Smooth functions with compact support
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