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Simulating Higher Dimensional Quantum
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Corning Inc., USA. Retired; danielnolan42@outlook.com

Abstract: Higher dimensional communications in optical fiber enables new possibilities including
increased transmission capacity and hyperentangled state transfer. Mode coupling among channels
during transmission however causes interference among channels and limits detection. In classical
optical communications, MIMO (modes in modes out) is a means to deal with this issue, however it
is not possible to utilize this technology in quantum communications due to power limitations.
Principal mode transmission is a another means to deal with mode coupling and signal interference
among channels. Conceptually, this can be used in quantum communications with some limitations.
In this report, we numerically simulate this process using the time delay method and show how it
can be implemented using 2 and 4 higher dimensional quantum states, such as W or GHZ states.
These numerical simulations are very illustrative of how the implementation proceeds.
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1. Introduction

Higher dimensional - quantum optical communications is a subject of very significant current
interest [1-3]. It enables the transfer of higher dimensional quantum states using structured light,
enabling more resilient quantum protocols and the investigation of new quantum phenomena such
as hyper — entanglement. Methods for generating hyper-entangled states of light are found in [2].
Mode coupling among photons traveling in different quantum channels during transmission
however causes interference among signals and limits detection. Principal mode transmission [4-6]
is a means to deal with this limitation and can be implemented with quantum technologies.

A principal mode is a superposition of the N guided modes in a multimode fiber or few - mode
fiber [5]. If N guided modes exist within the fiber there exist N principal modes and the principal
modes are a specific superposition of the fiber’s guided modes. The principal modes are orthogonal
to each other and therefore cross talk free transmission can occur using these superpositions. They
are independent of frequency to first order and this fact can be used to determine these modes [5].
Figure 1 is a simplified schematic showing the component figuration required to implement principal
state transmission. A source suitable for implementing guided transmission in the fiber is first passed
through a lens and a spatial modulator, in order to implement the required phase transitions enabling
the superpositions of modes. The light is then focused onto the fiber. At the output of the fiber, the
superimposed modes are converted back to a specific guided mode or onto a detector. The guided
mode can be hyperentangled. For example, it can contain a specific polarization state and a specific
spatial mode. It can then be stored in an appropriate memory, for entanglement swapping.
Determining these modes is a subject of significant interest and is the subject of section II.
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Figure 1. Simplified component schematic of principal mode implementation.

In single mode fiber, there exist two orthogonal polarization states. These two states are not
necessarily principal modes, so cross talk can occur when they are used to multiplex signals.
However, principal polarization modes can be determined, and they used to send information over
two separate channels [5] without interference. In many quantum - communication protocols a
polarization state in single mode fiber is used to communicate; and in quantum systems using
entanglement swapping relating the polarization state at the output to input is necessary [7]. Ulrich
and Simon theoretically investigated this polarization state evolution in single mode fiber. This
understanding is critical for tracking the polarization state and its evolution during transmission in
quantum communication protocols. Ulrich and Simon [8] used the Poincare sphere to quantify this
evolution. The polarization state in an optical fiber can be linearly, circularly or elliptically polarized
and this state can evolve as the pulse travels in time. The Poincare sphere enables us to display these
states and it is particularly important in relating the input polarization state to that at the output. On
the sphere, P and Q represent positions of linear polarization, X and Y; while L and R represents
points of circular polarization, left and right. In quantum communication systems, the output
polarization is first set to be similar to the input state using classical communications and polarization
controllers, which are well known commercial devices. The output polarization state can drift in time,
on the order of seconds, so corrections are required. As an example, Figure 2 shows the Poincare
sphere with the polarization displayed in a linear state. The notation

R

Figure 2. Poincare sphere with polarization displayed in the linearly polarized state.

In multimode fiber, and in the weak guidance approximation, each higher order — spatial mode
contains two polarization states. These spatial modes can be characterized using the well-known
linearly polarized modal numbers, LPnm [9]. Here n quantifies the radial modal and m quantifies
the azimuthal number, and also quantifies the orbital angular momentum. Similar to the Poincare
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sphere, Milione, Sztul, Nolan and Alfano[10] introduced a higher order Poincare sphere (HOPS) to
display these states.

Figure 3. Higher Order Poincare Sphere — Vortex Spatial State.

For a specific - spatial LPnm mode, this state can be in an OAM, orbital angular momentum state
or it can be in a a combination of OAM states. For this reason, it could be in the linear or elliptical
rather than circular state. For this reason, displaying this mode on the higher order sphere is very
useful. Because spatial modes contain two polarizations, we propose a combined polarization —
spatial sphere displaying both spatial and polarization states, Figure 4.

Figure 4. Combined Polarization — Spatial Sphere — with Polarization (green) & Spatial States (blue). This
combined polarization — spatial sphere can be used to display a hyper-entangled state.

In higher order quantum communications, using spatial modes it is important to recover not
only the original polarization state, but also the original spatial state. This can be achieved using
polarization controllers for the polarization recovery and spatial light modulators to recover the
spatial mode. In fact, spatial light modulators can be used to recover both the polarization and the
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spatial states. This will be discussed further below. Since the principal modes are orthogonal, one can
use them for multiplexing.

2. Principal Modes

Principal modes for multiplexing multimode channels in optical fibers was first proposed by
Kahn [4,5]. Carpenter [11] was the first to measure these modes using a few mode fiber, polarization
controllers, and spatial light modulators. Using a configuration like the simplified schematicin figure
1, he measured a mode transfer matrix, and from this matrix found an approximation to the principal
modes of the fiber. The approximation is valid for weak mode coupling within the fiber. Xiong et. al.
[12] used a similar experimental configuration and the modal transfer matrix and then determined
the principal modes in the case of strong coupling. Using transfer matrices at different wavelengths,
they mathematically determined a group delay matrix and subsequently found a principal mode
independent of frequency to first order. They showed the group delay matrix coincides with the
Wigner — Smith time delay matrix, which is important in the study of the fundamentals of
electromagnetics.

In a different approach, Milone, Nolan and Alfano [13] proposed a method to determine the
principal modes of a fiber using pulse delay data. This work was based on a fundamental paper on
polarization mode dispersion authored by Gordon and Kogelnick [14]. In this fundamental paper
they derived an eigenvalue equation to determine the two — polarization principal modes
propagating at the output of the fiber. In the presence of weak coupling, one can obtain the principal
modes at the input by taking the complex of the principal modes at the output. In the case of strong
coupling, one needs to send light from the output to the input and calculate the principal modes
according to the protocol. The eigenvalues are the two different pulse delays and the eigenfunctions
are the principal modes, giving the amplitude and phase of the light to be launched or received. They
used SU(2) group theory and the Pauli spin matrices to derive their equations. Milione, Nolan and
Alfano generalized this method to N modes using SU(N) group theory and the Gell Mann — general
matrices. Later Nguyen and Nolan et, al, used this method to experimentally determine principal
modes in a fiber propagating 3 spatial modes, the LP01 and LP11 modes.

For polarization mode dispersion, two modes, the method requires to measure three different
time delays launching light into three different orientations of the fiber Each of these orientations
contains two different propagating modes with prescribed input phases on these 2 modes of +1 +1;
+1 -1; and +i - i. So, there are 3 different time delay measurements. Then using this pulse delay data,
one assembles a 2 x 2 eigenvalue matrix. Solving gives the principal mode delays (eigenvalues) and
launch conditions (eigenfunctions).

For the case of N modes, the eigenvalue square matrix is (N*2 -1) x (N*2 — 1). There are N2 — 1
launch conditions, each launch condition requires light be launched simultaneously into multiple
modes with defined phases. There are 15 launch conditions needed for a 4 x 4 matrix. These
conditions are given in the appendix of reference 13. These values are appropriate for using the
LP11 or LP21 mode to transmit 4 photons for example, each photon in a different modal or
polarization position. The LP11 mode contains 2 spatial modes, each of which contain two
polarizations. This is the case for all the LPm1 modes in a weakly guided fiber. So, for this reason,
the LPM1 modes are useful for transmitting higher order quantum states, such as GHZ or W states
[15]. For example, a GHZ4 state is:

IGHZ4> =.7(10>10>10>10>+ 11>11>11>11>)

And W4 state is:

IW4>  =1/NA5(11>10>10>10>+ 10>11>10>10>+ 10>10>11>10>+ 10>10>10>11>)

These states represent qudits, which have a probability amplitude of a photon in a modal slot or
not. Each modal position is launched into a principal mode in order to traverse the fiber free of cross
talk. At the output a principal mode can be projected back onto a specific LPm1 guided mode using
a spatial light modulator. The mode can be stored in an optical memory or it can be projected onto a
detector.
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In section III, we show numerically how to assemble a 4 x 4 eigenvalue matrix to solve for the
principal modes of the LPm1 modes. We mathematically relate the required 15 launch conditions and
measured pulse delay times to the assembled matrix. We then simulate these time delay methods to
determine principal states for 2 modes, simulating polarization multiplexing in single mode fiber and
then determine principal states in a 4 mode fiber simulating the LPm1 modes, containing 2 spatial
modes each with 2 polarizations. We calculate these modes under the fiber deployment conditions
with imposed mode coupling sites and also the situation where the fiber has been spun drawing the
drawing process. Fiber spinning during the fiber drawing process is often done in manufacturing to
reduce polarization mode dispersion.

3. Numenrical Simulations, Determining Principal Modes

First, we consider the case for 2 principal modes. Gordon and Kogelnik showed how to
determine these modes using the 3 Pauli spin matrices to specify the launch amplitude and phases
as pulses are launched into the 2 modes. This gives 3 time delays are determined from the 3 launches.
These time delays are inserted into a eigenvalue matrix, which is assembled by summing the three
Pauli spin matrices. The eigenvalue matrix components (using Python nomenclature) as disclosed in
their paper are:

H[0][0] =T1

H[0][1]=T2-1iT3

H[1][0]=T2+iT3

H[1][1]=-T1

As mentioned, solving this equation for the eigenvalues gives the principal mode delays, PMD;
and the eigenfunctions give the launch conditions, phases and amplitudes for a principal mode.

Milione et. al. derived these equations for the case of N principal modes, giving a square matrix
of size N”2 -1. The number of required time delays is also N*2 -1. They also list in their appendix, the
Gell Mann matrices for 4 principal modes, 15 matrices. This is especially useful for using the LPm1
modes in a fiber, containing 2 spatial modes each with 2 polarizations giving 4 modes. The 4 x 4
eigenvalue matrix components, using the 15 measured time delays and the 15 Gell Mann matrices
are:

H[0][0] = T3 + T8/3.~.5 + T15/6.".5

H[0][1]=T1 -T2

H[0][2] =T4-i T5

H[0][3] =-i T9 +T10

H[1][0] = T1 +i T2
HI[1][1] = -T3 +T8/3..5 +T15/6.**.5
H[1][2] = TT6 -i T7

HI[1][3] = T11 -i T12

H[2][0]=T4+ iT5

H[2][1] = T6 + T7

H[2][2] = -2 T8/3".5 + T15/6.A.5
H[2][3] = T13 -i T14

H[3][0] =i T9 + T10

H[3][1] =T11 + T12

H[3][2] =T13 + T14

H[3][3] =-3 T15/6.".5

We use these matrices to simulate several optical fiber deployment conditions. We first consider
the situation of 2 polarization mode transmission, under the situation of an imposed mode coupling
site at 1/4th the transmission distance. We model the propagation of these two polarizations through
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the fibers similar to Matera and Someda [15]. We also consider the case of using spun fiber. We model
the case of mode coupling in spun fiber similar to that of Li and Nolan [16]
As in [15,16], the polarization fields (i = 1,2) are written as

dAi/dz = —iBAi + Kji Aj - kij Ai (1)

We consider the beat length of the fiber to be 1 meter with a fiber length of 1 km and a 50 / 50
mode coupling site 1/4% the fiber’s total distance, . the calculated principal mode vectors are of the
form a +1ib, with the phase 0 given by acos(a/(a"2 + b"2)".5. If 0 = m/2 or 3 7/4, the state is circular
and is plotted at the top or bottom vertex of the Poincare sphere. If O = 0 or 7. The state is linearly
and lies on the equator of the sphere. The principal modes at the fiber output, for this mode coupling
situation, characterized as a +jb, are calculated to be:

[-0.89849768+0.j 0.27518882+0.34201321j]

[-0.27518882+0.34201321j  0.89849768+0.j ]

It is important to point out that Python code does not necessarily return orthogonal eigen states.
If, not one can use the well-known Gram — Schmitt orthogonalization procedure to guarantee
orthogonality.

We now consider investigate the principal modes of a 2 - mode spun fiber, i. e. 2 polarization
modes. Long distance single mode fiber is most often spun during the drawing process as it is
fabricated. This is done to limit the polarization mode of the fiber.

In spun fiber as in [16], the polarization fields (i=1,2) are written as

dAi/dz = —iBAi + Kkji Aj - kij Ai )

For these fibers, the coupling coefficients are of the form:

Kij=.5 Ap exp(2i a(z) dz)

Kji=.5 AB exp(- 2i1 a(z) dz) (3)

Here o is the spin rate of the fiber. For a fiber of length is 100 meters, and a spin rate is 10 turns
per meter, The principal modes at the output of the fiber are calculated to be:

[-0.90053504+0.j 0.26419304+0.34530955j]

[-0.26419304+0.34530955j  0.90053504+0.

Now we consider 4 mode spun fiber, using the 15 time delays and the 4 x 4 eigenvalue equation
above. This simulates coupling among the LPm1 group modes in a fiber. This group contains 2 spatial
modes, each with 2 polarizations. Coupling can occur among all the modes. A spatial mode of 1
polarization can couple to a different spatial mode of a different polarization. As an example, we use
2 spatial modes, each with 2 polarizations. We use a beat length of 2 meters between the two
polarizations of each spatial mode and a beat length of a meter between the spatial modes. The fiber
is 100 meters long and the spin rate is 10 turns per meter.

The 4 principal modes are calculated to be:

[-0.74044508+0.j 0.4096249 +0.24005022j  0.19867378+0.25823086j

0.08210934+0.33679077j]

[-0.23991013+0.00983675j -0.39646849+0.27404799j  0.41446248+0.25245677j

0.68887099+0.j |
[-0.55782419+0.07723921j  0.64889181+0.] 0.11380643+0.02186823j
-0.08269181+0.49146479j]

[-0.01448649+0.28972812j 0.2025892 -0.10091846j -0.50589067-0.1182527j

0.77117557+0. |

We use python eigen code (la.eig) to solve the eigenvalue equations, which again does not
necessarily return orthogonal eigenfunctions.

It is of interest to transmit hyper-entangled states and not necessarily multiplex channels. In this
case, one can convert an output principal mode to a state. In qubit — polarization based quantum key
distribution one recovers the initial input launched polarization at the output. This is done, not
necessarily knowing the output principal state, but knowing this would be helpful. In the 4 mode-
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qudit situation, one will similarly need to recover the input qudit state. One can take an output 4
mode principal state and project it onto a desired hyper-entangled state using a spatial light
modulator. Methods to implement are dislosed in [18,19]

4. Outlook

Higher order dimensional quantum communications is of interest for applications related to
increased transmission capacity, more resilience to noise and the transfer of hyper-entanglement.
Methods for generating hyper-states of light can be found in [2]. Mode coupling is a serious issue and
the principal mode - transfer methods discussed in this report can deal with this problem. Beyond
these theoretical considerations, new telecommunication worthy robust devices and components
such as compact spatial light modulators, polarization controllers and metasurfcece based lenses will
help hasten this implementation.
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