Pre prints.org

Article Not peer-reviewed version

Constructing Physics From
Measurements

Alexandre Harvey-Tremblay

Posted Date: 14 February 2025
doi: 10.20944/preprints202404.1009v12

Keywords: foundations of physics

Preprints.org is a free multidisciplinary platform providing preprint service
that is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This open access article is published under a Creative Commons CC BY 4.0
license, which permit the free download, distribution, and reuse, provided that the author
and preprint are cited in any reuse.



https://sciprofiles.com/profile/538391

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 February 2025 d0i:10.20944/preprints202404.1009.v12

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article
Constructing Physics from Measurements

Alexandre Harvey-Tremblay

Indedpendent Scientist: aht@protonmail.ch

Abstract: We present a reformulation of fundamental physics from an enumeration of independent
axioms into the solution of a single optimization problem. Any experiment begins with an initial state
preparation, involves some physical operation, and ends with a final measurement. Working from this
structure, we maximize the entropy of a final measurement relative to its initial preparation subject
to a measurement constraint. Solving this optimization problem for the natural constraint —the most
permissive constraint compatible with the problem- identifies an optimal physical theory. Rather than
existing as separate postulates, quantum mechanics, general relativity, and the Standard Model gauge
symmetries emerge within a unified theory. Notably, mathematical consistency further restricts valid
solutions to 3+1 dimensions only. This reformulation reveals that the apparent complexity of modern
physics, with its various forces, symmetries, and dimensional constraints, emerges as the solution to
an optimization problem constructed over all realizable experiments in nature.

Keywords: foundations of physics

1. Introduction

Statistical mechanics (SM), in the formulation developed by E.T. Jaynes [1,2], is founded on an
entropy optimization principle. Specifically, the Boltzmann entropy is maximized under the constraint
of a fixed average energy E:

E=) piEi )

i

The Lagrange multiplier equation defining the optimization problem is:

CszZpilnpi+)\<1Zpi> +,B<EZP1‘E1'), 2

where A and B are Lagrange multipliers enforcing the normalization and average energy constraints.
Solving this optimization problem yields the Gibbs measure:

pi = %exp(—ﬁEi)r )

where Z = Y_; exp(—pE;) is the partition function.
For comparison, quantum mechanics (QM) is not formulated as the solution to an optimization
problem, but rather consists of a collection of axioms [3,4]:

QM Axiom 1 of 5  State Space: Every physical system is associated with a complex Hilbert space,
and its state is represented by a ray (an equivalence class of vectors differing by a
non-zero scalar multiple) in this space.

QM Axiom 2 of 5 Observables: Physical observables correspond to Hermitian (self-adjoint) opera-
tors acting on the Hilbert space.

QM Axiom 3 of 5 Dynamics: The time evolution of a quantum system is governed by the
Schrodinger equation, where the Hamiltonian operator represents the system’s
total energy.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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QM Axiom4 of 5 Measurement: Measuring an observable projects the system into an eigenstate of
the corresponding operator, yielding one of its eigenvalues as the measurement
result.

QM Axiom 50f 5  Probability Interpretation: The probability of obtaining a specific measurement
outcome is given by the squared magnitude of the projection of the state vector
onto the relevant eigenstate (Born rule).

Physical theories have traditionally been constructed in two distinct ways. Some, like quantum
mechanics, are defined through a set of mathematical axioms that are first postulated and then verified
against experiments. Others, like statistical mechanics, emerge as solutions to optimization problems
with experimentally-verified constraints.

We propose to generalize the optimization methodology of E.T. Jaynes to encompass all of physics,
aiming to derive a unified theory from a single optimization problem.

To that end, we introduce the following constraint:

Axiom 1 (Natural Constraint).

<

=) oiM;

i
where M; are n x n matrices, and M is their average.

This constraint, as it replaces the scalar E; with the matrix M;, extends E.T. Jaynes’ optimization
method to encompass non-commutative observables and symmetry group generators required for
fundamental physics.

We then construct an optimization problem:

Definition 1 (Physics). Physics is the solution to:

L = —Zpiln% +/\<1—Zpi> —I—Ttr(M—ZpiMi)
i ! i i

S~~~ —
an icti i
optimization ?n the entropy predictive theories of nature
bl of a measurement _
problem relative to its preparation
over all

where A and T are Lagrange multipliers enforcing the normalization and natural constraints, respectively.

This single definition constitutes our complete proposal for reformulating fundamental physics—no
additional principles will be introduced. By replacing the Boltzmann entropy with the relative Shan-
non entropy, the optimization problem extends beyond thermodynamic variables to encompass any
type of experiment. This generalization occurs because relative entropy captures the essence of any
experiment: the relationship between a final measurement state and its initial preparation state.

Two key constraints shape our framework. The normalization constraint ensures we are working
with a proper predictive theory, while the natural constraint spawns the domain of applicability of the
theory. Together, they capture the complete evolution—from initial to final states—that defines any
experiment. The crucial insight is that because our formulation maintains complete generality in the
structure of experiments while optimizing over all possible predictive theories, the resulting solution
holds true, by construction, for all realizable experiments within the domain.

The solution provides a complete set of axioms that automatically satisfy the requirements of a
physical theory valid over the domain spawned by the constraint: mathematical rigour, internal consis-
tency, optimal predictive power, and automatic applicability to all realizable experiments in its domain.
This approach reduces our reliance on postulating axioms through trial and error, and simplifies the
foundations of physics. Specifically, when we employ the natural constraint —the most permissive
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constraint for this problem-, the solution points toward a unified physics where statistical mechanics,
quantum mechanics, general relativity, and the Standard Model gauge symmetries emerge naturally.
Importantly, this emergence occurs without additional assumptions and without generating unwanted
artifacts like extra dimensions or unobserved gauge symmetries.

Theorem 1. The general solution of the optimization problem is:

p; detexp(—TtM;)
Y pjdetexp(—T™;)

pi =

Proof. We solve the maximization problem by setting the derivative of the Lagrangian with respect to

o; to zero:
oL Pi
—=-In—-1-A—-71trM; =0. 4
9pi pi 1 @
= In%:—l—/\—rtrMi. ®)
i
= p; = piexp(—1—A)exp(—TtrM;). (6)

Normalizing the probabilities using }; p; = 1, we find:

1= Zpl = exp(— Zpl exp(—TtrM;), (7)

= exp(l1+A) Zp]exp —TtrM;). (8)

Substituting back, we obtain:

piexp(—TtrM;)

= : ©)
i Y pjexp(—TtrM;)
Finally, using the identity detexp(M) = exp tr M for square matrices M, we get:
1
pi = —pi detexp(—TM;). (10)

O
where Z = Y, p; detexp(—1M;).

This solution encapsulates three distinct special cases:

1.  Statistical Mechanics:
To recover statistical mechanics from Equation (10), we consider the case where the matrices M;
are 1 x 1,1i.e, scalars. Specifically, we set:

M=) pM; with M;= [El}, 11)
i
and take p; to be a uniform distribution. Then, Equation (10) reduces to the Gibbs distribution:

1
pi = 7 exp(—TEy), (12)

where T corresponds to j in traditional statistical mechanics. This demonstrates that our solution
generalizes SM, as it recovers it when M; are scalars.
2. Quantum Mechanics:
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By choosing M; to generate the U(1) group, we derive the axioms of quantum mechanics from
entropy maximization. Specifically, we set:

M=) pM;, with M;= [0 _E"] , (13)
- E; 0
where E; are energy levels. In the results section, we will detail how this choice leads to a
probability measure that includes a unitarily invariant ensemble and the Born rule, satisfying all
five axioms of QM.
3. Fundamental Physics:

Extending our approach, we choose M; to be 4 x 4 matrices representing the generators of the
Spin®(3,1) group. Specifically, we consider multivectors of the form u = f + b, where f is a bivector
and b is a pseudoscalar of the 3+1D geometric algebra GA(3,1). The matrix representation of M;
is:

fo2 b—fi3 —foo+fiz foz+f3
_ | “b+Sis foz foa+ faz for — fi2
M —for — fiz fos — f23 —fo2 —b—fiz|’ 14
fs—fa fou+tfiz b+fiz —fo2

where fo1, fo2, fos, f12, f13, f23, and b correspond to the generators of the Spin®(3,1) group, which
includes both Lorentz transformations and U(1) phase rotations. This choice leads to a relativistic
quantum probability measure:

0i = p; detexp(—TM™;) (15)

N Y pjdet exp(—TMj) !

where T emerges as a parameter generating boosts, rotations, and phase transformations.

In the results section, we show that the associated Dirac current is automatically invariant under
the gauge symmetries of the Standard Model, specifically SU(3), SU(2) and U(1). We then show
that it further suggests a quantum theory of gravity naturally incorporating the U(1) and SO(3,1)
symmetries.

4. Dimensional Obstructions:

Axiom 1 yields valid probability measures only in specific geometric cases. Beyond the instances
of statistical mechanics and quantum mechanics, Axiom 1 yields a consistent solution only in 3+1
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dimensions. In other dimensional configurations, various obstructions arises violating the axioms
of probability theory. The following table summarizes the geometric cases and their obstructions:

Dimensions Optimal Predictive Theory of Nature

GA(0) Statistical Mechanics (16)
GA(0,1) Quantum Mechanics (17)
GA(1,0) Obstructed (Negative probabilities) (18)
GA(2,0) Quantum Mechanics (19)
GA(1,1) Obstructed (Negative probabilities) (20)
GA(0,2) Obstructed (Non-real probabilities) (21)
GA(3,0) Obstructed (Non-real probabilities) (22)
GA(2,1) Obstructed (Non-real probabilities) (23)
GA(1,2) Obstructed (Non-real probabilities) (24)
GA(0,3) Obstructed (Non-real probabilities) (25)
GA(4,0) Obstructed (Non-real probabilities) (26)
GA(3,1) Gravity + SU@3), SU(2), U(1) (27)
GA(2,2) Obstructed (Negative probabilities) (28)
GA(1,3) Obstructed (Non-real probabilities) (29)
GA(0,4) Obstructed (Non-real probabilities) (30)
GA(5,0) Obstructed (Non-real probabilities) (31)
GA(6,0) Suspected Obstructed (No observables) (32)
os) (33)

where GA(p, q) means the geometric algebra of p + g dimensions.

We will first investigate the unobstructed cases in Section 2.1, 2.2 and 2.3 and then demonstrate
the obstructions in Section 2.4. These obstructions are desirable because they automatically limit
the theory to 3+1D, thus providing a built-in mechanism for the observed dimensionality of our
universe.

2. Results
2.1. Quantum Mechanics

In statistical mechanics (SM), the central observation is that energy measurements of a thermally
equilibrated system tend to cluster around a fixed average value (Equation 1). In contrast, quantum
mechanics (QM) is characterized by the presence of interference effects in measurement outcomes.
To capture these features within an entropy maximization framework, we introduce the following
special case of Axiom 1:

Definition 2 (U(1) Generating Constraint). We reduce the generality of Axiom 1 to the generator of the U(1)
group. Specifically, we replace

~ . 0 -E
M = lzpiMi with Mi = [El 0 1] (34)
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where E; are scalar values (e.g., energy levels), p; are the probabilities of outcomes, and the matrices M; generate
the U(1) group.

The general solution of the optimization problem reduces as follows

1

0i = detexp <T lg _OEi] ) pi (35)
Y. pidetexp (T[O _E’1> l

E 0

Though initially unfamiliar, this form effectively establishes a comprehensive formulation of
quantum mechanics, as we will demonstrate.

To align our results with conventional quantum mechanical notation, we translate the matrices to
complex numbers. Specifically, we consider that:

[“ _b] & a+ib. (36)
b a

Then, we note the following equivalence with the complex norm:

detexp {g ’ab } = r? det {ZTE((Z)) ;s:(lg) ] ,wherer = expa (37)
= 1?(cos?(b) + sin®(b)) (38)
= |Ir(cos(b) +isin(b))|| (39)
= [[rexp(ib)| (40)

Finally, substituting T = t/h analogously to § = 1/(kpT), and applying the complex-norm
representation to both the numerator and to the denominator, consolidates the Born rule, normalization,
and initial prepration into :

1
j = - exp(—itE;/h ; 41
b = 5 pillep(—atE ) JORHE/M - b 4
Born Rule Initial Preparation

Unitarily Invariant Ensemble

The wavefunction emerges by decomposing the complex norm into a complex number and its
conjugate. It is then visualized as a vector within a complex n-dimensional Hilbert space. The partition
function acts as the inner product. This relationship is articulated as follows:

Yo pillexp(—itEi/h)|| = Z = (yly) (42)

where

P (1) exp(—itE1/h) 11(0)

an‘(t) exp(—itE,/h)| [¥n(0)

We clarify that p; represents the probability associated with the initial preparation of the wave-
function, where p; = (;(0)|;(0)).

We also note that Z is invariant under unitary transformations.

Let us now investigate how the axioms of quantum mechanics are recovered from this result:

*  The entropy maximization procedure inherently normalizes the vectors |¢) with 1/Z =
1/+/(¢|¢). This normalization links |¢) to a unit vector in Hilbert space. Furthermore, as physi-
cal states associate to the probability measure, and the probability is defined up to a phase, we


https://doi.org/10.20944/preprints202404.1009.v12

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 February 2025 d0i:10.20944/preprints202404.1009.v12

7 of 30

conclude that physical states map to Rays within Hilbert space. This demonstrates QM Axiom 1
of 5.
e InZ, an observable must satisfy:

O =) _piO;llexp(—itE;/h)] (44)

Since Z = (|¢), then any self-adjoint operator satisfying the condition (Oyp|¢p) = (p|O¢) will
equate the above equation, simply because (O) = (|O|¢). This demonstrates QM Axiom 2 of 5.

¢ Upon transforming Equation (43) out of its eigenbasis through unitary operations, we find that
the energy, E;, typically transforms in the manner of a Hamiltonian operator:

[§(#)) = exp(—itH/1)[1(0)) (45)

The system’s dynamics emerge from differentiating the solution with respect to the Lagrange
multiplier. This is manifested as:

2190 = = (exp(~itH/B)[y(0))) (46)

= —iH/hexp(—itH/h)|$(0)) (47)

= —H/hy(1) )

—s HJp(1)) = i |p(1)) )

which is the Schrodinger equation. This demonstrates QM Axiom 3 of 5.

e  From Equation (43) it follows that the possible microstates E; of the system correspond to specific
eigenvalues of H. An observation can thus be conceptualized as sampling from p, with the
measured state being the occupied microstate i. Consequently, when a measurement occurs,
the system invariably emerges in one of these microstates, which directly corresponds to an
eigenstate of H. Measured in the eigenbasis, the probability measure is:

b
(¥ly)

In scenarios where the probability measure p;(T) is expressed in a basis other than its eigenbasis,

pi(t) = (i (1)) Tpi(t). (50)

the probability P(A;) of obtaining the eigenvalue A; is given as a projection on a eigenstate:
P(A) = |(Ailg)I? (51)

Here, | (A;|9)|? signifies the squared magnitude of the amplitude of the state |¢) when projected
onto the eigenstate |A;). As this argument hold for any observables, this demonstrates QM Axiom
4 of 5.

¢  Finally, since the probability measure (Equation 41) replicates the Born rule, QM Axiom 5 of 5 is
also demonstrated.

Revisiting quantum mechanics with this perspective offers a coherent and unified narrative.
Specifically, the U(1) generating constraint is sufficient to entail the foundations of quantum mechanics
(Axiom 1, 2, 3, 4 and 5) through the principle of entropy maximization. QM Axioms 1, 2, 3, 4, and 5 are
shown to be the solution to an optimization problem.
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2.2. RQM in 2D

In this section, we investigate a model, isomorphic to quantum mechanics, that lives in 2D
which provides a valuable starting point before addressing the more complex 3+1D case. In RQM 2D,
the fundamental Lagrange Multiplier Equation is:

Pi 1. [~
L=— In=4+A[1- i | + =6tr[ M — M; 52
Zi)pz ” ( ;pl> 5 ( lZpl z) (52)
where A and 6 are the Lagrange multipliers, and where M; is the 2 x 2 matrix representation of the
multivectors of GA(2).

In general a multivector u = a + x + b of GA(2), where a is a scalar, x is a vector and b a
pseudo-scalar, is represented as follows:

a+x y—>

y+b a—x = g+ x0x + Yoy + box Aoy (53)

This holds for any 2 x 2 matrix and any multivectors of GA(2).
The basis elements are defined as:

1 0 0 1 0 -1
UXZ[O _J,cry:ll O],Ux/\ay:ll O] (54)

To investigate this case in more detail, we introduce the multivector conjugate, also known as the
Clifford conjugate, which generalizes the concept of complex conjugation to multivectors.

Definition 3 (Multivector Conjugate). Let u = a + x + b be a multi-vector of the geometric algebra over the
reals in two dimensions GA(2). The multivector conjugate is defined as:

w=a-x-b (55)

The determinant of the matrix representation of a multivector can be expressed as a multivector
self-product:

Theorem 2 (The Determinant in Multivector Self-Product Form).

utu = detM (56)
Proof. Let u = a + xoy + yoy, + box A 0y, and let M be its matrix representation [;J:g Z :z] . Then:

1: utu (57)
= (a4 x0y +yoy +box A (Ty)i(a + x0y + yoy + box A oy) (58)

= (a — xoy — yoy — boy Noy)(a + xox +yoy + box A oy) (59)

=a® -2 -y 4P (60)

2: detM (61)

—b

=det [, 1} 7", (62)

= e+ )@ —x) — (y=b)(y+1) &
:az—xz—y2+b2 (64)
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This theorem establishes a connection between the determinant and a multivector self-product
form. By expressing the determinant in a self-product form, we can later restrict our attention to the
even subalgebra of GA(2), where this self-product form becomes positive-definite, thus yielding a
proper inner product. This construction will be essential for developing quantum mechanical structures
such as probability measures and observables within the geometric algebra framework.

Building upon the concept of the multivector conjugate, we introduce the multivector conjugate
transpose, which serves as an extension of the Hermitian conjugate to the domain of multivectors.

Definition 4 (Multivector Conjugate Transpose). Let |V)) € (GA(2))":

a1 +x1 + by
V) = : (65)
ay + Xy + by

The multivector conjugate transpose of | V') is defined as first taking the transpose and then the element-wise
multivector conjugate:

<<V|:[u1—x1—b1 an—xn—bn} (66)

Definition 5 (Bilinear Form). Let |V')) and |W)) be two vectors valued in GA(2). We introduce the following
bilinear form:

<<V|W>> = (ﬂ1 — X1 — b1)(ﬂ1 +x1 + bl) +... (Iln — Xy — bn)(an +xu + bn) (67)
Theorem 3 (Inner Product). Restricted to the even sub-algebra of GA(2), the bilinear form is an inner product.

Proof.

(VIW)x0 = (a1 =b1)(a1 +b1) + ... (an — bn)(an + by) (68)

~

This is isomorphic to the inner product of a complex Hilbert space, with the identification i =
ox Noy. [

Let us now solve the optimization problem for the even multivectors of GA(2,0), whose inner
product is positive-definite.
We take a — 0,x — 0 then M reduces as follows:

0 —b
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The Lagrange multiplier equation can be solved as follows:
aﬁ[pl, .. ~/pn]
0= 7 /PR 70
5 (70)
o P 1o —p
= —nfl—p; - A—ow |y (71)
P Iro-n
P—’+pz+A+9tr§[hi 0} 72)
Pi _ LTro -y
:>1np—z——pif)xfetr§[bi O} (73)
110 —p,
= p; = piexp(—pi —A) exp(—()trz[l?i Oh}) (74)
__1 ot 1[0 b
Z(G)plexp< GtrZ[bi 0 }) (75)
The partition function Z (), serving as a normalization constant, is determined as follows:
1 b;
1:Zpiexp(—pi—)t)exp< Otrf{ b, 0!}) (76)
= (exp(—p sz exp( 9tr7[ b ObID (77)

ZI%exp( 9trf[ b, Ob"D (78)
Consequently, the optimal probability measure that connects an initial preparation p; to a final

measurement p;, in 2D is:

1
Y. pidetexp (

Spin(2) Invariant Ensemble

Pi = [O_deetexp( 19{5 _Ob}> \p/l_/ (79)

Initial Preparation

Spin(2) Born Rule

Definition 6 (Spin(2)-valued Wavefunction).

o3 (a1+b1) VPR
lyh = : = : (80)
o3 (an+by) N

where /p; = o2 representing the square root of the probability and R; = e2bi representing a rotor in 2D.

The partition function of the probability measure can be expressed using the bilinear form applied
to the Spin(2)-valued Wavefunction:

Theorem 4 (Partition Function). Z = {(¢|¢))

Proof.

(ly) = Lyive= LpkiRi= Y pi =2 (81)
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Definition 7 (Spin(2)-valued Evolution Operator).
o 16by
T = (82)
e~ 26bn
Theorem 5. The partition function is invariant with respect to the Spin(2)-valued evolution operator.

Proof. We note that:

(Tv|Tv) = (v|v) =viTITy = TiIT =1 (83)

Lob —Lob
e2’"1 e 27°1
then, since [ .. 1 [ - ] = I, the relation T4T = [ is satisfied. [
e%%n e—%f)bn

We note that the even sub-algebra of GA(2), being closed under addition and multiplication and
constituting an inner product through its bilinear form, allows for the construction of a Hilbert space.
In this context, the Hilbert space is Spin(2)-valued. The primary distinction between a wavefunction
in a complex Hilbert space and one in a Spin(2)-valued Hilbert space lies in the subject matter of the
theory. Specifically, in the latter, the construction governs the change in orientation experienced by an
observer (versus change in time), which in turn dictates the measurement basis used in the experiment,
consistently with the rotational symmetry and freedom of the system.

The dynamics of observer orientation transformations are described by a variant of the
Schrodinger equation, which is derived by taking the derivative of the wavefunction with respect to
the Lagrange multiplier, 6:

Definition 8 (Spin(2)-valued Schrédinger Equation).

$1(0) —3b1 $1(0)

Wl T E (84)

¢n(9) _%bn ¢n(9)

where 0 represents a global one-parameter evolution parameter akin to time, which is able to transform the
wavefunction under the Spin(2), locally across the states of the Hilbert space. This is an extremely general
equation that captures all transformations that can be done consistently with the symmetries of the wavefunction
for the Spin(2) group.

Definition 9 (David Hestenes” Formulation). In 3+1D, the David Hestenes’ formulation [5] of the wavefunc-

tion is P = ﬁReib/ 2, where R = et/? is a Lorentz boost or rotation and where e'*/? is a phase. In 2D, as the

algebra only admits a bivector, his formulation would reduce to = | /pR, which is the form we have recovered.

The definition of the Dirac current applicable to our wavefunction follows the formulation of
David Hestenes:

Definition 10 (Dirac Current). Given the basis 0y and 0y, the Dirac current for the 2D theory is defined as:

Ty = Wroxp = p R*oxR = poy (85)
S0(2)
Je) = ¥toyp = p R*oyR = poy (86)
N——

SO(2)
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where oy and oy, are a SO(2) rotated basis vectors.

2.2.1. 1+1D Obstruction

As stated in the introduction, of the dimensional cases, only 2D and 3+1D are free of obstructions.
For instance, the 1+1D theory results in a split-complex quantum theory due to the bilinear form
(a —beg A e)(a+ bey A e), which yields negative probabilities: a?> — b? € R for certain wavefunction
states, in contrast to the non-negative probabilities a> + b> € R=? obtained in the Euclidean 2D
case. This is why we had to use 2D instead of 1+1D in this two-dimensional introduction. In the
following section, we will investigate the 3+1D case, then we will show why all other dimensional
cases are obstructed.

2.3. RQM in 3+1D

Extending the framework to relativistic quantum mechanics begins by considering measurements
relative to Spin®(3,1) symmetries. This allows for transformations that include boosts, rotations,
and phases, enabling relativistic consistency within the same entropy-based framework.

Here, we will develop the framework for the continuum case ), — f which can be obtained by
solving the following Lagrangian equation:

L= /p(x) In ggzg dx—l—)\(l —/p(x)dx) + ;Ctr(M— /p(x)l\e/[((xx)) dx) (87)

where €(x) is a counter-term ensuring the integral remains invariant under coordinate transformations,

{ is a "twisted-phase" rapidity, and

fo2 b—fi3  —fu+fiz fo3+ f3
| —b+ fi3 fo2 fo3+f3  for — fi2
M= —for — fiz foz — f23 —fo2 —b— f13 (88)
fos—fn  footfiz b+fi3 —fo2

Here, fo1, fo2, f03, f12, f13, f23, and b correspond to the generators of the Spin®(3,1) group, which includes
both Lorentz transformations and U(1) phase rotations.

The solution (proof in Annex B) is obtained using the same step-by-step process as the 2D case,
and yields a probability density:

1 1. M(x)
p(x) = MG detexp<—2€€x> p(x) (89)
f p(x)det exp(_f e(x) )dx ) Initial;e:};ration

Spin©(3,1) Born rule
Spin®(3,1) invariant ensemble

2.3.1. Probability Measure

As we did in the 2D case, our goal here will be to express the partition function as a self-product
of elements of the vector space. As such, we begin by defining a general multivector in the geometric
algebra GA(3,1).

Definition 11 (Multivector). Let u be a multivector of GA(3,1). Its general form is:

u=a (90)
+tv0+x11 +yr2 +273 1)
+ forv0 A 11+ fo2r0 A2 + fosvo Avs + fari A2+ fisr Avs + fa3 12 A s (92)
+rm AT AN A3 FUYOATI A3 F WAL A Y2 (93)
+bATIAT2A TS (94)

where 7o, Y1, Y2, Y3 are the basis vectors in the real Majorana representation.
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A more compact notation for u is
u=a+x+f+v+b (95)
where a is a scalar, x a vector, f a bivector, v is pseudo-vector and b a pseudo-scalar.

This general multivector can be represented by a 4 x 4 real matrix using the real Majorana
representation:

Definition 12 (Matrix Representation of u).

a+fo—q—z b—fistw—x —fou+fo—p+v f+fnt+tt+y

Mo | btfetw—x atfotqtz  fotfa-t-y  fao-fo-pto
—fo—futp+to fo-fatt—-y a—fo+tq-z —b-fz-w—x
fs—fa—t+y faot+fotpto btfiz—w-—x a—fp—q+z

(96)

To manipulate and analyze multivectors in GA(3, 1), we introduce several important operations,
such as the multivector conjugate, the 3,4 blade conjugate, and the multivector self-product.

Definition 13 (Multivector Conjugate (in 4D)).
w=a—x—f+v+b 97)
Definition 14 (3,4 Blade Conjugate). The 3,4 blade conjugate of u is
lujga=a+x+f—-v—> (98)

Lundholm [6] proposes a number the multivector norms, and shows that they are the unique
forms which carries the properties of the determinants such as N(uv) = N(u)N(v) to the domain of
multivectors:

Definition 15. The self-products associated with low-dimensional geometric algebras are:

GA(0,1) oty (99)
GA(2,0) : pre (100)
GA(3,0) : Lotelsgte (101)
GA(3,1) L9t lsa0te (102)
GA(4,1) (lotelaa0te) ([9te)3a0te) (103)

We can now express the determinant of the matrix representation of a multivector via the self-
product | p*¢|3 4¢*¢. This choice is not arbitrary, but the unique choice which allows us to represent
the determinant of the matrix representation of a multivector within GA(3,1):

Theorem 6 (Determinant as a Multivector Self-Product).
|utu] sautu = detM (104)

Proof. Please find a computer assisted proof of this equality in Annex C. O

As can be seen from this theorem, the relationship between determinants and multivector products
becomes more sophisticated in 3+1D. Unlike the 2D case where the determinant could be expressed
using a product of two terms, in GA(3,1) the determinant requires two products involving four copies
of the multivector. This is reflected in the structure |utu |3 sutu, which cannot be reduced to a simpler
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self-product of two terms. However, when we restrict u to invertible even-multivectors, this double-
product becomes positive-definite as it did in GA(2), making it suitable as a probability measure
despite having four terms.

The solution to the optimisation problem is a subset of the even sub-algebra of GA(3,1), which
includes the scalar g, the bivector £, and the pseudoscalar b. Specifically, since solving the optimization
problem involves an exponentiation step that guarantees invertibility, the wavefunction is a vector
whose elements are valued in the invertible even-multivectors of GA(3,1):

Definition 16 (Spin‘(3, 1)-valued Wavefunction).

#() = exp  3a3) + £(x) + b(x)) )

Theorem 7 (Positive-Definite Probability). The double-product is positive-definite on 1.

Proof.
p(x) = [p(x)Fp(x) 349 (x)¥p(x) (105)
— e%(ﬂ(x)ff(X)fb(x))e%(a(X)Jrf(X)fb(X))e%(a(X)ff(X)er(X))e%(u(X)+f(x)+b(X)) (106)
= ) (107)

Since ¢2*(*) is in R*, then it is positive-definite, yielding a value of zero only for the zero-element and
positive otherwise. [

The set of all transformations which maps 1(x) to another valid wavefunction, and leaves the
partition function invariant, is a local gauge valued in Spin®(3,1):

Definition 17 (Spin®(3, 1) Evolution Operator).

T(1,) = exp  ~34(605) + b(x) ) (108

In turn, this leads to a variant of the Schrodinger equation obtained by taking the derivative of
the wavefunction with respect to the Lagrange multiplier :

Definition 18 (Spin®(3, 1)-valued Schrodinger equation).

(6.0 = =3 (E() + b)) (.0 (109

In this case { represents a one-parameter evolution parameter akin to time, which is able to
transform the measurement basis of the wavefunction under action of the Spin®(3,1) group.

Theorem 8 (Local Spin®(3,1) invariance). Let e2feib heg general element of Spin®(3,1). Then, the equality:
[WHplsauty = (2P p)tefer®p sa(e2 et p) edfer®y (110)

is always satisfied.
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Proof.
[(e2fedby)tedferby|y (e3ferby)tetterby (111)
[lpie 2f 1be%fe%blpj3,41pie*%fe%b62f62blp (112)
= [ytePy s aptePy (113)
= [t zae PPty (114)
= [ty apty (115)
O
2.3.2. RQM

Definition 19 (David Hestenes” Wavefunction). The Spin®(3, 1)-valued wavefunction we have recovered is
formulated identically to David Hestenes” [5] formulation of the wavefunction within GA(3,1).

P(x) = 2L fo(x)R(x)e (116)

Hestenes’

where e2°(¥) = p(x), e2f(®) = R(x) and e2b(¥) = ¢=1(x)/2 Here, p(x) is a probability density, R(x) is a
rotor and e=(¥)/2 is q complex phase.

Before we continue the RQM investigation, let us note that the double-product contains two
copies of a bilinear form ¥y

Lyt |34 phy (117)
T~

copy 1 copy 2

In the present and upcoming section, we will investigate the properties of each product individually,
leaving the properties specific to the double-product for the section on quantum gravity.
Taking a single copy, the Dirac current is obtained directly from the gamma matrices, as follows:

Definition 20 (Dirac Current). The definition of the Dirac current is the same as Hestenes’:
] = ¢yop = pR¥BHY0BR = pRT79B™'BR = p RiyoR = p7g (118)
——
50(3,1)
where ')/6 is a SO(3,1) rotated basis vector.

2.3.3. Standard Model Gauge Symmetries

Based on some results of Hestenes and Lasenby [7,8], we will now demonstrate that the double-
product is automatically invariant under transformations corresponding to the U(1), SU(2), and SU(3)
symmetries which play fundamental roles in the Standard Model of particle physics. These symmetries
constitute the set of all transformations that leave the Dirac current invariant, i.e., (T¢)¥yo Ty = pFyoyp
with T valued in the even subalgebra of GA(3,1).

Theorem 9 (U(1) Invariance). Let et bea general element of U(1). Then, the equality

Lo row 3 a9t rop = L(e2P9) P00 54 (e2P9) Fyoe2by (119)

copy 1 copy 2

is satisfied, yielding a U(1) symmetry for each copied bilinear form.
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Proof. Equation 119 is invariant if this expression is satisfied:
1p 1p
e2Pppe2? = g (120)
This is always satisfied simply because e%b'yoe%b = o€~ 2beib — Y O
Theorem 10 (SU(2) Invariance). Let e2f bea general element of Spin(3,1). Then, the equality:
1 1 1 1
[#* 09 Jaat¥rop = L(e29) r0e2 ]34 (e2"p) 02"y (121)

copy 1 copy 2

is satisfied for if £ = 01723 + 02713 + 03172 (which generates SU(2)), yielding a SU(2) symmetry for each
copied bilinear form.

Proof. Equation 121 is invariant if this expression is satisfied [7]:
1 1
e~ 2typexf = 1o (122)
We now note that moving the left-most term to the right of the gamma matrix yields:
e~ E1romi—Exvor2—Esv0r3—017273—027173— 037172 'yoe%f (123)
= ,YOeEWo%+527072+537073*917273*927173*937172e%f (124)

1 1
Therefore, the product e’if')/oe?f

017273 + 027173 + 037172
Finally, we note that e17273+271173+0:1172 generates SU(2). O

reduces to g if and only if E; = E; = E3 = 0, leaving f =

Theorem 11 (SU(3)). The equality

—fyof = 70 (125)
identifies the bivectors f that parametrizes a subspace of the wavefunction that admis SU(3) symmetry.
Proof. First, we note the following action:

—frf =170 (126)
which we can rewrite as follows:

—(E1v071 + E27v072 + E3v0Ys + B17v27s + B271173 + B3 r172) vof (127)

The first three terms anticommute with 7, while the last three commute with y:

= v0(E1v071 + E2vor2 + E3v0v3 — Bi72v3 — B2(9) 1173 — B3(9)v172)£(q) (128)

This can be written as:

70(E—B)(E+B) (129)
= 70(E? + EB — BE — B?) (130)

where E = E1y971 + ExY0Y2 + Ezoy3 and B = B1y293 + Bay193 + B3 y172.
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Thus, for —fyof = 7o, we require: 1) E> — B? = 1 and 2) EB = BE. The first requirement expands
as follows:

E> - B2 = (E2+B?)+ (E3+B3) + (E5+B3) =1 (131)

which, as the norm of three complex numbers, is the defining conditions for the SU(3) symmetry group.
We can show that f is invertible by showing that the norm is never 0:

| £+ |3 4fHf = (E> + B?)? + 4(E - B)? (132)

We note that for | f+f]3 4ftf = 0, it is necessary but not sufficient that E - B = 0, which is a dot product.
However, the second condition for SU(3), EB = BE — BE — EB = 0 is a cross-product. Since it
cannot be the case that both dot and cross products of two vectors be zero, E - B # 0. Therefore f is
invertible. Since f is invertible, there exists an exponential form where f = exp(a + F 4 ). As such, f
can be understood as a wavefunction state, which means that the wavefunction contains a structure
that evolves according to SU(3) under adjoint action on ey. Consequently, there exists a representation
in which the Gell-Mann matrices that generate the SU(3) group would act on the three complex
numbers comprising f:

f = for +ifos+ foo +ifiz+ fos +ifin (133)
—_—— — Y
21 2 Z3

O

In conventional QM, the Born rule naturally leads to a U(1)-valued gauge theory due to the
following symmetry:

(e @y (x))fe Wy (x) = p(x) y(x) (134)

However, the SU(3) and SU(2) symmetries do not emerge from the probability measure in
the same straightforward manner and are typically introduced by hand, justified by experimental
observations. This raises the question: why these specific symmetries and not others? In contrast,
within our framework, all three symmetry groups—U(1), SU(2), and SU(3)—as well as the Spin(3,1)
local gauge symmetry, follow naturally from the invariance of the probability measure, in the same
way that the U(1) symmetry follows from the Born rule. This suggests a deeper underlying principle
governing the symmetries in fundamental physics.

Can we go further than SU(3)—for instance, is SU(4) also supported? Let us now investigate what
happens if we demand invariance under the full even multivector:

(a—f+Dbleg(a+£f+b)=c¢ (135)

The constraints that need to be satisfied for this equality are:

(@ + 0%+ fiy + fio + fis + fra + fis + fis)eo = 1 (136)
(—2afo1 + 2fo2f12 +2fo3 f13 — 2bfaz)er = 0 (137)
(—2afor — 2fo1fi2 + 2bf13 + 2f03f23)e2 =0 (138)
(—2afos — 2bf12 — 2fo1 * f13 — 2foafas)es = 0 (139)
These conditions look like they enforce an SU(4)-invariant structure:
for+ ot flot fistfis+ fh+ad +02 =1 (140)
—— M Y= =

2
|z1[2 |22 |z3[2 |24
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However, unlike the SU(3) case, here the remaining constraints are not sufficient to guarantee that
a + f + b is invertible. As such, they do not describe a valid wavefunction state. Thus, the sequence of
permissible local gauges does not include SU(4)—it ends at SU(3).

2.3.4. Gravity via the Double-Product

We recall the definition of the metric tensor in terms of basis vectors of geometric algebra,
as follows:

1
Suv = E(e},ev +evey) (141)

Then, we note that the double-product acts on a pair of basis element e, and ey, as follows:

1
S ([WhepplaayFesy +lpterglsaple,y ) (142)
N—— N—— N——" N——
copy 1 copy 2 copy 2 copy 1
1/ . , . o - , 3 o
= 7(R pe'?/2e7/2 &, RR pe'"/2¢"/2 e,R + R pe'®/?e~/2 &,RR pe~*/2¢1/2 eyR) (143)
| —— | S —— ~——

2 | S | —
Born rule copy 1 Born rule copy 2 Born rule copy 2 Born rule copy 1

1os o .
= §p2 (Re,RRe,R + Re,RRe,R) (144)
1
= 0 E(e;,elv +eje,) (145)
™ —_— —

probability metric tensor

where e, and e;, are SO(3,1) rotated basis vectors, and where p? is a probability measure, then dividing
by [9FpJsapty = o2 we get g

As one can swap e, and e, and obtain the same metric tensor, the double-product guarantees
that g, is symmetric.

Furthermore, since ef, = —ey, we get:
L) lsalevp)ty (146)
= [pH(—D)efplaapt(~1)ely (147)
= [pte,y)saptesy (148)

which allows us to conclude that e, and e, are self-adjoint within the double-product, entailing the
interpretation of g, as an observable.
This yields a definition of the metric tensor as follows:

5 ([preuplsattesyy + [phe v 3 apte, )
LYty |3 a9ty

Sy = (149)

Dynamics: In the double-product, the metric tensor emerges as a product of Dirac currents. This
formulation suggests that the metric tensor encodes the probabilistic structure of the theory in the form
of a symmetric rank-2 tensor, analogous to how the Dirac current encodes the probabilistic structure of a
special relativistic quantum theory in the form of a 4-vector.

Let us now investigate the dynamics. We recall that the evolution operator (Definition 17) is:

T(2,) = exp  ~ 34(605) + b)) (150)
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Acting on the wavefunction, the effect of this operator cascades down to the basis vectors via the
double-product in the form of a local Spin®(3,1) gauge:

[ Treu T 34 pTre, Ty + |9 THe, Ty |54 yiThe, Ty (151)

copy 1 copy 2 copy 2 copy 1

which realizes an SO(3, 1) invariant transformation of the metric tensor via action of the exponential
of a bivector, and a U(1) invariant transformation via action of the exponential of a pseudo-scalar:

¥ E%gfe Ef%gf e%a’e*%gb ¥ e%gfe ef%gf e%gbef%gb 4+ 152
Lll] N # N—_——— IIJJ 349 I < .Y ( )
SO(3,1) evolution Unitary evolution SO(3,1) evolution Unitary evolution
copy 1 copy 2

In summary, this investigation has identified a scenario in which the metric tensor is measured
using basis vectors. The evolution operator, governed by a Spin®(3,1)-valued Schrodinger equation,
dynamically realizes SO(3,1) transformations on the metric tensor. Furthermore, the amplitudes
associated with possible metric tensors are derived from a double-product acting on the basis vectors.
This formulation simultaneously preserves the SO(3,1) symmetry, essential for describing spacetime
structure, and the unitary symmetry, fundamental to quantum mechanics. It describes all changes
of basis transformations that an observer in 3+1D spacetime can perform prior to measuring (in the
quantum sense) a basis system in spacetime, and attributes a probability to the outcome (the outcome
being the metric tensor).

Equivalence to frame fields: Adding a SO(3,1) symmetry to a geometric algebra basis vector e,
and e, via adjoint action of the wavefunction’s rotors (i.e., ¢, = RegR) causes these basis elements to
acquire the same degrees of freedom as a frame field ¢j and eb, which includes the basis vector and a
SO(3,1) orientation for that vector.

2.3.5. Local Gauges

The double-product probability measure automatically admits the following invariant gauges:

1.  SO(3,1) (Equation 145), via adjoint action of Spin(3,1) elements of the basis elements within the
double-product, leaving the metric tensor invariant:

1 1 1 1
£ 1, o3f,—if, ,if

_1lg 1lg _1 lg _ 1
le”2%e e2" 346" 2T 02" + e 2Tepe’e ue’ =eyuey +evey (153)

2. SU@)xU(@) (Theorem 9 and 10), via adjoint action of Spin(3,1) identifying the SU(2)xU(1) as the
stabilizing subgroup of SO(3,1) acting on ey:

1 1 1
2bppeaferb — ¢ (154)

3. SUQ) (Theorem 11), as the group that acts on a substructure of ¢ that remains invariant to the
adjoint action of f stabilizing eg:

—feof = ep (155)

Gauging the SO(3,1) group yields to a gravitational theory [9], whereas gauging the SU(2)xU(1)
and SU(3) yields the electroweak and strong forces, respectively.
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2.3.6. Gravity, Quantum Gravity and Future Work

One possible path of exploration would be to use our double-product structure, the wavefunction
and the basis elements of GA to construct the Einstein-Hilbert action:

/M R(p, euev)\/—g(W, e, e0)d*x (156)
and its quantum counterpart:
/ " R(§, ép,év)\/—g(, ép, év)dx (157)

However, this approach may not be entirely satisfying, because it does not derive the Einstein-Hilbert
action from first principles—it merely re-expresses it using elements from our framework.

Ricci Scalar: To remedy this situation, let us consider the commutator. We have already seen that
the anti-commutator double-product leads to g;:

{Lren)sa viep} = g (158)

but what about the commutator? To define it, we will replace the basis vectors e, and e, with an
observable of the dynamics (i.e., involving D, and Dy ). The result is a measurement of the dynamics
of the system:

[L¢* Dy )34, ¢*Duvyp) = |9*Dup |34 Doy — |9 Dy ]549* Dy (159)
= py*[Dy, D]y (160)
= ppt LR Ty (161)
1
= oy Rt vant (162)
= P2 REAY, (163)

which if we contract with ¢#” and 'Vz/zb' yields R, the Ricci scalar. To obtain this result we have assumed
that p is an equiprobable measure not dependent on x, thus it is a constant. As we will see in
Equation (168), this assumption is acceptable for the Einstein-Hilbert action.

Lagrangian: Now that we have the Ricci scalar, we must incorporate it in an integral over
spacetime so that it becomes a Lagrangian. To achieve this, we aim to derive the very concept of the
Lagrangian entirely from entropy maximization. Consider the following Lagrange multiplier equation:

L=— /: ///p(x) In m\/jgd3xdt - /\/: ///p(x) V/—gdxdt — %gtr /ﬂtz ///p(x)l\:((;)) V/—gd3xdt

(164)

This equation is similar to Equation (87), the Lagrange multiplier equation of the 3+1D case,
except that we have made explicit the integration variables, and we considered the possibility of
curvature via \/—g. Solving this optimization problem gives the following partition function:

Z= /ﬂtz /// det(x) detexp(—;gl\e/[((xx))> V/—gd’xdt (165)



https://doi.org/10.20944/preprints202404.1009.v12

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 February 2025 d0i:10.20944/preprints202404.1009.v12

21 of 30

The evolution term exp (—% l\efl((xx)) ) is normally utilized to produce a Schrédinger-like equation acting

on the wavefunction, but in the integral it offers no contribution because the determinant reduces it to
unity, simplifying to:

- /t IZ / / / detp(x) /—gdxdt (166)

Since we normalized over spacetime, not just space, we obtain a statistical theory of events in
spacetime. In this construction, a measurement collapses the wavefunction to a point in spacetime at
ty with probability det ¢(x), thus signalling the end of the experiment via a measurement event.

We now introduce an observable for this probability measure: Our choiceis T — V (i.e., the La-
grangian). Specifically, we use our previous definition of a commutator over the dynamical observables
D, and D, (equation 163):

7 — /: ///4Kgﬂv<L¢¢Dy¢J3/4¢ithp _ WiDlebAlPiDyw) /—gdxdt (167)

where « is a dimensional constant. The equation reduces to:

=K /M p?R/—gd*x (168)

Finally, we consider the initial preparation p to attribute equal probabilities to all states. As such,
it becomes a constant that no longer depends on x. This assumption was also utilized in Equation (163).
This prevents p from dynamically contributing to the equation of motion. As it is a constant, we may
absorb it along with « into the correct dimensional factor xp? = ¢*/167G. Consequently, the Einstein-
Hilbert action is obtained:
A

—
16nG/MR’/ by (169)

which yields the EFE, derived from first principles as the natural dynamical theory in curved

S:

3+1D spacetime.

A more detailed analysis of these equations and their quantization, and the resulting interpretation
tying the Lagrangian to a concluding measurement on an experiment conducted from t; to ¢, will be
done in a future paper.

2.4. Dimensional Obstructions

In this section, we explore the dimensional obstructions that arise when attempting to resolve
the entropy maximization problem for other dimensional configurations. We found that all geometric
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configurations except the previously explored cases are obstructed. By obstructed, we mean that the
solution to the entropy maximization problem, p, does not satisfy all axioms of probability theory.

Dimensions Optimal Predictive Theory of Nature

GA(0) Statistical Mechanics (170)
GA(0,1) Quantum Mechanics (171)
GA(1,0) Obstructed (Negative probabilities) (172)
GA(2,0) Quantum Mechanics (173)
GA(1,1) Obstructed (Negative probabilities) (174)
GA(0,2) Obstructed (Non-real probabilities) (175)
GA(3,0) Obstructed (Non-real probabilities) (176)
GA(2,1) Obstructed (Non-real probabilities) (177)
GA(1,2) Obstructed (Non-real probabilities) (178)
GA(0,3) Obstructed (Non-real probabilities) (179)
GA(4,0) Obstructed (Non-real probabilities) (180)
GA(3,1) Gravity + SUQ3), SU(2), U(1) (181)
GA(2,2) Obstructed (Negative probabilities) (182)
GA(1,3) Obstructed (Non-real probabilities) (183)
GA(0,4) Obstructed (Non-real probabilities) (184)
GA(5,0) Obstructed (Non-real probabilities) (185)
GA(6,0) Suspected Obstructed (No observables) (186)
0 (187)

Let us now demonstrate the obstructions mentioned above.

Theorem 12 (Non-real probabilities). The determinant of the matrix representation of the geometric algebras
in this category is either complex-valued or quaternion-valued, making them unsuitable as a probability.

Proof. These geometric algebras are classified as follows:

GA(0,2) @ H (188)
GA(3,0) = M;,(C) (189)
GA(2,1) = M3(R) (190)
GA(1,2) = M, (C) (191)
GA(0,3) = H? (192)
GA(4,0) = M, (H) (193)
GA(1,3) = My (H) (194)
GA(0,4) = M, (H) (195)
GA(5,0) = M3(H) (196)

The determinant of these objects is valued in C or in H, where C are the complex numbers, and where
H are the quaternions. [
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Theorem 13 (Negative probabilities). The even sub-algebra, which associates to the RQM part of the theory,
of these dimensional configurations allows for negative probabilities, making them unsuitable.

Proof. This category contains three dimensional configurations:
GA(Lé&)p = a + beq, then:

(a4 bey)*(a+bey) = (a— bey)(a+bey) = a* — bPeje; = a> — b? (197)

which is valued in R.
GA(Lat)yp = a + begey, then:

(a + beger )¥(a + beger) = (a — begey ) (a + begey ) = a® — bPegerege; = a® — b? (198)

which is valued in R.
GA(L&)y = a + begegerep, where €5 = —1,¢5 = —1,¢2 = 1,¢3 = 1, then:

[(@a+b)*(a+b)|34(a+b)Ha+b) (199)
= |4® + 2ab 4 b2 |3 4(a* + 2ab + b?) (200)

We note that b2 = b2epepererepepeier = b2, therefore:

= (a® + b — 2ab)(a® + b + 2ab) (201)
= (a® + b*)? — 4a°b? (202)
= (a® + b*)? — 4a*V? (203)

which is valued in R.

In all of these cases the probability can be negative. 0O

Conjecture 1 (No observables (6D)). The multivector representation of the norm in 6D cannot satisfy any
observables.

Argument. In six dimensions and above, the self-product patterns found in Definition 15 collapse.
The research by Acus et al. [10] in 6D geometric algebra concludes that the determinant, so far defined
through a self-products of the multivector, fails to extend into 6D. The crux of the difficulty is evident
in the reduced case of a 6D multivector containing only scalar and grade-4 elements:

s(B) = b1Bfs5(fa(B) f3(f2(B) f1(B))) + b2Bgs(g4(B)g3(82(B)g1(B))) (204)

This equation is not a multivector self-product but a linear sum of two multivector self-products [10].
The full expression is given in the form of a system of 4 equations, which is too long to list in its
entirety. A small characteristic part is shown:

ag — 2a3a3, + byadal,pa12pao + (72 monomials) = 0 (205)
biagasy + 2bya0a4;050 par2 Paxa Pazo Paso Pasz + (72 monomials) = 0 (206)
(74 monomials) = 0 (207)
(74 monomials) = 0 (208)

From Equation (204), it is possible to see that no observable O can satisfy this equation because
the linear combination does not allow one to factor it out of the equation.
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b10Bfs5(fa(B) f3(f2(B) fi(B))) + b2Bgs(g4(B)g3(g2(B)g1(B))) = biBfs(fa(B)f3(f2(B)f1(B))) + b2OBgs(g4(B)g3(g2(B)g1(B))) (209)

Any equality of the above type between b;O and b,0 is frustrated by the factors b; and b, forcing
O =1 as the only satisfying observable. Since the obstruction occurs within grade-4, which is part
of the even sub-algebra it is questionable that a satisfactory theory (with non-trivial observables) be
constructible in 6D, using our method. [

This conjecture proposes that the multivector representation of the determinant in 6D does not
allow for the construction of non-trivial observables, which is a crucial requirement for a relevant
quantum formalism. The linear combination of multivector self-products in the 6D expression prevents
the factorization of observables, limiting their role to the identity operator.

Conjecture 2 (No observables (above 6D)). The norms beyond 6D are progressively more complex than the
6D case, which is already obstructed.

These theorems and conjectures provide additional insights into the unique role of the unob-
structed 3+1D signature in our proposal.

It is also interesting that our proposal is able to rule out GA(1, 3) even if in relativity, the signature
of the metric (4, —, —, —) versus (—, —, —, +) does not influence the physics. However, in geometric
algebra, GA(1,3) represents 1 space dimension and 3 time dimensions. Therefore, it is not the signature
itself that is ruled out but rather the specific arrangement of 3 time and 1 space dimensions, as this
configuration yields quaternion-valued "probabilities” (i.e., GA(1,3) = M) (H) and det M, (H) € H).

3. Discussion

When asked to define what a physical theory is, an informal answer may be that it is a predictive
framework of measurements that applies to all possible experiments realizable within a domain,
with nature as a whole being the most general domain. While physicists have expressed these theories
through sets of axioms, we propose a more direct approach - mathematically realizing this fundamental
definition itself. This definition is realized as an optimization problem (Definition 1), which can then
be solved. The solution to this optimization problem yields precisely those axioms that realize the
physical theory over said domain. Succinctly, physics is the solution to:

L = —Zpiln% —I—/\(l—Zpi)—l—Ttr(M—ZpiMi) (210)
i ! i i

~~ —
an icti i
optimization ?n the entropy predictive theories of nature
bl of a measurement
problem relative to its preparation
over all

The relative Shannon entropy represents the basic structure of any experiment, quantifying the
informational difference between its initial preparation and its final measurement.

The natural constraint is chosen to be the most general structure that admits a solution to this
optimization problem. This generality follows from key mathematical requirements. The constraint
must involve quantities that form an algebra, as the solution requires taking exponentials:

1
epr:1+X+§XZ+... (211)
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which involves addition, powers, and scalar multiplication of X. The use of the trace operation
necessitates that X must be represented by square n x n matrices. Thus Axiom 1 involves n X n
matrices:

<

=) _piM; (212)
1

The trace operation is utilized because the constraint must be converted back to a scalar for use in
the Lagrange multiplier equation; while any function that maps an algebra to a scalar would achieve
that, picking the trace recovers quantum mechanics in the GA(0, 1) case.

These mathematical requirements demonstrate that the natural constraint, as formulated in
Axiom 1, represents the most general structure for this optimization problem. More precisely, Axiom 1,
admitting the minimal mathematical structure required to solve an arbitrary entropy maximization
problem, can be understood as the most general extension of the statistical mechanics average energy
constraint which contains QM (as induced by the trace) as a specific solution.

Thus, having established both the mathematical structure and its generality, we can understand
how this minimal ontology operates. Since our formulation keeps the structure of experiments
completely general, our optimization considers all possible predictive theories for that structure,
and the constraint is the most general constraint possible for that structure, the resulting optimal
physical theory applies, by construction, to all realizable experiments within its domain.

This ontology is both operational, being grounded in the basic structure of experiments rather
than abstract entities, and constructive, showing how physical laws emerge from optimization over
all possible predictive theories subject to the natural constraint. Physics is encapsulated not as a pre-
defined collection of fundamental axioms but as the optimal solution to a well-defined optimization
problem over all experiments realizable within the domain. This represents a significant philosophical
shift from traditional physical ontologies where laws are typically taken as primitive.

The next step in our derivation is to represent the determinant of the n X 7 matrices through a self-
product of multivectors involving various conjugate structures. By examining the various dimensional
configurations of geometric algebras, we find that GA(3,1), representing 4 x 4 real matrices, admits a
sub-algebra whose determinant is positive-definite for its invertible members. All other dimensional
configurations fail to admit such a positive-definite structure, with three exceptions: GA(0) yielding
statistical mechanics, GA(0,1) and a sub-algebra of GA(2,0) yielding quantum mechanics.

The solution reveals that the 3+1D case harbours a new type of probability amplitude structure
analogous to complex amplitudes, one that exhibits the characteristic elements of a quantum me-
chanical theory. Instead of complex-valued amplitudes, we have amplitudes valued in the invertible
subset of the even sub-algebra of GA(3,1). This probability amplitude is identical to David Hestenes’
wavefunction, but comes with an extended Born rule represented by the determinant, and rather
than a complex Hilbert space, it lives in a "double-product structure". This double-product structure
suggests an automatic incorporation of a quantum theory of gravity via local SO(3,1) and U(1) gauges
and local gauge theories with the SU(3) group, SU(2) and U(1) groups.

Interpretation: This framework presents a novel interpretation of quantum mechanics where
quantum states and their evolution emerge purely from optimizing the relative entropy between
initial and final experimental states, under the natural constraint. Unlike traditional interpretations
that begin by postulating entities like the wavefunction or multiple worlds, this approach starts only
with measurement outcomes and derives quantum mechanics as the optimal predictive framework
applicable to all experiments realizable within this domain.

In this interpretation, the wavefunction isn’t a fundamental physical entity but rather emerges
as a mathematical tool - it’s the solution to an optimization problem. The Born rule and even unitary
evolution emerges naturally.

This interpretation aligns quantum mechanics more closely with statistical mechanics, where
probability distributions aren’t physical entities but rather optimal descriptions of our knowledge
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given certain constraints. Just as the Gibbs distribution emerges from maximizing entropy subject to
energy constraints, the quantum formalism emerges from maximizing relative entropy subject to the
natural constraint.

This provides a more economical interpretation that avoids additional ontological commitments
beyond what'’s directly supported by measurement, while still recovering the full predictive power of
quantum mechanics.

Measurements:

In this interpretation, measurements are the primary empirical foundation—they are what is
actually observed, not derived. The quantum formalism is inferred from these measurement outcomes
through entropy maximization. This reverses the usual interpretational direction: rather than starting
with a wavefunction that "collapses” during measurement (creating the measurement problem), we
start with measurements and derive the quantum formalism as the optimal way to predict future mea-
surements from past ones, subject to contraints. The wavefunction and its evolution are mathematical
tools derived from entropy optimization over possible measurement outcomes, rather than physical
entities that somehow "collapse" during measurement.

4. Conclusions

This work presents a simple reformulation of fundamental physics inspired by E.T. Jaynes’
formulation of statistical mechanics. An optimization problem is defined that considers the space of
all possible experiments, the space of all predictive theories, while being constrained by the space
of all possible measurements. This mathematically realizes the definition of a physical theory as
a solvable optimization problem. Its resolution then automatically selects the relevant physics -
encompassing quantum mechanics, general relativity, and the Standard Model gauge symmetries - as
the optimal solution.

The power of this reformulation lies in its explanatory reach: it suggests that these particular
theories are in fact the optimal predictive frameworks for our universe, and further provides a
mechanism for why spacetime exhibits 3+1 dimensionality. By framing physics as the solution to a
single entropy optimization problem, constrained only by the measurements nature allows, this work
presents a significant philosophical shift. Physical laws are no longer taken as primitive, but rather
arise from the interplay between the natural constraint and the drive to maximize predictive capacity
over all realizable experiments.
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Appendix A.

Here, we solve the Lagrange multiplier equation of SM.

L = —kg Zpilnpi—i-/\(l —Zpi> + ﬁ(E—Z}P:’E‘) (A1)

Boltzmann En- Normalization Average Energy Constraint
tropy Constraint

We solve the maximization problem as follows:

oL(pi, .., Pn
0= (paplp) (A2)
=—Inp;—1—-A—BE; (A3)
=Inp;+1+4+ A+ BE; (A4)
= Inp;=-1-A—BE; (A5)
= pi = exp(=1—A)exp(—pE;) (A6)
= Z(lT) exp(—pEi) (A7)

The partition function, is obtained as follows:

1=} exp(~1—A)exp(—pE;) (A8)
= (exp(~1-1))"" = ) exp(—BE)) (A9)
Z(7) := Zexp(—ﬁEi) (A10)

Finally, the probability measure is:

1
pi = T exp(—BE) exp(—BE;) (A11)

Appendix B. RQM in 3+1D

pi
Relative Shannon  Normalization Con-  Universal Measurement Con-
Entropy straint straint

L= _;Pih‘ pi. +)‘<1_;Pi> + ;étr<M_lZPiMi> (A12)

The solution is obtained using the same step-by-step process as the 2D case, and yields:

1 1
;= detexp(—=CM; ; Al3
Pi ZipidetexP(—%éMi) _P( 2€ i) pi ( )

Spin‘(3,1) Born Rule

Initial Preparation
Spin©(3,1) Invariant Ensemble
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Proof. The Lagrange multiplier equation can be solved as follows:
8£(p1, v /pn)
0= ——F—"7— Al4
5 (Al4)
j 1
:—ln%—pi—A—EgtrMi (A15)
= n;+p1+)\+§§ter (Ale)
1
n—=—pi—A—={trM; (A17)
pi 2
1
= p; = piexp(—pi — )\)exp(—z@trMi) (A18)
=L ep(—Lrum, (A19)
- Z(g) pl € p 2 1
The partition function Z({), serving as a normalization constant, is determined as follows:
1

1=) piexp(—pi—A) exp<—2§trMi> (A20)

i

_ 1

— (exp(—pi =) = Epiewp( 5000, (a2)

i

1

Z(@Q) =) pi eXP(—ZthMz) (A22)

i

O

Appendix C. SageMath program showing |utu |3 sutu = detM,

from sage.algebras.clifford_algebra import CliffordAlgebra
from sage.quadratic_forms.quadratic_form import QuadraticForm
from sage.symbolic.ring import SR

from sage.matrix.constructor import~Matrix

# Define the quadratic form for GA(3,1) over the Symbolic Ring
Q = QuadraticForm (SR, 4, [-1, 0, 0, O, 1, 0, O, 1, 0, 1])

# Initialize the GA(3,1) algebra over the Symbolic Ring
algebra = CliffordAlgebra (Q)

# Define the basis vectors
e0, el, e2, e3 = algebra.gens()

# Define the scalar variables for each basis element

a = var(’a’)

t, x, vy, z=var('t xy z")

fo1, fo2, f03, f12, f23, f13 = var(’f01 f02 f03 f12 f23 f13")
v, w, q, p=var('vwqp’)

b = var('b’)

# Create a general multivector
udegreeO=a
udegreel=t+e0+x+el+y+e2+z=+e3
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udegree2=f01+e0+el+f02+e0*e2+f03+e0xe3+f12xelxe2+f13+el*e3+f23+e2+e3
udegree3=vxelxel+e2+wrel+el*e3+qrelxe2xe3+prelxe2xe3
udegree4=b+e0xel+e2xe3
u=udegreeO+udegreel+udegree2+udegree3+udegree4

u2 = u.clifford_conjugate ()*u

u2degree0 = sum(x for in u2.terms() if x.degree() == 0)
.degree () == 1)
.degree() == 2)
.degree() == 3)

.degree() == 4)

u2degreel = sum(x for in u2.terms() if

u2degree2 = sum(x for in u2.terms() if

X X X X
X X X X

u2degree3 = sum(x for in u2.terms() if

u2degree4 = sum(x for x in u2.terms() if

X

u2conj34 = u2degree0+u2degreel+u2degree2—-u2degree3-u2degreed

I = Matrix (SR, [[1, 0, 0, O],
[0, 1, 0, 0],
[0, 0, 1, 0],
[0, 0, O, 11])

#MAJORANA MATRICES

y0 = Matrix (SR, [[0, O, O, 1],
[0, 0, -1, O],
[0, 1, 0, 0],

[-1, 0, 0, O]])

Matrix (SR, [[0, -1, 0, O],
[-1, 0, O, O],
[0, 0, 0, -1],
[0, 0, -1, 0]])

~<
—_
Il

Matrix (SR, [[0, 0, O, 1],
[0, 0, -1, O],
[0, -1, 0, O],
[1, 0, 0, O]])

y2

y3 = Matrix(SR, [[-1, 0, 0, O],

[O/ 1/ 0/ ]/
[O/ 0/ _1/ 0]/
[0, 0, 0, 11])

mdegree0 = a

mdegreel = t+y0+x+yl+y*y2+z+y3

mdegree2 = f01xy0+yl+f02+y0+y2+f03+y0+y3+f12+ylsy2+f13+yl+y3+f23+y2+y3
mdegree3 = v+y0+yls+y2+wsy0+ylsy3+q+y0+y2+y3+pryl+y2+y3

mdegree4 = bxyOxyls+y2+y3
m=mdegree0+mdegreel+mdegree2+mdegree3+mdegree4

print (u2conj34+u2 == m.det())

The program outputs
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True

showing, by computer assisted symbolic manipulations, that the determinant of the real Majorana
representation of a multivector u is equal to the double-product: detM, = |utu 3 sutu.
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