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AbstractWe study, based on a thought experiment, whether the center of relativistic energy (CRE)
is always constant in an isolated frame of reference (IFR). First, we assume that two objects, in a
moving IFR (MIFR), move parallel to and very close to a coordinate axis from opposite directions
and with equal speed. Each length in the direction of travel of the objects is much longer than that
perpendicular to the direction of travel of them. Here it is assumed that the location of the CRE
(LCRE) of each object, in the initial condition, is very close to the coordinate axis. When they
become perfectly symmetric with respect to the coordinate axis, the forces perpendicular to the
direction of travel of the objects are applied to each CRE and thereby a perfectly inelastic collision
between them occurs on the coordinate axis. The combined object (CO) resulting from the perfectly
inelastic collision begins to rotate because the momentum of the object before the combination acts
like the moment of force on the CO. For simplicity, we examine the energy distribution of the CO
when it becomes perpendicular to the coordinate axis due rotation. The magnitude of velocity of
each minute portion (MP) symmetrical with respect to the coordinate axis is different depending on
whether the direction of each rotational velocity is the same or opposite to the direction of travel of
the MIFR. Then the energy of each MP is not the same. As a result, we quantitatively demonstrate
that the LCRE of the CO significantly moves from the vicinity of the coordinate axis. Therefore, we
conclude that the LCRE in the MIFR is not necessarily invariant. Furthermore, we carry out the
above thought experiment in a gravitational field (GF). The amount of potential energy of the CO
changes due to the movement of the center of mass (CM), in other words, the center of gravity
(CG). Therefore, we find that the law of conservation of energy can be violated in an isolated GF.
Second, we suppose a process in which a force causes a negative acceleration on a moving object
(MO) and thereafter the MO eventually comes to rest. What is considered here is the LCRE when
the MO comes to rest and Lorentz contraction of it disappears. We pay attention to the position of
the force applied to the MO because the transmission time of force (TTF) inside the MO may vary
depending on the position of the MO where the force is applied. As a result, we find that the
position at which the MO comes to rest differs depending on the TTF inside the MO. Therefore, we
conclude that the LCRE in an IFR differs depending on the position of the MO where the force is
applied, in other words, it in an IFR is not necessarily uniquely determined.

Keywords: center of relativistic energy; moving isolated frame of reference; rotational motion;
relativity of simultaneity; negative acceleration; disappearance of Lorentz contraction; transmission
time of force; potential energy; law of conservation of energy; special relativity

1. Introduction

It is regarded as one of the most fundamental principles of physics that the location of the CM
in an IFR is always constant. From this principle, Einstein has derived the equivalence of mass and
energy in special relativity (SR) .[1,2] According to it, the location of the center of energy (CE) is
always constant in an IFR.[3-5] This is called the CE theorem in SR.[3-5] The concept of CE is the
relativistic generalization of center of mass because it includes not only rest energy in the form of
mass but also all forms of energy.[3] A research demonstrates, using the CE theorem, that relativistic
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effects appear in rotational motion which results from cutting superposed parts of mechanical
transverse waves on a medium traveling at non-relativistic speeds.[6] On the other hand, we cannot
find any previous researches that refute the CE theorem.

Nevertheless, we consider the existence of physical phenomena in which the CE theorem does
not hold, in other words, those in which the CRE in the IFR is not necessarily constant. We examine
whether such physical phenomena occur in a MIFR and when a MO comes to rest.

First, we set up a physical phenomenon in which two objects approach parallel to a coordinate
axis from opposite directions in the MIFR. When they are perfectly symmetric with respect to the
coordinate axis, the forces perpendicular to the direction of travel of the objects are applied to each
CRE. Then a perfectly inelastic collision between them occurs on the coordinate axis, and the CO
begins to rotate due to each momentum of the objects before the combination. We examine whether
the LCRE of the CO in rotational motion is different from that of the two objects in an initial condition.

Furthermore, the above thought experiment is carried out in a GF. We consider the effect of
movement of the CM, in other words, the CG on the potential energy of the CO in the GF.

Second, suppose a process in which a force causes a negative acceleration on a MO, thereafter it
eventually comes to rest and Lorentz contraction of it disappears. Here it is important to pay attention
to the position of the force applied to the MO. This is because the TTF inside the MO may vary
depending on the position where the force is applied. We examine whether, when the MO comes to
rest, its LCRE differs depending on the position of it to which the force is applied, considering the
TTF inside each MO.

2. Movement of the LCRE in a MIFR

2.1. Thought Experiment

We presuppose two inertial frames of reference, S’ and S, that are in a state of uniform relative
motion to each other. S’ moves with constant velocity V in the positive direction of the x axisin S.
Moreover, assume that the two objects having the same rest mass (RM) and the same size, in S’, move
parallel to the x'-axis from opposite directions and with the same speed as shown in Figure 1. Those
velocities are v’ and —v', respectively. The two objects are symmetrical to the x'-axis, and they are
located very close to it. Each length in the direction of travel of the objects is much longer than that
perpendicular to the direction of travel of them. Let y’-axis be the axis perpendicular to the x'-axis.
In addition, assume that the origin of the y'-axis is on the x'-axis.

= -

———

r

= 7

Figure 1. Two objects moving parallel to the x'-axis from opposite directions and at the same speed.

When the objects become perfectly symmetric with respect to the x'-axis, as shown in Figure 2,
the forces perpendicular to the direction of travel of them are applied to the CRE of each object in the
MIFR. The forces result in a perfectly inelastic collision between the objects and thereby they combine.
Here, as shown in Figure 2, the length in the direction of the y'-axis of the CO is extremely short
compared to that along the x'-axis.
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Figure 2. Combination of two objects caused by the action of the forces perpendicular to the direction of travel

of them.

After the objects combine, the translational motion of each object stops, and a recoilless rotational
motion of the CO occurs counterclockwise as shown in Figure 3. The reason for this is that each
momentum of the objects before the combination between them acts like the moment of force on the
CO. Suppose that this rotational motion takes place around y' = 0. When the CO rotates and becomes
perpendicular to the x'-axis, the distribution of RM of the CO is symmetric with respect to the x'-
axis. Let v;;" be a velocity of a MP of the CO that lies in the range where y’ > 0. Similarly, let vy’
be a velocity of a MP of the CO that exists in the range where y' < 0. Suppose that a MP with v},’
and one with vy, are symmetrical with respect to the x'-axis. When observed from ', v;;" and vy’

Uj1’| = |Vl

of each MP are opposite in direction but equal in magnitude, i.e.,

T}'jlf 4]

r
vkl (5

Figure 3. Counterclockwise recoilless rotational motion around y’ = 0 of the CO..

We will observe these phenomena from S. Suppose that, when observed from S, |V| = |-v'|.
Then, as shown in Figure 4, the object on the right is stationary, and that on the left is moving at a
velocity vy parallel to the x-axis.

| e—

= Vg

Figure 4. Velocities of two objects observed from S.

Here vy is expressed as (v' +V)/(1 4+ v'V /c?) based on the law of velocity addition in SR. For
simplicity, if we assume that all velocities here are non-relativistic those which Newtonian mechanics
is applicable, vz = v' + V.

After a perfectly inelastic collision between the objects occurs, the CO starts rotating around y =
0. When the CO rotates and becomes perpendicular to the x-axis, the length in the direction of the
x-axis of the CO is extremely short as shown in Figure 5. On the other hand, the center of RM of the
CO moves at V in the positive direction of the x-axisin S since its center of RM is stationary in S’.
This is also shown in Figure 5. Here let vj; be a velocity of a MP of the CO in the range where y > 0.
This corresponds to vj;" in §'. In addition, let vy, be a velocity of a MP of the CO in the range where
y < 0. This corresponds to vy;" in S'. Here it is assumed that a MP with v;; and one with v, are
symmetrical with respect to the x-axis. When observed from S, v;; and vy, of each MP are different
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in magnitude depending on whether the x-component of each rotational velocity is the same or
opposite to the direction of travel of the CO.

vfl Jd

=V

Vg1 V]
Figure 5. Counterclockwise recoilless rotational motion around y = 0 of the CO observed from S.

2.2. Numerical Calculation of the CE Based on Newtonian Mechanics

For simplicity, we perform the numerical calculation for the CE in the above thought experiment
based on Newtonian mechanics. We examine the location of the CE (LCE) before and after the
combination of two objects. Let m be the RM. Since the rest energy of the CO remains symmetrical
with respect to the x-axis, we will calculate only its kinetic energy, KE, 1/2mv?, by substituting
concrete values. Here, the units of various physical quantities will be omitted. The energy produced
by the perfectly inelastic collision that becomes thermal energy leads to an increase in the RM of the
object. This increase is symmetric with respect to the x-axis.

We assume that each object consists of 10 minute portions (MPs) which have the same RM and
shape respectively in S’. Each object in Figure 1 consists of 10 equal MPs parallel to y-axis. Each MP
has a RM of 1 and is a square with side 1 on the x'-y’ plane. Each object has a RM of 10.0, so the sum
of the two is 20.0. Since each object is moving at the uniform velocity of v’ = 10.0 or —v' = —10.0
along the x'-axis, the velocities of the MPs are also v' = 10.0 or —v' = —10.0 respectively. Let D
and —D be the distance from the x'-axis to the center of each object and assume that they are 0.5
and —0.5 respectively.

We analyze the physical quantities of the object that becomes perpendicular to the x'-axis due
to the rotational motion after the combination. The CO in Figure 3, which has a length of 10 in the
direction perpendicular to the x'-axis, consists of 10 equal MPs parallel to the x'-axis. Each MP has a
length of 1 in the direction perpendicular to the x'-axis and a length of 2 in the direction of the x'-
axis. The RM of each MP, which is generated by the combination of two objects, becomes 1.0 + 1.0 =
2.0. In the direction perpendicular to the x'-axis, the centers of each MP are located at distances of
45,35,25,15,0.5 —0.5, —1.5, —2.5, —3.5, and —4.5 from the center of rotation, in other words, the
x'-axis.

The circumferences of the centers of the MPs at positions of 4.5 and 0.5 when they rotate once
are 9.0m and 1.0, respectively. Hence, the angular velocity of the former is 9.0 times that of the latter.
Similarly, the angular velocity of the MP at 4.5 is approximately 1.3, 1.8 and 3.0 times the angular
velocities of the MPs at 3.5, 2.5 and 1.5, respectively. If we assign the angular velocity to the center of
each MP according to those magnifications, the angular velocities of the MPs at locations 4.5, 3.5,
2.5,1.5 and 0.5 are approximately —2.7, —2.1, —1.5, —0.9, —0.3, respectively. On the other hand, we
can consider each MP at positions —0.5, —1.5, —2.5, —3.5, and —4.5 in the same way. The angular
velocities of the MPs at locations —0.5, —1.5, —2.5, —3.5 and —4.5 are approximately 0.3, 0.9, 1.5, 2.1
and 2.7 respectively.

We consider the above physical phenomenon from S. Before two objects combine and begin to
rotate, the velocity of one objectis 10.0 + 10.0 = 20.0, and that of the other objectis 10.0 + (—10.0) =
0. The momentum, mv, of the former, which has the RM of 10.0 and the velocity of 20.0, is
10.0 x 20.0 = 200.0. On the other hand, the momentum of the object with the velocity of 0 is zero.
The center of KE of two objects is at location —0.5 in the direction perpendicular to the x-axis since
the center of the object having KE is at that location. After two objects combine and begin to rotate,
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the velocity of the center of the CO, which becomes the RM of 20.0 due to the combination, is
200.0 + 20.0 = 10.0.

We examine the velocity of each MP of the CO when they become perpendicular to the x-axis
due to the rotation. Since the center of rotation of the CO has the above velocity of 10 and the relative
velocities of the MPs to it are the values as their angular velocities we have already calculated, the
velocity of each MP is:

10.0 + (=2.7) = 7.3, 10.0 + (=2.1) = 7.9, 10.0 + (—1.5) = 8.5,

10.0 + (=0.9) = 9.1, 10.0 + (—0.3) = 9.7, 10.0 + 0.3 = 10.3,

10.0 + 0.9 = 109, 10.0+ 1.5 = 11.5, 10.0 + 2.1 = 12.1,

10.0 +2.7 = 12.7. 1)

Then the KE of each MP is:

1/2%x2.0% (7.3)2 = 5329, 1/2 x 2.0 X (7.9)? = 6241,

1/2 % 2.0 (8.5)2 = 7225, 1/2 x 2.0 x (9.1)? = 82.81,

1/2 % 2.0 X (9.7)2 = 94.09, 1/2 x 2.0 X (10.3)? = 106.09,
1/2 % 2.0 x (10.9)? = 118.81, 1/2 X 2.0 x (11.5)* = 132.25,

1/2 % 2.0 x (12.1)? = 14641, 1/2 X 2.0 x (12.7)% = 161.29. @)

As aresult, if let TKE be total KE, we get the following TKE:

5329 +62.41 + 72.25 + 82.81 + 94.09 + 106.09 + 118.81 + 132.25
+146.41 + 161.29 = 1029.7. 3)

We consider the center of KE of the MPs when they become perpendicular to the x-axis. As
above mentioned, the centers of the MPs are located at distances of 4.5, 3.5, 2.5, 1.5, 0.5, —0.5, —1.5,
—2.5, =3.5, and —4.5 from the x-axis. If let KED be distance from the x-axis multiplied by KE, the
distribution of KE of each MP is given as the following KED:

53.29 x 4.5 = 239.80, 62.41 x 3.5 =218.44,

72.25x2.5=180.63, 82.81 x 1.5 = 124.22,
94.09 x 0.5 = 47.05, 106.09 x (—0.5) = —53.05,

118.81 x (—=1.5) = —178.22, 132.25 x (—2.5) = —330.63,
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14641 x (—3.5) = —512.44, 161.29 x (—4.5) = —725.81. (4)
Furthermore, the sum of the KED is:
239.80 4 218.44 + 180.63 + 124.22 + 47.05 + (—53.05) + (—178.22)
+(—330.63) + (—512.44) + (—725.81) = —990.01. (5)

Let LCKE be the location of the center of KE. We can derive the LCKE of the CO using the
following formula:

KED + (—KED)

TKE ©

Substituting Eq. (5) into the numerator in Eq. (6) and Eq. (3) into the denominator in Eq. (6), the

LCKE of the MPs is given:
—990.01 0.96 ”
1029.7 77 @

Therefore, the LCKE of the CO moves by:

—0.96 — (—0.5) = —0.46. ®)

As a result, since the rest energy of the CO does not change, its LCE also moves in the negative
direction on the y-axis no matter what the specific numbers are.

2.3. Movement of the LCRE

We demonstrate the LCRE before and after the combination of two objects based on the results
of calculations of the CE according to Newtonian mechanics. We confirm the LCRE of the two objects
before the combination between them. The formula for the RE is expressed by:

mc?

RE(W) = —— €))

V1 —v?/c?

where ¢ is speed of light. Then the RE of the object stationary, RE(0), by substituting 0 for v in Eq.
9, is expressed as follows:

mc?

RE(0) = ———— = mc?. (10)

J1—=02/c2

By contrast, the RE of the object having vy = (V' +V)/(1 +v'V/c?) , RE(vg), by substituting
W' +V)/(A+v'V/c*) for v in Eq. 9, is as follows:

mc?

. 11
J1I={W +V)/(A +v'V/c?)}?/c? ()

RE (vg) =

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Since | +V)/(A+v'V/c)| >0, J1—{W +V)/A+vV/c?)}?/c2<1 . Hence, since
RE(vg) > mc?, we get:

RE (vg) > RE(0). (12)

Since the distance in the direction perpendicular to the x-axis is not under Lorentz contraction,
that from the center of each object to the x-axis is 0.5. Then the LCRE of them is:

mc?

2% 0.5 —0.5). 13
mex +J1—{(10+10)/(1+10><10/c2)}2/c2x( ) (13)

where m= 10. From inequality (12), the distribution of RE of the two objects is not symmetric to the
x-axis, and the LCRE of them is within the range y = 0 >y = —0.5.

Now we consider the LCRE of the CO when it becomes perpendicular to the x-axis in S. We
compare the RE of each MP of the CO located symmetrically to the x-axis. The value of numerator
in Eq. (9), mc? is equal with respect to every MP since each MP has the same RM and c is the
constant. Hence, the difference in RE between the MPs is determined by /1 — v2/c? which is the
value of denominator in Eq. (9).

Each MP of the CO in the range where y > 0, since the CO rotates counterclockwise in S’, has
the velocity which is the sum of its negative rotational one and the positive translational one of S’.
By contrast, Each MP of the CO in the range where y < 0 has the velocity which is the sum of its
positive rotational one and the positive translational one of S’ since the CO rotates counterclockwise
in S".

The velocity of a MP is expressed as:

vy +V Vet +V
vjl = e 7 or V1 = ke T . (14)
1 'U]']_ V 1+ Vg1 1%
S A

We can assume that the values of |V|/c, vj1’| /c and |vy;'|/c are extremely small, in other
words, (1 - v V/cz) =1 and (1+wv,'V/c?) = 1. Hence, since the values v, and vy are
almost determined by each numerator, they are approximately equal to (—v;,’ + V) and (vy,' +V)
respectively. This corresponds to the velocity of each MP obtained by the numerical calculation based

on Newtonian mechanics above. Furthermore, since (—vjl' + V) < (v + V), we obtain:
Vj1 < Vgy. (15)

Moreover, substituting v;; and vy, into v in Eq. (9) respectively, we have \/1 — v;;2/c? and
1= vp12/c?. From inequality (15), we get:

1— v,2/c? > 1 — v,2/c2. (16)
Vi-7 Vv

If let RE;; and REj, be the RE of a MP having v;; and that of a MP having vy, respectively,
each RE is expressed:

RE;, = me? RE,, = me” a7
Jl_vl_vjlz/cz’ kl_\/l_vklz/czl

As a result, from inequality (16), for REj; and REj,, we find the following inequality:

REj; < REy,. (18)
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In addition, let D;; and Dy, be the distance from the x-axis to a MP having v;; and that from
the x-axis to one having vy, respectively, and then |Dj1| = |Dk4|. Moreover, for each MP, let RED;;
and RED,; be each RE multiplied by each distance from the x-axis. For each MP symmetric to the
x-axis, from the expression (18) and |D]~1| = |Dy4l, the following inequality holds:

|RED;;| < |REDy,| (19)

Since here D;; has a negative sign, the LCRE of two MPs is in the range where y < 0.
Let REDyj and REDry be the total of RED; of all MPs in the range where ¥y > 0 and that of
RED), of all MPs in the range where y < 0, respectively. REDr; is given by:

n
RED;; = RED;; + REDj, + REDj + -+ = Z RED;;. (20)
i=1
Likewise, REDr; is expressed by:
n
REDy, = REDy, + REDyy + REDs + -+ = Z REDy;. (1)
i=1

Here it is assumed that each term in Eq. (20) and the corresponding one in Eq. (21) are
symmetrical with respect to the x-axis. Therefore, from inequality (19), RED of each term in Eq. (21)
is always greater than that of the corresponding one in Eq. (20). We can find the following inequality:

| REDy; | < | REDyyl. (22)

Since D, has a negative sign, the LCRE of the CO exists in the range where y < 0. Furthermore,
from Egs. (7) and (8), excluding rest energy, we have already demonstrated that the LCKE of the CO
moves from the initial that. On the other hand, the location of its center of rest energy does not change.
As a result, the LCRE of the CO moves by the change of its LCKE, in other words, its location of the
center of RE other than rest energy.

The above conclusion, of course, also holds when the CO is not perpendicular to the x-axis.
Suppose that, in §’, the rotating CO with extremely short width overlaps the x'-axis, and hence its
LCRE is on it. When observing this from S, we need to consider the relativity of simultaneity in SR.
The time at each point in the rear in the CO’s traveling direction is advancing faster than those in the
front in its traveling direction. Hence, the rotating CO does not overlap the x-axis completely. A MP
in the rear in its traveling direction is already in the range of y < 0 even though that in the front in
its traveling direction is on the x-axis, in other words, at the point of y = 0. Here the former RE of
including the rest energy shifts to the range of y < 0 since its RM shifts to there. In the realm where
Newtonian mechanics applies, we are usually unable to observe such physical phenomenon because
the difference in the locations of each MP are extremely small. [6]

2.4. Violation of the Law of Conservation of Energy Caused by the Movement of the LCRE in a GF

Suppose that the above thought experiment is carried out in a GF. We examine the effect of
movement of the CM, in other words, the CG on energy. The CO falls freely in the GF. For simplicity,
we assume the CO when it is exactly in the direction of gravity, as shown in Figure 6. Let V be the
horizontal velocity of the CG, in other words, its velocity perpendicular to the direction of gravity.
Moreover, as shown in Figure 6, let v; and v, be the horizontal velocities of the MPs above and
below the CG, respectively. In other words, they are the velocities perpendicular to the direction of
gravity. The vertical velocities of the MPs of the CO caused by gravity are all equal, and we assume

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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that they are much smaller than the horizontal velocities of them. Hence, the vertical velocities of the
MPs of the CO can be neglected.

:U'j‘

= I

:>17k

Figure 6. CO falling freely in the GF. Each velocity component is perpendicular to the direction of gravity.

The magnitude of each velocity is related as follows:
i <V< Vg (23)

In the state shown in Figure 6, we assume that the CO collides completely inelastically with an
extremely heavy object in the GF. Since the RM of the latter is extremely large, the movement of it
due to the collision can be ignored. Then the KE of each MP of the CO is converted into rest energy,
respectively. In other words, the KE of each MP becomes RM, respectively. Then the faster is the
velocity, the greater is the KE. Since, from inequality (23), v; < vy,

KE ., < KE,, (24)

where KE v and KE,, are the KE of each MP with the velocities of v; and vy. The KE of each MP

is converted into the rest energy, respectively. The greater is the KE, the greater the rest energy, in
other words, the RM. Since, from inequality (24), KE v; < KE,,,

RM , < RM,, (25)

From Eq. (8), the location of the CG (LCG) of the CO moves from its original one by the amount
of —0.46.

The potential energy of an object is the quantity which is the distance from a reference point to
the LCG multiplied by gravity. Suppose that the reference point is the surface of the earth. The
movement of the LCG means that the distance from the reference point to the LCG changes. Here the
LCG of the CO moves vertically downwards. As a result, the distance from the reference point to its
CG is reduced. Therefore, the potential energy of the CO decreases. We conclude that the law of
conservation of energy can be violated in an isolated GF.

3. Uncertainty of the LCRE When a MO Comes to Rest

3.1. Thought Experiment

We presuppose that two objects A and B with the same RM and size are moving parallel to the
positive direction of the x-axis with the same velocity v.

We simultaneously, to each MO, apply the forces of the same magnitude that act in the opposite
direction to the traveling direction of them. Let the y-axis be the axis perpendicular to the x-axis. To
A from the positions (x,,¥,) and (x,,y;), and to B from the positions (x;,y_1) and (x,,y_;), the
forces are applied simultaneously in the direction of the arrow in Figure 7.
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Figure 7. Forces applied to two objects moving parallel to the positive direction of the x-axis with the same

velocity.

The forces on A are applied from the front in the traveling direction of it. By contrast, the forces
on B are applied from the rear in the traveling direction of it. These are also shown in Figure 7. Each
force is simultaneously applied from the point on the same x coordinate and acts on each object at
the same time. Here, for component of force, each component perpendicular to the traveling direction
of A is cancelled out since the directions of them are opposite. The same is true for B. Hence, the
resultant force applied to A from two positions is parallel to the x-axis. The same is true for the
resultant force applied to B from two positions.

After the force applied to A is transmitted to the rear of it, the velocity of it decreases and finally
it comes to rest. By contrast, the force applied to B is transmitted to the front of it, and then the velocity
of it decreases and finally it comes to rest. The time at each point in A is advancing faster than that at
each point in B because the former is located behind the traveling direction compared to the latter.
This is due to the relativity of simultaneity in SR. Therefore, the forces on A are transmitted
throughout the object faster than those on B even if, when observed from the frame of reference where
A and B are stationary, each force is simultaneously transmitted throughout each object. This means
that the TTF inside each MO differs. As a result, as shown in Figure 8, A comes to rest faster than B.
In other words, B continues to move after A comes to rest, so it moves forward in the positive
direction of the x-axis and then comes to rest. Both A and B stop from the rear in the direction of
travel because the time in it is advancing faster than that in the front respectively. The effect of Lorentz
contraction disappears when the MO comes to rest due to negative acceleration motion. The length
of an object at rest becomes longer than one when it is in motion, and its length becomes proper
length.

=20

A

Figure 8. Positions of A and B when come to rest due to negative acceleration motion.

3.2. Uncertainty of the LCRE

We try to quantify the above process. Let x,, x;, x, and so on be the points spaced in order at
equal intervals on the x-axis. Suppose that the rear end of A advances from x, to x; and comes to
rest, and its tip advances from x, to x, and comes to rest. In other words, A at the position between
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xo and x, is located between x; and x, after coming to rest. On the other hand, the rear end of B
advances from x, to x, and comes to rest, and its tip advances from x, to x; and comes to rest. In
other words, B at the position between x, and x, islocated between x, and x, after coming to rest.

Let CRE, and CREp be the CRE of A and that of B. They equal to the center of rest energy if
each object comes to rest. We examine each movement of CRE, and CREj. Here let MDCRE, and
MDCREp be the movement distance of CRE, and CREj, respectively. Then CRE, moves from
(2 +x0)/2=2x; to (x4+x)/2 =1x,5 on the x-axis until A completely comes to rest. Hence
MDCRE, becomes:

25-1.0=15. (26)

On the other hand, CRE; moves from (x, + x,)/2 = x3 to (x; +x,)/2 = X553
on the x-axis until B completely comes to rest. Thus MDCREy becomes:

55—-3.0=25. (27)
We find that the difference in MDCREy and MDCRE, on the x-axis is as follows:
MDCRE; — MDCRE, =2.5—-1.5 = 1.0. (28)

As a result, CREz moves further in the positive direction of the x-axis compared with CRE,
even though, to the objects with the same RM and size, we simultaneously apply the forces of the
same magnitude and direction.

Now, using the case in Figure 7, we assume that two particles, which have the same RM, are at
the ends of the arrow lines, and the reactions of the forces applied to A occur to them. These are
shown in Figure 9.

O
=1
O
= v
8|
O

Figure 9. Particles subjected to the reactions of the forces applied to A and B.

Then they begin to move due to the reactions. The sum of momentums of their particles is equal
in magnitude and opposite in the direction compared to the momentum of A. This is also true if two
particles at the ends of the arrow lines start moving due to the reactions of the forces applied to B.
Let PS, be the particle system that interacts with A. Similarly, let PSp be the particle system having
the interaction with B. Moreover, let CREPS, and CREPSg be the CRE of PS, and thatof PSg. Then,
since A and B, which are moving in the positive direction of the x-axis, are subject to negative
acceleration, CREPS, and CREPSy are subject to positive acceleration and move in the positive
direction of the x-axis. In addition, CREPS, and CREPSy always exist at (y, +¥,)/2 = y;5 and
(y-1 +¥-2)/2 = y_; 5 respectively since they move parallel to the x-axis like A and B. Both CREPS,
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and CREPSy are originally at the location with the same x-coordinate. Each reaction of the forces
applied to A and B occurs at the same time and at the above position. Hence, each location of x-
coordinate of CREPS, and CREPSy always corresponds even if they move. Figure 10 shows that
CREPS, and CREPSy represented by a circle are moving at the same velocity, and each location of
x-coordinate at the same time is the same.

v=20

A O vy

v=20

B O—v,;

Figure 10. Positions of A and B when come to rest due to negative acceleration motion and those of two particles

when they start moving due to positive acceleration.

If let MDCREPS, and MDCREPSy be the movement distance of CREPS, and that of CREPSg,
the relation between the two is:

MDCREPS, = MDCREPS. (29)

As a result, from Egs. (26) and (27), we can find the following relation between the interacting
closed systems:

MDCRE, + MDCREPS, < MDCREgz + MDCREPS3. (30)
and furthermore, from Eq. (28), we obtain:
(MDCRE; + MDCREPSg) — (MDCRE, + MDCREPS,) = 1.0. (31)

The LCRE, as shown in Figures 9 and 10, differs depending on where the forces are applied to
the MO, such as when the forces are applied to the front end of the MO, or when the forces are applied
to the rear end of it. Here, for example, we assume that forces are applied to the front in the direction
of travel of B. Then, since MDCREjy different from Eq. (27), (MDCREg + MDCREPSy) of the closed
system consisting of B and PSj is not the same as that in the above thought experiment. Therefore,
we conclude that the LCRE in an IFR is not necessarily uniquely determined.

4. Conclusions

First, we assumed that two objects approach parallel to a coordinate axis from opposite
directions in an MIFR. When the two objects become perfectly symmetric with respect to the
coordinate axis, the forces perpendicular to the direction of travel of them are applied to each CRE to
start rotating as one CO after perfectly inelastic collision. We examined the physical phenomenon
resulting from the rotational motion of the CO in the MIFR. We demonstrated that, when the CO
begins to rotate, its LCRE lying very close to the coordinate axis moves to a location away from there
because its energy moves in the direction perpendicular to it. Therefore, we concluded that the LCRE
in the MIFR is not necessarily invariant.

Furthermore, we carried out the above thought experiment in a GF. The amount of potential
energy of the CO changes due to the movement of the CM, in other words, the CG. Therefore, we
found that the law of conservation of energy can be violated in an isolated GF.

Second, we supposed a process in which a force causes a negative acceleration on a MO and
thereafter the MO eventually comes to rest. Here we paid attention to the position of the force applied
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to the MO because the TTF inside the MO may vary depending on the position where the force is
applied. As a result, we found that the LCRE in an IFR differs depending on the position of the force
applied to the MO. This means that the LCRE in an IFR is not necessarily uniquely determined.
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