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Abstract: A good approximation for the distribution of an estimate, is vital for statistical inference. Here we give
Edgeworth expansions for the conditional density and the conditional distribution of any multivariate standard

estimate.
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1. Introduction and Summary

Suppose that we have a non-lattice estimate @ of an unknown parameter w € RY of a statistical
model, based on a sample of size n. The distribution of a standard estimate is determined by the
coefficients obtained by expanding its cumulants in powers of #~1. In §2 we summarise the extended
Edgeworth-Cornish-Fisher expansions of Withers (1984) for @ when g = 1. Then we give the multivari-
ate Edgeworth expansions to O(1n~2). We show that the distribution of X, = n'/2 (@ — w) has the form
Prob.(X, < x) ~ Y2 on~"/2P,(x) where Py(x) = ®y(x), the normal distribution with V = (kj"),
and for r > 1, P,(x) = Y3, [Px(x) : k — r even] where P, (x) has g* terms, reducible using symmetry.
Its density has a similarly form. We argue that these expansions may be valid even if g = g, — oo if
qn/ nl/6

§3 gives these expansions in complete detail when g = 2.

In §4 we suppose that 4 > 2 and partition X, as QZ;) of dimensions q; > 1 and g2 > 1. We derive

is bounded.

expansions for the conditional density and distribution of X,;; given X, to O(n~2) . §5 specialises to
bivariate estimates.

§6 gives the extended Cornish-Fisher expansions for the quantiles of the conditional distribution
when g1 = 1. An example is the distribution of a sample mean given the sample variance.

2. Extended Edgeworth-Cornish-Fisher theory

Univariate estimates. Suppose that @ is a standard estimate of w € R with respect to n, typically
the sample size. That is, E @ — w as n — oo, and its rth cumulant can be expanded as

(e}
(D) = Z n—/ ayjforr > 1, (1)
j=r—1

where the cumulant coefficients a,; may depend on n but are bounded as n — o, and ay; is bounded
away from 0. Here and below =~ indicates an asymptotic expansion that need not converge. So (1)
holds in the sense that

-1
k(@) = Y, nlay, +0o(mn HforI >r>1,
j=r—1

where y, = O(x,,) means that y,/x, is bounded in n. Withers (1984) extended Cornish and Fisher
(1937) and Fisher and Cornish (1960) to give the distribution and quantiles of

Y, = (n/a21)1/2(zb - w)
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have asymptotic expansions in powers of n~1/2:
Py (x) = Prob(Y, < x) = ®(x) — ¢(x) i n""? h(x), )
r=1
pn(x) = dPy(x)/dx =~ ¢(x) [1+ Z n"2 h,(x)], (3)
r=1
CID*l(Pn(x)) ~x— i nr/? fr(x), P{l(cb(x)) ~ x4+ i n"/2 gr(x), 4)
r=1 r=1

N(0,1) is a unit normal random variable with density ¢(x) =

where ®(x) = Prob(N < x), N ~
1y (%), fr(x), g(x) are polynomials in x and the standardized cumulant

(Zn)’l/ze”‘z/z, and h,(x)

coefficients
Ay = ari/a;{z :
hi(x) = fi(x) = g1(x) = A1 + A3pHy /6, hi(x) = A11Hy + AzHz /6, )

hy(x) = (A% + An)H1/2 + (A11As2 + Agz/4)H3 /6 + A3, H5/72,

and so on, where Hy is the kth Hermite polynomial,

Hy = Hy(x) = ¢(x) ' (=d/dx)*p(x)

= E(x+iN) fork >0, i=+—1, N~ N(0,1) : (6)
Hy=1, Hy =x, Hy=x>—1, Hy = x> —3x, Hy = x* —6x% + 3,
Hs = x° — 10x® + 15x, Hg = x® — 15x* + 45x> — 15. - - -

See Withers (1984) for g,, v < 6,, Withers (2000) for (6) and §6 for relations between h,, f;, g. Also,

In [pn(x)/¢(x)] =~ Z n~"'2 b,(x) where by (x) = hy(x),
r=1
bz(X) = _A%l /2 4+ (Azz — A32A11)H2/2 — A%2(3x4 — 1222 + 5)/24 + Ay3Hy/24.

For r > 1, b,(x) is a polynomial of order only r + 2, while &, (x) is of order 3r.

The original Edgeworth expansion was for @ the mean of n independent identically distributed
random variables from a distribution with rth cumulant «,. So (1 ) holds with a,; = «.I(i = r — 1),
and other a,; = 0. An explicit formula for its general term was given in Withers and Nadarajah (2009)
using Bell polynomials.

Ordinary Bell polynomials. For a sequence e = (e, ey, ... ), the partial ordinary Bell polynomial
B,s = Bys(e), is defined by the identity

[e0)

fors >0, S =) z'Br(e) whereS =) z'er, z € R. 7)
r=s

r=1

So, B,y = 6,0, Bi1 = ey, Byr = €], Bap = 2e1es, (8)
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where dgg = 1, 6,0 = 0 for r # 0. They are tabled on p309 of Comtet (1974). The complete ordinary Bell
polynomial, B, (e) is defined in terms of S by

[o¢] r
¢® =Y 2'B,(e). So By(e) = 1and for r > 1, By(e Z e)/s!: )
Bi(e) = ey, Ba(e) = ex +¢2/2, By(e) = e3 +erer +€3/6. (10

Multivariate estimates. Suppose that @ is a standard estimate of
w € RP with respect to n. Thatis, E® — was#n — oo, and forr > 1,
1 <iy, ..., iy < p, the rth order cumulants of @ can be expanded as

R = x(@h,... o) = Y R, B =k (11)

d=r—1

where the cumulant coefficients I_clfr = ki}*i’ may depend on n but are bounded as n — c. So the bar
replaces i; by j: kj = w', k}?> = k”l2

Xy = n2(% — w) 5 N, (0,V) for V = (K12), p x p, (12)
with density and distribution
X
Pv(x) = (271) 12 (det (V) "2 exp(—x'V"1x/2), ®y(x) = / ¢y (x)dx

V may depend on n, but we assume that det(V) is bounded away from 0. Set

j+2

b by = kg byl =0, ¢(t) = ) BT R B/ (13)
r=1
Soe = l_(%ijl + E%73E1{2{3/6, ey = E%zflfz/z + 7(:1374{1 ... 14/24.
3r
Forr > 1, B,(e(t)) = Z[P}*k B ...k k—reven], (14)
k=1

where for r < 3, P}’k is a function of k;*f given for the 1st time in the appendix. In (13), (14) and
below, we use the tensor summation convention of implicitly summing 7, ..., i over their range 1,..., 4.
We make P!~ symmetric in iy, ..., i using the operator S that symmetrizes over iy, . .., i

Pl =k}, P} =k1"3/6, P> = k2/2 + kiK3 /2, (15)
Pl =k~ 4/24+Sk1k234/6 P} =Ski 3k 6/72, (16)
P} =k, PI3 =k 3 /6 + S KRS /2 + KIR3RS /6,

Py =k /120 + S ky UG /24 + S kPR 0 /12 4+ S kyPkikG /12,
pl 7= SKPk7 /144 + S kPR k] /72,
Pl 9 Skl 3k4 6k7 9/63 (17)
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The terms involving S are given in the Appendix A. By Withers and Nadarajah (2010b) or Withers
(2024), X, has distribution and density

Prob.(X, < x) Z n~"2p,(x , Px, (x Z n~"2p,(x), x € RP, (18)
where Py(x) = @V(x), po(x) = ¢y (x), and forr > 1, (19)
Py (x) = B (e(—9/0x)) @y (x), pr(x) = Br(e(—0/0x)) pv (x), (20)
So for Bi = a/axi, ék = aik and Olik = (—él) N (_5k>/
3r
P (x) = Z [Pi(x) : k—reven] for Py(x) = Prlfk oLk Dy (x), (21)
k=1
3r
pr(x)/¢v(x) = } [P k—reven] = pr(x) say, (22)
k=1
P = PYFAY R where A% = A K (x, V) = ¢y (x) 1O F gy (x) (23)

is the multivariate Hermite polynomial. For their dual form see Withers and Nadarajah (2014). By Withers
(2020), fori = v/ —1,

AYF=E H] 1(7j +iY;) where j; = Vi Y = i, y= vly,
Y ~N,(0, V™ 1. So, H' =y, A' = 4;, H? = y1yp — V2, A = 150 — V12,

3 3
H173 = Y1Y2y3 — Zvlzy3/ ZV12y3 — V12y3 4 V13y2 4 V23y1/

6 3
H ™ =y..ya— Y VPyays+ ) V2V,
10 5 3
I‘Il_5 =VY1...Ys — ZV12y3 ... Y5 + Zy5 ZV12V34,
1-6 12 S 2 12y o 128456
H ™ =y1..ye =) V3. y6 + ) ysye ) V2V =) VEVHY,
where V12 is the (i1,i,) element of V!, and V/12 is the (i; ,i; ) element of V~1. This gives H' ¥ in

i
terms of the moments of Y. For example

3

Pl(x) ( a/ax) CDv(x Z r+l O1 rCDV /1" Z Plk
= k=13

Pyi(x) =k (=91) @y (x), Pia(x) =k > O3 dy(x)/6,

p1(x) =ki (—01) pv(x) + k32 O3 gy (x)/6,
pr(x) =pi(x)/pv(x) = Y pu puu=Fk H', pis =k > H /6, (24)
k=13
Py(x) = Py, pa(x) = ) Po (25)
k=2,4,6 k=2,4,6
Py(x) = Py (x), p3(x) = P3k- (26)
k=1,3,5,79 k=1,3,5,79

This gives the Edgeworth expansion for the distribution of Y, to O(n~2). See Withers (2024) for more
terms.

For large q, Py, fiyx of (21) and (23) have ~ ¢* terms. So if g = g, — o0 and M, = max|P}~¥|,
then n~"/ 2(Py(x), pr(x) ~ My}, where v, = n—1 2q§’l. So if for example M,, is bounded, then the
Edgeworth series should converge if g, /n'/® — 0.
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The log density can be expanded as
In [py, (x)/gv ()] & Y n "2 by (27)
r=1
So by (18), pr(x) = B,(b(x)) where b = (b, by, ... ). (28)
See Withers and Nadarajah (2016). Also for Hy(x) of (6),
k . _ ..

H' =E(y;+ 1Yj)k = T]ka(Tj 1y]-) where T; = (Vi1/2 . (29)

H =y, j2/- =V, 2/ v} —3Vily,, 2/ yt—6VIiy? +3(VI)2.
Soifg=1, o (x,V) = 0 *Hi(cx) where o0 = V1/2., (30)

Example 1. Let @ be a sample mean. Then E @ = w, and only the leading coefficient in (11) are non-zero. So
kl = P! = p11 = 0. In order needed, the non-zero P} =* are

P73 =ky3/31, Byt =k t/41, Py of (16),
Pi° =ki™°/5, P37 = SkYPky7 /144, Py of (17).

e and Py have gF terms but many are duplicates. We now show how symmetry reduces this to
~ () terms. We use the multinomial coefficient ( a.]_‘.b) =k!/a!...b!. For example (;3,) = 6.

Set T/l = P}~* A% where tensor summation is not used. By (22),

)
pr1 = Z Tr » Pr2 = Z Tllll +2 2 Tlllz

=1 i1=1 i1 >0y

. i, (3N TG 3 L
Pr3 = ZTr111+<1) Z Tr112+<111> Z T,'2,
=1 j i1 >0y >i3
i PANRACO P, 5 @ ivigisi 4\ @ ivigini
ﬁ}'4_2Trllll+<1) Z T71112+<2) ZT71122+<211> ZT1’1123
i1=1 1 i1>10p i1>ip
o) o
14! Z T;1121314,
i1>i2>i3>i4
AN (U VS 6\ 1= 4o @
ﬁ7‘6 == Z T;l + ( ) Z T;llz + < ) Z Tlllz ( > Z Tllz
. 1) .~ 2) =
i1 #ia iy #ip i1>0p
@

Q) piliis | (6 o) i (6 1737
Z (321) LT <222) L

i1 >ip>i3

6(9)
6 1121314 6 4 1%1%1314
+<3111> 2 L o) = T

12>l3>l4 11>1p,13>1y

..... @)
T112131415+6! Zﬁ: Tri1-..i6’

ip>i3>iy>i5 1> >1g

+ 21111>
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where all ; are distinct. Similarly we can write out fx for k = 5,7,9. This reduces the number of terms
in . from gt toq+(3) fork=2,toq+4q(q—1) + () fork =3,to g +g(q — 1) + () +4(3) + (J) for
k =4,and to g+ 5(]) +10() + 14(}) + ({) fork = 6.

If we reinterpret Ti-Ik as Pk (=91) ... (—0;) @y(x), where again tensor summation is not used,
then we can reinterpret the above expression for f,, as an expression for P, (x). For example,

@
Z P (=9 )% Dy (x) +2 Y P2(=9;,)(—9;,) Py (x).
i1>10p

These results can be extended to Type B estimates, that is to @ with cumulant expansions not of

type (11), but
(o]
b;l_i’ n4/2,

d=2r—-2
3. The Distribution of n'2(@w — w) for g = 2

We first give p of (22) for r < 3, and then P, (x) of (21).

5 k k—bnb anb a + b 1a2b
Pre = ) Pr(1°772) Hi_pp where P,(1727) = (© ) P2, (31)
b=0

for P}_k of (16), (17), where we use the dual notation,
Hub = Hlazb =E (yl + in)u (yz + in)b

=¥ (f )i > (1) 2E )i (32)

ji=0 V1 ja=0 \J2
So Hyg and Hyy are given by (29) with j = 1 and 2,
Hip = yiy2 — V2, Hyy = y3ys — Vs — 2V2yy, Hyp = y1y3 — VP2y; — 2V 2y,

For more examples see Withers (2000). P,(1°2%) is just P,(1°2%) with 1 and 2 reversed. The other
P,(1°27) needed in (31) for f, are as follows.

For i1y, Pi(j) = k For p13, P1(f°) = k]”/6 P (122) = k312 /2.
) =

For ps1, P3(j) = k For pas, P3(j°) = k] /6+k]]k] /2+ (k]) /6,
P3(172) = [k3'? + Zk%kz +kiky' + (kq)?k)/6.

For oz, Pa(?) = K /2+ (K))*/2, P2(12) = k¥ + KiK.

For s, Pa(j%) = K, /24 + KK} /6, Po(132) = k}12 /6 + kLkL12/3 + K3kL1L /3,
Py(1722) = K}'2 /4 + k1Kk}2 /2 + K3kE* /2,


https://doi.org/10.20944/preprints202406.2025.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 June 2024 d0i:10.20944/preprints202406.2025.v1

7 of 19

For fins, Pa(j) = (K)))2/72, Py(152) = k}'1kb12/12,
P2(1422) k111k122/12 4 (k112) /8, P2(1323) _ k%llk%22/36 4 k%12k%22/4,
For ps, P3(%) = K} /120 + k5 K, /24 + kI [k] + (k))2)/12,
Ps(142)/5 = P12 = k1'2/120 + S1 /24 + S, /12 + S3/12 where
s1 (4k1k1112 + kKM /5 by (A3), So = (3k3TkA12 4 2k32k41) /5 by (A4),
= [2kIK3KSM + 3(Kk1)%Kk512] /5 by (A4),
P3(1322) =10P)'? = k}'? /12 + K22 /3 + K 2k) /4 + K (2)2 /12
+ k523K /2 + K52 (k 1) /4.
Y 0
For fiaz, P3(j7) = kL K, /144 + (K} )?K, /72,
p3(162) = 7(S4/144 + S5/72) where by (A7), Sy = (3k3 2k + 4k31k112) /7,
= [ (k32 + 6k1ki1kl12] /7, so that
p3(162) = ky k3™ 748 + Iy k52 /36 4 K (ky')? /72 + kiky k2 /12,
P3(1922) = k§' k1?2 /48 + KL 2Kb12 /12 + K122k /24 + 5K3 k1243 /24
klllk%22k1/12 + (k112)2k%/12,
P5(1#23) = 35P)'2 = A/144 + B/72 for A = kL' 132 + 13k} 2K} + 17k12k}12
4 k:15222k%11, B = (k111k222 + 15k%12k122)k1 (9k%11k122 4 10k%12k%12)k%
For fss, P3(j°) = (K, )2/6%, P5(152) = 9(Kk4!1)k}12/67,
and for Ll123 l_( 23’ 63 P (1722) — 9( 111)2 122 4 361111 (a112)2l
63 P3(1623) 3[( 111)2 222 + 18&1111 112a122 =+ 9(&1112)3],
63 P3<1524) 9[ 111 112 222—‘,—15[1111( 122)2+27(a112)2a122]‘

(18) and (22) now give the distribution and density of X,, = n!/2(# — w) to O(n~2). Set
Hj, = (—01)*(—92)" @y (x).So Hyj, = Hy_1-1 v (x)ifa > 0,b >0,

x]
o= /_ H,_10¢y(x)dxpifa >0, Hgb = /; Horb_14>v(x)dx1 if b > 0.

Then Py (x) of (21) is given by replacing H,, by H’, in the expressions above for f,. That is,

Py(x ZP (1*2) H_, ). (33)
b=0

(18) and (21) now give Prob(X, < x) to O(n=2) for X, = n'/?(t — w).

4. The Conditional Density and Distribution

Forq=gq;+q, g1 > 1,and g2 > 1, partitionx, y = Vx, X, = n?/2(d — w) and X ~ N (0, V),

as (1), (33)r (i:g), (i;), where x;, y;, X,,; are vectors of length g;. Partition V, V™! as (V;), (V) where
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Vl],Vij are q; X gj.
The conditional density of X,;1 given (X2 = xp), is
pra(xi) = px, (x)/px,, (x2) = ¢r2(x1) (1+5)/(1+52) (34)
where S = px, (x)/¢y(x —1~Zn "25,( (35)
= Px,p (%) /Py, () =1~ Z n r/szf fr=pr(x2), (36)

py(x2) is pr(x) of (22) for X,;, and ¢1.2(xq) is the density of X;|(Xp = xp). By (37)-(39), §2.5 of
Anderson (1958),

P12 (xl) = (PV( )/(Psz (Xz) ¢V12(x1 ,ul.Z)/ (37)
where pi1, = V12 Vay'xo, Vi = Vip — V12V, Vo (38)

The distribution of X;|(X2 = x2) is

@12(x1) = Py, (X1 — H1.2)- (39)
Set Hy ¥ = A" = A" *(x, V), H;* = A" " (xp, Vo). (40)

By (22), for r > 1 and P} * of (14)(16),
i pl—k 71—k
pr(x2) = Z[p;‘k : k —reven|, where p); = P,l_ Hg, 41)
k=1
and Hy " is given by replacing y = V~'x and (V) = V! in Hl ¥ by
z = Vylxpand (U7) =V}, (42)

and now implicit summation in (41) is for iy, ..., iy overq; +1,...,4. So,

q q B B
pil) = Y pipii= Y KHL = Y kT HSY/e, (43)
k=13 i1=q1+1 i1,i2,i3=q1+1
3
Hy, =z, Ay, ® = 21223 — ) Uz,
pi(xy) = piy for i, of (41) and P} % of (15), (16), (44)
k=2,4,6

P5(x2) = Yk=13,579 Py and so on. For Bys(e) of (7), set

Bf = B (e Z Bys(e (45)
So, By = 1B} = ey, B} = ey + €3, By = e3 +2e1ep + €3,

and (1+Sp)~ Z n~"/2C, where C, = B} (—f) for f; of (36) :
r=0

Co=1,C=~fi, o=ff—fo, CG=—f} +2fifa — f5. (46)
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So the conditional density p1.5(x;) of (34), relative to ¢y, , (x1) of (37), is
pra(x1)/¢r2(x1) = Z n~"/2D, where
r=0
r
D, =C® ﬁr(x) = Zcrfi ﬁi(x) : (47)
i=0
Do = po(x) =1, D1 = C1 + p1(x), D2 = Co + C1p1(x) + pa(x), (48)
D3 = C3+C2ﬁ1(x)+C1;52(x) -}-}53(96). (49)

So now we have the conditional density to O(n~2). The expansion for the conditional distribution about
@1_2(X1) of (39), is

P1o(x1) = Prob.(Xin < x1|Xp2 = x2) & ®12(x1) + Y n7"/2G, (50)

r=1

X X
where G, = / ' D, d®15(x1) = / ' D, for short

r X1
—Cog =Y. Crigiforgr= [ prl®): g0 = Pra(x), (51)
i=0 I

3r

andforr > 1, g, = Z [Gy © k —r even| where by (23), (52)
k=1

X

Gy = / l pre = PL K" and for 6 = ¢y, (x2), 8" = H?:ql_;,_lair (53)

- X1 _ = =

[k = g1 /7 A gy (x)dxy = 071 (=3y) ... (=3,)3" Dy (x). (54)

This gives g, in terms of I' ¥, given by (54) in terms of # and derivatives of ®y (x). (51) now gives G,
in terms of f; of (36). So G1, G2, G3 and (50) give the conditional distribution to O(n=2). Alternatively,
as I:I,}*k is a polynomial in x; = (x11,...,X14,)’, by (37), k= H;fk d®1,(x7) is linear in

u

X1
/oo xXyj, - X1j, dP12(x1) = /m(ﬂl.z +u)1j, - (pr2 +u)yy, APy, (w)

for 0 < s < k where u = x; — y1,2. We now illustrate this.
The case q; = 1. So

1/2
x1 = x1, X1 = X1, X1 = X1, Vi1 = Vi1, Set 0q,0 = Vl_é ,

u=0,(x1— ), U=07, (X1 —p12), Up = 05 (X1 — H1.2)- (55)
By (39), Uy |(Xp2 = x2) = U ~ N(0,1). By (50), for Cy of (46),

Pu(u) = Prob(Uy, < u|(Xu2 = x2)) ~ Y_ n~"/?G,(u) where (56)
r=0

Gr(u) =Cr®gr(u), Go(u) = go(u) = ®(u), and forr > 1, g,(u) = g


https://doi.org/10.20944/preprints202406.2025.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 28 June 2024 d0i:10.20944/preprints202406.2025.v1

10 of 19
given by (52) in terms of G (1) = G. For 6 of (53), by (37),
0oy (x)dx; = ¢(u)du. Set
k
H' ¥y = n'*(u) = Y ni*us = H; *aty =V 'y, (57)
s=0
. . ) )
vio=Y_V'xj, a; = Vo +yj, and by = V8ey,. (58)
j=2
Asx; = Mip+oou, Yy, = Vijx]' :ai—l—bi u.
Soy=a+bu, hi™*=H," [a] b ...b;.
By (53),
Gy = P17 FI'"F where ' = 2 hiF 5 and s = / u® ¢(u)du (59)
5s=0 -
70 = (), 1= —p(u), vs = (s = 1)ys—2 — 1" 'P(u), fors > 2. (60)
For example Hl yl, iy =ay, h} = by.
Hy? =115 — Ey"l VP =11, (a; + bju) — Z(al + byu) V2, (61)
So, Gy = Pll1 forI' = 2 hs'ys = a1y + b1y1,
S=
- - - 3 -
Gy =PI B for I' 3 = Y Al 73y, (62)
s=0
where ]:l(lJ_?’ = H?Zlé_l] Zal V23 hl -3 Zbl Az — V23)
3
hy 3 =Y a1bybs, by~ n] 1b. (63)

5. TheCaseqr = g2 =1
In this case ¢ = 2 and for z, UM of (42) and u of (55),

L . 9 <re1
X; V2 = vhi2 v, = Vi - VRV,

z = V2_21x2, utl = sz , @12(x1) = q)vm(xl —p2) = P(u).
3r

By (41),forr > 1, pf(x2) = ) _[pj : k —reven], where pj; = P, (2%) Hf,
k=1

= x]‘, V..

i1ip

=V

1112/

Hj = Hy(x2, Vip) = 03 * Hy(092) for o = Vpf?,
and Hy(x) of (6). For example by (30), H} = 23 — 3V2_212 # Hj3(x). p,x and Py (x) are given in §3 in
terms of P,(1%2%) = (”ﬁb) pr?’,
(47) gives D, in terms of i, and p;, which are given for r < 3 by (22) in terms of f, of §3. For H,
of (32), set

a+b
Hab ZHabsu = Hpaty = v X, X1 = 12+ 010 U. (64)
s=0
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For example,
Hio(u) = y1, Hoi (1) = yo, yi = hy + Hiu of (58). So HlOs =hi, Hys = I

k
Soby (31), Gy = Y_ Pr(12°%) I¥_ where I}, = Z Hps Vs, (65)
a=0

for s of (59) and (60). For example
G = 13,(1)1110 + P (2) 1} for Iy = I', I}; = I of (62).
3
Gy = Z P,(172°"")I35_,. So we need I3, = Y Hppsys for ab = 30,21,12,03.

5=0

Hsy = HM' = 2 hius of (57) where by (63),
s=0
hlll —3(1 Vll hlll — b [ 2 Vll], h%ll 34 bzl hlll — b?.
Hy, H112 2 hllzus where h112 = alaz 2041 V12 g v,
s=0
hi'? = 2hg[hoht — V2] + B3[(hg)* — V1, hy'? = 2a1b1by + azbi, hy'? = biby,

and Hy,; is giving by reversing 1 and 2 in H,;. Alternatively, we can use

Theorem 1. Set 6 = ¢y, (x2). For k — r even, Gy of (53) is given by
G =071 [P(2) / Ho pv (x)dx1 — by pv (x)], forr =21, k=1,
where by, = Z Pr(l”‘Zk*“) Hy_ 1 x—q- (66)
a=1
Soforr>1, g =671 [/_x:o Ay ¢y (x)dx1 — By ¢y (x)], (67)

3r
where (Ay, By) = Y_{ (P(2")Ho, byx) : k — r even}. (68)
k=1
PROOF For I;_; of (54),
o k
Gu = P14 = P,(2M1(2) + Y P,(17277) 1(12F77), where
a=1

X
6 1(24) :/ " Hor ¢y (x)dxy, and fora > 1, 0 1(192Y) = —H,_1 ¢y(x). O
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This gives Gy, and so g, of (52) and so Py to O(n~("+1)/2) in terms of the coefficients P,(172%). So
(67) gives g1, 2, g3 in terms of P,(172°) of §3 via

Bl = Z blk where bll = P](l) = k%,
k=13
b1z = Py(1%)Hyg + Py (112)Hyy + Py (122) Hpp
= (k%lleo + 3k%12H11 + 3k%22H02) /6,

Bz = Z b2k where bzz = P2(11) H10 + P2(12) H()l,
k=2,4,6

boy = Py(1%) Hag + P,(132) Hyy + Po(1222) Hyp 4 P»(12%) Hys.

2
by = P>(1°)Hso + Po(1°2) Hyy + P5(12°) Hos + Y, P>(1*22) Hy + P>(1%23) Has,
12

B; = (P3(2°) Hox, bsk) for by of (66).
k=1357,9

The explicit form for (66), despite the work needed to obtain H,s of (64).

Example 2. If the distribution of W is symmetric about w, then for r odd, p,(x) = Pr(x) = 0, and the non-zero
Pl are
P2 =k2, Pyt =k t/24.

Example 3. Let @ be a sample mean. Then E ® = w, and only the leading coefficients in (11) are non-zero. So
P p y 8
kl = P! = p11 = pi, = 0. The non-zero P}~ were given in Example 2.1. For q = 2 pi,, Py (x) are given by
§3 with these non-zero Prl_k, and P11 = Pop = P31 = 0.
i3
For piys, Py(j) = kb /3!, P1(172) = k}12/2, P1(122) = k3?2 /2.
4
For fioa, Pa(j*) = K} /41, P(132) = k{12 /6, Po(12°) = k}**? /6,
Py(1%22) = k1122 /4.
5
For s, P3(°) = K, /5!, P3(1%2)/5 = kL2 /5!, P3(1322) = k} 2 /12.
43
For p37, P3(j7) = ky K, /144, P5(1°2) = ky'2k3' /48 + Iy k3112 /36,
P3(1922) = kY'KL22 /48 + KL 72k412 /12 + k12K /24,
P3(142%) = A/144 for A = kb K32 + 13k} 252 4+ 17k31 2412  KJ222K010,

1521*6 needed for g of §3 does not simplify. Nor does 1531*9 of §3 needed for p3s.

Example 4. Consider the classical problem of the distribution of a sample mean, given the sample variance.
So q = 2. Let Wy, Wy be the usual unbiased estimates of the 1st 2 cumulants wy, wo from a univariate random
sample of size n from a distribution with rth cumulant x,. So w1 = x1, wy = Ky. By the last 2 equations of
§12.15 and (12.35)—(12.38) of Stuart and Ord (1991), the cumulant coefficients needed for P1—* of (14) for
r < 3, that is, the coefficients needed for the conditional density to O(n_z) are

Ko K3
Kl =ky, K2 =43, k2 =54+ 262, = V =
1 2, M 3 1 4 27 K3 K4+2K% s

kK=K =0, ki = i3, K312 = k2 =0, K322 = (6) + 12(24) + 4(3%) + 8(2%),
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K=K =0, K2 = 2(22), K111 = (4), K112 = (5),
KA122 = 1222 = 0, k3222 = (8) +24(26) + 32(35) + 32(42) + 144(2%4) 4 96(23%)

+ 48(24) ki = k2 = kM = k112 = K122 = 0, k322 = 12(24) +16(2%),

K =k = k2 = k12 = 0, k12 = (6),K2" = (10) + 40(28) + 80(37) + 200(46)
+96(5%) + 480(226) + 1280(235) + 1280(24%) + 960(3%4) + 1920(2%4)
+1920(223%) + 384(2%), where (i ...) = k'« .. .

1o

(47) gives Dy in terms of p, and py, that is, in terms of P, and p;, of §3 in terms of P,(1°2%) of (31). In this
example, many of these are 0. By (15)~(17) and the Appendix A, the non-zero P,(172%) are in order needed,

P(%) = K /6, Py(22) = 13, Pa(j*) = KUV /24, Py(132) = K312 /6 = x5 /6,
Py(®) = ()2 /72, Py(132%) = k51322 /36. Ps(f°) = K/ /6.

Ps(142%) = K32KL' /144, P3(132%) = (K31 + KB22KL72) /144,

Py() = (K12 /6%, Py(1523) = 3(KI)2K32 /6%, Py(12°) = K11 (k3%2)2 /652,

So, p11 =0, pr13 = Py(1°) Hao + Py(2°) Ho, , f2 = P2(2*)Hpa,

pos = P2(1*)Hag + P2(2*)Hos + Po(1°2) Hay, 26 = Pa(1°)Heo + Pa(2°) Hog
+ P,(1°2%)Hzs, p31 =0, fias = P5(1°)Hao + P3(2%)Hos, fias = P3(2°)Hos,

ps7 = P3(17)Hyo + P3(27)Hoy + P3(1°2)Hey + P3(1*2%) Hys + P3(1°2*) Hay
+ P3(172°) Hys + P3(12°) Hig + P3(27) Hoz,

pso = P3(17)Hop + P3(1°2%) Hes + P3(1°2°) Hag + P3(2°) Hyo.

(j
(j
Ps(25) = k¥ /120 + kK32 /12. P3 () = k”fkf /144, P3(1°2) = Ki1kd12 /36,
(
(j

(24)—(26) now give pr(x) and p,(x)* for r < 3. By (18) and (47), this gives the conditional density p1,,(x1) to
O(n=2). (67) gives g, needed for the conditional distribution Py, (x1) to O(n=2) in terms of (A, B;) of (68).
So

B1 = b13 =P (13)H20, By, = Z b2k where b22 = Pz(ll) H10 + P2(12) H01,
k=24,6

bys = Po(1*) Hag + Po(1°2) Hyy, bag = Po(1°)Hsg + P>(1°2%) Has,

Bg = Z b3k where bgl =0, b33 = P3(13) Hzo, b35 =0,
k=1,3,5,7,9

byy = P3(17) Heo + P5(1°2) Hsy + P3(1%2%) Hag + P3(1°2%) Hpy,

bsg = P3(1”) Hgo + P5(1°2%) Hss + P3(1°2°) Hy.

6. Conditional Cornish-Fisher Expansions

Suppose that g; = 1. Here we invert the conditional distribution (56), to obtain its its extended
Cornish-Fisher expansions similar to (4). For any function f(u) with finite derivatives, set f; =

(d/du)lf(u).
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Lemma 1. Suppose that Go(u) : R — (0,1) is 1 to 1 increasing with jth derivative Go,j, and for some t € R,

P(u) = Go(u) + Sy where S1 =~ i t"Gy(u). (69)
Set Gy = G,(u), Q(u) = Gal(P(u)).

Then Q(u) = u + Sy where Sy ~ Z '], (70)

Jr= Z GO] V] 1)/7!] for Br] of (7). (71)

For example |} = GO_1 Gy, = Go_ll Gy — G(;fGo,z G%/2.
J5 = Gyl Gs — Gy 3Goo G1Gy — Gy tGos G3/6 + Gy 2 G2, G2 /2.

7
Set B;.] = Br]'(K), Crs = Z ]s] B;]/]'
j=0

Then Q' (u) = P~Y(Go(u)) = u + S3 where S3 ~ 2 Ky, (72)
k
and Ky = — ) Cy_q 5. For example, Ky = —J1, Ka = 111 — ]2, (73)
s=1

Ky=—J3+ 1o+ (Jaa — JE1) 1 — J12J3/2.

Forr>1, S~ Y #'Byj. P(u) = Go(u + S2) ~ ZGo]
=]

So by (8), G (u ZGOJB,]/] —G01]r+ZG0]Br]/]
= =
J2 = GyiGa — GoaJ3/2], Js = Gy 1[G — (GoaJiJ2 — Gos )3 /6]

u=Q(u+S3) =~ Z SLQ,/jt where Q;~ Yt J,.i.
j=0 r=0

[ee] [ee] r [ee]
~) t'B.Sou=) t') QB;/j'=), t* Ay where
r=j r=0 j=0 k=0
Z Crs. Also Cops = J5, C,o = K, forr > 1.
r+s=k
k
So0= Ay =K+ ch—s,s 1 Ag = Coo = Jo, A1 = Cp1 + Cqp-
s=1

0=A1=N+K, Ky =—-Co1 = — 1.

1
0= Ay = Cpp + C11 + Cyp where C1q = Z J1.j B;j = KiJ1.1.
j=0

SoKy =~ —KiJ1a = JiJi1— ]2
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One obtains K3 similarly. O A different form for (73) was given in Theorem A2 of Withers (1983). So
2 2 3
Ky=—Js— Y JajaKj— 2Ji/2+ 12J1Ko + J13]7 /6,
j=1

4
Ks=—Js— Y J5-jaKj = Js2Ji /2 + Jo2 1Kz — J1.2(K5/2 + K1 K3)
=1

+ 233 /6 — J13J3K2 /2 — J1.4]1 /24

We can now give the quantiles of the conditional distribution (56).

Theorem 2.
Suppose that P, (u Z n"2G,(u). Set G, = G, (u).
r=0
Then &~ (Pn Z n""2],, and P Z n~"/2K,,
r=0

where Ji = Z o)™ Jir Ki = Z ¢(u)™" Ky,
r=1

Ji = —Kp = Gy, Jo = uG3/2, Jso = uG1Gy, Ja3 = (2u® +1)G3/6,
Jitg = uGi 4+ Gra, Jizg = (W +1)Gy + (u+1)Gp1 + Gy,
Ky =uG1/2 + Gi.1, Kz = G1.1(G2 + Ga.1) + uG1Ga,

3 ,
K33 = Z d]G{fOT do = uGzGl_l, dl = MZGZ + (1/! — 1)G%_1,
j=0

dy = —u? /24 2(u® —u)Grq — G12/2, d3 = (6u° — 5u + 3u — 4) /6.

A simpler formula for Jj. is

k

Jo = =Y ci(u) Byj(A)/j! where Ay = —¢(u) ' G, (u),
j=1
cj=cj(u) = o(u) (d/dv) @ 1(v)atv = D(u). (74)

So,c1=1,co=u, c3= 2u? +1, Cy = 6u + 5u, 5 = 24u* + 46u + 7,
h = <P(“)71G1, J2 = ¢(u)"'Ga + ¢(u)2uGi /2,
(u) 'Gs + ¢(u) uGi1Gy + p(u) > (24 +1)G} /6,
~¢(u)1G1, Ky = —¢(u) "Gz + p(u) *Kaz,
—¢(1) "' Gs + p(u) *Kap + p(u) Kas.

PROOF Apply Lemma 6.1 to (56) with t = n~1/2. Take Go(u) = ®(u) and G, = C, ® g, for g,
given by (52) in terms of G, of (59). So

Goa = ¢(u) and for j > 1, Go,j = (—1) "' Hj_1 (u)(u),
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and for P(u) = P,(u) of (56), ® 1 (P,(u)) and P, (P (u)) are given by (70) and (72) in terms of J, K
and their derivatives. These are given by

k k
i = Y ¢() ™ Jeips Kei = Y ¢(u) ™" Ky,
r=1 r=1

where J511 = Ga1, Joip = uGy + (u? +1/2)G} + uG1 Gy,
Kz = —Jao + J11,1(J21 + J21,1),
Ksz = —Jaz + Jig (Jo2 + Jo21) — T Jing — T Ji21/2-

(74) follows from (3.2) of Withers (1984). O

We had hoped to read the conditional a,; off the conditional density. But the expansion (47) cannot
be put into the form (3) if l_cé_g’ # 0, as the coefficient of x? in hi1(x) of (5) is 0. So the conditional
estimate is generally not a standard estimate. (An exception is when @ ~ N (w,n~1V) since then
7{%73 = 0 and by (50), P2(x1) = ®1.2(x1) of (39). We have yet to see what exponential families this
extends to.) It might be possible to remedy this by extending the results here to Type B estimates. But
there seems little point in doing so.

7. Conclusions

§2 and the Appendix A give the density and distribution of X,, = n!/2(@ — w) to O(n~2), for
W any standard estimate, in terms of certain functions of the cumulants coefficients l_c}_r of (11), the

coefficients P! ¥ of (14)—(17). Most estimates of interest are standard estimates, including functions of
sample moments, like the sample correlation, and any multivariate function of k-statistics,. §3 gave
the density and distribution of X,, = n'/2(@® — w) in more detail when g = 2 using the dual notation
P,(172%). 84 gave the conditional density and distribution of X,;; given X, to O(n~2) where (i";)
is any partition of X;,. The expansion (47) gives the conditional density of a standard estimate in
terms of D, of (47). The conditional distribution (50) to O(n~2) requires the function I; _ of (54), or
its expansion (59) or (65). §6 gave the extended Cornish-Fisher expansions for the quantiles of the
conditional distribution when q; = 1.

8. Discussion

A good approximation for the distribution of an estimate, is vital for statistical inference. It enables
one to explore the distribution’s dependence on underlying parameters, such as correlation. Our
analytic method avoids the need for simulation or jack-knife or bootstrap methods while providing
greater accuracy than them. Hall (1992) uses the Edgeworth expansion to show that the bootstrap
gives accuracy to O(n~!). Hall (1988) says that “2nd order correctness usually cannot be bettered”.
Fortunately this is not true for our analytic method. Simulation, while popular, can at best shine a light
on behaviour when there is only a small number of parameters.

Estimates based on a sample of independent but not identically distributed random vectors, are
also generally standard estimates. For example for a univariate sample mean @ = n~! 2}1:1 X where
Xjn has rth camulant «,,, then (@) = n' "k, where x, = n~! 27:1 Kyjn is the average rth cumulant.
For some examples, see Skovgaard (1981a, 1981b) and Withers and Nadarajah (2010a, 2020b). The last
is for a function of a weighted mean of complex random matrices.

A promising approach is the use of conditional cumulants. §6.2 of McCullagh (1984) uses
conditional cumulants to give the conditional density of a sample mean to O(1n~3/2). §5.6 of McCullagh
(1987) gave formulas for the 1st 4 cumulants conditional on X; = x, when X; and X; are uncorrelated.
He says that assumption can be removed but gives no details how. That might give an alternative to
our approach, but seems unlikely as the conditional estimate is generally not a standard estimate.

(7.5) of Barndoff-Nielsen and Cox (1989) gave the 3rd order expansion for the conditional density
of a sample mean to O(n~3/2), but did not attempt to integrate it.
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Here we have only considered expansions about the normal. However expansions about other
distributions can greatly reduce the number of terms by matching the leading bias coefficient. The
framework for this is Withers and Nadarajah (2010a). For expansions about a matching gamma, see
Withers and Nadarajah (2011, 2014).

The results here can be extended to tilted (saddlepoint) expansions by applying the results of
Withers and Nadarajah (2010a). Tilting was 1st used in statistics by Daniels (1954). He gave an
approximation to the density of a sample mean. A conditional distribution by tilting was first given
by Skovgaard (1987) up to O(n~!) for the distribution of a sample mean conditional on correlated
sample means. For some examples, see Barndoff-Nielsen and Cox (1989). For other some results on
conditional distributions, see Pfanzagl (1979), Booth et al. (1992), DiCiccio et al. (1993), Hansen (1994),
Moreira (2003), Chapter 4 of Butler (2007), and Kluppelberg and Seifert (2020). The results given here
form the basis for constructing confidence intervals and confidence regions. See Withers (1989).

Appendix A. The Coefficients P! % Needed for (14)

Here we give the coefficients P}~ needed for (14) for r < 3 using the symmetrising operator S.
They are given for r = 1 by (15), and for r = 2,3 by (16)—(17) and the following.

P}~ needs S k1k3** where S a'b®* = (a'6%* + 2?03 + 2%p*12 + a*1'?) /4.

132176 needs S 12%*37(%*6 where

S 6117361476 _ (a173a476 + a124a356 4 a125a346 + a126a346 + a134a256

+ a135a246 + u136(1245 + a145a236 + a146u235 + {115611234)/10. (Al)
P} needs S k3*k] where S a'?b® = (a'2b® +a'3b? + a®b') /3.

P15 needs S k4B, S K2R3 5, S RIBHIES, (A2)
where S a'b?~° = (a'b* 5 +...a°b' %) /5, (A3)
S al?p® = (12.345 4 13.245 + 14.235 4 15.234 + 23.145 + 24.135 + 25.134

+ 34.125 + 35.124 + 45.123) /10 for 12.345 = a'2p°%, (A4)

for 1.2. = 1.2.345 = a'a?b*®, S a'a®p®®

= (1.2.+13.+ 1.4+ 1.5. 4 2.3. + 2.4. + 2.5. + 3.4. + 3.5. + 4.5.) /10. (A5)
P} needs S k3*k377, S ky?k3°k], where (A6)
for 123. = a'2p*7, S a'?p*7 = (123.+124. + - - - +567.)/ (Z) (A7)
S a2 = §123.456.7 = (b’ S 123.456 + - - - + b'S 234.567) /7 (A8)

say where S 123.456 = S a' 3% 7% of (A1),

Py% = Sky k0K, 0 /6%,

where for 123.456.789 = a'~34* %279 and 123— = 123. S 456.789 of (A1),
Sal73a* 0077 = [123 — +124 — +125 — +126 — +127 — +128 — +129—

4134 — +135 — +136 — +137 — +138 — +139 — +145 — +146 — +147—

+ 148 — +149 — +156 — +157 — +158 — +159 — +167 — +168 — +169—

+178 — +179 — +189—]/28.
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