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Abstract 

This paper offers an application and validation case for the recently obtained variational principle of 
a shock stationed in a duct. The streamline curvature method for circumferentially averaged through-
flow and blading design inverse problem remains fundamentally employed in current axial 
compressor design systems and is indispensable as the generator of multi-stage blade coordinates. 
However, this method inherently smooths out flow discontinuities and thus, to date, cannot provide 
the stage stall margin, a key performance indicator most critical in the adjustment of high-loading 
stages, requiring instead a time-consuming CFD validation afterward. Leveraging the variational 
principle for shock stationarity, this paper acquires a method to show efficiently the stage stall margin 
by visualizing rotor passage shock rapidly. In the general coaxial rotating relative motion, by 
modeling the transonic streamlines as a set of layered quasi-one-dimensional duct flows, a variational 
principle of the flow impulse potential energy for the stationary normal shock is derived. It is found 
that the factors governing the stationarity and location of the normal shock in relative motion include 
the variable cross-sectional area, the frictional and other on way losses, and the variable rotational 
radius of the duct flow. In the applications to transonic rotor cascades, the frictional and other on way 
losses are prescribed. First, the discontinuous entropy generation distributions along the cascades of 
each transonic layer are set, to consider the boundary layer, oblique shock, normal passage shock, 
shock-boundary layer interference, and trail edge losses. Second, with the total streamline loss fixed 
by the through-flow design, all shock locations possessing positional stability are determined via the 
variational principle for each streamline. Third, by comparing with CFD direct problem results, a 
dimensionless rule governing the actual entropy generation distribution along the layer cascades is 
established. In three sorts of axial compressor stage design cases, this method yields consistently 3D 
curved-surface structures of passage shock that agree well with CFD direct problem solutions, 
demonstrating the effectiveness and a certain applicability. 

Keywords: transonic axial flow compressor; counter-rotating fan; rotor passage shock; the variational 
principle of a stationed shock; momentum relaxation method; quasi-one-dimensional duct flow 
 

1. Introduction 

In the design point of an axial-flow transonic compressor rotor, there exists a normal shock 
behind the minimum area of the blade passage with a weaker oblique shock attached to the leading 
edge of the blade. The normal shock in the passage plays a crucial role in determining the 
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performance of the compressor. On one hand, the contribution of the normal shock to the work done 
and pressure rise on the airflow becomes increasingly significant, which even exceed 90% of the total 
near the blade tip. In off-design conditions, the location of the normal shock moves upstream or 
downstream depending on changes in rotational speed, back pressure, mass flow, and other factors 
[1,2]. The different locations of the normal passage shock correspond to different states of the 
compressor stage and determine the characteristics and stall margin of the compressor stage. On the 
other hand, losses associated with the shock wave system increase rapidly with increasing Mach 
number of the relative inflow, potentially surpassing the blade profile loss and other secondary flow 
losses, significantly impacting the efficiency of the blade row [3]. Therefore, in the aerodynamic 
design process of a transonic compressor, knowing the location of the normal passage shock and the 
three-dimensional (3D) curved surface shape of it to effectively control it is of paramount importance.  

In 1987, using Laser Anemometry, for the first time Wood et al. [4] from NASA Lewis Research 
Center obtained clear images of the 3D curved shock surface within a transonic fan rotor (Figure 1). 
This experiment, which remains extremely challenging even today, confirmed the existence and 
characteristics of rotor passage shock waves. It also provided empirical data for the development of 
several shock loss models and the estimation of shock locations. Currently, the main approach to 
obtain the position and structure of shock waves in transonic compressors is through 3D 
Computational Fluid Dynamics (CFD) simulations. Though CFD direct problem can provide a nearly 
exact viscous flow field including 3D shock structure in the design phase of compressors, the 
construction of grids with millions of cells, with the difficulty to be orthogonal due to the mutual 
interaction between the leading edges of the suction and pressure surfaces, and the computational 
time, required typically on the order of hours or even days, remain highly laborious and time-
consuming.  

    
Figure 1. Earliest successfully measured rotor blade passage shock structure by using Laser Anemometry [4]. 

In fact, the streamline curvature method [5–7] and through-flow matrix method [8], which are 
representative of flow field through flow design and validation methods for turbomachinery and 
were developed from Wu Chung-Huaʹs theory of dual stream surfaces [9–13], are still highly 
significant in the overall aerodynamic layout process and the initial inverse and direct problems of 
turbomachinery, especially in multi-stage blade coordinate generations and rational optimizations, 
even in today’s advanced CFD era. If it is possible to predict the position of the rotor passage shock 
and relatively evaluate the design stall margin in the through flow and blading inverse problem 
design phase before the use of CFD, it would provide a valuable guidance, therefore a shortened 
cycle and a reduced cost for the development of transonic compressors.  

However, the existing through flow methods mostly smooth away the velocity abrupt transition 
at the shock location under the same work gain and blade row boundary conditions, without 
considering the actual discontinuous flow, and only using shock loss models to predict the shock 
losses in the blade row [14–16]. Another significant limitation is that all the existing shock loss models 
of axial compressor rotor focuses on studying an oblique or normal shock associated with the leading 
edge of the blades, rather than investigating the passage shock, which is much stronger and more 
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influential. The classic two-dimensional (2D) shock models, represented by the M-H-L model in 1961, 
and the classic three-dimensional shock models, represented by the W-P model in 1982, both place 
the normal passage shock at the leading edge of a rotor. The kinematics of the blade leading edge 
curve and the leading edge oblique shock surface, developed by Peng Shan in 1996, though concerned 
to all oblique shocks, is also limited to those attached at the leading edge [17,18]. In recent years, there 
have been some emerging shock models, such as the model proposed by Banjac et al. in 2022 [19], 
which take into account the state of shock system under different operating conditions. These models 
have shown good predictive capabilities for compressor characteristics in through flow direct 
problems. However, the complexity of the calculations is increased due to many subdivisions in the 
models. On one hand, the aforementioned shock models assume an isentropic flow field everywhere 
except at the shock wave location, thereby neglecting the impact of losses in the upstream and 
downstream of the blade passage on the midstream shock wave. On the other hand, the impact of 
the varying quasi-radial thickness of each flow surface along the streamlines on the shock is also not 
considered. Since the 1980s, there have been research efforts in through flow inverse problems aimed 
at capturing shocks, by considering the physical nature of losses and abrupt changes in the flow field 
[20,21], thereby addressing the issue of flow field discontinuities in transonic compressor. However, 
the difficulty in computational implements has hindered their widespread adoption. Therefore, the 
capture of shocks in the quasi-3D design phase has not yet been achieved, the ability of shock capture 
like in Figure 1 is still awaited.  

This paper tries to study the behavior and effects of the normal shock stationed in rotor inner-
passage of axial flow compressor. The S2 mean flow surface (S2m) theory of turbomachinery is 
combined with the variational principle of a shock stationed in a duct [22]. By utilizing the streamlines 
and flow field data from the through flow inverse problem results, the spatial location and 3D curved 
surface of the normal passage shock are successfully solved with relatively high accuracy and 
efficiency. The streamline curvature method simplifies the complex 3D flow within a turbomachinery 
onto a quasi-3D S2m flow surface by defining S2m surface as a group of individual one-dimensional 
(1D) streamlines. The variational principle of a shock stationed in a duct uses the momentum 
relaxation method to investigate 1D or quasi-1D flow in ducts, provides a clear understanding of how 
parameters such as cross-sectional area variation, friction force, heat transfer, and mass addition 
affect, individually, the location stability of a shock in a duct. Therefore, by extending this variational 
principle to a rotational coordinate system, it can be applied to those quasi-1D duct flows equivalent 
to those supersonic streamlines but influenced by perhaps multi-parameters. Then, the momentum 
relaxation method can be used to solve for the locations of the normal passage shocks in each 
supersonic “layer cascades” of the rotor passage and analyze the location stability of each normal 
shock. Simultaneously, by comparing with the normal passage shock location in each layer of the 
rotor blade resulted from CFD, the non-dimensional distribution of the entropy generation along the 
layer cascades, which is introduced in the process of solving for shock locations, is adjusted to obtain 
the representative and widely applicable empirical data. Because of the significant impact of the 
normal passage shock on the performance of the compressor stage, the 3D curved shock wave formed 
by combining the normal passage shocks from each layer cascades allows for a relative evaluation of 
the adequacy of the design stall margin of the stage.  

This manuscript is an extended version of the GTINDIA2023-117883 meeting paper [23]. This 
revised version has 1) added and explained the very essential knowledge of this engineering paper, 
variational principle at the static frame situation, while in the meeting paper this principle is only 
introduced without an elucidation; 2) integrated the area of the important Figure 3, while in the first 
part of this research [22], the left side of Figure 3 was tailored for the clarity of its central part, lost its 
fundamental nature and the utilities to be convinced and used; 3) added the CFD process descriptions 
for the examinations; 4) revised many descriptions for the physics comprehensions. 

2. The Variational Principle of a Normal Shock Stationed in the Rotor Passage of 
Compressor 
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The streamline curvature method assumes that the flow inside a compressor is steady, 
compressible, adiabatic, and axisymmetric. The quasi-radial equilibrium equation, obtained by 
reducing Euler equations to S2m surface, combined with continuity, rothalpy conservation, entropy, 
and gas state equations, after being discretized, is used to solve the position and aerodynamic 
parameters of the streamlines on the quasi-radial computational stations distributed on S2m surface. 
These stations are located at the leading and trailing edges, inside and inbetween blade rows.  

An excellent through flow design inverse problem combines those previous empirical models 
and experimental data, the resulted stage performance often corresponds well with CFD or 
experimental result. Therefore, it is theoretically justified to solve for the location of the normal 
passage shock of a rotor based on the inlet and outlet parameters of each rotor streamline given or 
obtained by the through flow design. Moreover, this approach is consistent with the variational 
principle of a shock in a duct, in which the inlet and outlet boundary conditions are fastened to ensure 
the duct flow is a conservative system.  

2.1. The Variational Principle of a Normal Shock Stationed in the Rotor Passage of Compressor  

Consider a steady, area-variable, adiabatic, non-isentropic quasi-1D duct flow in an axis-fixed 
rotational coordinate system, whose central streamline has a variable rotational radius 𝑟 . The 
meridional projection of this flow is depicted in Figure 2. This quasi-1D duct flow is a flow within a 
relative motion frame and is influenced by three parameters: cross-sectional area, frictional and other 
losses, and the rotational radius. Numbers 0, 1, 2 and 3 represent respectively the sections at the duct 
inlet, ahead of the shock, behind the shock and at the duct outlet.  

 

Figure 2. Meridional projection of a steady, area-variable, adiabatic, non-isentropic quasi-1D duct flow in an 
axis-fixed rotational coordinate system. Its central streamline has a variable rotational radius 𝑟. 

Since the blade row inlet and outlet flow conditions are already solved out by the through flow 
problem, the shock stationed in this duct also satisfies the variational principle of a shock in a duct 
[22], i.e., for a control volume 𝐶𝑉 containing a shock inside a duct, the real stationary location of the 
shock makes the functional “the potential energy of flow impulse” 𝐽 = −න ሺ𝑝𝐴 + 𝑚ሶ 𝑣ሻ𝑑𝑥஼௏  (1)

integrated through the entire duct minimal, among all the potential energies integrated upon each 
possible location satisfying the determined inlet and outlet boundary conditions of the duct. As 
shown in Figure 3 in an absolute coordinate system, for the adiabatic isentropic variable-area duct, 
or the constant-area frictional duct, the real stationary location of the shock makes the functional “the 
potential energy of flow impulse” minimal. In the relative motion frame of rotor cascades, the area 𝐴 in Eq. (1) should be the flow cross-sectional area 𝐴௪ normal to the relative velocity 𝑤. The mass 
flow 𝑚ሶ  should be the relative mass flow 𝑚ሶ ௪ in relative motion frame, while it is noted that 𝑚ሶ ௪ =𝜌𝑤𝐴௪ = 𝜌𝑣𝐴 = 𝑚ሶ . The velocity 𝑣 should be the relative velocity 𝑤. So, for terse, the subscripts are 
omitted and the symbols 𝐴,  𝑚ሶ , 𝑤  are still adopted to represent variables 𝐴௪ ,  𝑚ሶ ௪ , 𝑤  in relative 
motion frame in the text followed. Therefore it is derived that, the stationary shock must satisfy the 
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condition that the change rate of the flow impulse ahead of the shock is smaller than that behind the 
shock, i.e.,  𝐷ሺ𝑝𝐴 + 𝑚ሶ 𝑤ሻଵ𝑑𝑥 < 𝐷ሺ𝑝𝐴 + 𝑚ሶ 𝑤ሻଶ𝑑𝑥  (2)

 

Figure 3. In an adiabatic isentropic variable-area duct, constant-area frictional duct, constant-area heat-addition 
duct, and constant-area mass-addition duct with inlet or throat at 0 and outlet at 1, the distribution of the 
dimensionless flow impulse upstream and downstream of the real dimensionless shock location 𝑥௦,ௗ/𝐿  or 𝑥௦,௙/𝐿 , and the dimensionless potential energy 𝐽  of the flow impulse for the shock stationed at all possible 
dimensionless shock locations 𝑥௦/𝐿 [22]. 

Here the operator 𝐷  represents the convective differential change of a fluid particle in the 
relative motion frame. 𝑝 , 𝑤 , and 𝑚ሶ   are respectively the static pressure, relative velocity, and 
relative mass flow of the gas in the quasi-1D duct. 𝐴 is the cross-sectional area of the tube of relative 
velocity. 𝑥  represents the distance along the instantaneous flow direction of the relative motion 
streamline. Subscripts 1 and 2 represent respectively the planes right ahead of and right behind the 
normal shock. For a steady flow, the convective derivative of an aerodynamic parameter 𝑞 on S2m 
surface can be expressed as the following five forms  𝐷𝑞𝐷𝑡 = 𝑤௥ 𝜕̅𝑞𝜕𝑟 + 𝑤௭ 𝜕̅𝑞𝜕𝑧 = 𝑤𝐷𝑞𝑑𝑥 = 𝑤௠ 𝐷𝑞𝑑𝑚 = 𝑤௭ 𝐷𝑞𝑑𝑧  (3)

where 𝑚 represents the meridional direction of the streamline, 𝑑𝑚 and 𝑑𝑧 represent respectively 
the increments in the direction 𝑚 and axial coordinate 𝑧 when the particle moves by 𝑑𝑥 alone the 
relative tube. Further, since 𝑤௠ = 𝑤𝑐𝑜𝑠𝛽 and 𝑤௭ = 𝑤௠𝑐𝑜𝑠𝜎, it yields  𝐷𝑞𝑑𝑧 = 1𝑐𝑜𝑠𝛽𝑐𝑜𝑠𝜎𝐷𝑞𝑑𝑥  (4)
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where 𝛽 is the relative flow angle, 𝜎 is the angle between direction 𝑧 and 𝑚, from 𝑧 to 𝑚, 𝑤௠ is 
the meridional relative velocity, and 𝑤௭ is the axial relative velocity. Since the geometric parameters 
of S2m surface are already provided by the through flow solution, both angle 𝛽 and angle 𝜎 are 
known. Those convective derivative equations in this paper can be easily transformed into 
derivatives referring to the axial coordinate 𝑧 by Eq. (4), for more convenient calculations.  
The quasi-1D relative motion duct flow obeys the mass flow equation  𝑚ሶ = 𝜌𝑤𝐴 = 𝑐𝑜𝑛𝑠𝑡 (5)

the entropy equation  1𝜌𝐷𝑝 = −𝑇𝐷𝑠 + 𝐷ℎ (6)

the rothalpy conservation equation along the central line of the duct, i.e., the streamline  𝐼 ≡ ℎ + 12𝑤ଶ − 12𝜔ଶ𝑟ଶ = 𝑐𝑜𝑛𝑠𝑡 (7)

where 𝜌 , 𝑇 , 𝑠 , ℎ  and 𝐼  represent respectively the density, static temperature, entropy, static 
enthalpy and rothalpy per unit of mass, 𝜔 is the angular velocity of the relative motion frame.  

Differentiating Eq. (7) and substituting it into Eq. (6), one obtains the momentum equation of the 
quasi-1D duct flow  1𝜌𝐷𝑝𝑑𝑥 = −𝑇𝐷𝑠𝑑𝑥 − 𝑤𝐷𝑤𝑑𝑥 + 𝜔ଶ𝑟 𝐷𝑟𝑑𝑥 (8)

Eqs. (5), (7), (8), and the perfect gas state equation  𝑝 = 𝑅𝜌𝑇 (9)

form the governing equations of this quasi-1D duct flow, where 𝑅  is the gas constant. Once the 
distributions of the cross-sectional area, rotational radius, and losses along this quasi-1D duct are 
known, the distributions of aerodynamic parameter such as density, pressure, and relative velocity 
can be determined. It is evident that the distribution of loss will be discontinuous if a shock is present 
in the flow.  

To simplify the computation of the variational principle in this paper, the governing equations 
of the quasi-1D relative motion duct flow, which aligns with the rotor streamline obtained by the 
through flow problem, are based on the following assumptions: 

1) The flow fields at the rotor inlet and outlet calculation stations of the through flow inverse 

problem remain unchanged. 

2) Suppose that the rothalpy conservation equation still holds in the flow when losses are present. 

3) All the streamlines in the rotor passage remain unchanged. It means that the direction of velocity 

remains the same while the magnitude of velocity 𝑤 may vary. This approach preserves the 

radial equilibrium velocity field corresponding to the loss model in the original through flow 

design, without solving for a radial equilibrium velocity field upon the loss distribution model 

of this paper [24]. 

In this paper, the momentum relaxation method [22] is also employed to solve for the location 
of the normal shock. This involves fixing those boundary conditions at the rotor inlet and outlet, 
which are the mass flow, rothalpy, and entropy, then solving for the aerodynamic parameters at every 
points along the duct flow. According to the fact that the flow impulse ahead of the shock is equal to 
that behind the shock, i.e.  ሺ𝑝𝐴 + 𝑚ሶ 𝑤ሻଵ = ሺ𝑝𝐴 + 𝑚ሶ 𝑤ሻଶ (10)
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the shock location can be obtained by an iterative process. Multiplying both sides of Eq. (8) by 𝜌𝐴, 
and substituting Eq. (5) and Eq. (9) into, we obtain  𝐷ሺ𝑝𝐴 + 𝑚ሶ 𝑤ሻ𝑑𝑥 = 𝑝𝐷𝐴𝑑𝑥 − 𝑝𝐴𝑅 𝐷𝑠𝑑𝑥 + 𝜌𝐴𝜔ଶ𝑟 𝐷𝑟𝑑𝑥 (11)

According to Eq. (11) and the variational principle Eq. (2) of a shock stationed in a duct, in this 
quasi-1D duct flow, the variable cross-sectional area, losses such as friction, and variable rotational 
radius are three factors that collectively determine the location and location stability of the shock. 
Their effects on the location stability are as follows:  

1) Cross-sectional area, 𝑝 ஽஺ௗ௫. Since the pressure behind the shock is always greater than that ahead 

of the shock, when the area of the duct increases, this term tends to make the change rate of the 

flow impulse behind the shock greater than that ahead of the shock, thereby to enhance the 

stability of the shock. And vice versa, decreases, to make the change rate smaller, to reduce.  

2) Losses, −௣஺ோ ஽௦ௗ௫. Since the pressure behind the shock is always greater than that ahead of the 

shock, when the entropy generation rate behind the shock is greater than that ahead of the shock, 

this term tends to make the change rate of the flow impulse behind the shock smaller than that 

ahead of the shock, thereby to reduce the stability of the shock. And vice versa, smaller, to make 

the change rate greater, to enhance. The diversity and complex correlation of losses in rotor 

blades also make the impact of losses on the location stability of the shock complex, which will 

be discussed in detail in the following sections.  

3) Rotational radius, 𝜌𝐴𝜔2𝑟 ஽௥ௗ௫. Since the density behind the shock is always greater than that ahead 

of the shock, when the streamline radius increases, this term tends to make the change rate of 

the flow impulse behind the shock greater than that ahead of the shock, thereby to enhance the 

stability of the shock. And vice versa, decreases, to make the change rate smaller, to reduce.  

In literatures, the study for shock position vibration and shock–surface structure stabilization 
are pursued primarily by analyzing the unsteady interactions of strong and weak waves, in the scene 
of area-variable duct [25–28]. In the steady analysis of variational principle [24], to the adiabatic 
isentropic area-variable duct flow, the area variation rate is the unique parameter for shock 
stationarity. Here the relative motion analysis of Eq. (11) notes that, when existing non-shock on-way 
entropy generation and rotating radius raising, the known relation between shock stationarity and 
variable-area for a pure area-variable duct flow may be changed. 

2.2. Equivalent Conversion Between Streamline and Quasi-1D Duct Flow  

The width and thickness are specified along each streamline of the through flow inverse problem 
to create a series of cascades, named layer cascades, shown in Figure 4. Then, a conversion from a 
layer cascades to an equivalent quasi-1D duct flow is performed. This equivalent duct flow has 
characteristics as follows:  
1) The flow is a steady, area-variable, adiabatic, non-isentropic quasi-1D duct flow in a rotational 

frame, its central streamline has a variable rotational radius. The interactions between adjacent 

duct flows are completely neglected. 

2) The geometry of the central streamline of the equivalent duct flow, including the rotational 

radius, relative flow angle, etc., is identical to that of the streamline of through flow problem. 

The aerodynamic parameters of the equivalent duct flow to be solved are parameters on its 
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central streamline, and are identified also as the uniform parameters alone the normal line 

within S1 surface of the through flow streamline.  

 

Figure 4. Illustration of the width 𝑎 and thickness 𝑏 of the layer cascades for the equivalent quasi-1D duct flow. 

3) The distribution of the cross-sectional area 𝐴 of the relative motion equivalent quasi-1D duct 

flow is defined here. The meridional projection 𝑚  of the streamline is adopted as the 

independent variable. Taking the aerodynamic parameter values on the through flow streamline 

as that of the duct flow, by the dispensed mass flow 𝑚ሶ  of the duct, one determines  𝐴 = 𝑚ሶ𝑛௕𝜌ᇱ𝑤ᇱ (12)

where 𝑛௕ is the total number of blades, 𝜌ᇱ and 𝑤ᇱ are the density and relative velocity along 
the through flow streamline. The width of the layer cascades, i.e., the S1 surface width 𝑎 at a 
point of the through flow streamline is defined as first, the length of the normal line, which 
passes that point, extends from its intersection point with the blade suction surface to its 
intersection point with the blade pressure surface. Then, the width 𝑎 takes the shortened length 
minus the aerodynamic wall blockage thickness. The thickness 𝑏  of the layer cascades is 
obtained by 𝐴 = 𝑎 × 𝑏. 

4) The inlet of the equivalent duct flow is positioned at the location 𝑧௟௘௦ where the perpendicular 

line from the central streamline intersects the leading edge of the suction surface. The outlet is 
positioned at the location 𝑧௧௘௣ where the perpendicular line from the central streamline 

intersects the trailing edge of the pressure surface. The area and entropy of the equivalent duct 

flow at the inlet and outlet are equal to that obtained from the through flow problem at those 

locations, respectively. 
5) In the equivalent duct flow, 100-200 computational nodes are set between 𝑧௟௘௦ and 𝑧௧௘௣, while 

the through flow problem typically takes single figures of calculation stations in a blade row. 

Therefore the equivalent duct flow should interpolate the geometric and aerodynamic 

parameters from the yielded through flow streamlines, such as the rotational radius, flow angle, 

cross-sectional area, and so on.  

6) To modify the cross-sectional area of the duct flow, a layer thickness expansion factor 𝜙 can be 

introduced, where the modified area is ሺ1 + 𝜙ሻ𝐴. This modification serves two purposes. First, 

it helps prevent a severe choking of the streamlines near the leading edge where the flow Mach 

number 𝑀௪,௟௘ is close to 1 during the subsequent calculations using the momentum relaxation 

method. Second, it corrects for the increase in layer thickness caused by complex flow 
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phenomena such as tip leakage flow and endwall boundary layer in real flows, which can result 

in deflection of the streamlines. To ensure that the inlet and outlet areas of the equivalent duct 

flow match the through flow results, the layer thickness expansion factor is set to zero at the inlet 

position 𝑧௟௘௦ and gradually increases to its maximum value at the minimum area location of the 
equivalent duct flow. It then decreases to zero at the outlet location 𝑧௧௘௣ on the pressure surface. 

The maximum value of the layer thickness expansion factor can be set to a value less than 0.005, 

as it does not significantly affect the stationary location of the shock.  

7) In this paper, the mass flow of each layer cascades takes 𝑚ሶ ௝ = 𝑚ሶ ௧௢௧௔௟𝑛  (13)

where 𝑚ሶ ௧௢௧௔௟ is the total mass flow of the compressor, 𝑛 is the total number of streamlines in 
the through flow problem, and the subscript 𝑗 denotes the streamline identifier. The flow ratio 𝑚ሶ ௥  of streamline 𝑗  is defined as the ratio of the mass flow between the streamline 1 and 
streamline 𝑗 to the total mass flow. 

3. The Losses in a Compressor Passage and the Distribution of Losses 

The distribution of losses in the rotor passage is one of the determining factors of the shock 
location. On one hand, the flow in the rotor passage is highly complex, and the losses resulting from 
various flow conditions have not been fully elucidated. On the other hand, in the through flow 
inverse problem of transonic axial stage, losses are often lumped together and smoothly distributed 
along the streamlines. The momentum relaxation method in this paper is based on the through flow 
design results and requires a rotor passage loss distribution model different from both approaches 
mentioned above. This model can capture the main factors influencing the shock location without 
overly complicating the loss calculation process.  

The loss distribution model for the rotor layer cascades presented here does not change the total 
loss magnitude calculated in the through-flow inverse problem using the rotor D-factor model. Then, 
the total loss is decomposed into five parts: boundary layer loss for the entire passage, leading edge 
oblique shock loss, passage shock loss, shock boundary layer interaction loss, and wake loss. These 
losses were estimated based on classical empirical models and distributed in appropriate passage 
position. In the early stages of this research, Seddonʹs [29] model for intake shock boundary layer 
interference loss was used to estimate the interference loss, then it was distributed after the shock 
position. Based on Schlichtingʹs [30] study, the entropy generation due to wake loss was set as 15% 
to 22% of the total entropy generation along the streamlines and distributed after the trailing edge. 
Unfortunately, the constructed loss distribution models were difficult to obtain shock location 
solutions that approximated CFD results, and the numerical convergence was poor. Therefore, the 
amplification factors for these losses were introduced into the calculations, and the layer thickness 
expansion factor was also introduced during this process. Additionally, various loss distribution 
types were considered and tested. Taking the advantage of spent only a few times, in the order of 
seconds, for computing the momentum relaxation method incorporating loss distribution models, 
the problem was quickly resolved by continuously adjusting the magnitudes of these factors on 
different streamlines. By summarizing the patterns observed in these numerical experiments, the final 
loss distribution model was obtained. 

The total losses inside the duct are comprised of boundary layer loss, shock losses, and other 
losses, i.e.  𝛥𝑠௧௢௧௔௟ = 𝛥𝑠௕ + 𝛥𝑠௦ + 𝛥𝑠௢ (14)

where 𝛥𝑠௧௢௧௔௟ is the total entropy generation. The entropy generation 𝛥𝑠௕ caused by the boundary 
layer exists throughout the entire duct. 𝛥𝑠௦ is the local entropy generation directly caused by oblique 
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and normal shocks. The other entropy generation 𝛥𝑠௢ encompasses the entropy generation caused 
by shock boundary layer interference loss, trailing edge loss, etc., which is distributed downstream 
of the normal passage shock.  

3.1. Boundary Layer Loss 

According to the boundary layer entropy generation model studied by Denton3 for 
turbomachinery, the total entropy generation caused by the boundary layer from the upstream of a 
certain point 𝑥 to this point in the cascades is given by 𝑆 = න 𝜌𝑣ఋଷ𝐶ௗ𝑇ఋ 𝑑𝑥௫

଴  (15)

where 𝑣ఋ and 𝑇ఋ represent respectively the velocity and temperature at the edge of the boundary 
layer, corresponding respectively to relative velocity 𝑤  and relative total temperature 𝑇ோ∗  in this 
paper. 𝐶ௗ  is the dimensionless loss coefficient. For many blade rows in turbomachinery with a 
boundary layer momentum thickness Reynolds number 𝑅𝑒ఏ  on the order of 1000, Denton & 
Cumpsty [31] suggest that 𝐶ௗ can be approximated as a constant value of 0.002. The relative total 
temperature is  

𝑇ோ∗ = ቀℎ + 12𝑤ଶቁ𝑐௣  (16)

where 𝑐௣ is the specific heat at constant pressure. Substituting Eqs. (5), (7), and (16) into Eq. (15) and 
taking the partial derivative with respect to the 3D relative streamline 𝑥 , the change rate of the 
entropy generation per unit mass caused by the boundary layer along the equivalent duct flow is 
obtained as  𝐷𝑠௕𝑑𝑥 = 𝑐௣ 𝐶ௗ𝑤ଶቀ𝐻 + 12𝜔ଶ𝑟ଶቁ 𝑎 (17)

According to Eqs. (15) and (17), in the loss distribution algorithm, the specific entropy generation 
caused by the boundary layer at each point can be integrated using the aerodynamic parameter 
values of current iteration and gradually converges during the iteration. 

3.2. Leading Edge Oblique Shock Loss and Normal Passage Shock Loss 

The shock loss 𝛥𝑠௦  consists of the leading edge oblique shock loss 𝛥𝑠௦,௢  and the normal 
passage shock loss 𝛥𝑠௦,௡. Besides being solved by the plane shock formula, when solving for the 
shock location by using the momentum relaxation method, the normal passage shock loss is obtained 
by subtracting the boundary layer loss, oblique shock loss, and other losses from the total loss of the 
through flow inverse problem.  

In the study by Boyer et al. [32], the oblique shock Mach number was obtained by using the M-
H-L shock model. Then, the average shock angle was replaced with the shock angle that the velocity 
behind the shock is exactly at the speed of sound. Finally, the oblique shock loss is calculated using 
oblique shock formula. The oblique shock entropy generation obtained by this method is denoted 
here as 𝛥𝑠௦,௢ᇱ . This estimating method tends to be accurate when the leading edge relative Mach 
number 𝑀௪,௟௘ < 1.3, but to be overestimated at higher Mach number, and the deviation becomes 
larger as the relative Mach number increases. There are two main factors contributing to this issue. 
First, as the leading edge Mach number increases, the portion of the oblique shock behind which the 
Mach number is greater than 1 becomes larger. Therefore, the average shock angle becomes smaller 
compared to the shock angle that leads to an exactly speed of sound behind the shock. Second, the 
decrease in the average shock angle makes the oblique shock more likely to intersect with the normal 
shock. As a result, the flow fraction passing through the oblique shock decreases. Based on these 
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considerations, the oblique shock entropy generation obtained from this method is corrected in this 
study. The corrected method is  𝛥𝑠௦,௢ = 𝛥𝑠௦,௢ᇱ 𝑀௪,௟௘ଶ⁄  (18)

The oblique shock loss by this correction is linearly distributed and reaches 𝛥𝑠௦,௢ in front of the 
normal passage shock. 

3.3. Other Losses and the After Shock Entropy Generation Ratio 

Other losses 𝛥𝑠௢ can be obtained by subtracting the boundary layer loss 𝛥𝑠௕௥௦ downstream 
of the normal shock from the total losses 𝛥𝑠௔௦ of the duct flow downstream of the normal shock, i.e.  𝛥𝑠௢ = 𝛥𝑠௔௦ − 𝛥𝑠௕௥௦ (19)

Account for the rapid increase of losses caused by shock boundary layer interference and 
furtherly the rapid increase of losses due to the mixing in the wake after trailing edge, distributing 𝛥𝑠௢ in a quadratic manner in the rear of the normal shock is reasonable, i.e., the other losses 𝛥𝑠௢,௭ at 
a certain position 𝑧 is 𝛥𝑠௢,௭ = ሺ𝑧 − 𝑧௦ሻଶ൫𝑧௧௘௣ − 𝑧௦൯ଶ 𝛥𝑠௢ (20)

where 𝑧௦  is the 𝑧  coordinate of the shock location. Meanwhile, a quadratic distribution also 
enhances the convergence of the computational program. The losses after the normal shock can be 
directly expressed as a fraction of the total losses 𝛥𝑠௧௢௧ along the through flow streamline, i.e.  𝛥𝑠௔௦ = 𝜓𝛥𝑠௧௢௧ (21)

where 𝜓 is a ratio that represents the proportion of the entropy generation in the rear of the shock 
relative to the total entropy generation across the cascades, referred to as the after shock entropy 
generation ratio.  

This part of the losses is the most complex component of the rotor passage losses. Not only in 
real flow field but also in numerical computation, the rotor is a duct flow driven by two parameters: 
a generalized friction including all kinds of losses and a variable cross-sectional area, simultaneously 
the two parameters interact nonlinearly, making the duct flow solution increasingly challenging. 
Therefore, the parameter after shock entropy generation ratio 𝜓 is introduced. For any given shock 
location, a corresponding after shock entropy generation ratio is there. So this approach fully 
corresponds to the physical mechanism of the area-variable and frictional two-parameter duct flow, 
and marks the occurrence point of large-scale separation loss by the shock location. This makes the 
loss calculation complexity bypassed and the loss equations closed. Then, this approach is applied to 
various types of transonic axial compressor rotors. By combining it with the results of CFD direct 
problem, the regularities of the after shock entropy generation ratio are summarized. The specifics 
are as follows. 

First, the oblique shock loss 𝛥𝑠௦,௢ is obtained from Eq. (18), and the boundary layer loss 𝛥𝑠௕௙௦ 
in front of the shock is obtained from Eq. (15). Then, using the governing equations of equivalent 
quasi-1D duct flow, namely Eq. (5) and Eqs. (7) to (9), the flow parameters in front of the normal 
shock are numerically solved to obtain the Mach number ahead of the normal shock. Further the loss 𝛥𝑠௦,௡ of the normal shock is calculated by the plane shock formula. Finally, the losses of the duct 
flow after the normal shock is yielded as 𝛥𝑠௔௦ = 𝛥𝑠௧௢௧ − 𝛥𝑠௦,௢ − 𝛥𝑠௕௙௦ − 𝛥𝑠௦,௡ (22)

and the ratio 𝜓 is given by Eq. (21).  
Subsequently, the boundary layer loss 𝛥𝑠௕௥௦  in the rear of the normal shock and the flow 

parameters in the rear of the normal shock are determined. Till now, all the aerodynamic parameters 
and geometric parameters of the flow are known. By using Eq. (11), the change rates of the flow 
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impulse ahead of and behind the normal shock can be solved. Combined with Eq. (2), the stability of 
this shock location can be analyzed.  

In addition, two constraints need to be imposed. First, the shock position 𝑧௦ is limited to be 
between the through flow leading edge location 𝑧௟௘ and the suction surface trailing edge location 𝑧௧௘௦ of the through flow problem, i.e., 𝑧௟௘ ≤ 𝑧௦ ≤ 𝑧௧௘௦. Second, the sum of other losses, including 
the shock boundary layer interference loss and wake loss and so on, should be greater than 15% of 
the total streamline losses. Thus combining Eqs. (19) and (21), it has  𝜓 > 15% + 𝛥𝑠௕௥௦𝛥𝑠௧௢௧  (23)

By following the above mentioned steps, all the locations where the normal passage shock in 
each supersonic layer cascades of the rotor can be stationary are obtained. Fortunately, for rotor 
blades obtained by well designed through flow inverse problem, the real normal passage shock 
locations resulted from CFD direct problem, are all included among all possible stationary locations 
of the normal shock obtained by the variational principle program with these steps. The pattern of 
the after shock entropy generation ratio 𝜓 corresponding to the real shock location in CFD result is 
what we are looking for.  

For any assumed location 𝑧௦ of the normal shock based on the pattern of the after shock entropy 
generation ratio 𝜓, the loss distribution of the equivalent flow is calculated using the aforementioned 
distribution model of losses. The governing equations of the equivalent flow is then solved for the 
parameter distributions of the upstream and downstream flows separately. Due to the momentum 
equations ahead of and behind the assumed shock location are relaxed, the two flow impulses on 
shock surfaces may not be equal. Therefore, whether the assumed location is the real stationary 
location of the normal shock or not needs to be judged by the momentum relaxation method, such as 
Eq. (10), and the variational principle Eq. (2).  

4. Numerical Validation 

According to the models presented in Sections 2.1 to 3.3, and building upon the design results 
of the S2m streamline curvature through flow and blading inverse problem of an axial compressor, a 
variational principle program for rotor passage shock stationarity was developed using FORTRAN 
language. This program includes the variational principle program to solve all possible shock 
stationary positions and the momentum relaxation method program to solve the shock stationary 
location. To validate the practicality of the method and obtain the pattern of the after shock entropy 
generation ratio 𝜓, the proposed method was applied to many transonic axial compressor rotors, 
which belong to different types. Three of the most representative cases are presented here, they are 
the first rotor of a five-stage compression system, the front rotor of a high-pressure-ratio counter-
rotating fan, and the rear rotor of a civil low-pressure-ratio counter-rotating fan. These compressors 
were designed by Xiaohe Yang between 2008 and 2010 [33,34].  

The 3D steady viscous flow fields of the three stages were simulated employing the 
commercially available CFD software FINETM Turbo by NUMECA International. The governing 
equations are Reynolds averaged Navier-Stokes equations, solved with a finite volume method. 
Turbulence closure is achieved using one-equation Spalart-Allmaras turbulence model. The spatial 
discretization scheme is a central difference scheme with 2nd and 4th order artificial viscosity. Time 
integration is based on an explicit four-stage Runge-Kutta scheme. Implicit residual smoothing, 
variable time steps, and three-level multigrid are used to accelerate convergence. The inlet boundary 
condition consists of the inlet total pressure, total temperature, circumferential and radial airflow 
angles. Static pressure is given at the outlet. All wall boundary conditions were modelled as no-slip 
and adiabatic. The HOH-type topology structure grid is employed for both contra-stages. 69 points 
are set in the span-wise direction. Nine grid cells of Butterfly-type topology structure are set within 
the tip clearance in the span-wise direction. The total grid point numbers are 682,464 and 629,832 for 
the front- and aft-rotor of the civil contra-stage respectively, while they are 658,075 and 653,723 for 
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that of the high-pressure contra-stage. The grid points near the wall are refined to impose 𝑦ା < 2. 
Considering the special aerodynamic characteristics of the contra-stage, the grid independence of 
numerical simulation using NUMECA software was verified. When 1.6 times as many grid points as 
present are used and simulated again with the same topology structure and boundary conditions, 
the discrepancy of results is less than 0.157%. 

The curved shock surfaces in these CFD cases are determined by analyzing the static pressure 
distributions in the flow field of each layer cascades. 

4.1. First Rotor of a Dual-channel Five-Stage Compression System 

A dual-channel five-stage compression system, which is designed through compression system 
overall layout design and five-stage integrative through flow design, consists of two fan stages, two 
compressor stages, and one high pressure centrifugal stage. The meridional flowpath and blade rows 
are shown in Figure 5. The aerodynamic design parameters are listed in Table 1. The corrected 
performance curves at 100% rotating speed are shown in Figure 6, they demonstrate the aerodynamic 
characteristics and the rationality of design parameters of the compression system. 

 

 

Figure 5. Meridional flowpath and 11-row bladings of a dual-channel five-stage compression system. 

 

Figure 6. Corrected performance curves of the first fan stage at 100% rotating speed in a dual-channel five-stage 
compression system. 
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Table 1. Aerodynamic design parameters of a dual-channel five-stage combined compression system. 

Fan mass flow ௞௚௦  6.80 

Inner channel mass flow ௞௚௦  3.14 
Bypass ratio 1.166 

Inner channel total pressure ratio 12.00 
Bypass channel pressure ratio  2.23 

Low pressure shaft rotating speed 𝑟𝑝𝑚 31910 
High pressure shaft rotating speed /𝑟𝑝𝑚 62910 

Tip speed of the first fan ௠௦  384 
Pressure ratio of the first fan 1.500 

Adiabatic efficiency of the first fan 0.860 
CFD surge margin of the first fan 17% 

 
Figure 7 shows, by the solid black lines, the after shock entropy generation ratio 𝜓  for all 

possible stationary locations of the normal shock of each supersonic layer cascades obtained by the 
variational principle program at the design point of the first rotor of five-stage compression system. 
The 𝜓 for the normal shock locations obtained by CFD are represented by triangle symbols. The 𝜓 
finally adopted by the momentum relaxation method are represented by the solid red lines with solid 
circles. The vertical axis here represents the relative blade span of the inlet rotational radius 𝑟଴ of 
each supersonic layer cascades, while the total blade span is the difference between the inlet rotational 
radius 𝑟௧௜௣଴ at the tip layer cascades and the inlet rotational radius 𝑟௛௨௕଴ at the hub layer cascades. 
It can be observed that the range of the 𝜓 for all possible stationary locations of the normal shock 
near the blade tip is relatively narrow, while the range widens towards the blade root. The 𝜓 for the 
normal shock locations obtained by CFD are all around the maximum values of the 𝜓 for all possible 
stationary locations of the normal shock. The former is almost the same as the later near the blade tip, 
while the former becomes much smaller than the later towards the blade root. 

Figure 8 presents, by the thin solid black lines, the cross-sectional area ratio 𝐴 𝐴⁄ ௧௜௣଴ alone each 
equivalent duct flow of the layer cascades of the first rotor of five-stage compression system at the 
design point; by the thick solid blue lines with small solid circles, the area ratio for all possible 
stationary locations of the normal shock in each supersonic layer cascades; by the dashed red line 
with hollowed circles, the area ratio for the normal shock locations of CFD; by the solid red line with 
solid circles, the area ratio for the normal shock locations of the momentum relaxation method; by 
the dashed black lines with upward and downward triangles, the area ratio at the locations of the 
leading edge 𝑧௟௘௣ on the pressure surface and the trailing edge 𝑧௧௘௦ on the suction surface of each 
layer cascades, respectively. Here the horizontal axis represents the axial coordinate 𝑧 at a certain 
point in the layer cascades relative to the positions of the inlet 𝑧௟௘ and outlet 𝑧௧௘ in the through 
flow problem. The vertical axis represents the cross-sectional area 𝐴  at that point relative to the 
cross-sectional area 𝐴௧௜௣଴  at the inlet of the layer cascades at the blade tip. It is noted that, the 
positions of the minimum cross-sectional areas of each supersonic layer cascades, i.e., the throat 
positions, approach the blade leading edge gradually from the blade tip to the blade root. The throat 
positions near the blade tip are between the pressure surface leading edge point 𝑧௟௘௣ and the suction 
surface trailing edge point 𝑧௧௘௦. The stationary locations of the normal passage shocks are all near 
the throat positions. 
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Figure 7. After shock entropy generation ratio 𝜓 for all possible stationary locations of the normal shock of each 
supersonic layer cascades obtained by the variational principle program at the design point of the first rotor of 
five-stage compression system, 𝜓 for the normal shock locations obtained by CFD, and 𝜓 finally adopted by 
the momentum relaxation method. 

 

Figure 8. Cross-sectional area ratio, for alone each equivalent duct flow of the layer cascades of the first rotor of 
five-stage compression system at the design point; for all possible stationary locations of the normal shock in 
each supersonic layer cascades; for the normal shock locations of CFD; for the normal shock locations of the 
momentum relaxation method. 

 

Figure 9 presents the 3D curved surface structure of the normal passage shock obtained 
respectively by the momentum relaxation method and CFD for the first rotor of five-stage 
compression system at the design point. It is observed that the normal passage shock of the CFD 
result approaches the blade leading edge gradually from the blade tip to the blade root and merges 
with the leading edge oblique shock at approximately 75% blade span. The surface structure of the 
normal passage shock obtained by the momentum relaxation method is in good agreement with that 
of the CFD result. 

Figure 10 shows the after shock entropy generation ratio 𝜓 of all possible stationary locations 
of the normal shock obtained by the variational principle program within the layer cascades at the 
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blade spans respectively with 80%, 90%, and 100% flow ratio of the first rotor of five-stage 
compression system.  

Figure 11 presents the chordwise distributions of entropy 𝑠  and relative Mach number 𝑀௪ 
within the layer cascades at the blade span with 90% flow ratio of that rotor, which are obtained 
respectively by the through flow problem, momentum relaxation method, and CFD, while CFD 
results are circumferentially averaged data. The entropy and Mach number distributions by the 
through flow problem and CFD are both circumferentially averaged, and it is seen that both methods 
correspond well at the inlet and outlet of the cascades, that is why the supersonic through flow 
inverse problem still achieves successful designs although the discontinuities are smoothed out. The 
distributions obtained by the momentum relaxation method are the results uniform along the normal 
direction of the central streamline within the layer cascade, showing the presence of discontinuities, 
the contrastive magnitudes of the local entropy generation of the normal shock, and of the entropy 
generation of the upstream and downstream ducts, and the real distribution of Mach numbers. 

 
Figure 9. 3D curved surface structure of the normal passage shock obtained respectively by the momentum 
relaxation method and CFD for the first rotor of five-stage compression system at the design point. 

 
Figure 10. After shock entropy generation ratio 𝜓  of all possible stationary locations of the normal shock 
obtained by the variational principle program within the layer cascades at the blade spans respectively with 80%, 
90%, and 100% flow ratio of the first rotor of five-stage compression system. 

 

Figure 11. Chordwise distributions of entropy 𝑠 and relative Mach number 𝑀௪ within the layer cascades at 
the blade span with 90% flow ratio of the first rotor of five-stage compression system, obtained respectively by 
the through flow problem, momentum relaxation method, and CFD. 
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Figure 12 shows the contour plots of the relative Mach number for the S1 surface within the layer 
cascades at the blade span with 90% flow ratio of that rotor, which are obtained by the momentum 
relaxation method (up) and CFD (down). This layer cascades is located at approximately 92% blade 
span, to compare the fundamental differences between the two methods, the CFD simulation does 
not include tip clearance. The momentum relaxation method fails to capture the flow acceleration 
caused by the expansion wave around the leading edge of the suction surface, as a result, the Mach 
number ahead of the normal shock is lower, but it is generally similar to the Mach number in front 
of the normal shock near the pressure surface. The Mach number behind the normal shock obtained 
by momentum relaxation method is around 0.86, which is slightly lower than 0.9 obtained by CFD. 

 

Figure 12. Contour plots of the relative Mach number for the S1 surface within the layer cascades at the blade 
span with 90% flow ratio of the first rotor of five-stage compression system, which are obtained by the 
momentum relaxation method (up) and CFD (down). 

4.2. Front Rotor of a High-Pressure-Ratio Counter-Rotating Fan Stage 

The meridional flowpath and blade rows of a high-pressure-ratio counter-rotating fan stage are 
shown in Figure 13. The aerodynamic design parameters are listed in Table 2. The corrected 
performance curves are shown in Figure 14. 

     
Figure 13. Meridional flowpath and bladings of a high-pressure-ratio counter-rotating fan stage. 

  

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 6 April 2026 doi:10.20944/preprints202604.0361.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202604.0361.v1
http://creativecommons.org/licenses/by/4.0/


 18 of 29 

 

Table 2. Aerodynamic design parameters of a high-pressure-ratio counter-rotating fan stage. 

 Front Rear 
Tip speed ௠௦  500 -391 
Pressure ratio 2.170 1.613 
Mass flow per frontal area 𝑘𝑔 ሺ𝑠,𝑚2ሻ⁄  184.9 - 
Mass flow per annulus area 𝑘𝑔 ሺ𝑠,𝑚2ሻ⁄  203.1 - 
Mass flow coefficient at mean-radius 0.535 - 
Work coefficient  𝐿௨ 𝑈்௜௣2⁄  0.322 0.422 
Reaction of the rotor 0.682 1.323 
Hub-tip ratio 0.300 0.596 
Diffusion factor 𝐷 at mean-radius 0.506 0.414 
Hub relative Mach 0.754 1.534 
Tip relative Mach 1.636 1.593 
Blade count 18 21 
Average solidity 1.970 1.856 
Aspect ratio 1.746 1.536 
Reaction of the stage 0.379 
Pressure ratio of the stage 3.496 
Adiabatic efficiency of the stage 83.8% 
CFD surge margin of the stage 14% 

     
Figure 14. Corrected performance curves of a high-pressure-ratio counter-rotating fan stage. 

Figure 15 shows the after shock entropy generation ratio 𝜓 for all possible stationary locations 
of the normal shock of each supersonic layer cascades obtained by the variational principle program 
at the design point of the front rotor of the high-pressure-ratio counter-rotating fan stage, 𝜓 for the 
normal shock locations obtained by CFD, and 𝜓  finally adopted by the momentum relaxation 
method. The 𝜓  for all possible stationary locations of the normal shock and the spanwise 
distribution pattern of the 𝜓  of the normal shock locations obtained by CFD here are similar to 
Figure 7. 

Figure 16 presents the cross-sectional area ratio 𝐴 𝐴⁄ ௧௜௣଴ alone each equivalent duct flow of the 
layer cascades of the front rotor of the high-pressure-ratio counter-rotating fan stage at the design 
point, the area ratio for all possible stationary locations of the normal shock in each supersonic layer 
cascades, the area ratio for the normal shock locations of CFD, the area ratio for the normal shock 
locations of the momentum relaxation method, the area ratio at the locations of the leading edge 𝑧௟௘௣ on the pressure surface and the trailing edge 𝑧௧௘௦ on the suction surface of each layer cascades, 
respectively. It is noted that, the positions of the minimum cross-sectional areas of each supersonic 
layer cascades, i.e., the throat positions, approach the blade leading edge gradually from the blade 
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tip to the blade root. The throat positions near the blade tip are between the pressure surface leading 
edge point 𝑧௟௘௣  and the suction surface trailing edge point 𝑧௧௘௦ . The stationary locations of the 
normal passage shocks are all near the throat positions. 

 

Figure 15. After shock entropy generation ratio 𝜓 for all possible stationary locations of the normal shock of 
each supersonic layer cascades obtained by the variational principle program at the design point of the front 
rotor of the high-pressure-ratio counter-rotating fan stage, 𝜓 for the normal shock locations obtained by CFD, 
and 𝜓 finally adopted by the momentum relaxation method. 

 

Figure 16. Cross-sectional area ratio, for alone each equivalent duct flow of the layer cascades in the front rotor 
of the high-pressure-ratio counter-rotating fan stage at the design point; for all possible stationary locations of 
the normal shock in each supersonic layer cascades; for the normal shock locations of CFD; for the normal shock 
locations of the momentum relaxation method. 

Figure 17 presents the 3D curved surface structure of the normal passage shock obtained 
respectively by the momentum relaxation method and CFD for the front rotor of the high-pressure-
ratio counter-rotating fan stage at the design point. It is observed that the normal passage shock of 
the CFD result approaches the blade leading edge gradually from the blade tip to the blade root, but 
the shock system is always a dual-shock system, consisting of a leading-edge oblique shock and a 
passage normal shock. The surface structure of the normal passage shock obtained by the momentum 
relaxation method is in good agreement with that of the CFD result. 
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Figure 17. 3D curved surface structure of the normal passage shock obtained respectively by the momentum 
relaxation method and CFD for the front rotor of the high-pressure-ratio counter-rotating fan stage at the design 
point. 

Figure 18 shows the after shock entropy generation ratio 𝜓 of all possible stationary locations 
of the normal shock obtained by the variational principle program within the layer cascades at the 
blade spans respectively with 80%, 90%, and 100% flow ratio of the front rotor of the high-pressure-
ratio counter-rotating fan stage.  

 

Figure 18. After shock entropy generation ratio 𝜓  of all possible stationary locations of the normal shock 
obtained by the variational principle program within the layer cascades at the blade spans respectively with 80%, 
90%, and 100% flow ratio of the front rotor of the high-pressure-ratio counter-rotating fan stage. 

Figure 19 presents the chordwise distributions of entropy 𝑠  and relative Mach number 𝑀௪ 
within the layer cascades at the blade span with 90% flow ratio of that rotor, which are obtained 
respectively by the through flow problem, momentum relaxation method, and CFD, while CFD 
results are circumferentially averaged data.  

 

Figure 19. Chordwise distributions of entropy 𝑠 and relative Mach number 𝑀௪ within the layer cascades at 
the blade span with 90% flow ratio of the front rotor of the high-pressure-ratio counter-rotating fan stage, 
obtained respectively by the through flow problem, momentum relaxation method, and CFD. 
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When the stationary location of the normal shock moves backward from the leading edge, the 
boundary layer loss in front of the shock will increase. If, in this situation, the Mach number ahead 
of the shock decreases, resulting in a reduced normal shock loss, it may increase the after shock 
entropy generation ratio. As the stationary location of the normal shock continuously moves 
backward and the Mach number ahead of the shock increases, the normal shock loss increase, 
inevitably leading to a decrease in the after shock entropy generation ratio relative to the total losses 
resulted from the through flow problem. Therefore, in this case, the layer cascades near the blade tip 
show the situation that, as the stationary location of the shock moves backward, the after shock 
entropy generation ratio initially increases and then decreases. Similar situations can also be observed 
in the case of the first rotor of the dual-channel five-stage compression system, as shown in Figure 
10. It is found that in the layer cascades near the blade tip, the real location of the normal passage 
shock is always the possible stationary location that maximizes the after shock entropy generation 
ratio 𝜓 to its maximum value 𝜓௠௔௫, and in the layer cascades closer more to the blade root, the 𝜓 
of the real location of the normal shock deviates from the maximum value 𝜓௠௔௫ more. Therefore, 
in Figure 7 and Figure 15, when using the momentum relaxation method to determine the location 
of the normal passage shock, to estimate the after shock entropy generation ratio 𝜓 , it takes an 
empirical formula  

𝜓 = ቐ 𝜓௠௔௫ 𝑚ሶ ௥ ≥ 0.75൬1 − 0.75 −𝑚ሶ ௥12 ∙ 𝑀௪,௟௘ − 𝑀௪௧𝑀௪௕ −𝑀௪௧ ൰𝜓௠௔௫ 𝑚ሶ ௥ < 0.75 (24)

where 𝜓௠௔௫ belongs to the concerned layer cascades such as in Figure 15, obtained by the variational 
principle program.  𝑀௪௧ is the leading edge Mach number of the blade tip, and 𝑀௪௕ is the leading 
edge Mach number of the layer cascades with 75% flow ratio. Both are obtained from the through 
flow inverse problem.  

Figure 20 shows the contour plots of the relative Mach number for the S1 surface within the layer 
cascades at the blade span with 90% flow ratio of that rotor, which are obtained by the momentum 
relaxation method (up) and CFD (down). This layer cascades is located at approximately 94% blade 
span, the CFD simulation includes tip clearance. The expansion wave around the leading edge of the 
suction surface causes an increase in Mach number, then the Mach number decreases after passing 
through the oblique shock. The strong normal passage shock does not cause boundary layer 
separation on the suction surface. Due to the influence of tip leakage flow, a large low velocity region 
is formed near the pressure surface in the rear of the normal shock. The Mach number ahead of the 
normal shock obtained from the momentum relaxation method is similar to the Mach number ahead 
of the normal shock near the pressure surface in the CFD result, and the variation trends of the 
distribution of the Mach number along the layer cascades and the elementary cascades are also 
generally consistent. 
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Figure 20. Contour plots of the relative Mach number for the S1 surface within the layer cascades at the blade 
span with 90% flow ratio of the front rotor of the high-pressure-ratio counter-rotating fan stage, which are 
obtained by the momentum relaxation method (up) and CFD (down). 

4.3. Rear Rotor of a Civil Low-Pressure-Ratio Counter-Rotating Fan Stage 

The meridional flowpath and blade rows of a civil low-pressure-ratio counter-rotating fan stage 
are shown in Figure 21. The aerodynamic design parameters are listed in Table 3. The corrected 
performance curves are shown in Figure 22.  

 
Figure 21. Meridional flowpath and bladings of a civil low-pressure-ratio counter-rotating fan stage. 

Table 3. Aerodynamic design parameters of a civil low-pressure-ratio counter-rotating fan stage. 

 Front Rear 
Tip speed ௠௦  300 -222 
Pressure ratio 1.328 1.205 
Mass flow per frontal area 𝑘𝑔 ሺ𝑠,𝑚2ሻ⁄  200.9 - 
Mass flow per annulus area 𝑘𝑔 ሺ𝑠,𝑚2ሻ⁄  220.8 - 
Mass flow coefficient at mean-radius 1.029 - 
Work coefficient  𝐿௨ 𝑈்௜௣2⁄  0.289 0.396 
Reaction of the rotor 0.911 1.489 
Hub-tip ratio 0.300 0.433 
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Diffusion factor 𝐷 at mean-radius 0.417 0.351 
Hub relative Mach 0.681 0.892 
Tip relative Mach 1.165 1.219 
Blade count 16 19 
Average solidity 1.290 1.581 
Aspect ratio 2.216 1.851 
Reaction of the stage 0.521 
Pressure ratio of the stage 1.608 
Adiabatic efficiency of the stage 91.2% 
CFD surge margin of the stage 18.9% 

 

Figure 22. Corrected performance curves of a civil low-pressure-ratio counter-rotating fan stage. 

Figure 23 shows the after shock entropy generation ratio 𝜓 for all possible stationary locations 
of the normal shock of each supersonic layer cascades obtained by the variational principle program 
at the design point of the rear rotor of the low-pressure-ratio counter-rotating fan stage, 𝜓 for the 
normal shock locations obtained by CFD, and 𝜓  finally adopted by the momentum relaxation 
method. The 𝜓  for all possible stationary locations of the normal shock and the spanwise 
distribution pattern of the 𝜓  of the normal shock locations obtained by CFD here are similar to 
Figure 7 . For a change, the difference between the maximum values of the 𝜓  for all possible 
stationary locations of the normal shock and the 𝜓 of the normal shock locations obtained by CFD 
is always substantial along the spanwise direction. 

 
Figure 23. After shock entropy generation ratio 𝜓 for all possible stationary locations of the normal shock of 
each supersonic layer cascades obtained by the variational principle program at the design point of the rear rotor 
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of the low-pressure-ratio counter-rotating fan stage, 𝜓 for the normal shock locations obtained by CFD, and 𝜓 
finally adopted by the momentum relaxation method. 

Figure 24 presents the cross-sectional area ratio 𝐴 𝐴⁄ ௧௜௣଴ alone each equivalent duct flow of the 
layer cascades of the rear rotor of the low-pressure-ratio counter-rotating fan stage at the design 
point, the area ratio for all possible stationary locations of the normal shock in each supersonic layer 
cascades, the area ratio for the normal shock locations of CFD, the area ratio for the normal shock 
locations of the momentum relaxation method, the area ratio at the locations of the leading edge 𝑧௟௘௣ on the pressure surface and the trailing edge 𝑧௧௘௦ on the suction surface of each layer cascades, 
respectively. It is noted that, the positions of the minimum cross-sectional areas of each supersonic 
layer cascades, i.e., the throat positions, are all in front of the pressure surface leading edge point 𝑧௟௘௣. Most of the stationary locations of the normal passage shocks are in rear of the pressure surface 
leading edge point 𝑧௟௘௣, and gradually approach the blade leading edge from the blade tip to the 
blade root, and eventually surpass the blade leading edge.  

 

Figure 24. Cross-sectional area ratio, for alone each equivalent duct flow of the layer cascades in the rear rotor 
of the low-pressure-ratio counter-rotating fan stage at the design point; for all possible stationary locations of 
the normal shock in each supersonic layer cascades; for the normal shock locations of CFD; for the normal shock 
locations of the momentum relaxation method. 

Figure 25 presents the 3D curved surface structure of the normal passage shock obtained 
respectively by the momentum relaxation method and CFD for the rear rotor of the low-pressure-
ratio counter-rotating fan stage at the design point. It is observed that the normal passage shock of 
the CFD result approaches the blade leading edge gradually from the blade tip to the blade root, and 
merges with the leading edge oblique shock at approximately 70% blade span. The surface structure 
of the normal passage shock obtained by the momentum relaxation method is in good agreement 
with that of the CFD result. 

Figure 26 shows the after shock entropy generation ratio 𝜓 of all possible stationary locations 
of the normal shock obtained by the variational principle program within the layer cascades at the 
blade spans respectively with 80%, 90%, and 100% flow ratio of the rear rotor of the low-pressure-
ratio counter-rotating fan stage.  

Figure 27 presents the chordwise distributions of entropy 𝑠  and relative Mach number 𝑀௪ 
within the layer cascades at the blade span with 90% flow ratio of that rotor, which are obtained 
respectively by the through flow problem, momentum relaxation method, and CFD, while CFD 
results are circumferentially averaged data. In such cases, the throat of the supersonic layer cascades 
near the blade tip is located in front of the pressure surface leading edge point 𝑧௟௘௣. Therefore, as the 
stationary location of the normal shock moves backward, the Mach number ahead of the shock 
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increases, resulting in an increased normal shock loss, inevitably leading to a decrease in the after 
shock entropy generation ratio. Therefore, in Figure 23, when using the momentum relaxation 
method to determine the location of the normal passage shock, to estimate the after shock entropy 
generation ratio 𝜓, it takes an empirical formula  𝜓 = 0.95𝜓௠௔௫ (25)

 
Figure 25. 3D curved surface structure of the normal passage shock obtained respectively by the momentum 
relaxation method and CFD for the rear rotor of the low-pressure-ratio counter-rotating fan stage at the design 
point. 

 

Figure 26. After shock entropy generation ratio 𝜓  of all possible stationary locations of the normal shock 
obtained by the variational principle program within the layer cascades at the blade spans respectively with 80%, 
90%, and 100% flow ratio of the rear rotor of the low-pressure-ratio counter-rotating fan stage. 

 
Figure 27. Chordwise distributions of entropy 𝑠 and relative Mach number 𝑀௪ within the layer cascades at 
the blade span with 90% flow ratio of the rear rotor of the low-pressure-ratio counter-rotating fan stage, obtained 
respectively by the through flow problem, momentum relaxation method, and CFD. 

Figure 28 shows the contour plots of the relative Mach number for the S1 surface within the layer 
cascades at the blade span with 90% flow ratio of that rotor, which are obtained by the momentum 
relaxation method (up) and CFD (down). This layer cascades is located at approximately 93% blade 
span, the CFD simulation includes tip clearance. The expansion wave around the leading edge of the 
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suction surface causes an increase in Mach number, then the Mach number decreases after passing 
through the oblique shock. The Mach number ahead of the normal shock obtained from the 
momentum relaxation method is similar to the Mach number ahead of the normal shock near the 
pressure surface in the CFD result, and the variation trends of the distribution of the Mach number 
along the layer cascades and the elementary cascades are also generally consistent. 

 
Figure 28. Contour plots of the relative Mach number for the S1 surface within the layer cascades at the blade 
span with 90% flow ratio of the rear rotor of the low-pressure-ratio counter-rotating fan stage, which are obtained 
by the momentum relaxation method (up) and CFD (down). 

5. Result Analysis 

Figure 29 shows the spanwise distributions of the change rate of the flow impulse ahead of and 
behind the normal passage shock for the three mentioned cases, where the horizontal axis is the 
derivation of the impulse along the axial coordinate 𝑧. It can be observed that the change rate of the 
flow impulse ahead of the shock is smaller than that behind the shock for each supersonic layer 
cascades in all cases, satisfying the variational principle of a shock stationed in a duct, i.e., Eq. (2). It 
should be noted that the loss caused by oblique shock is linearly distributed in front of the normal 
shock, which reduces the change rate of the flow impulse ahead of the normal shock according to Eq. 
(11). On the other hand, other losses are distributed quadratically in the rear of the normal shock and 
do not affect the change rate of the flow impulse right behind the normal shock. This configuration 
corresponds to the objective structure of a dual-shock system, where the mechanism is that the 
oblique shock loss, acting as the loss upstream of the normal passage shock, enhances the stationary 
stability of the normal passage shock. 

Table 4 compares the difference between the maximum and minimum values of the after shock 
entropy generation ratio ψ for all possible stationary locations of the normal shocks in the layer 
cascades near the blade tip, specifically at the blade span with 80%, 90%, and 100% flow ratio, with 
the stage CFD surge margin, for the three cases. It is evident that this difference is positively 
correlated with the surge margin of the stage. For some poorly designed rotors, certain layer cascades 
may lack possible stationary locations of shocks. Although these rotors can achieve the converged 
flow field results through CFD, the passage shocks near the blade tip are often squeezed towards the 
leading edge and converged with the oblique shock, unable to form a dual-shock system structure, 
resulting in poor performance.  
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Figure 29. Spanwise distributions of the change rate of the flow impulse ahead of and behind the normal passage 
shock located by the momentum relaxation method for the three mentioned cases. 

Table 1. Table 4. Comparison of the difference between the maximum and minimum values of the after shock 
entropy generation ratio ψ for all possible stationary locations of the normal shocks in the layer cascades near 
the blade tip with the stage CFD surge margin, for the three cases. 

 

Stage 
CFD 
surge 

margin 

Difference between the maximum and minimum values 
of the after shock entropy generation ratio 

Span with 80% 
flow ratio 

Span with 90% 
flow ratio 

Span with 100% 
flow ratio 

First stage of a dual-channel 
five-stage com-pression 
system 

17% 0.116 0.089 0.066 

High-pressure-ratio 
counter-rotating fan stage 

14% 0.017 0.016 0.021 

Low-pressure-ratio counter-
rotating fan stage 

18.9% 0.21 0.177 0.159 

 
In these three cases, the real locations of the normal passage shock are all included among all 

possible stationary locations of the normal shock obtained by the variational principle program. The 
after shock entropy generation ratios for real shock locations are all close to the maximum after shock 
entropy generation ratio for all possible stationary locations of the shock. For the cases that the throat 
positions of the layer cascades are in the rear of the pressure surface leading edge point 𝑧௟௘௣, Eq. (24) 
can be used to obtain the after shock entropy generation ratio when solving the locations of the 
normal passage shocks by the momentum relaxation method. For the cases in front of the point 𝑧௟௘௣, 
Eq. (25) can be used to obtain the after shock entropy generation ratio. The 3D curved surface 
structures of the normal passage shocks obtained by the momentum relaxation method are 
consistently in good agreement with that of the CFD result. Taking the location of the normal shock, 
which plays a crucial role in the stage performance, as a characterized approximate parameter, one 
can relatively evaluate the design stall margin of a transonic stage. This can be particularly efficient 
in a design-comparison-improvement process within an identical or similar design. 
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6. Conclusions 

1) In the general coaxial rotating relative motion, by modeling the truth interrupted flow of 

transonic streamlines as a set of layered quasi-one-dimensional duct flows, a variational 

principle of the flow impulse potential energy for the stationary normal shock is derived. The 

shock stabilizes at the location of minimum relative potential energy. 

2) Within transonic layer cascades, given the known total rotor loss, a novel discontinuous along-

path entropy generation distribution has been introduced to capture the effects of boundary 

layers, oblique shocks, normal shocks, shock–boundary layer interactions, and wakes. An "after-

shock entropy generation ratio" has been defined to concisely represent the complex flow losses 

downstream of the normal shock. Through comparison with CFD direct problem results, a 

dimensionless rule for the actual entropy generation distribution along transonic layer cascades 

has been established. The momentum relaxation method incorporates this rule, then undergoes 

the examination of variational principle. These enable the determination of the stationary 

location of individual normal shock, then reconstruct 3D curved-surface structure of the passage 

shock. 

3) This work provides a practical methodology which, during the through-flow and blading design 

inverse problem phase of high-loading axial compressors, can predict the location and 3D shape 

of the passage shock with ten seconds, and enables an approximate characterization and relative 

evaluation whether the stall margin is sufficiently designed. 
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