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Abstract 

In this study, we developed an improved electrical impedance method for measuring oil film 
thickness with a correction for surface roughness effects. Statistical analysis of the oil film thickness 
distribution revealed that rough surfaces exhibit higher capacitance values than those predicted by 
the ideal parallel-plate model, despite having the same mean film thickness. Consequently, a 
corresponding roughness correction formula was derived. The accuracy of the method was verified 
in ball-on-disc type apparatus using balls with a rough surface. The corrected oil film thickness 
agreed more closely with the Hamrock-Dowson equation and with optical interferometry 
measurements than did the uncorrected result. These outcomes confirm that oil film thickness can be 
estimated considering surface roughness. The technique is therefore expected to facilitate the 
optimization of lubrication conditions and enable more reliable bearing-life prediction. 

Keywords: electrical impedance method; condition monitoring; oil film thickness; surface roughness; 
electric field analysis; elastohydrodynamic lubrication 
 

1. Introduction 

Rolling bearings are widely utilized as key components to effectively support rotating parts in 
various mechanical devices. When lubricants such as oil or grease are supplied, extremely thin oil 
films form between the surfaces. Under these conditions, elastohydrodynamic (EHD) lubrication 
occurs, which reduces friction and wear by preventing direct metallic contact [1]. This mechanism 
enables bearings to achieve smooth and stable rotational operation even under high load conditions. 
The Hamrock-Dowson equation has been established as the standard prediction model for EHD film 
thickness and is widely used for evaluating oil film thickness in rolling bearings under fully flooded 
lubrication [2]. 

For stable low-torque operation of rolling bearings, monitoring technology is essential for 
accurately capturing operating conditions and for maintaining optimal oil film thickness. While 
condition monitoring methods are diverse, vibration analysis is the most widely used technique, and 
its effectiveness has been demonstrated in numerous experiments. When damage occurs on metal 
surfaces and track surface smoothness is compromised, vibration magnitude increases rapidly. 
Furthermore, since inner rings, outer rings, and rolling elements each have characteristic passing 
frequencies, it has been reported that damage locations can be identified through frequency analysis 
[3–6]. Research has also been conducted on acoustic emission, which is elastic waves released during 
material damage [7]. However, these monitoring methods can only detect damage after it has 
progressed enough for significant signals to be generated, limiting their capability for failure 
prediction and immediate optimization of operating conditions. 
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Meanwhile, approaches for measuring oil film thickness in the EHD contact area have attracted 
attention, with fundamental tests using optical interferometry being conducted [8–11]. However, 
these require transparent materials and are difficult to apply to metallic rolling bearings. Therefore, 
electrical methods have been proposed. The contact-resistance method applies a small DC voltage 
across the two surfaces; when the oil film collapses and metallic contact forms, the circuit closes and 
a sharp decrease in resistance is detected. This change in DC resistance serves as an indicator of oil 
film breakdown and has been shown to correlate strongly with film thickness and other lubrication 
parameters [12,13]. Additionally, capacitance methods, which treat the EHD contact area as 
capacitors, have demonstrated the ability to quantify oil film thickness in both fundamental testing 
and actual bearing testing [14–17]. More recently, Maruyama and Nakano proposed the electrical 
impedance method (EIM) [18]. The EIM applies an AC voltage to the contact area and simultaneously 
estimates thickness and breakdown ratio of oil films from the resulting complex impedance. 
Therefore, it is superior to conventional capacitance-based and DC contact-resistance methods. Oil 
film thickness obtained by EIM for single EHD contact agrees well with optical measurement results 
and the Hamrock-Dowson equation, and applicability to deep groove ball bearings and to needle 
roller bearings with line contact has also been confirmed [19,20]. Furthermore, Iwase et al. 
demonstrated that oxidative degradation of lubricants can be detected from dielectric properties 
obtained by sweeping the applied frequency [21], and Maruyama et al. showed the possibility of in-
situ wear measurement from abnormal increases in dielectric constant in steel–steel contacts [22]. 
Additionally, monitoring of lubrication conditions through EIM application to gears, which similarly 
have sliding components, has been actively conducted [23,24]. 

However, current EIM models approximate the contact area separated by an oil film as a 
parallel-plate capacitor and compute mean film thickness from the capacitance. Consequently, they 
fail to capture the real film thickness distribution and the influence of surface roughness. Given the 
well-established effect of surface roughness on capacitance, various analytical approaches explicitly 
incorporating this factor have been widely employed in electronics and materials science [25–27]. 
However, because these analyses assume an electrode separation distance is much larger than the 
characteristic surface roughness, they have not yet been applied at the scale of the EHD contact area. 
In EHD contacts, the oil film thickness is typically on the order of tens to hundreds of nanometers, 
which is comparable to the surface roughness amplitude. Therefore, the assumption of large electrode 
separation relative to roughness does not hold in this regime. Surface roughness in the tribology field 
has been evaluated from multiple perspectives, including statistical contact analysis [28], prediction 
of peak density and curvature using Power Spectral Density [29], and consideration of surface 
roughness in Reynolds equations [30], as they affect friction and wear characteristics as well as fluid 
flow. Electrical approaches have also been explored in tribology: Morris et al. analyzed electric field 
strength in rough EHD conjunctions [31], and Sunahara et al. developed a device for observing grease 
film breakdown through electrical measurement [32]. Furthermore, electrochemical impedance 
spectroscopy has been applied to evaluate surface roughness and morphology [33]. However, none 
of these studies directly addressed how surface roughness alters capacitance in the EHD contact area. 

Therefore, this study introduces surface roughness concepts into EIM and theoretically analyzes 
the effects of oil film thickness distribution on complex impedance. Specifically, by constructing a 
modified capacitance model incorporating statistical roughness parameters and incorporating it as a 
correction term into conventional models, an improvement in oil film thickness estimation accuracy 
was proposed. This paper reports on the theoretical framework and verification results through 
fundamental experiments. 

2. Measurement Principle 

In the EIM, the EHD contact area S is represented by an RC parallel circuit. The resistive branch 
stands for metallic contact, and the capacitive branch stands for the lubricant film. Fitting the 
measured complex impedance Z to this circuit gives the breakdown ratio of oil films α and the mean 
film thickness h1. In the conventional approximation, the capacitive branch is treated as a parallel-
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plate capacitor. The capacitance C1 is then estimated by regarding whole contacts as two flat 
electrodes separated by a uniform gap h1,flat, 𝐶ଵ = 𝜀଴𝜀௥ (1 − 𝛼)𝑆ℎଵ,୤୪ୟ୲ = 𝜀 (1 − 𝛼)𝑆ℎଵ,୤୪ୟ୲  (1)

where ε is the permittivity of the lubricant. 
The conventional circuit also places the capacitance C2 of the region that surrounds the contact 

in parallel with C1. Using the measured impedance magnitude ∣Z∣ and phase angle θ at each angular 
frequency ω, the model calculates the mean film thickness h1,flat. Given that rb is the ball radius and c 
is the Hertzian contact radius, the film thickness predicted by the electrical impedance method, h1,flat 
is then 

ℎଵ,୤୪ୟ୲ = (1 − 𝛼)𝑐ଶ2𝑟ୠ /𝔚൭(1 − 𝛼)𝑐ଶ2𝑟ୠଶ exp ൬1 − sin𝜃2𝜋𝜀𝜔𝑟ୠ|𝑍|൰൱ (2)

where 𝔚 denotes the Lambert W function. Let ℎത୤୪ୟ୲ be the mean oil film thickness over the entire 
contact area S; then the following relation holds. ℎത୤୪ୟ୲ = (1 − 𝛼)ℎଵ,୤୪ୟ୲ (3)

In practice, surface roughness causes the local film thickness to vary spatially, reflecting the 
underlying surface height distribution. The lubricant film at any point on the contact (x, y) can 
therefore be written as h(x, y). This non-uniform film induces a three-dimensional electric field 
distribution E(x, y, z); field crowding near asperity summits, for example, can raise the apparent 
capacitance. To treat this rigorously, the local electrostatic energy density u is introduced, 𝑢(𝑥,𝑦, 𝑧) = 12 𝜀𝐸(𝑥,𝑦, 𝑧)ଶ (4)

and evaluate the total electrostatic energy 𝑈. 𝑈 = ම 𝑢(𝑥,𝑦, 𝑧)𝑽 d𝑥d𝑦d𝑧 (5)

The capacitance C and the stored energy are related by the following equation: 𝐶 = 2𝑈𝑉ଶ  (6)

where V is the applied voltage. Thus, when the opposing surfaces are rough, the capacitance C must 
be obtained by integrating the spatially varying energy density u over every volume element in the 
gap. As a practical way to treat the electric-field distribution, the rough surface capacitor is 
approximated as an array of discrete parallel-plate capacitors connected in parallel. Under this 
approximation, once the coordinates x and y are fixed, the electrostatic-energy density is constant 
with respect to z. The following relation is obtained: 𝑢(𝑥,𝑦) = 12 𝜀𝐸(𝑥,𝑦)ଶ = 𝜀𝑉ଶ2ℎ(𝑥,𝑦)ଶ (7)

𝑈 = ඵ𝑢(𝑥,𝑦)ℎ(𝑥,𝑦)𝑑𝑥𝑑𝑦 (8)

𝐶ଵ = 𝜀ඵ 𝑑𝑥𝑑𝑦ℎ(𝑥,𝑦) (9)

Let H be a random variable representing the film thickness, with probability density function 
f(h), so that 𝐶ଵ = න 𝜀௛ౣ౗౮௛ౣ౟౤

(1 − 𝛼)𝑆ℎ 𝑓(ℎ) dℎ = 𝜀(1 − 𝛼)𝑆𝔼 ൤1𝐻൨ (10)
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where 𝔼[･] is the expectation operator. Given that the capacitance C is obtained experimentally, 
Equations (1) and (10) lead to the following relation. 1ℎଵ,୤୪ୟ୲ = 𝔼 ൤1𝐻൨ (11)

Because the function 𝑔(𝑥) = 1𝑥 (12)

is convex on the positive real line, Jensen’s inequality applies, 𝑔(𝔼ሾ𝐻ሿ) ≤ 𝔼ሾ𝑔(𝐻)ሿ (13)

These results indicate that the predicted capacitance considering surface roughness is 
consistently greater than that predicted by the ideal parallel-plate model [34]. 

Under fully flooded lubrication, the minimum film thickness hmin remains positive and poses no 
difficulty. However, once metallic contact occurs, certain points on the real surface profile have zero 
gap, causing the capacitance integral to diverge. To circumvent this problem, metallic contact areas 
are excluded and only regions that retain a lubricant film thick enough to act as a capacitor are 
considered. In addition, when the local electric field exceeds the dielectric breakdown strength Eb of 
the oil, the lubricant no longer behaves as a dielectric. Regions in which the field surpasses Eb are 
therefore likewise omitted. With these constraints, hmin can be treated as positive. 

To evaluate 𝔼 [1/H], the film thickness distribution represented by the random variable H is 
described by an appropriate probability density function. Although surface roughness on 
engineering components is often well approximated by a normal distribution, this choice is 
inconvenient here because its domain includes zero, which makes 𝔼[1/𝐻] undefined. A truncated 
normal distribution with domain (> 0) avoids this singularity yet yields no explicit elementary 
expression for 𝔼 [1/H]. A more practical choice is the gamma distribution, whose shape can 
approximate a normal distribution for appropriate parameters and whose support is strictly positive. 
As Greenwood and Williamson examined the exponential distribution as an alternative to the normal 
[28], it can be considered reasonable to employ the gamma distribution, which generalizes the 
exponential distribution, for the similar purpose. When the film thickness H is assumed to follow a 
gamma distribution with shape parameter a and rate parameter b, the probability density function is 𝐻~Ga(𝑎, 𝑏), 𝑓 (ℎ | 𝑎, 𝑏) = 𝑏௔𝛤(𝑎)ℎ௔ିଵexp(−𝑏ℎ) ,ℎ > 0 (14)

where Γ(⋅) denotes the gamma function. The gamma parameters a and b can be obtained from the 
mean film thickness considering roughness ℎଵ,୰୭୳୥୦ and the standard deviation of the film thickness 
distribution σ by the method of moments: 

𝑎 =  ቆℎଵ,୰୭୳୥୦𝜎 ቇଶ , 𝑏 =  ℎଵ,୰୭୳୥୦𝜎ଶ  (15)

Unlike the normal or truncated-normal distributions, the gamma distribution allows a simple 
closed-form expression for the E [1/H]. For a gamma-distributed film thickness, 𝔼[1/H] is 𝔼 ൤1𝐻൨  = න 1ℎ 𝑏௔𝛤(𝑎)ℎ௔ିଵexp(−𝑏ℎ)𝑑ℎஶ

଴ = 𝑏௔𝛤(𝑎)න ℎ௔ିଶexp(−𝑏ℎ)𝑑ℎஶ
଴  (16)

The condition a > 1 is necessary because the integral in Eq. (16) diverges when a ≤ 1, 
corresponding to Γ(a−1) being undefined. By employing the gamma function relation in Eq. (17) gives 
a compact expression for 𝔼[1/H] in terms of the shape and rate parameters a and b: න ℎ௔ିଶexp(−𝑏ℎ)𝑑ℎஶ

଴ = 𝛤(𝑎 − 1)𝑏௔ିଵ  (17)
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𝔼 ൤1𝐻൨  = 𝑏௔𝛤(𝑎 − 1)𝑏௔ିଵ𝛤(𝑎) = 𝑏𝑎 − 1 (𝑎 > 1) (18)

Thus, using equation (15), 𝔼[1/H] can be expressed solely in terms of the ℎଵ,୰୭୳୥୦ and the σ. 𝔼 ൤1𝐻൨ = ℎଵ,୰୭୳୥୦ℎଵ,୰୭୳୥୦ଶ − 𝜎ଶ (19)

Substituting this relation into Eq. (11), yields a quadratic equation in h1,rough, retaining the positive 
root expresses h1,rough explicitly as a function of h1,flat. ℎଵ,୰୭୳୥୦ଶ − ℎଵ,୤୪ୟ୲ℎଵ,୰୭୳୥୦ − 𝜎ଶ = 0 (20)

ℎଵ,୰୭୳୥୦ = ℎଵ,୤୪ୟ୲2 ቌ1 + ඨ1 + ቆ 2𝜎ℎଵ,୤୪ୟ୲ቇଶቍ (21)

When the metallic contact region is included, the overall mean film thickness ℎത୰୭୳୥୦  can be 
written in the same form as Eq. (3): ℎത୰୭୳୥୦ = (1 − 𝛼)ℎଵ,୰୭୳୥୦ (22)

By applying this equation, the conventional value ℎത୤୪ୟ୲ can be corrected using the σ to obtain 
the roughness adjusted mean film thickness ℎത୰୭୳୥୦. 

3. Experimental Details 

3.1. Measurement Apparatus 

Figure 1 shows the ball-on-disc type apparatus used in this study. A steel ball with a radius of 
12.7 mm rolls against a BK7 glass disc (diameter 100 mm, thickness 10 mm). The disc was coated with 
a 5 nm semi-reflective chromium film, followed by an electrically conductive 1 µm ITO spacer layer. 
The ball is fixed to a horizontal shaft driven by a servo motor, and the disc is mounted on a vertical 
shaft driven by another motor. The two spindles are synchronized so that their circumferential speed 
v is the same, 0.05 m/s to 0.50 m/s, which sets the slip ratio to zero. The lower hemisphere of the ball 
dips into the oil bath and entrains lubricant into the contact. White light from a microscope 
illuminates the contact (see Figure 2). Part of the beam is reflected at the chromium layer; the 
remainder passes through the ITO spacer and oil film, then reflects at the ball surface. A beam-splitter 
divides the interfered light. One branch is recorded directly by a high-speed camera to visualize the 
lubricant condition, while the other is directed through a slit within the spectrometer to a second 
camera that provides quantitative film thickness measurements. Since rough ball surfaces scatter light 
diffusely, optical interferometry was performed only on the smooth ball. An LCR meter applies a 
sinusoidal voltage of 0.2 V rms at 100 kHz across the contact. The resulting current is measured to 
obtain the complex impedance Z. Slip rings on each shaft maintain electrical connection, and rubber 
couplings insulate the disc from the rest of the shaft. Post-processing of Z yields the oil film thickness 
without considering surface roughness ℎത୤୪ୟ୲  and the breakdown ratio α. A torque sensor on the 
vertical spindle records the torque required to rotate the disc under a load of FN = 22.4 N. The friction 
coefficient µ is expressed in terms of the measured torque M, the track radius Rt, and the applied load 
FN as follows 𝜇 = 𝑀𝑅୲𝐹୒ (23)

Preprints.org (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 4 March 2026 doi:10.20944/preprints202603.0309.v1

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.

https://doi.org/10.20944/preprints202603.0309.v1
http://creativecommons.org/licenses/by/4.0/


 6 of 20 

 

 
Figure 1. Schematic diagram of the ball-on-disc apparatus equipped with optical interferometry. 

 
Figure 2. Schematic diagram of simultaneous film thickness measurement by optical interferometry and EIM. 

3.2. Materials 

The ball specimen is made of AISI 52,100 steel with a Young’s modulus of 208 GPa and a 
Poisson’s ratio of 0.30. The disc specimen is fabricated from BK7 optical glass with a Young’s modulus 
of 72 GPa and a Poisson’s ratio of 0.26. Surface measurements were performed using optical 
interference microscopy. Surface roughness parameters, namely the standard deviation σ, skewness 
γ1, and kurtosis γ2 were calculated from the height distribution after removal of the spherical form 
but without waviness filtering, and are listed in Table 1 for both specimens. Additionally, 
corresponding two-dimensional height maps and histograms are provided in Figures 3 and 4. The 
lubricant is a poly-α-olefin (PAO) base oil. It has a kinematic viscosity of 426.6 mm2/s at 40 °C and a 
relative permittivity of εr = 2.1 at 25 °C and 100 kHz. 

Table 1. Surface roughness parameters of test specimens. 

Parameter Disc Ball 0 Ball 1 Ball 2 
σ [nm] 0.89 2.37 382.79 478.44 
γ1 [–] -0.285 -0.666 -1.218 -0.548 
γ2 [–] 106.5* 4.167 4.844 2.960 

*Abnormal kurtosis value affected by pinholes. 
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Figure 3. Two-dimensional color maps of the surface height distributions for each specimen. 

 
Figure 4. Histogram of the surface-height distributions for Ball 1 (blue) and Ball 2 (red), with each profile shifted 
so that its mean height is zero. 

3.3. Procedure 

Prior to testing, the ball, disc, and oil bath were ultrasonically cleaned in hexane, and dried. The 
components were then assembled, and the bath was filled with PAO. With the ball pressed against 
the stationary disc, a reference interferogram was captured to determine the spacer-layer thickness, 
and the static complex impedance was measured. Afterward, the spindles were accelerated to the 
prescribed speed and the ball was re-loaded against the disc with the specified normal force. For each 
circumferential-speed condition, film thickness interferograms, electrical impedance data, and 
friction torque were recorded simultaneously. All experiments were carried out in a laboratory 
maintained at 25 ± 0.5 °C. 
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4. Experimental Results 

The results obtained by applying the proposed equation to the oil film thickness measured in 
the ball-on-disc tests are shown in Figure 5. For balls with rough surfaces, the ℎത୤୪ୟ୲  values 
represented by open circles, were lower than the Hamrock-Dowson equation in the v range where 
the contact ratio α and the friction coefficient µ begin to increase. In contrast, the ℎത୰୭୳୥୦  values 
represented by filled circles, showed good agreement with the Hamrock-Dowson equation, the 
central film thickness measured by optical interferometry, and the oil film thickness of Ball 0, which 
had an extremely smooth surface. This agreement was observed in the speed range above 0.1 m/s, 
suggesting that the proposed correction successfully compensates for the increase in capacitance 
caused by surface roughness. In the lower v range, below 0.1 m/s, ℎത୰୭୳୥୦  converged to an 
approximately constant value, which was nearly equal to σ. 
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Figure 5. Measured values of oil film thickness h (top), breakdown ratio α (middle), and friction coefficient µ 
(bottom) as a function of entrainment speed v. Lubricant: PAO (kinematic viscosity at 40 °C: 426.6 mm2/s); normal 
load: FN = 22.4 N; slide-to-roll ratio: 0 (pure rolling). In the top graph: open circles denote values obtained with 
the conventional method; filled circles are values corrected for the σ of surface roughness obtained by optical 
interference microscope; grey triangles indicate the central film thickness measured simultaneously by optical 
interferometry; the black dashed line represents the Hamrock-Dowson equation. 

5. Discussion 

5.1. Validity of Assuming Surface Height Distribution as a Parallel-Plate Model 

This study assumes that, once the gap distance between infinitesimal surface elements is 
specified, the electric field remains uniform; in other words, the spatial field distribution is not 
considered, and the Laplace equation is not solved. To verify the validity of this simplification, we 
computed the capacitance and compared the results with those obtained from a more rigorous 
analysis. Surface-profile data for the ball, acquired with an optical interferometer were inverted and 
offset by a prescribed ℎത  to generate a two-dimensional array of the film thickness. Because the 
roughness of the disc is negligibly small relative to that of the ball, σ for the disc surface was set to 
zero. Cases in which the maximum asperity height exceeded ℎത, giving non-positive gap values (i.e., 
solid contact), were excluded. Capacitance for this gap field was evaluated by two methods. The first 
method employed electrostatic finite-element analysis using COMSOL® Multiphysics (version 6.2). 
The gap domain was discretized, constant electric potentials were applied to the two bounding 
surfaces, and the Laplace equation was solved to obtain the potential distribution. The electric field 
was then derived from the gradient of the potential, and the capacitance was calculated by theoretical 
procedure. Because interactions between neighboring elements are fully considered, this method 
yields the most rigorous solution. Figure 6 shows a representative electric field distribution for Ball 1 
at ℎത/σ = 3 and under an applied voltage of 1.0 V. 

 

Figure 6. Example of finite-element analysis of the electric field using surface-height data obtained by optical 
interferometry. The calculation was performed for Ball 1 with ℎത/σ = 3 under an applied voltage of 1.0 V. 
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The second approach idealizes each pixel of the gap (pixel indices i, j = 1, …, n) as an independent 
parallel-plate capacitor that does not interact electrostatically with its neighbors. The capacitance of 
every pixel is evaluated individually from its local separation, and the overall capacitance C is 
approximated by connecting these elemental capacitors in parallel and summing their contributions. 
Denoting the surface-height distributions of the disc and ball by dij and bij, respectively, the local oil 
film thickness hij and the total capacitance are expressed as below. ℎ௜௝ = 𝑑௜௝ − 𝑏௜௝ + ℎത (24)

𝐶 = ෍෍𝜀𝑆/𝑛ଶℎ௜௝௡
௝

௡
௜  (25)

Although this pixel-based model sacrifices accuracy by neglecting electrostatic coupling 
between elements, it offers a significant gain in computational efficiency. The capacitances predicted 
by the electrostatic finite-element analysis and the parallel-plate approximation were compared to 
validate the simpler model. Figure 7 compares the capacitances obtained with the two numerical 
schemes. The horizontal axis is the ℎത/σ, which corresponds to the film parameter Λ; the vertical axis 
is the capacitance normalized by that of an ideal parallel flat capacitor whose gap equals ℎത. For every 
film thickness regime the normalized capacitance exceeds unity, indicating that surface roughness 
always enhances the capacitance relative to the flat-plate configuration. This enhancement becomes 
markedly larger as the film thickness decreases. The finite-element results (symbols) consistently 
exceeded those of the parallel-plate model (solid lines). The difference between the two predictions 
arises because the parallel-plate model does not solve Laplace’s equation and therefore cannot 
capture the mutual electric-field interactions that develop when asperities are very close to each 
other. This limitation becomes increasingly pronounced for roughness components with high 
wavenumbers. A detailed discussion of this effect is given in Appendix A. Nevertheless, the two 
curves lie so close together that, for the surface textures and film thickness range investigated here, 
treating each pixel as an independent parallel-plate capacitor can reasonably be considered 
acceptable. 

 
Figure 7. Capacitance ratio C/Cflat as a function of the ℎത/σ. Solid curves give the parallel-plate approximation, 
while circular markers denote electrostatic finite-element results (FEM). Blue symbols/lines correspond to Ball 1 
and red to Ball 2. The dashed horizontal line indicates the baseline condition C = Cflat (ratio = 1). 

5.2. Validity of Assuming Oil Film Thickness Distribution as a Gamma Distribution 

The validity of describing the gap-height distribution with a gamma distribution was examined. 
Figure 8 shows, for each ball, the histogram of surface heights at a mean film thickness of ℎത = 1200 
nm together with the probability-density curve of a gamma distribution whose shape a and scale b 
parameters were estimated from ℎത and σ by the method of moments. In every case the fitted gamma 
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curve reproduces the measured histogram well. To assess goodness of fit as ℎത varies, the gamma and 
normal models were compared using the Kullback–Leibler divergence DKL, defined for an observed 
distribution P = {pj} and a model Q = {qj} as 

𝐷୏୐(𝑃||𝑄) = ෍𝑝௝log 𝑝௝𝑞௝௝  (26)

with smaller values indicating better agreement [35]. Figure 9 plots DKL versus ℎത: the solid line 
corresponds to the gamma-distribution model, while the dashed line represents the normal 
distribution model. Since the rate parameter of a normal distribution is independent of ℎത, its DKL 
remains constant. In contrast, the gamma model provides a markedly better fit. Because the polished 
ball surfaces used in this study exhibit negative skewness, the corresponding oil film thickness 
distribution, which is the inverted surface profile, has positive skewness. A gamma distribution 
inherently possesses positive skewness, quantified as 2/√𝑎 , whereas a normal distribution is 
symmetric with zero skewness; this asymmetry enables the gamma model to match the experimental 
data more accurately than the normal model. When ℎത/σ approached 1, the DKL obtained with the 
gamma fit increased. At this point, as indicated by Eq.15, the shape parameter a also approaches 1. 
As a result, the gamma probability density function progressively develops a long right tail and, at a 
= 1, converges to the exponential distribution. This theoretical tendency supports the observation in 
Figure 5 that ℎത୰୭୳୥୦  approaches σ in the low-speed regime. However, the actual measured 
distribution deviates from the exponential distribution, and the gamma distribution can no longer 
adequately reproduce it, causing DKL to become large. A rigorous description of the thickness 
distribution under contact conditions therefore remains an outstanding topic for future work. 

 
Figure 8. Gamma distribution fit to the estimated oil film thickness distribution H at ℎത = 1200 nm. The step 
histogram represents H obtained by inverting the measured surface profile and applying the ℎത  offset. The 
dashed curve is the gamma probability density derived by the method of moments using ℎത and σ. Blue lines 
correspond to Ball 1, and red to Ball 2. 
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Figure 9. Kullback–Leibler divergence DKL of the oil film thickness distribution H for various ℎത/σ  values, 
evaluated under two parametric assumptions. The solid curve shows the divergence when H is modeled by a 
gamma distribution fitted via the method of moments, whereas the dashed curve corresponds to a normal 
distribution fitted to the same data. 

Figure 10 shows the 𝔼[1/H] × 𝔼[H] for Ball 1, Ball 2, and the gamma distribution. This value is 
theoretically equal to the capacitance ratio C/Cflat shown in Figure 7. The results show closer 
agreement with Ball 2 than with Ball 1, suggesting that the distribution of the gap formed between 
the two surfaces of Ball 2 is better represented by a gamma distribution. Nevertheless, in both cases 
the deviation from the gamma approximation remains small, indicating that the gamma distribution 
provides a reasonable approximation for the capacitance increase due to surface roughness. 
Therefore, the analytically accessible value of 𝔼[1/H] derived from the gamma approximation can be 
considered adequate for subsequent analysis of the parallel-plate model. It should be noted that an 
alternative method for computing 𝔼[1/H] applicable to a wider range of non-normal distributions is 
presented in Appendix B. 

 

Figure 10. Relationship between 𝔼[1/H] × 𝔼[H] and ℎത/σ. The blue solid line represents Ball 1, the red solid line 
Ball 2, and the black solid line the theoretical value when H is modeled by a gamma distribution. 

5.3. Inverse Determination of Surface Roughness from Film Thickness Measurements 

Up to this point the surface roughness σ has been regarded as known, and the focus has been 
on correcting the impedance-derived film thickness h1,flat. In contrast, the problem can be inverted. If 
h1,flat is forced to agree with a reference film thickness obtained by an independent method, then the 
roughness amplitude can be determined in situ. Rearranging Eqs. (21) and (22) to solve for σ 
explicitly, when the target value is hHD, the solution takes the form, 
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𝜎 = ℎଵ,୤୪ୟ୲2 ඨቆ 2ℎୌୈ(1 − 𝛼)ℎଵ,୤୪ୟ୲ − 1ቇଶ − 1 (27)

Figure 11 plots the roughness estimates extracted from ball-on-disc experiments together with 
the surface roughness measured directly using an optical interference microscope. For entrainment 
speeds v ≥ 0.15 m/s the estimates coincide with the measurements, demonstrating high sensitivity of 
the method. Above v ≈ 0.30 m/s, the scatter increases because the difference between h1,flat and hHD 
becomes small at high speed, even a slight correction to h1,flat strongly influences the computed σ. The 
estimated roughness decreases as v is lowered. This speed range corresponds to the regime in which 
the shape parameter a approaches 1, and the reduction is attributed to the mismatch that arises when 
the gap-height distribution is assumed to follow a gamma distribution. It should be noted that for 
Ball 0, whose surface roughness measured by white-light interferometry was negligibly small, the 
inverse analysis overestimated the roughness amplitude. This overestimation is attributed to the 
macroscopic film thickness variation inherent in EHD contacts, which the present model interprets 
as surface roughness. A detailed discussion of this effect is given in Appendix C. 

 
Figure 11. Variation of the σ obtained by adjusting the EIM-based reference film thickness h1,flat so that it matches 
the Hamrock-Dowson equation hHD at each entrainment speed. Lubricant: PAO (kinematic viscosity at 40 °C: 
426.6 mm2/s; normal load: FN = 22.4 N; slide-to-roll ratio: 0 (pure rolling). Filled circles represent the σ values 
estimated by EIM and hHD, whereas dashed lines correspond to the experimentally measured σ by optical 
interference microscope. Black, blue, and red symbols/lines correspond to Ball 0, Ball 1, and Ball 2, respectively. 

6. Conclusions 

In this study, the metallic contact region and the lubricating oil film region were represented by 
an RC parallel circuit, and the oil film thickness was modeled as a random variable 𝐻 whose spatial 
distribution reflects the surface roughness profile. This modeling approach allowed us to construct a 
theoretical framework for an EIM that incorporates surface roughness. We showed that the 
capacitance increases in proportion to 𝔼 [1/H] and, since 1/H is a convex function of H, Jensen’s 
inequality directly explains why any roughness-based model necessarily predicts a larger capacitance 
than the ideal parallel-plate model. Because the gamma distribution is strictly positive and its 
expectation of the reciprocal admits a closed-form expression, we adopted it as the statistical model 
for film thickness. Using parameters obtained via the method of moments, we derived a correction 
formula that converts the conventional EIM mean film thickness h1,flat into a roughness-compensated 
value. When this formula was applied to ball-on-disc experiments, the film thickness that had been 
underestimated for rough specimens was brought into better agreement with both the Hamrock-
Dowson equation and interferometric measurements, indicating that the proposed method can 
correct oil film thickness estimates. However, in the thin-film regime where the ratio ℎത/σ approaches 
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unity, the gamma distribution degenerates toward an exponential distribution, so it no longer reflects 
the actual distribution, and the accuracy degrades. 
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Nomenclature 
a Gamma distribution shape parameter [–] 
b Gamma distribution rate parameter [–] 
c Hertzian contact radius [m] 
h Oil film thickness [m] ℎത Mean oil-film thickness in the contact area [m] ℎത୤୪ୟ୲ Mean oil film thickness in the contact area obtained by the 

conventional method 
[m] 

ℎത୰୭୳୥୦ Mean oil film thickness in the contact area obtained by the 
proposed method 

[m] 

h1 
Mean oil film thickness within the contact area that behaves 
as a capacitor 

[m] 

h1,flat 
Mean oil film thickness within the contact area that behaves 
as a capacitor obtained by the conventional method 

[m] 

h1,rough 
Mean oil film thickness within the contact area that behaves 
as a capacitor obtained by the proposed method 

[m] 

hH-D 
Central oil film thickness calculated by the Hamrock-
Dowson equation 

[m] 

hmin Minimum oil film thickness within the contact area [m] 
hmax Maximum oil film thickness within the contact area [m] 
n Length of the array [–] 
p Realizations of the observed distribution [–] 
q Realizations of the predicted distribution [–] 
rb Ball radius [m] 
u Electrostatic energy density [J/m3] 
v Entrainment speed [m/s] 
C Capacitance [F] 
C1 Capacitance in lubricated area within the contact area [F] 
C2 Capacitance in surrounding area [F] 
DKL Kullback–Leibler divergence [–] 
FN Normal force [N] 
P Observed distribution [–] 
Q Predicted distribution [–] 
Rt Track radius [m] 
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S Area of the Hertzian contact region [m2] 
E Electric field [V/m] 𝔼[･] Expectation operator  
H Random variable of oil film thickness on a rough surface [m] 
M Torque [Nm] 
U Electrostatic energy [J] 
V Voltage [V] 
Z Complex impedance [Ω] 
|Z| Magnitude of complex impedance [Ω] 
α Oil film breakdown ratio [–] 
γ1 Skewness of surface roughness [–] 
γ2 Kurtosis of the surface roughness [–] 
Γ(･) Gamma function  
ε0 Permittivity of vacuum [F/m] 
εr Relative permittivity of oil [–] 
ε Permittivity of oil [F/m] 
θ Phase angle of impedance [rad] 
σ Standard deviation of surface roughness [m] 
ω Angular frequencies of the applied voltage [rad/s] 𝔚(･) Lambert W function  

Abbreviations 

The following abbreviations are used in this manuscript: 

EHD Elastohydrodynamic 
EIM Electrical impedance method 
ITO Indium tin oxide 

Appendix A Analysis of the Wavenumber-Dependent Effect of Surface 
Roughness on Capacitance 

In the main text we attributed the discrepancy between the capacitances obtained with the 
parallel-plate pixel approximation in Figure 7 and those calculated by finite-element electric-field 
analysis to the neglect of high-wavenumber components. This section tests that explanation through 
additional simulations. Isotropic random rough surfaces with root-mean-square heights σ of 100 nm, 
200 nm, and 300 nm were numerically generated while varying only their spectral characteristics. 
The simulated area measured 0.1 mm × 0.1 mm. The one-dimensional mean power spectrum was 
defined by a roll-off wavenumber q0, above which the power spectral density decays as a power law, 
and a cut-off wavenumber q1, which sets the upper bound of the spectrum and corresponds to the 
shortest wavelength present on the surface. Six logarithmically spaced values of q0 ranging from 0.188 
to 1.634 µm−1 were employed with a fixed q1 of 1.944 µm−1 and a Hurst exponent H of 0.8. By increasing 
q0 while keeping q1 and σ constant, higher-wavenumber components come to dominate the spectrum. 
Each height map contained 512 × 512 pixels, and the electric field was solved with finite-element 
analysis. Figure A1 displays two-dimensional color maps of the generated roughness at σ = 200 nm, 
whereas Fig. A2 and A3 presents the corresponding height histograms and power spectral density 
curves. These results confirm that the target spectral distributions were accurately reproduced, and 
that the spectrum can be modified independently without altering the overall statistical form of the 
surface. 
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Figure A1. 2d color map of the generated surface height. 

 
Figure A2. Histogram of height distribution of the generated surface. 

 
Figure A3. One-dimensional power spectral density of the generated surface (directionally averaged). 

For each numerically generated surface, an average film thickness ℎത was imposed such that the 
ratio ℎത/σ fell between 5 and 10, after which the electrostatic field was solved. Figure A4 presents the 
resulting capacitance ratio C/Cflat referenced to the parallel-plate model: the first axis plots ℎത/σ, the 
second the common logarithm of q0, and the third the calculated capacitance C. The black surface 
indicates the values obtained from the parallel-plate approximation. Even when topographies share 
an identical height distribution, the capacitance increases as q0 becomes larger—that is, as the 
amplitude of the high-frequency spectral components grows. When q0 is small, the ratio converges 
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asymptotically toward the parallel-plate prediction, confirming that high-wavenumber content 
drives the excess capacitance. The increase is also more pronounced for larger σ. These trends provide 
a consistent physical explanation for the divergence previously observed between the finite-element 
results and the parallel-plate approximation. Developing a rigorous mathematical framework that 
quantitatively captures this behavior is left to future work. 

 

Figure A4. Three-dimensional map of the capacitance ratio C/Cflat obtained from finite-element field analysis 
(colored scatter). The first axis gives the ℎത/σ; the second axis shows the common logarithm of the roll off wave 
number q0; the third axis gives the calculated capacitance C. The black mesh represents the values predicted by 
the parallel-plate approximation for the same surfaces. Results are shown for three roughness levels, σ = 100 nm, 
200 nm, and 300 nm. 

Appendix B Approximation of 𝔼[1/H] Using a Taylor Expansion 

In this study, a gamma-distribution-based approach was adopted owing to its advantage of 
yielding a closed-form expression for the roughness statistic 𝔼 [1/H]. However, the gamma 
distribution has an inherent limitation in that its skewness and kurtosis are uniquely determined by 
the shape parameters a and b, which restricts its ability to represent surface roughness distributions 
exhibiting a wide range of non-normal distributions. To address this limitation, an alternative 
approach based on a Taylor expansion was also investigated for deriving 𝔼[1/H]. 

Expanding the function f(h) = 1/h about the mean ℎത = 𝔼[H] up to fourth order gives 𝑓(𝐻) = 𝑓(ℎത) + 𝑓′(ℎത)(𝐻 − ℎത) + 𝑓′′(ℎത)2 (𝐻 − ℎത)ଶ + 𝑓′′′(ℎത)6 (𝐻 − ℎത)ଷ+ 𝑓′′′′(ℎത)24 (𝐻 − ℎത)ସ 
(B1)

1𝐻 = 1ℎത − ൫𝐻 − ℎത൯ℎതଶ + ൫𝐻 − ℎത൯ଶℎതଷ − ൫𝐻 − ℎത൯ଷℎതସ + (𝐻 − ℎത)ସℎതହ  (B2)

Taking the expectation of both sides and noting that 𝔼[𝐻 − ℎത] = 0, one obtains 𝔼 ൤1𝐻൨ = 1ℎത + 𝔼[൫𝐻 − ℎത൯ଶ]ℎതଷ − 𝔼[൫𝐻 − ℎത൯ଷ]ℎതସ + 𝔼[(𝐻 − ℎത)ସ]ℎതହ  (B3)

Substituting the definitions of the variance σ2, skewness γ1, and kurtosis γ2 and rearranging 
yields 
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𝜎ଶ = 𝔼[(𝐻 − ℎത)ଶ] (B4)

𝛾ଵ = 𝔼[(𝐻 − ℎത)ଷ]𝜎ଷ  (B5)

𝛾ଶ = 𝔼[(𝐻 − ℎത)ସ]𝜎ସ  (B6)

𝔼 ൤1𝐻൨ = 1ℎത  ቆ1 + 𝜎ଶℎതଶ −  𝛾ଵ 𝜎ଷℎതଷ +  𝛾ଶ 𝜎ସℎതସቇ (B7)

Since this expression incorporates skewness and kurtosis in addition to the mean and variance, 
it enables evaluation of 𝔼 [1/H] in a distribution-free manner that accounts for non-normal 
distributions. Substituting into Equation (11), 𝔼[1/H] can be expressed in terms of ℎଵ,୤୪ୟ୲ and ℎଵ,୰୭୳୥୦ 
as follows ℎଵ,୰୭୳୥୦ହ − ℎଵ,୤୪ୟ୲ℎଵ,୰୭୳୥୦ସ − 𝜎ଶℎଵ,୤୪ୟ୲ℎଵ,୰୭୳୥୦ଶ + 𝜎ଷ𝛾ଵℎଵ,୤୪ୟ୲ℎଵ,୰୭୳୥୦− 𝜎ସ𝛾ଶℎଵ,୤୪ୟ୲ = 0 (B8)

Since this equation does not admit a closed-form solution and must be solved numerically, the 
gamma distribution approximation, which yields an analytically tractable expression for 𝔼[1/H], was 
adopted as the primary method in this study. 

Appendix C Effect of macroscopic EHD film geometry on roughness estimation 

Although the surface roughness of Ball 0, determined by white-light interferometry, was 
negligibly small, the inverse analysis produced a roughness amplitude that exceeded the measured 
surface roughness by a significant margin. Under conditions of high viscosity and low surface 
roughness, the pronounced horseshoe-shaped film thickness profile characteristic of EHD contacts 
emerges, resulting in a spatially non-uniform film thickness distribution across the contact area. Since 
the present model interprets this spatial variation in film thickness as surface roughness, the inverse 
analysis yields an overestimated roughness amplitude. 

Figure A5 provides a color image of the EHD contact area, whereas Fig. C2 plots the film 
thickness profiles measured along the contact centerline at each v. Because the present formulation 
does not account for this macroscopic film geometry, a discrepancy arises. Ideally, the height 
variation associated with the macroscopic film shape should be superimposed on the microscopic 
surface roughness. Such a distribution cannot be represented by a gamma distribution and must 
instead be obtained through numerical analysis. The results indicate that, once h1,flat is corrected 
appropriately, in-situ monitoring of the complete film thickness distribution, including its global 
shape, should be feasible. 

 

Figure A5. Colored image of the EHD contact area acquired at an entrainment speed of v = 0.126 m/s. The red 
line marks the track along which the film thickness was measured, and the white circles outline the estimated 
contact regions for Ball 1 and Ball 2. 
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Figure A6. Cross-sections of h profiles for Ball 0, measured by optical interferometry at each entrainment speed 
v. Each colored line corresponds to the speed indicated on the accompanying color bar, while the dashed lines 
indicate the radius of the contact circle under normal load of FN = 22.4 N. 
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