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Abstract 

This study investigates ice crystal sedimentation calculation errors arising from three-moment bulk 
cloud scheme. Both offline tests and one-dimensional cloud model simulations indicate that 
sedimentation calculation errors are most pronounced at both the cloud bottom and cloud top. At the 
cloud bottom, the error stems from how the bulk method treats ice crystal sedimentation. Specifically, 
the method uses three weighted fall velocities (corresponding to the three moments) to represent 
instantaneous fluxes through a fixed altitude, which inherently assumes that falling ice crystals can 
only affect the adjacent model layer below. This assumption artificially constrains the falling distance 
of larger ice crystals. At the cloud top, the differences among these three weighted fall velocities can 
give rise to physical inconsistencies. This issue is handled by artificial adjustment, which leads to a 
spurious narrow size distribution shape of ice crystals, especially under model configurations with 
coarse temporal resolution (large dT) and fine vertical resolution (small dH). If only the 
sedimentation process is considered, the above calculation errors can be effectively minimized by 
lowering the dT/dH ratio.  

Keywords: weighted fall velocity; errors mechanisms; bulk cloud scheme 
 

1. Introduction 

Cirrus clouds (including thin cirrus) cover about 30% of the Earthʹs surface and play an 
indispensable role in weather and climate systems [1–26]. Unfortunately, owing to the complexity of 
ice-phase cloud microphysical processes [27–46], ice-phase cloud microphysics schemes remain a 
longstanding weakness of atmospheric models [47–66]. Considering computational cost, cloud 
microphysics schemes incorporated in atmospheric models do not resolve individual cloud particles 
(e.g., an ice crystal), but only characterize their macro-statistical properties. Two distinct approaches 
have emerged since their inception: bulk microphysics parameterization and spectral bin 
microphysics [67–70]. The bin approach explicitly represents cloud particle size distributions using 
tens to hundreds of bins, but its computational cost is prohibitively high due to extensive interactions 
between different bins [71–76]. By contrast, the bulk approach characterizes the particle size 
distributions via a semi-empirical distribution function; it boasts high computational efficiency and 
has thus been widely adopted in atmospheric models, especially for long-term climate simulations 
[77–90]. 

In the bulk schemes developed in this century, the particle size distribution is mostly described 
by the gamma distribution function with three parameters, namely, the intercept parameter (N0), the 
slope parameter (λ), and the spectral shape parameter (µ) [91–93]. The currently widely used two-
moment bulk schemes only predict the variations of N0 and λ, while µ is assigned a fixed value or 
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calculated via empirical formulas [52,94–96]. Unlike two-moment schemes, three-moment schemes 
are capable of predicting the variation of µ, enabling more realistic simulations of cloud 
microphysical processes and their impacts on weather and climate. Therefore, three-moment schemes 
have garnered growing attention in recent years [97–103].  

The sedimentation process of ice crystals plays an important role in cirrus cloud evolution [104–
108]. In two-moment bulk schemes, the number and mass of ice crystals within each model layer are 
predicted separately using number-weighted and mass-weighted fall velocities. The discrepancy 
between these two weighted velocities can, to a certain extent, represent the cloud particle size-
sorting effect induced by sedimentation (i.e., small ice crystals remain aloft, whereas large ones settle 
downward). By incorporating an additional weighted fall velocity, three-moment schemes can 
further quantify the impact of sedimentation process on the shape of ice crystal size distribution (i.e., 
µ), thus enabling a more accurate representation of ice crystal sedimentation process [109–112]. 
Similar to the inevitable numerical computational errors in the dynamical cores of atmospheric 
models, such systematic errors also arise when bulk cloud schemes simulate ice crystal sedimentation 
process via weighted fall velocities [113]. However, few studies have conducted in-depth analyses of 
or explored the underlying mechanisms behind such errors in three-moment bulk schemes. This 
study aims to fill this research gap. 

In this study, to investigate the numerical computational errors arising from weighted fall 
velocities in bulk schemes, we developed an idealized one-dimensional (1D) cirrus cloud model that 
includes only the sedimentation process. Besides the three-moment bulk scheme, the bin scheme was 
also utilized. Simulations from the bin scheme usually serve as a reference for evaluating the bulk 
scheme [68,114]. This paper is organized as follows: Section 2 introduces the 1D cloud model and 
describes the experimental setup. Section 3 analyses the calculation errors arising from the bulk 
scheme. Section 4 discusses the potential impacts of such errors and their relationship with ice crystal 
size distribution. Finally, Section 5 presents the conclusions. In addition, the Abbreviation section 
provides a comprehensive list of all symbols used in this paper.  

2. Model and Experiments 

2.1. Gamma Size Distribution and Three-Moment Bulk Scheme 

To better understand the error mechanism, it is necessary to first clarify how the three-moment 
bulk scheme represents the ice crystal size distribution. Consistent with commonly adopted bulk 
schemes, number (N), mass (Q), and radar reflectivity factor (Z) are the three prognostic variables of 
the three-moment bulk scheme here, with each representing the corresponding content per unit air 
mass. Ice crystals are assumed to be spherical and to follow a gamma size distribution: 𝑁ᇱሺ𝐷ሻ = 𝑁଴𝐷ఓ𝑒ିఒ஽  (1)

where N’(D) is the number density (i.e., δN/δD) of the ice crystals with diameter D [97]. The kth 
moment of this size distribution (Mk) can be expressed in the following form: 𝑀௞ = න 𝑁଴𝐷ఓା௞𝑒ିఒ஽ 𝑑𝐷ஶ

଴ = 𝑁଴𝛤(𝑘 + 𝜇 + 1)/ 𝜆௜(௞ାఓାଵ) (2)

It can be readily concluded that N= M0, Q= cM3, and Z= M6 where c= ρiπ/6, ρi is the mass density 
of ice crystals [101]. Below is a description of how to derive the properties of ice crystal size 
distribution (i.e., N0, λ, and µ) from these three moments (i.e., N, Q, and Z). Based on the recursive 
property of gamma function (i.e., Γ(x + 1) = xΓ(x)), the following equation can be obtained: 𝐺(𝜇) = (μ + 4)(μ + 5)(μ + 6)(μ + 1)(μ + 2)(μ + 3) = 𝑀଴𝑀଺𝑀ଷଶ = 𝑐ଶ 𝑁𝑍𝑄ଶ  (3)

Since the µ is defined as a non-negative value in the bulk scheme [48,112], G(µ) is a monotonic 
function of µ (Equation 3). In other words, µ can be derived from G(µ) [101]. Given that µ is known, 
λ and N0 can be calculated via the following equations [94]: 
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𝜆 = ሾ𝑐𝑁Q 𝛤(4 + 𝜇)𝛤(1 + 𝜇)ሿଵ/ଷ (4)

𝑁଴ = 𝑁𝜆(ஜାଵ)𝛤(1 + 𝜇) (5)

Figure 1 shows the normalized size distribution shapes (i.e., the relative contributions of each 
bin) for different µ values and the variation of function G(µ) with µ. At µ= 0, the size distribution 
exhibits the broadest shape, with the corresponding G attaining a maximum value of 20 (Equation 3). 
With the increase in µ, the size distribution shape becomes narrower, while G exhibits a rapid 
decrease. At µ= 10, the value of G has dropped to 1.96. When µ> 10, G decreases very slowly. 
Meanwhile, it is difficult to accurately derive µ from G. This is the reason why the upper limit of μ is 
usually set to 20 in the three-moment scheme (e.g., [99,111]). In this study, the upper limit of µ is set 
to 40 in order to capture a wider range of size distribution shapes, particularly narrower ones. 
Correspondingly, the lower limit of G is 1.23. At the model initialization, we pre-calculate 65 pairs of 
µ and G values as reference points, which are shown by the solid dots on the curve in the right panel 
of Figure 1. The process for deriving µ from G is as follows: first, determine which two reference 
points the given G value lies between; then obtain the corresponding µ value via linear interpolation. 

 

Figure 1. Ice crystal size distribution shapes corresponding to different µ values under the same mass-weighted 
diameter (DQ= 60 μm) (left panel) and the variation of function G(µ) with µ (right panel). The size distribution 
plot shows the relative number contributions from each bin (i.e, the ratio of the number within each size bin 
N(bin) to the total number N). All bins have the same width, which is defined based on the logarithm of ice 
crystal diameters. A total of 100 bins were used here. The plot of G(µ) is constructed from 65 pairs of µ values 
(0~40) and corresponding G values (20~1.23). 

It is noteworthy that the shape of normalized size distribution is determined solely by µ, and is 
independent of the mass-weighted diameter of ice crystals (DQ). In Figure 1, the DQ is set to 60 μm. 
Increasing or decreasing DQ will shift the size distribution shape to the right or left, respectively (not 
shown). In this study, 100 size bins are defined over the diameter interval of 1~1000 μm. For an 
intuitive illustration of the gamma size distributions determined by the three moments (i.e., N, Q, 
and Z), the ice crystal concentration per size bin can be derived from gamma distribution parameters 
(i.e., N0, λ, and µ) with Equation 1 and visualized in plots analogous to the left panel of Figure 1. In 
other words, this is a mapping from bulk properties (N, Q, and Z) to bin properties (the N in each 
individual size bin). To better reflect correlations between physical quantities via their naming 
convention, the suffix ‘(bin)’ is used to indicate the value of a physical quantity in each size bin. For 
example, N(bin) refers to the number in each individual size bin, with the N being the summation of 
N(bin) over all bins. Furthermore, if ‘bin’ in the parentheses refers to a certain serial number, it 
represents the physical quantity within that serial-numbered bin. For example, N(5) refers to the ice 
crystal number in the 5th bin. 
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2.2. Ice Crystal Fall Velocities in Bin and Bulk Schemes 

Observational studies have shown that the ice crystal fall velocity (V) typically follows a power-
law relationship with diameter D and is also influenced by air density [115,116]. Following the cloud 
scheme developed by Gettelman et al. (2015) [86], V is calculated via this empirical formula:  𝑉(𝐷) = (𝜌௔଼ହ଴/𝜌௔)଴.ଷହ𝑎𝐷௕ (6)

where ρa850 is the reference air density at 850 hPa and 273.15 K, ρa is the ambient air density, a and b 
are empirical coefficients (see Abbreviations). Here,(ρୟ଼ହ଴/ρୟ)଴.ଷହ represents the impact of ambient 
air density. In this study, to avoid the influence of varying ambient air density on V, the ambient 
atmospheric pressure and temperature are fixed at 500 hPa and 230 K, respectively, across all 
altitudes. In other words, V depends exclusively on D. Consequently, within the bin scheme (i.e., 100 
bins covering the D range of 1~1000 μm), V(bin) are held constant. To facilitate a more rigorous 
comparison with the results of the bin scheme, the number-weighted, mass-weighted, and radar 
reflectivity factor-weighted fall velocities (VN, VQ, and VZ) employed in the bulk scheme are calculated 
from V(bin), with the corresponding formula presented below: 

𝑉ே = ෍ 𝑉(𝑏𝑖𝑛)𝑁(𝑏𝑖𝑛)ଵ଴଴
௕௜௡ୀଵ / ෍ 𝑁(𝑏𝑖𝑛)ଵ଴଴

௕௜௡ୀଵ  (7)

𝑉ொ = ෍ 𝑉(𝑏𝑖𝑛)𝑁(𝑏𝑖𝑛)𝐷(𝑏𝑖𝑛)ଷଵ଴଴
௕௜௡ୀଵ / ෍ 𝑁(𝑏𝑖𝑛)𝐷(𝑏𝑖𝑛)ଷଵ଴଴

௕௜௡ୀଵ  (8)

𝑉௓ = ෍ 𝑉(𝑏𝑖𝑛)𝑁(𝑏𝑖𝑛)𝐷(𝑏𝑖𝑛)଺ଵ଴଴
௕௜௡ୀଵ / ෍ 𝑁(𝑏𝑖𝑛)𝐷(𝑏𝑖𝑛)଺ଵ଴଴

௕௜௡ୀଵ  (9)

The V(bin) are shown in Figure 2. At the 17th size bin, D(17)= 3.02 μm and corresponding V(17)= 
0.25 cm s−1. At this fall velocity, the ice crystals descend only 4.5 meters within half an hour. At the 
34th size bin, D(34)= 9.77 μm and corresponding V(34)= 0.80 cm s−1. At this fall velocity, the ice crystals 
descend 14.4 meters within half an hour. When D> 10 μm, the trend that V increases with rising lnD 
becomes obvious. Figure 2 also shows normalized size distributions (in terms of the number, mass, 
and radar reflectivity factor, respectively) and weighted fall velocities (i.e., VN, VQ, and VZ) under the 
scenario of DQ= 60 μm and µ= 2. The VN, VQ, and VZ are 3.65 cm s−1, 7.31 cm s−1, and 11.01 cm s−1, 
respectively. Using the fall velocity formula (Equation 6), it can be calculated that when the fall 
velocity is equal to VN (i.e., 3.65 cm s−1), the corresponding equivalent D is 45.95 μm. In normalized 
number distribution, D= 45.95 μm is close to the median value, and the contribution of its 
corresponding bin is the highest. The equivalent D for VQ increases to 92.13 μm because the 
proportion of large-size bins rises significantly after multiplication by mass (i.e., D(bin)3). 
Correspondingly, in the normalized mass distribution, D= 92.13 μm lies near the median value, and 
the contribution of its corresponding bin is the highest. Furthermore, as compared to the normalized 
number distribution, the distribution shape becomes narrow and the peak bin shifting to larger D. 
The equivalent D associated with VZ reaches an even higher value of 138.74 μm. This value also lies 
near the median in the corresponding normalized size distribution, and its corresponding bin exhibits 
the maximum contribution. From the perspective of ice crystal instantaneous fluxes through a fixed 
altitude level, the VN, VQ, and VZ reasonably characterize, respectively, the variation trends of N, Q, 
and Z in the current model layer. 
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Figure 2. The relative number, mass, and radar reflectivity factor contributions from each size bin (N(bin)/N, 
Q(bin)/Q, and Z(bin)/Z, left panel) and fall velocities of each size bin and number, mass, and radar reflectivity 
factor-weighted values (V(bin), VN, VQ, and VZ, right panel). Here, the ice crystal size distribution scenario is 
mass-weighted diameter DQ= 60 μm and shape parameter µ= 2. 

2.3. Idealized 1D Cirrus Cloud Model 

The total simulated height of the idealized 1D model is a preset configuration parameter, with a 
default value of 4 km. The height of each model layer is defined using relative altitude, with Height= 
0 km denoting the model top. The thickness of each model layer (dH) is uniform, with a tuneable 
value ranging from 10 to 200 m (the value should be divisible by the total simulated height). The 
tuneable time step (dT) for model simulation ranges from 10 to 1800 s. The sedimentation process is 
treated using two approaches: the bin scheme and the bulk scheme. The calculation methods of these 
two schemes are derived from the relevant descriptions in previous studies [94,97,109,111,113,117], 
with certain detailed treatments referenced from the accessible model source code corresponding to 
these studies.  

Taking the analysis of ice crystal sedimentation within a specific layer as an illustrative example, 
this paragraph elaborates on the calculating method with the bin scheme. The model framework 
parameters dH and dT are configured to 200 m and 1800 s, respectively. At the 34th size bin, D(34)= 
9.77 μm and V(34)= 0.80 cm s−1. After one model time step, the sedimentation distance of ice crystals 
within this size bin is calculated as Hsed= V(34)×dT= 14.40 m. The fraction of ice crystals (in terms of 
number) within this size bin that fall into the adjacent lower model layer is given by Hsed/dH= 7.2%. 
Correspondingly, 92.8% remains in the current layer. At the 73rd size bin, D(73)= 149.62 μm and V(73)= 
11.87 cm s−1. After one model time step, the sedimentation distance of these ice crystals is Hsed= 
V(73)×dT= 213.66 m. For this size bin, all ice crystals sediment out of the current layer, the fraction 
that falls into the adjacent layer is 2− Hsed/dH= 93.17%, and the fraction that falls into the second layer 
is Hsed/dH−1= 6.83%. Based on the aforementioned method, the sedimentation destination of ice 
crystals in each size bin within every layer can be quantitatively determined, thereby enabling the 
numerical calculation of ice crystal sedimentation process. 

This paragraph illustrates how the bulk scheme calculates the sedimentation process based on 
the size distribution scenario of DQ= 60 μm and μ= 2 with VN= 3.65 cm s−1, VQ= 7.31 cm s−1, and 
VZ=11.01 cm s−1 (Figure 2). Because these weighted fall velocities (VN, VQ, and VZ) represent crystal 
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instantaneous fluxes (N, Q, and Z) through a fixed altitude level, it is reasonable to assume that the 
falling ice crystals can only affect the adjacent model layer below (i.e., restriction on falling distance). 
After one model time step, the fractions of ice crystal N, Q, and Z that are lost from the current layer 
are given as VN×dT/dH, VQ×dT/dH, and VZ×dT/dH, respectively. For the configuration with dH=200 
m and dT=900 s, VN×dT/dH= 16.43%, VQ×dT/dH= 32.90%, and VZ×dT/dH= 49.55%. By number, 16.43% 
of ice crystals fall into the adjacent lower layer. This 16.43% of ice crystals consists mainly of larger 
particles, accounting for 32.90% of total mass (i.e., Q) and 49.55% of total radar reflectivity factor (i.e., 
Z). Conversely, ice crystals remaining in the current layer consist mainly of smaller particles, 
representing 83.57% N, 67.10% Q, and 50.05% Z. For this case, the bulk scheme that calculates the 
evolution of ice crystal properties (N, Q, and Z) via weighted fall velocities (VN, VQ, and VZ) seems 
reasonable. However, inconsistencies arise when the model is configured with dH=200 m and 
dT=1800 s. After one time step, 32.85% N, 65.79% Q, and 99.09% Z fall into the adjacent lower layer. 
The N, Q, and Z of ice crystals remaining in the current layer correspond to 67.15%, 34.21%, and 
0.91%, respectively. From Equation 3, we can easily derive that G(µ) is 5.22% of its initial value (i.e., 
G(µ)= 5.90 at µ= 2), which gives a resultant value of G(µ)= 0.31. This value is out of the pre-defined G 
range (Figure 1). Bulk cloud schemes typically handle such issues by artificially adjusting the value 
to preset range [68]. In the above case, G is adjusted to its lower limit, which corresponds to µ= 40. 
Meanwhile, Z is also adjusted based on Equation 3. Furthermore, there is another inconsistency issue 
in which VQ×dT/dH falls into the second lower layer, whereas VN×dT/dH does not, such as the 
configuration of dH=100 m and dT=1800 s. This issue is resolved by substepping the time step [94]. 
By reducing the model time step (i.e., sub-step), it is ensured that the weighted fall velocities (VN, VQ, 
and VZ) can only affect the adjacent model layer below within one model time sub-step. Here, one 
time step (dT=1800 s) will be divided into two sub-steps (dT=900 s). After the 1st sub-step, 32.85% N, 
65.79% Q, and 99.09% Z fall into the adjacent lower layer (same as the configuration of dH=200 m and 
dT=1800 s). Correspondingly, 67.15% N, 34.21% Q, and 0.91% Z remains in the current layer. During 
the 2nd sub-step, sedimentation of ice crystals in the current layer is still governed by the previously 
determined weighted fall velocities, which are used to calculate the proportion falling into the layer 
below. Subsequently, the final ice crystals properties in the current layer can be obtained (i.e., 45.09% 
N, 11.70% Q, and, 0.01% Z). The ice crystals that fall out of this layer constitute the source term for 
adjacent layer below. Overall, the constraint that ice crystals can only fall into the adjacent layer 
within one model time step (i.e., all sub-steps) is also enforced here. 

2.4. Experimental Design 

All model experiments in this study adopt an identical initial setting. At the initial time, ice 
crystals exist only in the model layers between −0.4 km and −0.8 km. Furthermore, the ice crystal 
properties are uniform across all cloud-containing model layers. DQ= 60 μm, µ= 2 and N= 300 g−1. 
From these three physical quantities, we can further diagnose Q, Z, and N(bin). It is noteworthy that 
N, Q, and Z in cloud schemes represent the content per unit mass of air (e.g., g−1), which could avoid 
variations induced by cloud parcel expansion. However, the N, Q, and Z output by the model are 
converted to the commonly used content per unit volume of air (e.g., L−1).  

From the above introduction to the bulk scheme, it is clear that the simulation results are closely 
related to the setting of model spatiotemporal resolution (i.e., dH and dT). Consistent with the three 
types of model configurations mentioned in the above subsect, three experiments with different 
model configurations are conducted herein. For clarity, all experiments are named based on the 
model resolution. The dH200dT900 experiment (i.e., with the configuration of dH=200 m and dT=900 
s) could effectively mitigate the occurrence of inconsistency issues. In the dH200dT1800 experiment, 
the operation of shifting G into the preset range will be invoked frequently. The dH100dT1800 
experiment will trigger sub-step treatment. For each configuration, a pair of experiments was 
designed: one using the bulk scheme (hereafter BULK), and a corresponding experiment using the 
bin scheme (hereafter BIN). Each experiment is run for 120 minutes, with simulation results output 
at the initial time, the 30th minute, and the 120th minute. 
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3. Results 

3.1. Off-Line Tests 

To better understand the 1D cloud model simulation bias from experiments with bulk scheme, 
we firstly illustrated three off-line tests. In terms of spatiotemporal resolution, these three off-line 
tests correspond to the three aforementioned model experiments. Additionally, at the initial time, 
DQ= 60 μm and µ= 2 are consistent with the initial settings of model experiments. The only difference 
is that ice crystals exist exclusively in the top layer of the model (only one model layer). The specific 
data of ice crystals vertical distribution 30 minutes after the onset of sedimentation is summarized in 
Table 1. 

Under the configuration of dH= 200 m and dT= 900 s, the 30th minute state is derived after 2 time 
steps. The calculation results of the bin scheme show that 70.8% of the ice crystals (i.e., 70.8% N) 
remain in the top layer, with their DQ decreasing to 58 μm. As most of the larger ice crystals fall out 
while the smaller ones mostly remain suspended, the size distribution narrows and µ increases to 2.3. 
The ice crystals falling out from the top layer (−200m ~ 0) are mainly distributed in the second and 
third layers (−400m ~ −200m and −600m ~ −400m). The DQ from second and third layers are 69.9 μm 
and 91.3 μm, respectively, which is consistent with the principle that larger ice crystals fall over 
longer distances. In the second layer, µ increases to 3.3 as sedimenting ice crystals are more 
concentrated at larger sizes; accordingly, µ in the third layer rises further to 4.0 as this effect 
intensifies. The above phenomena are consistent with the so-called size-sorting effect induced by 
sedimentation, namely that the ice crystal size distribution becomes more concentrated at each layer, 
with smaller crystals dominating at higher layer and larger ones prevailing at lower layer 
[68,109,111,113]. The results calculated by the bulk scheme are generally consistent with those from 
the bin scheme, indicating that the bulk scheme can well simulate the ice crystal sedimentation 
process under this scenario. 

Table 1. The distribution of ice crystal properties after a 30-minute sedimentation. 

Layers BIN BULK 
N Q Z DQ µ N Q Z DQ µ 

dH= 200 m and dT= 900 s 
−200m ~ 0 70.8% 46.8% 28.2% 52.3μm 2.3 70.7% 46.8% 27.8% 52.3μm 2.3 
−400m ~ −200m 25.6% 40.5% 44.6% 69.9μm 3.3 25.7% 40.4% 44.9% 69.8μm 3.2 
−600m ~ −400m 3.6% 12.6% 27.1% 91.3μm 4.0 3.6% 12.6% 27.3% 91.2μm 3.9 

dH= 200 m and dT= 1800 s 
−200m ~ 0 67.2% 36.3% 13.6% 48.8μm 3.3 67.2% 34.2% 0.9% 47.9μm 40 
−400m ~ −200m 32.7% 61.7% 73.8% 74.2μm 3.8 32.8% 65.8% 99.1% 75.7μm 3.0 
−600m ~ −400m 0.1% 2.0% 12.5% 181.2μm 37.4      

dH= 100 m and dT= 1800 s 
−100m ~ 0 39.5% 7.5% 0.7% 34.5μm 6.2 45.2% 11.7% 0.01% 38.3μm 40 
−200m ~ −100m 55.6% 57.6% 25.9% 60.7μm 6.6 54.8% 88.3% 99.99% 70.31μm 3.2 
−300m ~ −200m 4.8% 31.1% 51.3% 111.7μm 21.1      
−400m ~ −300m 0.1% 3.7% 19.2% 177.1μm 40      

*At the initial time, ice crystals exist only in the top layer. The N, Q, and Z all represent relative changes with 
respect to these values in the top layer at initial time. If the N is less than 0.1%, this layer will be excluded from 
presentation. 

Under the configuration of dH= 200 m and dT= 1800 s, after 30 minutes of sedimentation, the 
bulk scheme shows that the µ of the ice crystals remaining in the top layer reaches its upper limit (40, 
see subsection 2.3). This value of µ is far from that of the bin scheme (3.3). Furthermore, with the bulk 
scheme, no ice crystals are present in the third layer. Actually, the ice crystals in the 73rd bin and all 
subsequent bins fall over a distance of 200 m, with a considerable proportion reaching the third layer 
(i.e., the bin scheme, see subsection 2.3). Correspondingly, the DQ in this model layer is extremely 
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large, reaching 181.2 μm. Since the ice crystals entering the third layer originate exclusively from the 
73rd and subsequent bins (i.e., narrow size distribution), the corresponding µ is consequently 
increased to a remarkably high value (37.4, bin scheme). For the configuration discussed above (i.e., 
dH = 200 m and dT = 900 s), the bin scheme yields a µ value of 4.0 in the third layer. There exhibits 
an enormous discrepancy (37.4 vs 4.0) even the bin scheme is applied in both configurations. The 
reason is as follows: under dT= 900 s, the data presented in Table 1 are the results after two rounds 
of sedimentation calculations. Owing to the coarse spatial resolution (dH= 200 m), the numerical 
diffusion effect is pronounced [118,119], which allows ice crystals in smaller bin (< the 73rd) to fall into 
the third layer as well. As a result, the size distribution in the third layer becomes broader (i.e., smaller 
µ).  

Under the configuration of dH= 100 m and dT= 1800 s, the discrepancy between the results of 
the bulk and bin schemes becomes even more pronounced. With the bin scheme, 31.1% and 3.7% of 
initial ice crystal mass fall into the third (−300m ~ −200m) and fourth (−400m ~ −300m) layers, 
respectively. Regarding radar reflectivity factor, a much higher proportion (51.3% and 19.2%) falls 
into the third and fourth layers. With the bulk scheme, although the substepping treatment is 
triggered, no ice crystals are present in the third and fourth layers because ice crystals can only fall 
into the adjacent layer. Furthermore, the µ at the top layer also reaches its upper limit (i.e., 40) with 
the bulk scheme, while the µ is 6.2 with the bin scheme. It is obvious that the bin scheme produces a 
wide range of simulated cloud-top µ under different model configurations. The configuration with 
higher dT/dH ratio enables more large ice crystal particles to fall out of the model layer. This process 
thereby narrows the size distribution of the remaining ice crystals and, consequently, increases the 
shape parameter µ. 

In summary, when the configuration is prone to triggering sub-stepping or artificial adjustment 
with the bulk scheme (i.e., dT/dH is relatively high), simulations tend to exhibit the following biases: 
the μ at the cloud top layer might be spuriously high, and the falling distance of large ice crystals is 
inherently reduced to adjacent layer. In addition, the simulation results from the bin scheme show 
significant discrepancies under different configurations (i.e., different dT/dH).  

3.2. Model Simulations 

To facilitate the comparison of simulation results between the bin and bulk schemes, the 1D 
model outputs the N, Q, Z, DQ, µ, and N(bin) in each model layer regardless of which scheme is 
employed. When using the bulk scheme, the DQ, µ, and N(bin) are diagnosed from N, Q, and Z. When 
using the bin scheme, the N, Q, Z, DQ, and µ are diagnosed from N(bin).  

Figure 3 shows the evolution of ice crystals during sedimentation from the dH200dT900 
experiments. In terms of bulk properties (i.e., N, Q, Z, DQ, and µ; upper panel), the simulation results 
from the BULK and BIN experiments almost overlap with no significant differences observed. 
However, in terms of the bin properties (i.e., N(bin); lower panel), subtle yet distinguishable 
discrepancies between these two experiments can still be identified. For the small ice crystals with 
D< 3 μm, the falling distance is no more than 5 m within 30 minutes, and the loss of these small ice 
crystals in the current model layer does not exceed 5/200. This phenomenon is well demonstrated by 
the BIN experiment. However, the BULK experiment results show that the number of very small ice 
crystals (D< 3 μm) in initial cloud-containing layers (−0.8 km~ −0.4 km) exhibit a pronounced 
reduction. The reasons for this error are as follows. The bulk scheme characterizes the ice crystal 
particle size distribution based on three prognostic variables: N, Q, and Z. Here, the ice crystal 
particles are assumed to obey a gamma distribution. Unlike the initial state (gamma distribution), 
after some large ice crystal particles fall out, the ice crystal size distribution no longer strictly follows 
a gamma distribution. If a gamma function is still used to fit the size distribution of these remaining 
ice crystals, the gamma size distribution will become more concentrated toward the middle. The 
newly fitted gamma function can represent the reduction in large ice crystals while also generating 
an illusion of a decrease in small ice crystals. In contrast, the bin scheme is free from the constraint of 
gamma distribution assumption and thus does not have the above issue. To some extent, the 
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difference between the BULK and BIN experiments arises from gamma fitting. The simulation results 
at the 120th minute show that the spurious reduction of small ice crystals in the initial cloud-
containing layers becomes more pronounced. Overall, even if the bulk scheme can accurately capture 
the evolution of bulk properties (N, Q, and Z), errors induced by gamma fitting may still arise. 
However, such errors are confined to the bin properties (i.e., N(bin)). It should be noted that 
atmospheric models only adopt the bulk properties provided by the cloud scheme (i.e., N, Q, Z, N0, 
λ, and µ), and thus errors in N(bin) exert no impact on the simulation results of host atmospheric 
models. 

 
Figure 3. The evolution of ice crystals during sedimentation at the initial time, 30th minute, and 120th minute from 
the dH200dT900 experiments. The bulk and bin properties are shown in the upper and lower panels, 
respectively. In the upper panel, the labels of the specific bulk properties (N, Q, Z, DQ, and µ) are shown above 
each subplot. The black solid lines indicate the initial state (i.e., the 0th minute). The colored dashed lines and 
solid lines indicate the states at the 30th and 120th minutes, respectively. In the lower panel, the bin properties 
(i.e., N(bin)) from the BIN and BULK experiments are presented in the left and right columns, respectively. 

Figure 4 shows the evolution of ice crystals from the dH200dT1800 experiments. The bulk 
properties (i.e., N, Q, Z, DQ, and µ) are analyzed (upper panel) firstly. Here, the simulation results of 
the BULK and BIN experiments exhibit a significant discrepancy. The ice crystal fall distance in the 
BIN experiment is obviously greater than that in the BULK experiment. At the 30th and 120th minutes, 
the DQ at the cloud bottom layer from the BIN experiment is much larger than that from the BULK 
experiment. This is in agreement with the off-test (section 3.1). The µ at the cloud top layer from the 
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BULK experiment reaches the its upper limit (40) owing to artificial adjustment (subsection 2.3), 
whereas the BIN experiment is free of such error. This is also in agreement with the above off-test. 
The N(bin) plot (lower panel) more intuitively illustrates the difference between the BULK and BIN 
experiments. In the BIN experiment, ice crystals in the cloud top layer exhibit a broad size 
distribution, despite some large ice crystals falling out of this layer. However, the size distribution of 
ice crystals in the cloud top layer derived from the BULK experiment exhibits spurious concentration 
owing to the artificial adjustment on G(µ). At the 120th minute, the ice crystal size distribution from 
the BULK experiment is significantly narrower than that from the BIN experiment in most cloud-
containing layers (excluding cloud top layer). This is mainly due to the gamma fitting implementation 
in the BULK experiment. In terms of ice crystal fall distance, ice crystals in the 73rd bin and subsequent 
bins (i.e., D> 144.54 μm) can fall into lower model layers in the BIN experiment, while the BULK 
experiment restricts the fall distance of these large ice crystals. This is the reason why the large ice 
crystals in the BIN experiment can fall below −1.6 km. Compared with the dH200dT900 experiments 
(dT/dH = 4.5 s m−1, Figure 3), the dT/dH ratio in the dH200dT1800 experiments here (Figure 4) is 
doubled, reaching 9 s m−1 , and thus artificial adjustment (cloud top) and fall distance restriction 
(cloud bottom) are prone to occur, which induces biases in the simulation results (Figure 4).  

 

Figure 4. Similar as Figure 3, but for the dH200dT1800 experiments. 

Figure 5 shows the simulation results from the dH100dT1800 experiments. Under this 
configuration with the bulk scheme, the sub-step treatment is invoked at each model step. In terms 
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of N, Q, and DQ (three bulk properties), the simulated results of the BIN and BULK experiments show 
no significant differences in the upper cloud-containing model layers (−0.4 ~ −0.8 km) at the 30th 
minute (i.e., one model time step is done). However, the µ at the cloud top layers shows a substantial 
discrepancy between the BULK and BIN experiments. In terms of ice crystal fall distance, the 
difference between the BULK and BIN experiments is more obvious, owing to the reduction in dH to 
100 m here. The N(bin) plot (lower panel) further shows the discrepancies in the ice crystal size 
distribution. As expected, the size distribution of ice crystals in the cloud top layer derived from the 
BULK experiment exhibits spurious concentration owing to the artificial adjustment imposed on µ, 
especially for the 30th minute. At the 120th minute, the BULK experiment simulation results show that 
there are nearly no small ice crystals (D< 10 μm) in the cloud-containing model layers. Actually, these 
small ice crystals remain mostly in the initial cloud-containing layers (i.e., the BIN experiment). This 
error of the BULK experiment is mainly induced by gamma fitting. The initial cloud thickness is 0.4 
km for all ice crystal size bins. Theoretically, despite the longer falling distance of larger ice crystals, 
the cloud thickness for all size bins should remain at 0.4 km after 120 minutes. However, simulation 
results from the BIN experiment show that the cloud thickness for most size bins is greater than 0.4 
km. This error is arising from the numerical diffusion. It is necessary to point out the 62nd bin, D(62)= 
67.61 μm and V(62)= 5.55 cm s−1. For this size bin, one model time step (i.e., 1800 s) leads to a fall 
distance of exactly one model layer (i.e., 100 m), with no subsequent numerical diffusion. This 
suggests that the simulation results with the bin scheme are also subject to computational errors (e.g., 
numerical diffusion). At last, the dT/dH ratio of these experiments (i.e., dH100dT1800) is 18 s m−1, 
which is twice as that from dH200dT1800 experiments. Compared with the dH200dT1800 
experiments, the differences between the BIN and BULK experiments are more pronounced here.  

 

Figure 5. Similar as Figure 3, but for the dH100dT1800 experiments. 
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4. Discussion 

In this study, the ice crystal sedimentation process is analyzed based on the initial size 
distribution scenario of DQ= 60 μm and µ= 2. This scenario represents a common size distribution of 
ice crystals in cirrus clouds [48,91,120]. For smaller DQ, the fall velocities are smaller, and numerical 
computational errors arising from the weighted fall velocity method (i.e., the bulk scheme) are 
reduced accordingly. Similarly, the bulk scheme yields much smaller sedimentation calculation 
errors for warm clouds, owing to the generally small size and slow fall velocity of cloud droplets. For 
larger µ, the discrepancies among the three weighted fall velocities (VN, VQ, and VZ) are reduced as 
the size distribution becomes more concentrated. Consequently, the occurrence probability of 
inconsistencies in G(µ) is reduced. In other words, the sedimentation errors at cloud top are reduced.  

Sedimentation process calculated by the bulk scheme may lead to spurious high values of µ at 
cloud top, which in turn alter the atmospheric radiation balance by altering the optical properties of 
cloud tops. Furthermore, the bulk scheme prevents large ice crystals from falling to second lower 
model layers, which may exert a certain influence on the evolution of cirrus clouds. While reducing 
the model time step can mitigate sedimentation errors, the setting of time steps in atmospheric 
models involves a compromise. It must account for other cloud microphysical processes (e.g., ice 
crystal collection) and other physical processes (e.g., cumulus convection). Given that climate models 
typically adopt a long time step (e.g., 1800 s) due to computational cost constraints, it may be 
worthwhile to try the following approach to mitigate sedimentation calculation errors. A hybrid bin-
bulk scheme could be developed, using the bin scheme for sedimentation process calculations and 
the bulk scheme for other cloud microphysical processes. 

5. Conclusions 

This study investigates the sedimentation calculation errors arising from weighted fall velocities 
with the bulk schemes. These sedimentation calculation errors are illustrated via the comparisons of 
the simulation results from the bulk and bin schemes, even though the bin scheme also yields minor 
biases. To investigate the causes of these errors, this study presents a detailed account of how the 
bulk schemes calculate the sedimentation process. Since the weighted fall velocities (VN, VQ, and VZ; 
VN <VQ < VZ) present ice crystal instantaneous fluxes (N, Q, and Z) through a fixed altitude level, the 
bulk method inherently assumes that the falling ice crystals can only affect the adjacent model layer 
below. Furthermore, the weighted fall velocities might yield inconsistencies at certain spatiotemporal 
resolutions. These inconsistencies, coupled with the inherent assumption, are the main sources of 
error in sedimentation calculations.  

Owing to the inherent assumption, the larger ice crystals can only fall into the adjacent layer 
below,which imposes a restriction on their falling distance. The impact of this restriction depends on 
the spatiotemporal resolution (i.e., dH and dT). Specifically, significant errors arise under conditions 
of smaller dH and larger dT. One inconsistency issue is as follows. Since VZ is greater than VQ and VN, 
it may occur that the Z of ice crystals remaining in the current layer is extremely small after one model 
time step sedimentation, thereby yielding an extremely small G(µ) that falls outside the reasonable 
range. To address this, G(µ) is artificially constrained to the preset range, thereby introducing a 
spuriously high µ value. Whether this artificial adjustment is triggered depends on the 
spatiotemporal resolution, with higher frequency under conditions of smaller dH and larger dT. 
Another inconsistency also arises from the disparity in the three weighted fall velocities (i.e., VN, VQ, 
and VZ), wherein a scenario with smaller dH and larger dT can lead to VZ×dT exceeding dH while 
VN×dT remains below it. In other words, the Z of ice crystals falls into the second lower layer, while 
the N of ice crystals falls into the adjacent (first) layer. While sub-stepping the time step alleviates this 
inconsistency, it does not remove the fundamental restriction that larger ice crystals can only reach 
the adjacent layer. In summary, the magnitude of sedimentation errors is dependent on the 
spatiotemporal resolution. For a standalone simulation of ice crystal sedimentation, these errors can 
be reduced to a negligible level by decreasing the dT/dH ratio. 
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Abbreviations 

Here is a list of symbols used in this manuscript: 

Symbol Description Defaul value 

Γ(x) Gamma function, 𝛤(𝑥) = ׬ 𝑡௫ିଵ𝑒ି௧ d𝑡ஶ଴   

N0 Intercept parameter of gamma size distribution  

λ Slope parameter of gamma size distribution  

µ Shape parameter of gamma size distribution, µ≥0  

D Ice crystal diameter  

N’(D) Number density of the ice crystals with diameter D, 𝑁ᇱ(𝐷) = 𝑁଴𝐷ఓ𝑒ିఒ஽  

Mk the kth moment of gamma size distribution, 𝑀௞ = ׬ 𝑁଴𝐷ఓା௞𝑒ିఒ஽ d𝐷ஶ଴   

ρi Mass density of ice crystals 900 kg m−3 

c A constant coefficient, c= ρiπ/6  

N Ice crystal number per unit air volume, M0  

Q Ice crystal mass per unit air volume, cM3  

Z Ice crystal radar reflectivity factor per unit air volume, M6  

DQ Mass-weighted ice crystal diameter, 𝐷ொ = (𝑄/𝑐𝑁)ଵ/ଷ  

G(µ) A monotonic function of µ   

V Ice crystal fall velocity  

VN Number-weighted ice crystal fall velocity  

VQ Mass-weighted ice crystal fall velocity  

VZ Radar reflectivity factor-weighted ice crystal fall velocity  

ρa Air density, a function of temperature and pressure  

ρa850 Reference air density at 850 hPa and 273.15 K  

a Fall velocity coefficient 700 m1-b s-1 

b Fall velocity coefficient 1 
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