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Article

A New Way to Unify All Fermion and Boson Fields,
Including Gravity

N.S. Manko¢ Borstnik

Department of Physics, University of Ljubljana, SI-1000 Ljubljana, Slovenia; norma.mankoc@fmf.uni-lj.si

Abstract

The description of the internal spaces of fermion and boson fields with "basis vectors", which are
the superposition of odd and even products of the operators 77, offers in d = 2(2n + 1)-dimensions,
such as d = (13 + 1), a unified picture of all so far observed fermions (quarks, leptons, antiquarks
and antileptons that appear in families) and bosons (gravitons, photons, weak bosons, gluons and
scalars), under the condition that all fields have non-zero angular momenta only in thed = (3 + 1),
50(3,1), of ordinary space-time. Bosons, which also carry the spatial index « (which is for tensors and
vectors y = (0,1,2,3) and for scalars ¢ > 5) appear in two orthogonal groups. In any d = 2(2n + 1)-
dimensional space the number of internal states of fermions in all families and their Hermitian
conjugate partners is equal to the number of internal states of boson states. The article presents general
properties of massless fermion and boson fields and their mutual interactions in this theory, which
determine the Lagrangian density of both fields and their interactions. It particularly illustrates "basis
vectors" and their properties ind = (134 1) and d = (5 + 1). The article presents new results and
discusses open problems in this theory.

Keywords: Fermion fields; Boson fields; second quantization; Lagrangian density; internal spaces;
spin-charge-family theory

1. Introduction

The author, with collaborators, succeeded in demonstrating in a long series of works [1-16] that
the model, named the spin-charge-family theory, offers an elegant description of the second-quantised
fermion fields, appearing in families, written as the tensor products of the basis in ordinary space-time
and the basis, named “basis vectors”, in internal spaces, presented as superpositions of odd products
of operators ?, arranged in nilpotents and projectors, which are eigenvectors of the (chosen) Cartan
subalgebra members [1-8].

Three years ago [17-22] the author started to use an equivalent description for boson fields, as so
far used for fermion fields, recognising the possibility from 30 years ago [1-3,17-20]: The internal space
of boson second quantised fields can be described by the “basis vectors”, presented as superpositions
of even products of operators *, arranged in nilpotents and projectors, which are eigenvectors of the
Cartan subalgebra members.

The theory of massless fermions and bosons, with the non-zero momentum only in d = (3 + 1), describing
internal spaces by an odd number of nilpotents, the rest of the projectors (for fermions) and an even number of
nilpotents, the rest of the projectors (for bosons, which also carry the ordinary space-time index w), determines all
the properties of fermion and boson fields and of their mutual interactions, realised by the algebraic multiplication:
a. Explains the Dirac’s postulates for the second quantised fermion and boson fields.

b. Determines Lorentz (and correspondingly the gauge) symmetry of fermion and boson fields.

c. Determines couplings among fermion and boson fields, and consequently the Lagrange densities.
d. Determines families of fermions, any family of which includes in d = 2(2n + 1)-dimensional
internal space fermions and antifermions. Consequently, the vacuum does not have the negative
energy of the Dirac vacuum; it is just the quantum vacuum.

e. Determines two orthogonal kinds of boson fields; One applies to fermions from the left-hand side,
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the other from the right-hand side. One transforms fermions within each family, the other transforms a
member of a family into the same member of other families. Both are expressible as algebraic products
of fermion fields and their Hermitian conjugate partners '.

f. Fermion states are algebraically orthogonal.

g. Although the internal spaces of fermions and bosons demonstrate so many different properties
(anticommuting fermions appear in families, and have half-integer spins and charges in the fundamen-
tal representations, commuting bosons appear in two orthogonal groups, have no families, and have
integer spins and charges in adjoint representations), the simple algebraic multiplication with the y*
relates both kinds of “basis vectors” ([20], App. B).

h. Properties presented from d. to g. influence the Feynman diagrams, which should reproduce the
experimental data.

i. Second quantised fermion and boson fields are described as a tensor product of bases in ordinary
space-time and of “basis vectors” describing the internal spaces of fields.

The analysis of the fermion and boson internal spaces with respect to the subgroups SO(1, 3), SU(2),
SUu(2),SU(3),U(1) of the group SO(13, 1), offers the description of the observed families of quarks
and leptons, appearing in families, and of tensor (gravitons), vector (photons, weak bosons, gluons),
and scalar (Higgs) boson fields, explaining also other observed properties of fermions and bosons (like
the appearance of the dark matter [12], the matter-antimatter asymmetry in the universe [13], and
several other predictions [14,31]).

The Pauli matrices for spins and charges in any even d for either fundamental or adjoint
representations can easily be found by applying the corresponding operators, S or S, on the “basis
vectors” of fermions or of bosons.

There are in internal space with d = 2(2n + 1), 221 x 221 “basis vectors” of fermion fields,
arranged in an odd number of nilpotents, and the same number of their Hermitian conjugate partners.
And there are twice 2271 x 22~ “basis vectors” with an even number of nilpotents describing two
orthogonal boson fields.

In odd-dimensional spaces, d = (21 + 1), the fermion and boson fields have very peculiar properties:
Half of the “basis vectors”, 2% 1 x 2% -1 have the properties of fields in the 2n-dimensional space
(the anticommuting “basis vectors” appear in families and have their Hermitian conjugate partners in
a separate group, the commuting “basis vectors” appear in two orthogonal groups). Among the rest
of the “basis vectors”, that is, in 2% ~1 x 2% ~1 cases, the anticommuting appear in two orthogonal
groups, and commuting appear in families and have their Hermitian conjugate partners in a separate
group [18-20].

In this contribution, all fields, fermions and bosons (tensors, vectors and scalars) are massless.
This contribution does not discuss the breaking of symmetries and the appearance of massive fermion
fields. There are condensates which make several scalar fields, as well as some of the fermion and
vector boson fields, massive, discussed in Ref. [8]. 2

In Sect. 2 the internal spaces of fermion and boson fields are presented as “basis vectors” which
are algebraic products, * 4, of an odd number of nilpotents (for fermions) and an even number of
nilpotents (for bosons), the rest are projectors. Nilpotents and projectors are chosen to be eigenvectors
of the Cartan subalgebra members of the Lorentz algebra, as demonstrated in Subsect. 2.1.

Subsect. 2.1 also presents algebraic relations among the “basis vectors” of fermion and two kinds
of boson fields, what determines the Lagrange densities of interacting fermion and boson fields.

The creation operators, presented in Subsect. 2.2, are tensor products, *7, of the “basis vectors”
and the basis in ordinary space-time.

Knowing the “basic vectors” of fermion fields, we know also the “basic vectors” of the boson fields, although the properties
of fermion fields are very different from the properties of the boson fields.

The breaks of symmetries are expected to follow similarly to the case when we describe the one kind of boson fields with
w™, and another kind with and &%, presented in Ref. [8].
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In Subsect. 2.3, the states active only in d = (3 + 1)-dimensions of ordinary space-time, while the
internal space is active in d = 2(2n + 1) dimensions, are discussed. In Subsubsect. 2.3.1 of this section,
the concrete algebraic relations among fermion and boson fields for the two cases that the internal
space hasd = (5+ 1) and d = (13 + 1), are presented.

In Sect. 3.1, the general algebraic structure of the second quantised fermion and boson fields,
following from the properties presented in Sect. 2, is presented.

In Sect. 4, we present shortly what we have learned in the last three years.

In Subsect. 4.1, the problems which remain to be solved in this theory, to find out whether the
theory offers the right description of the observed fermion and boson second quantised fields which
determine the history (and the future) of our universe, are discussed.

In Appendix A “basis vectors” of one family of quarks and leptons, and antiquarks and antileptons
are presented.

In Appendix B, the relations among the Grassmann algebra and the two kinds of the Clifford
algebras are discussed.

In Appendix C, the relations are presented that are needed in all the sections.

In Appendix D odd and even “basis vectors” for d = (5 + 1) cases are presented in detail, meant
to be used like an exercise for d = 13 +1).

2. Internal Spaces of Second Quantised Fermion and Boson Fields

We shall need all the requirements of algebraic relations among fermion and boson fields derived
in Sect. 2 in the next section 3, which generalizes these requirements.

Sect. 2 overviews briefly (following several papers [20] and the references therein) the description
of the internal spaces of the second-quantised fermion and boson fields as algebraic products of
nilpotents and projectors, which are the superposition of odd and even products of v*’s. However, the
new recognitions, some of them presented in [20] and the others, which the author has later clarified,
are presented.

As explained in Sect. B, Eq. (A63), the Grassmann algebra offers two kinds of operators, y*’s and
4%’s with the properties, Eq. (1)

(" = 2" = {74,
{(74"}+ = 0, (ab)=(0,1,235--,d),
(,)/a)f _ naa,ya’ (’7”)+:77M’7u. (1)

We use one of the two kinds, 7*’s, to generate the “basis vectors” describing internal spaces of fermions
and bosons. They are arranged in products of nilpotents and projectors.

©: = 2o+ T, (=0,
ab 1 i ab ab
k= 2ol 2=l ®

so that each nilpotent and each projector is the eigenstate of one of the Cartan (chosen) subalgebra
members of the Lorentz algebra

503 SlZ 556 . Sd71 d
503 512 5"56 L S‘d—l d
Sab _ Sah + gab , (3)

where S = £{y%, 7%}, while $% = [ {4 4%}, are used to determine additional quantum numbers,
in the case of fermions are called the family quantum numbers.
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Being eigenstates of both operators, of S and 5°°, nilpotents and projectors carry both quantum
numbers S% and §%

ab k ab _ ab k ab
st =5, s (o=5 (0,
ab ab ab ab
st =5, s =5 [, @

with k% = 5%y,
In even-dimensional spaces, the states in internal spaces are defined by the “basis vectors” which are
products of % nilpotents and projectors, and are the eigenstates of all the Cartan subalgebra members.
Fermions are products of an odd number of nilpotents (at least one), the rest are projectors; Bosons are products
of an even number of nilpotents (or none), the rest are projectors. We call them odd and even “basis vectors”.
The odd “basis vectors” have the eigenvalues of the Cartan subalgebra members, Eq. (3, 4), either
of $% or §°, equal to half integer, :I:é or i%.
The even “basis vectors” have the eigenvalues of the Cartan subalgebra members, Eq. (3, 4), S =
§% 4+ §% equal to +i or +1 or zero.

2.1. “Basis Vectors” Describing Internal Spaces of Fermion and Boson Fields

The odd products of nilpotents (at least one, the rest are projectors), called odd “basis vectors”,
differ essentially from the even products of nilpotents (none or at least two), called even “basis vectors”
(the rest are projectors). Either odd or even “basis vectors” are chosen to be eigenvectors of all the
Cartan subalgebra members, Eq. (3).

The algebraic product of any two members of the odd or even “basis vectors” can easily be
calculated when taking into account the relations following from Eq. (1). The most needed relations
are presented in Eq. (5).

ab ab ab

ab ab ab ab ab
k) = g =K, A ()= =ik [k, 2" K=(=k), 2P K= —ikp™ (=k),
_ ab ab . ab ab _ab ab . ab ab
v (k) = —ig" [k, " (k)=—k[K], VK= i(k), 2P [K=—kyp™ (k),
ab  ab ab ab ab ab ab ab ab ab ab
k)(=k) = 7"k, (=k)K)=y" [k, (K)k=0,  (k)[-k=(k),
ab ab ab ab ab ab ab ab ab ab
(=k)k] = (=k), [kl (k)=(k), [kl(=k)=0,  [k][-k]=0,
ab+ ab ab ab ab ab
(k) = p"(=k), ((k)*=0, (k)(=k)=n"IK,
abt ab ab ab ab ab
k] = [, (K])* =[k], [K][-k]=0. 5)

More algebraic relations can be found in Appendix C.
The odd “basis vectors”, named B;’r”, m determines the family member quantum number, f de-

d

termines the quantum number of a family, appear in 22 ~! irreducible representations - families, all

with the same properties with respect to $°?, while distinguishing with respect 5°°. Each family has
d - N

27! members. Their Hermitian conjugate partners (b;’Jr)Jr :b}”, appearing in a separate group, have

251 x 22~ members. As already written, the odd “basis vectors” have the eigenvalues of the Cartan
subalgebra members, Eq. (3), either of S or 57 half integer, j:% or j:%.

The algebraic product of any two members of the odd “basis vectors” are equal to zero. The same
is true for any two members of the Hermitian conjugated partner.

B}"**Al?;’f* = 0, B]’Z’*AB}T:O,
Ym,m', . f.
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Choosing the vacuum state equal to

d
2271

f=1

for one of the members m, which can be anyone of the odd irreducible representations f, it follows
that the odd “basis vectors” obey the relations

E}H*A|¢0C> = 0.|poc >,
Bfm+*A|ll’oc> = lyf >,
{07 b Yeae o > = 0.Jguc >,
A I
B, B0 s o > = 8™ bppltpoc >, (8)

as postulated by Dirac for the second quantised fermion fields. Here the odd “basis vectors” anti-
commute, since the odd products of v*’s anti-commute.
The odd “basis vectors” and their Hermitian conjugate partners are normalised as follows

< Pocl (BFF) xa B Fipoe >= 6" < oclthoc >, 9)
the vacuum state < ¥,c|,c > is normalised to identity. 3
The even “basis vectors”, named ! A}”Jr and I A}”*, appear in two orthogonal groups
LAy AT = 0= ILAM sy LAY (12

Each group has 251 x 22~1 members with the Hermitian conjugate partners within the group.

The even “basis vectors” have the eigenvalues of the Cartan subalgebra members, Eq. (3),
S% =g 4 5o equal to +i or +1 or zero.

The algebraic products, * 4, of two members of each of these two groups have the property

1 i TAmY i = (1,11
i }1(1'[' * A 1AJ71(11'I' _>{ ‘Af ! ( ) (13)
Oor zero.

3 Letus, as an exercise, present the odd “basis vectors” and their Hermitian conjugate partners for d = (3 + 1), taken from
Ref. [19]. The odd “basis vectors” appear in two families, each family has two members.

D et w72
503:%,512:_% 503:_%,512:% 503 512
- 03 12 - 03 12 . 1 (10)
byt =(+i)[+] by =[+i](+) i 2
oy 0312 oy 0312 i )
b =[=il(-) byt =(=i)[-] ~3 2

Their Hermitian conjugate partners have the properties

503:7%,512:% G03 _ i 512_7% 303 g12
DL o 31 , .
by =(=1)[+ by =[+i](-) -5 —3 (11)
0312 o012 . .
b =[=i](+) by =(+i)[-] 2 2

) L 0812 03 12
The vacuum state |¢poc >, Eq. (7), is equal to: |, >= ﬁ([_l][ﬂ + [+i][-])-
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. d . _—
For a chosen (m, f, f*), there is (out of 22 ~!) only one m’ giving a non-zero contribution. *

To be able to propose the action for fermion and boson second quantized fields, we need to know
the algebraic application, * 4, of boson fields on fermion fields and fermion fields on boson fields.

The algebraic application, * 4, of the even “basis vectors” ! fl}”* on the odd “basis vectors” 13}”,/*, we call
this left multiplication, gives

or zero.

. o i
TAF sep DR — fr (16)

Eq. (16) demonstrates that flyﬁ, applying on B}'f/t transforms the odd “basis vector” into another odd
“basis vector” of the same family, transferring to the odd “basis vector” integer spins or gives zero.
We find for the second group of boson fields, ! A}”

bt
}n‘l‘ 11 'Af N { e (17)
or zero,

demonstrating that the application of the odd “basis vector” ?)}Z“L on fl}'f,* leads to another odd “basis
vector” E}'ET belonging to the same family member m of a different family f“. We call this the right

multiplication of LAt on the odd “basis vector” BJ’Z”.
The rest of possibilities give zero.

bt IA. =0, ”Af*Af =0, V(m,m' f,f). (18)

Let us add that the internal spaces of boson second quantized fields can be written as the algebraic products of

the odd “basis vectors” and their Hermitian conjugate partners: E}Z“L and (E}f”*)*.

HAME = (B a bt (20)

Family members ?)ﬁ* of any family f’ generates in the algebraic product }” * 4 (bm ")t the same

/

d d . P .
2271x 2271 even “basis vectors” ! A}”*, each family member m’ generates in ( T b}”,,* the same

d d ) J T A
23571 221 even “basis vectors” ! .A?* 5,

4 4
4 Letus, for an exercise, present the 22 1 % 2371 "basis vectors” ford = (3 +1), the members of the group I A}"*, taken from

Ref. [19]
S0 g12 SB s12
03 12 03 12
A =[] 0 0 A=) @ 1 o
03 12 03 12
A =(-)(-) - -1 A =] 0o,

and 231 x 231 even "basis vectors” HAJ’Z”, m=(12),f=(12),

S g2 SB s
03 12 03 = 12

M SEIE) 0 0 M=) i -1 o
03 12 03 12

A=) -1 M == 0 0.

One can easily check the above relations from Egs. (10 - 20) if taking into account Eq. 1, or Eq (5).
It follows that ! /l?’*, expressed by E?ﬂ’** A (B}”,’ ), applying on b et *, obey Eq. (16), and b}" ;T applying on ! A"‘*, expressed

by (B}'i’*)* *4 B}'if*, obey Eq. (17).

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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2.2. Fermions and Bosons Creation Operators

The creation operators for either fermions or bosons must be defined as the tensor products, *7,
of both contributions, the “basis vectors” describing the internal space of fermions or bosons and the
basis in ordinary space-time in the momentum or coordinate representation °.

Let us start with the definition of the single particle states in ordinary space-time in momentum
representation, briefly overviewing Refs. [20], ([8], Subsect. 3.3 and App. ]).

7> = B50, >, <P|=<0,|by,
<PIF > = 8(F—F)=<0plbsbl|0, >,
~ /\1, = —
< Op|b5,ba|0p > = (p'—P), (21)

with < 0,[0, >= 1. The operator B; pushes a single particle state with zero momentum by an

amount . Taking into account that {p’, p/}~ = 0 and {#*,%'}_ = 0, while {p?, #/} _ = in, it follows

<ﬁ‘f> = <0ﬁ|i’ii?’j?|oa? >:(<Of‘?)f?)% |Oﬁ >)+
<05|{b%, bk 3-105 > = 0,  <05|{bs, bs}-05 >=0,  <0z|{by, b, }-|05 >=0,
<0g|[{b}, bE3-0¢ > = 0,  <O0gl{by, by}-[0z >=0,  <Og|{by, b} }_|0z >=0,
PO N 1 I L 1
<05 [{bs, bL} [0z > = P F——oe—ex, <O0z|{bs, ;;}405 >=¢ P (22)
(2m)-1 (2m)d-1

The momentum basis is continuously infinite, while the internal space of either fermion or boson fields
has a finite number of “basis vectors” - twice 22! x 22~ for fermions and twice 221 x 22! for
bosons, provided that the internal space includes d-dimensions. We assume that fermions and bosons
are active only d = (3+1).

The creation operator for a free massless fermion field of the energy p* = |f|, belonging to the
family f and to a superposition of family members m applying on the vacuum state (|¢oc > *7 |05 >)
can be written as (we follow [8], Subsect.3.3.2, and the references therein)

PN

b (p) = ;Csmf(f") bk« bYT. (23)

The vacuum state for fermions, |, > *T ]0]3 >, includes both spaces, the internal part, Eq.(7),
and the momentum part, Eq. (21). The creation operators in the coordinate representation can be

. N N T | N Tt (00 5%
written as b;*(x, )=, b}l” st [ ﬁ e (P) b;; e~ {(P°X°=P%) 18], ([8], subsect. 3.3.2. and
the references therein).

The creation operators, B?( 7), and their Hermitian conjugate partners annihilation operators,
(ij( ) = Bj,(ﬁ), creating and annihilating the single fermion states, respectively, fulfil when ap-
plying the vacuum state, (|{poc > *1|05 >), the anti-commutation relations for the second quantized
fermions, postulated by Dirac (Ref. [8], Subsect. 3.3.1, Sect. 5). The anticommuting properties of

6 To the boson second quantised fields, we need to add the space index a. Since our space-time is flat, we shall use a instead of
a, and n instead of y and for the scalar index, a > 5, (our fermions and bosons have non-zero momentum only ind = (3 + 1)
of ordinary space-time) index s.

© 2026 by the author(s). Distributed under a Creative Commons CC BY license.
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the creation operators for fermions are determined by the odd “basis vectors”, the basis in ordinary
space-time, namely, commute 7

The creation operator for a free massless boson field of the energy p* = ||, with the “basis vectors”
belonging to one of the two groups, A f t,i = (I,1I), applying on the vacuum state, | 1 > *r |05 >,
must carry the space index a, describing the a component of the boson field in the ordinary space °.

We, therefore, add the space index g, as well as the dependence on the momentum [20]
VARNE) = CM () xr AR i= (11D), (25)

with [C™ ¢, () = iC™ , 13;;, with B; defined in Egs. (21, 22) °.
The creation operators for boson fields in the coordinate representation one finds using Egs. (21,

2 . dd 1 . ~ 0,0z .
22), LARH (%, 20) = TAYt sy [T T Cra b =P D)) o0 = (L),

Assuming that the internal space has d = (13 + 1), while fermions and bosons have non-zero

momenta only in d = (3 + 1) of the ordinary space-time, both creation operators manifest (after
analysing SO(13,1) with respect to the subgroups SO(3,1), SU(2) x SU(2), SU(3) and U(1) of the
Lorentz group SO(13,1)) the properties of fermions and bosons as assumed by the standard model
before the electroweak phase transitions: Clifford odd creation operators defining the fermion fields
manifest all the properties of quarks and leptons and antiquarks and antileptons, appearing in families,
and the Clifford even boson creation operators, Ifl;‘;*, defining the boson fields manifest for a equal to
n = (0,1,2,3) all the properties of gauge fields (photons, weak bosons, and gluons - predicting the
second weak fields and explaining the gravitons).

For a equal to s > 5, the Clifford even boson creation operators, TA™", manifest properties of
the scalar Higgs, causing after the electroweak phase transitions masses of quarks and leptons and
antiquarks and antileptons, and some of the gauge fields.

The assumption that the internal spaces of fermion and boson fields are describable by the odd
and even “basis vectors", respectively, leads to the conclusion that the internal spaces of all the boson
fields - gravitons (the gauge fields of the spins SO(3, 1)), photons (the gauge fields of U(1)), weak
bosons (the gauge fields of one of the SU(2)) and gluons (the gauge fields of SU(3) (together with
U(1) origin in SO(6)) - must also be described by the even “basis vectors”, all must carry the index
a=n=(0,1,23).

Both groups of even “basis vectors” manifest as the gauge fields of the corresponding fermion fields: One
concerning the family members quantum numbers, determined by S, the other concerning the family quantum
numbers, determined by gab,

Let us point out that although it looks like that this theory postulates two kinds of boson fields,
not yet observed so far, this is not the case: All the theories so far postulate the families of fermions
and the scalar fields giving masses to fermions and weak bosons in addition to the internal spaces of
fermions and bosons. In our case, the families are present without being postulated. Our boson fields
of the second kind have, in theories so far, realization in Higgs.

<05 [{B5 (1), B (B)} + [oe > 105 > = 6350 6(F = ) - |poc >,
(65(1), B5(P)}+ [thoe > 105> = 0+ [tpoe > (05 >,
{655 (), B (F)}+ [hoe > 05> = 0+ [gpoe > (05 >,
B3 (F) 9o > 105> = [9}(p) >
B5(P) [Yoc > 05> = 0 [thoc > [0 >,
P’ = 7l (24)

8 The vacuum state for bosons is chosen to be identity.
% In the general case, the energy eigenstates of bosons are in a superposition of L. A", for either i = I or i = I1.
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The proposed description of the internal spaces offers families of fermions, scalar fields and gauge
fields: fl}lﬁ, transferring the integer quantum numbers to the odd “basis vectors”, E}’”, changes the
family members’ quantum numbers, leaving the family quantum numbers unchanged, manifesting
the properties of the gauge fields; The second group, !! ./l;”, transferring the integer quantum numbers
to the “basis vector” E?”, changes the family quantum numbers leaving the family members quantum
numbers unchanged, manifesting properties of the scalar fields, which give masses to quarks and
leptons, and to the weak bosons.

The propose description of the internal spaces of fermions and bosoms predicts more families
than observed so far, and more gauge fields. We expect that the breaks of the starting symmetry will
show, why we have not observed them [8,18](yet).

2.3. States of Fermions and Bosons Active Onlyind = (3+1)

We take the states of fermion and boson fields to have non-zero momentum only ind = (34 1).
This refers to the Poincaré group (with the infinitesimal generators M (= L% + §%), p°) applying
only ind = (3 + 1), while in the internal space, the Lorentz group (with the infinitesimal generators
S, S = gab 1 §aby applies to the whole internal space d = 2(2n + 1). We discuss in this section
the algebraic relations among fermion and boson fields (2, 2.1) in the case that the internal space has
d=(5+1)andd = (13 + 1), Subsect. 2.3.1.

The odd and even “basis vectors” are presented in the case that d = (54 1) in App. D in
Tables (A2, A3, A4, A5, A6). This toy model is discussed as an exercise.

In Table A1l the odd “basis vectors” are presented in the case that d = (13 4 1) for one family
of fermions - quarks and leptons and antiquarks and antileptons - as products of an odd number of
nilpotents (at least one, up to seven). The “basis vectors” are eigenstates of all the Cartan subalgebra
memebers, Eq. (3), of the Lorentz algebra.

The creation and annihilation operators are for odd and even “basis vectors” the tensor products,
7, of the basis in ordinary space-time ind = (3+ 1), and the “basis vectors” in internal space, with d =
(5+41) ord = (13 + 1): For anti-commuting creation operators we have ij (P) = L™ f(ﬁ) B; xT
Byﬁ, Eq. (23).

For the commuting creation operators with the “basis vectors” belonging to one of the two groups,
iA?*,i = (I,1I), carrying the space index a, we have 1A (7) = C" 1, (P) *r iflj’f* Ji= (L 1I),
Eq. (25).

2.3.1. Internal Spaces of Fermions and Bosonsind = (5+1) andd = (13+1)

a. Let us start with the toy model for electrons, positrons, photons and gravitons in the case that the
internal space is d = (5 + 1), while fields have non-zero momenta ind = (3 + 1).

We follow here to some extent a similar part in the Ref. ([20], and the references therein). This
toy model is to show the reader, in a simple model, what the new description of the internal spaces of
fermion and boson fields offers.

In Table A2 the odd “basis vectors”, E}”*, appearing in four (Zdzié_l) families, each family having

four (2% ~1) family members, are presented in the first group, as products of an odd number of nilpo-
tents (one or three) and the remaining projectors. Their Hermitian conjugate partners are presented in
the second group, again with 16 members.

The even basis vectors appear in the third and the fourth group.

Table A2 presents the eigenvalues of all Cartan subalgebra members, Eq. (3); S for a family
members, and $? for a family. S* = (5% + §%) determine the Cartan eigenvalues of the even “basis
vectors”, presenting internal spaces of boson fields.

The reader can check the relations among “basis vectors” of fermions and bosons appearing in Egs. (6
—20), for the case that the internal space has d = (5 + 1), by taking into account Egs. (5, A67, A68).
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The corresponding creation and annihilation operators for free massless fermion fields (B}’” (P
13;; *T B;Z”), and for free massless boson fields (ifl“;*, i = (I, II), carrying the space index a, ifl}‘;* ()

iCmfa(ﬁ) *T ifl?* ,i = (I, II)), can be found in Egs. (23, 25).
. . 03 12 56
Let us call the first b}”* of the “basis vectors” in Table A2, b1t = (+i)[-+][+], the “basis vector” of

the “electron”, and the third “basis vector” b3t = [331'] [EE] (5—6), both belong to the first family, the “basis
vector” of the “positron”, choosing the quantum numbers of the “electron” equal to (S = %, S12 = %
and $% = %), and of the “positron” equal to (S = —%, S12 = % and S% = %). One can transform the
“electron” to the “positron” by S%.

The “basis vectors” of the “positron” and “electron” have fractional charges and both appear in
four families, reachable from the first one by the application of 7.

For example, one generates the second family by applying 5% on the first family.

The corresponding “photon” field, its “basis vector” indeed, describing the internal space of the
“photon”, must be a product of projectors only, since the photon does not change the charge of the
positron or electron.

There is only one even “basis vector”, that applying to the “basis vector” of the “electron” gives a
03 12 56
non-zero contribution, the “basis vector” LA = [+i][+][+]. It is presented in Table A4.

There is also only one even “basis vector”, which, applying to the “basis vector” of the “positron”,
gives a non-zero contribution. Both even “basis vectors” have the properties of photons. It is presented

in Table A4.
. 03 12 56 . 03 12 56 .
LA (=LHILHIED) o B (=(ED L) — B,
LA (=) *a BHEIALEI)) — B 6)

The same “photon” makes the same transformations on the corresponding “electron” (or “positron”)
of all the families. Obviously, the Cartan subalgebra quantum numbers, Eq. (3), (S* + §%), applying
on any member of the “photon” is equal to zero: (S + $® = 0, 12 + 512 = 0 and S + 5% = 0) of
either ! fl%;;h or! ftg;h, are zero, since the projectors have properties that $?*= —5%, Eq. (4).

Let us check the relation of Eq. (19), using Egs. (5, A66).

. 03 12 56 . 03 12 56 . 03 12 56
TSN =[H)[HH]) = 0T (=) ) *a (09T (= (F) D).

[ asp, 03 12 56 gy, 03 1256 apy 03 1256
A EHHED =00 E=AH() xa (07)(= (HH()) -

We demonstrated on one example, that knowing the odd “basis vectors” we can reproduce all the
even “basis vectors”, fl;l”. 10 Tables A5 and A6 relate the odd “basis vectors” and their Hermitian
conjugated partners.

We can repeat all the relations obtained for fl?” in this subsection also for ! fl}l”. Kipping in mind
Eq. (20), we easily see the essential difference between ! fl}” and ! A}’”. While ! A}”Jr transform family
members of odd “basis vectors” among themselves, keeping family quantum number unchanged,
transform !/ .A}”Jr a particular family member to the same family member of all the families, changing

10 In Ref. [20] the relations among even “basis vectors”, and the odd “basis vectors” are presented in Tables (2,3,4,5). Tables (2,3)

relate A}” and odd “basis vectors”, while Tables (4,5) relate ! /l]'?’* and odd “basis vectors”.
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the family quantum numbers. !! Correspondingly, we see in the second kind of bosons, when carrying
the scalar space-time index a > 5, a scalar boson - a kind of Higgs.

Let us point out that the even “basis vectors”, determining the creation and annihilation operators
in a tensor product with the basis in ordinary space-time, determine spins and charges of boson fields.
Having non zero momentum only in d = (3 + 1), they carry space index a = n = (0,1,2,3). They
behave in the case that internal space has (5 + 1) dimensions as a “photon”, as we just discussed. Our
“photon” can exchange the momentum in ordinary space-time with “electron” or “positron”, but can
not influence any internal property, like there are the spins, % and S'2, or the charge S°.

Let us find out what represents the even “basis vectors”, LAY with two nilpotents in the SO(3,1)
subgroup of the group SO(5,1). The two spins, S®® and S'?, enables the creation operators, which are
the tensor product of the basis in ordinary space-time and the even “basis vectors” with two nilpotents,
Eq. (25), to form “gravitons”, presented in Table A3. We presents two gravitons, LA} (7) and 1A% (7),

1 () = 1Can() 1 TALF(= B xa (B9 =(H) (DL,

1 A2tz _1p2 (= 1zt O B 2t pltyt
Asn(F) = 'Coan(p) #1 " AF(=(=) (=) [+]= (b1 *a (017)7),

with the basis vectors T AL (= (+1) (f) [T]), the first one, and with ! ft%*(z(g') (1—2) [S—E]), the second
one, which change the spins, S® and S'?, of fermions. When a boson LA}! (7) scatters on a “electron”
with the spin down, b2*(p)(= 13;; «7 b2', Eq. (23), changes its spin from | to 1, and transfers the
momentum to the “electron”. This boson LA} (), transferring the integer spin to the “electron” in
addition to momentum of the space-time, is obviously “graviton” with S® = i and S§'? = 1, changing
the quantum numbers S = —£ and S$'2 = —1 of b2* () to S® = ] and S'2 = ] of bi* ().

Let us check for two cases, how do the “basis vectors” of “gravitons” behave when “gravitons

”

scatter.
R 03 12 56 03 12 56 03 12 56
LA (=(SHO)D) #a A, (=(H)(DIE) — LAY, (SIS I0)
LAY, (=(E) (DD =4 1Bl (S () — LAY, (S LHD) @)

There are also even “basis vectors” of the kind ! fl;’ﬁ which change spin and charges, changing

712

for example “positrons” into “electron” ', changing at the same time the handedness.

Looking at the even “basis vector” in this toy model, there are one fourth of .Aj’;”, which are

“photons” (like AL and '43", not able to change the quantum numbers of the “electrons” and
“positrons”, presented in Table A2) or “gravitons” (like L A2" and T A}, which change the spin of
“electrons” and “positrons”).

The rest eight ' A}'" relate “electrons” and “positrons”.

11 Let us demonstrate the right application of T A}” on E}'ﬁ“‘ for the case d = (5+1).

The same ! fl}’”, applying from the right-hand side on B}'f”r, transforms any family member of one family to the same family
member of another family.

03 12 56 03 12 56 03 12 56

bt (=(+)[H[H]) #a AT (=(=) () [+]) = BT (=[+](H)[+),
R 03 12 56 R 03 12 56 R 03 12 56
" (=(+)[H[+]) *+a TAT (E[=](H) () — bi*(:(+i)(+)( +)),
R 03 12 56 R 03 12 56 N 1256
bz*(z[—i](—)[ﬂ) x4 AT (=(=)(HH]) = B'(= ( )[ 14D,

12 56 03 12 56 03 12 56
bz*(—[ l]( ) *a TAT(=[-1(H)(+) = N (=[=]-1(+))

03 12 56 R 03 12 56
12 The corresponding bosons transform “positrons” into “electron”, I/i%*(z(—i)[—](-i—)) *4 b‘l”(E(—Q—i)(—)(—)) —

12 56

B2t (= (2
b (=[=(=)[+])-
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As we already said, repeating the relations for I A;}”, Eq. (26, 27), also for I fl}”, we shall not
get “photons” or “gravitons”, which both transform family members of odd “basis vectors” among
themselves, keeping the family quantum number unchanged. Carrying the space index equal to (5,6),
the scalar bosons of the second kind, /! fl}”, (“photons” and “gravitons”) cause, as a kind of “Higgs”,
after breaking symmetries in this toy model, the masses of fermion fields.

b. The realistic case, which offers the “basis vectors” for all the so far observed fermion and boson fields,
requires for internal space d = (13 + 1), and for the space-time, in which fermions and bosons have non zero
momenta, d = (3+ 1), at least at observable energies.

In Table A1, App. A, the 251 odd “basis vectors” present one irreducible representation, one
family, of quarks and leptons and antiquarks and antileptons (both appearing in the same fam-
ily), analysed with respect to the subgroups SO(3,1),SU(2);, SU(2), SU(3), U(1) of the group
S0(13,1). One can notice in Table A1, that the content of the subgroup SO(7, 1) (including subgroups
50(3,1),5U(2)1,SU(2)1;) are identical for quarks and leptons, and identical for antiquarks and an-
tileptons; due to two SU(2) subgroups SU(2);, SU(2) ;, first representing the weak charge, postulated
by the standard model, the second SU(2);; group members are not (yet) observed at low energies.
Quarks and leptons, and antiquarks and antileptons distinguish only in the SU(3) x U(1) part of the
group SO(13,1).

From the first member, the odd “basis vector” u%l in Table A1, follow the rest odd “basis vectors”
by the application of the infinitesimal generators of the Lorentz group S%, as well as by the application
of ! fl}”). All the first members of the other families follow from the one presented in Table A1l by
applying on u$} by 5%, as well as by the application of ! fl}?*.

The corresponding creation and annihilation operators of fermions are tensor products of a “basis
vector” and the basis in ordinary space-time, for example, u§l (7) = u§' *r Bﬁ.

The even “basis vectors” can be obtained, according to Egs. (19, 20), as the algebraic products of the
odd “basis vectors” and their Hermitian conjugate partners; In a tensor product with the basis in ordinary
space-time, and with the space index a = (= 0,1,2,3) added, 'AR () = Ic™ fa(P) #1 ! ,2{}"*,

IAE*( ) manifest the properties of the tensor (a = n), vector (¢ = n) and scalar (2 = s > 5) gauge
fields, observed so far.

In a tensor product with the basis in ordinary space-time, and with the space index 2 = s > 5 added,
I.Ql}‘:r (P) manifest the properties of the scalar fields, like the Higgs and other scalar fields, bringing masses
to quarks and leptons and antiquarks and antileptons and to weak bosons, for example.

Let us look in Table A1 for eEJr, 29" line. The photon ! A;h o1t INteracts with efr as follows
L L

03 12 56 78 91011121314 03 12 56 78 91011121314

VA ot ot GIHIHIFIHF D #a e GGG E () -
03 12 56 78 9101112 1314 R
ep (== H)(HH)F), WA =t saler ) (28)

Let us look for the weak boson, transforming ef from the 29" line into v} from the 31 line.
It follows

. 03 12 56 78 91011121314 03 12 56 78 91011121314
"1 ¢y G (D H D #a e T E[HHE) () ) ) () =
03 12 56 78 91011121314 .
vl (S ) ), "1y, = VI *a (D) (29)

Knowing “basis vectors” of fermions, we can find “basis vectors” of all bosons fields. Only few of
them are among the so far observed boson fields. '*

13 We discuss in Refs. [8,20], that breaks of symmetries make that not all possibilities of the predicted vector and scalar boson
fields are observable at low energies. Also among the observed fermions and antifermions the predicted right-handed
neutrinos and left-handed antineutrinos wait to be observed. Our model predicts more families than observed, like the
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However, studying all the boson fields might help to recognise why and how the properties of
fermions and bosons change with breaking symmetries, if this theory describing the internal spaces of
fermion and boson fields with odd and even “basis vectors” is what our universe obeys.

Demonstrating so many simple and elegant descriptions of the second quantized fields, explaining
the assumptions of other theories, makes us hop that the theory might be what the universe obeys.

Since the graviton in this theory is understood in an equivalent way as all the gauge fields
observed so far, let us at the end of this section, try to analyse the “basis vectors” of the gravitons if the
internal space hasd = (13 + 1).

We must take into account that the “gravitons” do have the spin and handedness (non-zero S

03 12
and S'?, which means that this part must be presented by two nilpotents, (+i)(+))ind = (3+ 1), and
do not have weak, colour and U(1) charges (what means that all the rest must be projectors), and have,
as all the vector gauge fields, the space index n = (0,1, 2,3).
We can then easily find the “basis vector” of the graviton, ! fl;r WS which applying on

u with Spin up, a earmg in the rirst line o. e table , transrorms 1t 1to u with Sspin down,
At with spin up, appearing in the first line of the table A1, transf it into u{ " with spin d

appearing in the second line of the table Al.

. 03 12 56 78 91011121314 03 12 56 78 91011121314
IA;M%;%?I(E(—I')(—)[H [HIH =T []) *a uid GED I () [S]-]) =
03 12 56 78 91011121314 .
ugl, S-S HIE O [HT-D), 1«42,%1?%%13 = uQ| *a ()" (30)

Let us look at the “scattering” (that is the algebraic application, *4 ) of the graviton with the
“basis vector” TAT . . with the graviton with the “basis vector”
gruSy —u

| 03 "2 56 78 0011121314 .

Agrugtsugy EEDEHFHIH[E] ), thatis
s 03 12 56 78 91011121314 s 03 12 56 78 91011121314
Agrugtt gy EED O D *a " Ag a0 EED O HIHHIEED =

03 12 56 78 91011121314

EEHHHETED) = u)f +a ()t = IA;M%T%%J,

to recognize how easily one finds the internal space of bosons.

. . . o It -
The creation operators for gravitons must carry the space indexn = (0, 1,2, 3), like: Agr Wt ugtin (P).

3. General Algebraic Structure of Fermion and Boson Second Quantised Fields

We demonstrated in Sect. 2 the relations among second quantised fermion and boson fields when
treating internal spaces of fermions and bosons in a unique way: fermions as a superposition of odd
products of operators y*, bosons as a superposition of even products of operators 4? carrying in
addition the ordinary space-time index 4, named odd and even “basis vectors”, respectively. Although
the corresponding states of the creation and annihilation operators have, in the case that the internal
space has d = (13 + 1) while in the ordinary space-time fermions and bosons are active only in
d = (3+1), the desired properties as assumed by the other theories, yet there are differences, which
might lead to different predictions and conclusions.

Let us point out the main differences:

a All “basis vectors” of fermions are mutual orthogonal and so are mutually orthogonal their Hermitian
conjugate partners, and correspondingly their creation and annihilation operators.
b Fermions appear in families, bosons appear in two orthogonal groups.

fourth family to the observed three, [11,12] and the dark matter [13,15] as the (almost stable) fifth family belonging to the
upper four family.
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¢ Bosons multiply fermions either from the left-hand side (when causing transformations within one
family) or from the right-hand side (when causing transformations among families).

In this section, we generalize Sect. 2, by generalising structure of massless fermion and boson
second quantised fields with the non-zero momentum only ind = (3 + 1) of the ordinary space-time,
presented in Refs. [17-22], and explained and discussed in Sect. 2 of this paper.

The decision that the internal spaces of the second quantised fermion and boson fields are described
by a superposition of odd numbers of operators v*’s for fermions and even numbers of y*’s for bosons,
bosons carry the ordinary space-time index a, determines all the properties of the fermion and boson
fields, as well as their mutual interactions, which are realised by the algebraic multiplication.

This decision explains Dirac’s postulates for the second quantised fermion and boson fields,
determines the statistics of fermions and bosons, determines families of fermions, each of which
includes fermions and antifermions '#, determines the Lorentz (and correspondingly gauge) symmetry
of fermion and boson fields, Subsect. 3.2, determines couplings among fermion and boson fields,
Subsect. 3.3, and consequently the Lagrange densities, Subsects. (3.4, 3.6), determines two orthogonal
kinds of boson fields, Subsects. (3.5, 3.6), determines orthogonality of fermion states, what all influences
Feynman diagrams 3.7 (which should reproduce the experimental data).

3.1. Algebraic Structure

The theory offers fermion fields, they are tensor products of “basis vectors” and basis in ordinary
space-time, Eq. (23),
P(x) € C1o9(d —1,1), (31)

as Clifford odd 2% ~1 members in 2% ~1 jrreducible representations, families, together with the same
number of their Clifford odd Hermitian conjugate partners. They satisfy the relations of Eq. (6) '

prap =0,  ¢Praapt=0,  PTrap #0, (32)

where * 4 denotes an associative algebraic product.
The theory also contains two orthogonal bosonic fields, which are tensor products of “basis
” .. . . . d_q d_q
vectors” and basis in ordinary space-time, Eq. (25), each with 227" x 227" members,

LA, (x), A, (%),

with
LA, A, e cl®ven(d —1,1),

a is the space-time index '°. They satisfy the orthogonality condition, Eq. (12),
A xa Ay = A4 Ay = 0. (33)
The chosen algebraic structure leads to the relations of Eq. (13),
Upia' Ay — A, i=(1,11), (34)
and of Eq. (16),

WAasatp — 9, (35)

14
15

Consequently, the vacuum is not the negative-energy Dirac vacuum; It is just the quantum vacuum.
The oddness of “basis vectors” determines the orthogonality.
16 The space-time index 4 is in this theory equal to n = (0,1, 2,3) for vectors and tensors, and a4 > 5 for scalars.
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transforming fermion fields within an irreducible representation - family, and to Eq. (17),
prallds =y, (36)
transforming fermion fields among irreducible representations - families.

3.2. Internal Lorentz Symmetry

Local internal Lorentz transformations in the internal space of fermion and boson fields are
generated by, Ref. [21],
Sab _ (Sab +S~ab)'

The corresponding local transformation reads
Ax) = @S At (x)uu Ax) = 1,

provided that wy; = —wp; and wfj = wjj.
The fermion field transforms as
l/J — A % A 1[1

Translations in ordinary space-time are generated by operators p,. Rotations in both spaces,
internal and ordinary space-time, are generated by M = (L% + §ob 4 §eb) 17,

3.3. Covariant Derivative

The covariant derivative corresponding to the algebraic properties of the fermion and boson fields
acting on 1 is defined by, Egs. (16, 35, 17, 36),

Dotp = patp — Aaxap — x4 A, (37)

Under a local Lorentz transformation in internal space (defined by (5% + $%), concerning the
internal and space-time Lorentz transformations one needs to take M* = (L% 4 5% 4 §ab) )

Pa —>A+>:<A Pa*a\=ps+ (puAJr) x4 A
Lorentz covariance of D, requires
Doxa (Axatp) — (AT x4 Dasp A) x4 9, (38)
as we shall see.

3.4. Fermion Lagrangian and Local Lorentz Transformations in Internal Space

Following the properties of the fermion and boson fields, repeated above in Sects. (2, 3 up to this
subsection) we are able to consider the fermionic Lagrangian density in a Dirac way, and with our
covariant derivative D,

1
Lr(9) = 5 [¢7 %477 %4 Datp + (Da) 541" 54 9] (39)
The covariant derivative acting on the fermion operator ¢ is

Dotath = (pa—"Ad) %atp— 9 x4 1 A, (40)

17 1% gives non-zero contributions only in d = 3+ 1. Only in d = 3 + 1 are the rotations in internal space and in ordinary

space-time related.
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We consider a local Lorentz transformation in internal space

g =y = Ay, (41)

with
A(x) — eiwab(x)sab .

Using this in the Lagrange density it follows '®

Le(AY) = 5[(A9) x4 1°7" 54 Daxa (AP) + (Daxa AY) 14 1°7" 54 Ag)],

N —

which leads to

|:(1IJ)+A+*A"}/O’)/E *AAA+ *A Da *AAIIJ+(AA+ *A Da *AAIIJ)+ *A’)/O’yu *AAIIJ]

N —

Lr(Ay) =

Taking into account that At 54 999% %4 A = 709 is the Lorentz transformed object, and At s Dy sy
A = D, is the Lorentz transformed object, while (A x4 D)t = (D} x4 )t At, the new, transformed,
fermion Lagrange density is

1 1 ’ 1 ’
Le(Ap) = 5 [9" %47 7 % Dyrap+ (D)t x4 7"y xa g)- (43)
Expanding the derivative term yields

Pa(AP) = (paN)P + A(patp).

The new covariant derivative is, if we call —At x4 1A, %4 A+ Pal\ = T A and —AT sy T A, %4
A — _IIA,u-
A'Do(Ap) = Dy = {~T A} sap —pra M A (44)

This determines the transformation laws of the bosonic fields

TAl AT AN+ AT (paA),
Har = AMTAA. (45)

With these transformation rules one obtains
YV Da(Ap) = 709 54 Dy 4 9, (46)

and the fermion Lagrange density preserves its form under local Lorentz transformations as we
promised in Subsect. 3.3. ¥

We could as well assume the quadratic form of the Lagrange density for fermions, again with the
covariant derivative (D, presented in Eq. (44)

Lr = (Do)t x4 (D). (47)

18 Looking at transformations in the first order in the way

S {07 pa (1 i + i S*) ') ") (1 + iewygST + iwoiS™ )¢ +

2
(1 +iwijST +iwpiS™) ') /09" pa (1 + iw;; ST + iwei S )y},
1
= S {pa)™ Y + W)Y pay'}, “2)
after taking into account that wj; = wjj, while wg; = —wy;, and that (St = s, (8% = —g0

19 The gauge transformations of boson fields coincide with (some of) the Lorentz transformations concerning only the internal

space with d > 3 if the boson fields carry the space index n = (0,1,2,3).
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This Lagrange density, obviously Hermitian, transforming under Lorentz rotations as required by
Egs. (44, 45), is waiting to be studied.

3.4.1. Equation of Motion for Fermion Fields

Varying the fermion Lagrangian density with respect to the Hermitian conjugate field ¢ ' gives

1
6Ly = 5[0 417" %4 Dap + (Dud)t 417" 54 9] -

After integration by parts one obtains the equation of motion

'yo'y“ x4 Dy =0. (48)

Using the definition of the covariant derivative
Dy = pap — IAH xA P — Py Hvztu/

the explicit form of the fermion equation becomes
Py (patp = Aaxap— pxa "UAs) = 0. (49)

We see that the theory, assuming that internal spaces of fermion and boson fields are described
by the odd number of nilpotents (fermions) and the even number of nilpotents (bosons), the rest of
projectors, fermions can interact only by exchanging bosons, either with left or right multiplication.

3.5. Algebraic Structure of Boson Fields

Boson fields in the present approach carry a space-time index

a=0,1,2,3,5,6,...,d,

20

Fora =0,1,2,3 the fields
Aq(x)

transform as vectors in space-time. For a > 5 the corresponding fields appear as scalars from the
(3 4 1)—dimensional point of view. Boson fields therefore appear either as space-time vectors or as
space-time scalars.

The internal structure of bosons can be expressed in terms of fermion operators ¢ and ¥,
Egs. (19, 20). The algebra satisfies the nilpotent relations, Eq. (6),

Yrap =0, syt =0,

while mixed products do not vanish. The internal structure of bosonic operators can be expressed
through the bilinears, Egs. (19, 20),

gray’, iy
The algebra distinguishes two types of bosons, Egs. (19, 20),

IAﬂNl/’*AlP+[ IIAaNlP+*Alp-

20" Here the indices (0, 1,2,3) correspond to the usual (3 + 1)-dimensional space-time when representing vectors and tensors

(only in this space-time bosons, as well as fermions, are active), while 2 > 5 determine scalars. The internal space is active in
alld =2(2n+1).
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Both transform under Lorentz transformation as presented in Eq. (45). %!

Because of the nilpotent relations - their mutual algebraic products are zero - these two sectors do
not interact directly. They can interact only in the presence of a fermion. One finds schematically 2>

TAsap = (Wxap ) sap =pra (Y p) ~ 9 x4 1A, (51)

Thus bosons of type I and type II are connected only through fermions, what must be recognized
in Feynman diagrams, which must, of course, reproduce the experimental data.

When T4, %4 ¢ — ¢, it is indeed T A, x4 p — ¢ x4 I A,. In this case [/ 4, can either remain

without energy and momentum, taken by 1, or both - I/ 4, and ¢ - share energy and momentum *°.

In general a boson field can be written as an expansion over Clifford algebra elements, Eq. (25),
k
Ad(x) = Y AP () T, (52)
k

where I'y denote elements of the Clifford algebra built from nilpotents and projectors. A boson field is
a tensor product, *7, of a field in the ordinary space-time in the coordinate representation and of one
of the two kinds of Clifford even “basis vectors”: C" ¢,(x) *r fl}”*, Eq. (25). Here I'; replaces fl'f’” and

Ao(,k) (x) replaces C" ¢, (x).
The space-time index a determines whether the field behaves as a vector or scalar in space-time,
while the Clifford algebra structure determines the physical properties such as spin and charges.

3.6. Bosonic Lagrange Density

Since the algebra distinguishes two kinds of non interacting bosons,
IAH/ IIALI/
the bosonic Lagrange density separates naturally into two parts,

Lp=LL+ L

2L Let us see what Eq. (45) does say about the transformation of bosons " A, ~ ¢ x4 ¢ and T4, ~ ¢ x4 ¢*

T4, = l/J*Al[J+, IIAHZ¢+*A¢’
e = (AT xa (AT)T = ATpxapia =141
IIA/a — (A+I/J)+ * 4 (A+1/,7) _ ¢+A *4 A+1/J — ”.Ala
leading to
A, = AgpsaptA, TA, =ypts,yp. (50)

While ! A, transform as we use to see transformation properties of vector gauge fields, the second kind does not transform at
all.

Let us demonstrate the relation in Eq. (56) on the case that d = (5 + 1), with the fermion and boson “basis vectors” presented

) ) ! e, 03 1256 gy, 0312 56 - 03 12 56

in Table A2. Let the “basis vector” of ! A, be equal to ! Aj" (=(+1) (+)[+])) = bi" (=(+) [+][+]) *a (1) (= ([—](—)[+])T),
R 03 12 56 .

and let it applies on a fermion i with the “basis vector” equal to 2" (=[—i](—)[+]. ¢ with the “basis vector” b2 scatters to

R R 03 12 56

bl and 11 A, with the “basis vector” equal to T AL (=[—i][+][+]). ¢ and I 4, either share the momentum and energy, or

T A, remains momentumless in the vacuum, obeying Eq. (16).

When applying either !.4,(x) on i or ¢ on T A, (x), we always get two fields back. In the first case, when ! A, (x) apply on ¢

we get (another) ¢ and /1A, (x). The boson field may stay in the vacuum without energy, or appear as well as a propagating

field. In the second case when i applies on 1A, (x) we get x4 (7 x4 ) = (¥ x4 1) x4 ¢, that is A, (x) and another

1. The boson fields may stay in the vacuum without energy, or appear as well as a propagating field. This will be very
important when looking at the Feynman diagrams.

22

23
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Taking into account Eqs. (13, 37), and requiring that each kind contains the kinetic term for the
corresponding boson fields, and the self interacting term following Egs. (13, 37), we end up with the
field strengths

Py = —i(pa'Ap—pp'Aa— {1 A, T A}-),
Uy = —i(pa" Ay — pp T Ay — {1 AL, A}, (53)

and correspondingly with the bosonic Lagrange density

1 1
Lp— 111_~Hb11_~ub i anﬂb I pab. (54)

Because the two bosonic sectors correspond to different Clifford structures, orthogonal to each other,
they do not interact in the bosonic part of the Lagrangian.

The interaction between the two sectors occurs only through fermions. The fermion interaction
term can schematically be, taken from Eq. (39) into account, written as

1
L = S{@" 77" Ay +9T1 "y A+
[ Aay +9 DAL %" g} (55)
In this way bosons of type I and type Il meet only in the presence of fermionic fields.

3.7. Feynman Rules and Interaction Structure

The algebraic structure discussed above have important consequences for the interaction vertices
and the corresponding Feynman rules.

The proposed description of the internal space of bosonic operators with the even number of
nilpotents, leads to the relations among fermion operators and boson operators

prayt, Ty,

describing two kinds of bosons,

I-Aar H.Aa.

Because of the nilpotent relations

prap=0, yPrxayp’ =0,

the two kinds of bosons do not interact directly. They can interact only through fermionic operators.
Schematically one finds relations of the form

TAkap = (@*a ) sap = pra (@Hsap) ~p x4 A,

The above implies that bosons of type I and type II can be connected only through fermion lines.
Correspondingly, it is the fermionic Lagrange density which is responsible for the interaction among
fermions and bosons.

Lint =9 547"y (A 54 p+9 54 TA).

4. Conclusion

The proposed theory, built on the assumption that the internal spaces of fermion and boson fields
are describable by odd (for fermions) and even (for bosons) products of operators ?, offers the unique
description of spins and charges of fermion and boson second quantised fields, as we can noticed
in Tables (A1 for the observed quarks and leptons, A2 for a toy model), as well as in the covariant
derivatives of the Lagrange densities for fermion and boson fields in interaction, Egs. (39, 40, 54, 55).
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The theory offers the explanation for the appearance of all the so far observed fermions (quarks and
leptons and antiquarks and antileptons; as well as for their families) and bosons (SO(3,1) gravitons [18,
20] **, two SU(2) weak fields [8,18,20], SU(3) gluons [8,18,20], U(1) photons and new predicted
fermions (right-handed neutrinos and left-handed antineutrinos ([8] and references therein), the fourth
family to the observed three [11,15,31], a new group of four families of quarks and leptons, the stable
one at low energies explaining the Dark matter [12]).

Both fields, fermions and bosons, are assumed to be massless and appear in a flat space-time.

Without breaking symmetries, there would also exist boson fields carrying more than one charge
at the same time, like the weak and colour charge, or the spin, weak charge and colour charge, which
we have not (yet) observed.

There is the break of symmetries which make fermion fields and some of the boson fields massive,
as studied in Ref. [8]%°.

The Lorentz transformations in internal space, presented in Subsect. 3.2, manifest the gauge
transformations of other theories when we treat the internal space with d > 5. Our description of
the internal spaces of fermion and boson fields requires that all bosons are treated equivalently, with
gravitons (with the space index a = (0, 1,2, 3)) and scalars included (scalars have the space indexa > 5
while they can have all the internal space properties as vectors and tensors).

The choice that the internal spaces of fermions and bosons are described by superposition of
odd and even products of operators 7*, respectively, explains the Dirac’s postulates of the second
quantized fermion and boson fields.

We assume the Dirac-like action for fermion fields, but with the covariant derivative required by
our description of the internal spaces of fermion and boson fields, presented in Egs. (39, 40). The fermion
Lagrangian density, preserving its form under the local Lorentz transformations as shown in Subsect. 3.4,
explains the gauge invariance of the usual theories if our internal space concerns d > 5 ?°. There is no
negative energy Dirac sea for fermions. Fermions have only ordinary quantum vacuum. Fermions and
anti-fermions appear in the same family. Fermions and bosons appear in the quantum vacuum.

The quadratic Lagrange density for fermion fields, preserving its form under local Lorentz
transformations, presented in Eq. (47), remains to be studied.

Also the boson Lagrangian density preserves its form under the local Lorentz transformations, as
shown in Eq. (50).

The proposed description of the internal spaces of fermion and boson fields requires two kinds
of mutually non-interacting boson fields, Subsect. 3.5, L4, and ' A,, T A, %4 ! A, = 0. Their Lorentz
transformation properties are presented in Egs. (45, 50).

The Lagrange density for bosons, generated as in usual theories, is correspondingly, the sum of
two independent Lagrange densities, presented in Subsect. 3.6, Egs. (53, 54), for I A, and T A,, which
interact only through fermions.

The boson fields either manifest the left multiplication to fermions, I A,, or the right one, IT 4,
Eq. 40.

Their mutual interaction term in the Lagrange densities, presented in Eq. (55), are determined by
our description of internal spaces of fermion and boson fields, requiring two kinds of bosons.

We arrange in any d = 2(2n + 1) dimensional internal space, the fermion and boson states to be
eigenvectors of all the members of the Cartan subalgebra, Eq. (3), we call these eigenstates the “basis
vectors”. The “basis vectors” for fermion fields have an odd number of nilpotents, and for the boson
fields, an even number of nilpotents, the rest are projectors, Eq.(4).

24
25

Let us point out that the graviton in this theory is explained in an equivalent way as all the gauge fields observed so far.
The breaks of symmetries were studied when the boson fields were described by 5% o and 5@y, ([8], Subsect. 6.2 and
references therein), instead of by ! fl}”* and T fl}”*.

26 There are gravitons with two nilpotents in SO(3, 1), the rest of projectors, Eq. (30), suggesting that gravitons should be treated
according to the usual gauge fields.
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The fermion “basis vectors” appear in 2% —1 families, each family having 2%’1 members; and there
are 22 1x22~1 of their Hermitian conjugate partners, appearing in a separate group.

The boson “basis vectors” appear in two orthogonal groups, each with 22-1%22~1 members and
have their Hermitian conjugate partners within the same group.

The “basis vectors” for bosons are expressible as the algebraic products of fermion “basis vectors”
and their Hermitian conjugate partners, Egs. (19, 20).

The second quantised fermion fields are tensor products of the “basis vectors” and basis in
ordinary space time, Eq. (23).

The second quantised boson fields are tensor products of the “basis vectors” and basis in ordinary
space time, and carry the space-time index, Eq. (25).

The properties of fermion and boson fields, presented in this contributions, like:
. the algebraic product of two fermions is zero

Prap=0,  ¢Txay’ =0,
. the algebra distinguishes two types of bosons, Egs. (19, 20),
o~ pray’, A~ yhaqy,
. bosons can interact only in the presence of a fermion

"Assap = (xap ) sap = (@hoap) ~p xa 1A,

influence the Feynman diagrams. The Feynman rules are studied in Ref. [22].
Demonstrating so many simple and elegant descriptions of the second quantised fields, explaining
the assumptions of other theories, makes us hope that the theory might be what the universe obeys.

4.1. What Should We Understand

If our proposed description of the internal degrees of freedom of the second quantised fermion
and boson fields is what nature uses in the case that the space-time is flat, and all the second quantised
fields are massless, while all the fields are active only in d = (3 + 1) in ordinary space-time, we are
able not only to explain the standard model assumptions before the electroweak break, but also find the
solution for all the open questions connected with elementary fermion and boson fields.

There are two kinds of boson fields in this theory. One kind describes the observed gauge
fields and the graviton field on an equal level, unifying all the boson fields. This kind, causing
transformations within members of each family of fermions and antifermions, predicts the existence of
the second kind of the weak force and correspondingly, the existence of the right-handed neutrino and
the left-handed anti-neutrino, as seen in Table A1.

The second kind of boson fields transforms a family member of one family to the same family
member of all the families, offering the explanation for the appearance of the Higgs scalars and
predicting new scalar fields [13].

The internal spaces of all the observed boson fields are describable with “basis vectors” having
only two nilpotents (gravitons in SO(3,1) part of SO(13,1), two kinds of weak bosons in SO(4) part
of SO(13,1), gluons in SU(3) part of SO(6), part of SO(13,1)), and the rest of projectors, photons with
only projectors in all SO(13,1).

There are, however, many more boson fields. Their “basis vectors” have more than two nilpotents
(they can have four or six nilpotents), carrying correspondingly, more than one kind of the so-far-
observed charges.

There are many more families in this theory than the observed three. The theory predicts that the three
observed families are the members of the group of four families [31]. The theory predicts also the
second group of four families, contributing to the dark matter [12,16].
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To be able to explain why “nature has decided” to break symmetries, we should know the
properties this theory has with respect to:
a. The renormalisability and anomalies in even and odd dimensional spaces.
b. How does the second kind of bosons contribute to the breaking of symmetries, while the first kind
of the boson “basis vectors” seems to mainly determine the properties of all the observed boson fields,
with the gravity included.
c. The differencesin odd, d = (2n+1), and even, d = (2(2n + 1)), dimensional spaces. While in even
dimensional spaces, d = 2(2n + 1), the odd “basis vectors” anticommute and have their Hermitian
conjugated “basis vectors” in a separate group, and the even “basis vectors” commute and appear in
two orthogonal groups, have the “basis vectors” in d = 2(2n + 1) + 1 strange properties; half of the
odd and even “basis vectors” behave like in d = 2(2n + 1), in the second half, the anticommutng odd
“basis vectors” appear in two orthogonal groups, while the commuting even “basis vectors” appear in
families and have the Hermitian conjugate partners in a separate group [19].
d. The differences in even dimensional internal spaces, when d = 2(2n + 1) and d = 4n. While
ind = 2(2n + 1) the “basis vectors” for fermions and antifermions appear in the same family, in
d = 4n the “basis vectors” of a family do not include antifermions. Correspondingly, the vacuum in
d = 2(2n + 1) is just the quantum vacuum, while in d = 4n the Dirac sea with the negative energies
must be invented.
e. How to present and interpret the Feynman diagrams in this theory in comparison with the
Feynman diagrams so far presented and interpreted [22].
f. It might be needed to extend the second quantised fermion and boson fields to strings, with the
first step already done in Ref. [23].
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maticians, Physicists and Astronomers of Slovenia for supporting the research on the spin-charge-family theory,
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entitled "What comes beyond the standard models" at Bled, in which the ideas and realizations, presented in this
paper, were discussed. The author thanks Holger Beck Nielsen for fruitful discussions.

Appendix A. One Family Representation of Odd “Basis Vectors” ind = (13 + 1)

This appendix, is following similar appendices in Refs. [8,18,19].

One irreducible representation, one family, of the odd “basis vectors” describing the internal
spaces of fermions in d = (13 + 1), analysed with respect to the subgroups SO(3,1) x SU(2) x
SU(2) x SU(3) x U(1), is presented. One family contains the “basis vectors” of quarks and leptons
and antiquarks and antileptons, with the quantum numbers assumed by the standard model before the
electroweak break, with the right-handed neutrinos and left-handed antineutrinos included. There
are two SU(2) subgroups, SU(2); and SU(2)1;, of SO(4) with the hypercharge of the standard model
Y = 12 + 1%, Egs. (A70 - A72). The reader can see that the “basis vectors” of quarks distinguish from
the “basis vectors” of leptons, and the “basis vectors” of antiquarks distinguish from the “basis vectors”
of antileptons only in the part SU(3) x U(1) of SO(13,1).

The generators 5% of the Lorentz transformations in the internal space of fermions with d =
(13 + 1), analysed with respect to the subgroups SO(3,1) x SU(2) x SU(2) x SU(3) x U(1), are
presented as

—

N (= Nipr)) = %(523 4 5%, 831 502, 512 4 j§03) (A56)

_?1 — %(558 _ 567, 557 + 568, 556 _ S78> , ?2 = %(558 + 567, 557 _ 568, 556 + 578) , (A57)
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%’3 = 1{89 12 SlO 11 59 11 + 510 12 59 10 _ Sll 12 S9 14 _ SlO 13
G913 + g10 14/511 14 _ gl2 13/511 13 + g1z 14, L(S9 10 + glt12 _ »gl13 14)},
V3
T4 = _%(59 10 + Sll 12 + 513 14) , (A58)
Yi=7t'+72, Q:=12+Y, (A59)

The (chosen) Cartan subalgebra operators, determining the commuting operators in the above equa-
tions, is presented in Eq. (3).

The corresponding relations for 5%, determining the family quantum numbers, follow if we
replace in above equations 5% by $%.

The hypercharge Y and the electromagnetic charge Q relate to the standard model quantum
numbers.

For fermions, the operator of handedness I'? is determined as follows:

d
(i)z, fordeven,
ré — 1‘[\/ aany) { i (A60)

)
(iy 2z, fordodd.

All the families (all the irreducible representations) follow from this one by applying, let say, on the

12

first member, u%, all possible 5%, Eq. (A68). Let us start with 5! which transforms ¢ e 1= (+z) [+]
56 78 910 1112 1314 125678 910 1112 1314

| [4+] (+) || (+) [=] [=]) of this first family to ”Rf (= [—H] () HE) N (+) =] [-])- From the

first family member of the second family all the members of the second family follow by the application
of §%. There are obviously, the same number of families as there is the number of the family members.

The even “basis vectors”, analysed with respect to the same subgroups, (SO(3,1) x SU(2) x
SU(2) x SU(3) x U(1)) of the SO(13,1) group, offer the description of the internal spaces of the
corresponding tensor, vector and scalar gauge fields, appearing in the standard model before the
electroweak break [24,28,30]; as explained in Sect. 2.3.1. There are breaks of symmetries which make
the very limited number of families observed at observable energies.

The even “basis vectors” are expressible as products of the odd “basis vectors” and their Hermitian
conjugate partners, as presented in Egs. (19, 20).

Table Al. The left-handed (I'131) = —1, Eq. (A74)) irreducible representation representing the “basis vectors” of one
family of spinors — the product of the odd number of nilpotents and of projectors, the eigenvectors of all the Cartan
subalgebra members of the Lorentz algebra of the group SO(13,1) [5,13], manifesting the colour charged quarks
and antiquarks and the colourless leptons and antileptons — is presented. It contains the left-handed (I3 = —1)
weak (SU(2)) charged (t1® = :I:%), and SU(2) ;s chargeless (23 = 0) quarks and leptons, and the right-handed
TG = 1) weak (SU(2)) chargeless and SU(2); charged (12 = :I:%) quarks and leptons, both with the spin
$12 up and down (41, respectively) Quarks distinguish from leptons only in the SU(3) x U(1) part: Quarks are
triplets of three colours (c' = (7%, 7%) = [(3, 5 f) (-1, 21%), (0, f\%), carrying the "fermion charge" (t* = }). The
colourless leptons carry the "fermion charge" (4 = %). The same multiplet - family - contains also the left-handed
weak (SU(2)]) chargeless and SU(2);; charged antiquarks and antileptons and the right-handed weak (SU(2);)
charged and SU(2); chargeless antiquarks and antileptons. Antiquarks distinguish from antileptons again only in
the SU(3) x U(1) part: Antiquarks are anti-triplets carrying the "fermion charge" (t* = —1). The anti-colourless
antileptons carry the "fermion charge" (t* = %). Y = (12 + 7%) is the hyper charge, the electromagnetic charge is
Q = (18 4+ Y). One can calculate, taking into account Eq. (A68), also the family quantum numbers of the presented
family: $8 = 1,812 — 1 3% — _1 578 _ 1 3910 _ 1 31112 _ 1 31314 _ 1
T KT FRERY) 512 13 73 33 38 p: Y 16}

(Anti)octet, [(71) = (—1)1, 1(6) =

of (anti)quarks and (anti)leptons

Ll [TEAESEEE T [ 8 [ o [ 3 [ 4 [ 35|

o=
[S1N)
[S1N)
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Table A1l. Cont.
T TS FRER) S12 13 23 33 38 ) Y [9)
(Anti)octet, r(71) = (-1, r(6) —
(1) -1
of (anti)quarks and (anti)leptons
cl 03 12 56 78 910 1112 1314 1 1 1 1 1 2 2
2 uR IO IO N - ) ! -2 0 2 2 V3 6 3 5
cl 03 12 56 78 910 1112 1314 1 1 1 1 1 1 1
3 R CH) L) 1) =) ! z 0 2 2 73 6 -3 3
cl 03 12 56 78 910 1112 1314 1 1 1 1 1 1 1
4 R H []H + - T ! “2 0 2 2 73 6 -3 3
cl 78 910 1112 1314 R 1 1 1 1 1 1 1
5 a Cata S G ! 2 ~2 0 2 73 6 6 3
03, 12 56 78 910 1112
. L —E OO O 1 1 1 o 1 1 1 1 1
L 1[31]4 2 2 2 2V3 6 6 3
03_ 12 56 78 910 1112
; o ~ T N 1 1 0 1 1 1 2
YL 1314 2 2 23 o o 3
1 0 56 78 910 1112 13 14 R 1 1 1 1 1 1 2
8| uf SEBROW Y ! 3 ) 0 p 33 6 6 3
42 03' 12 56 78 910 1112 1314 1 1 1 1 1 2 2
° R <+z>[+1 [1 IISRGHS! ! 2 0 2 ~2 73 6 5 3
42 03 8 910 1112 1314 1 1 1 1 1 2 2
10 R Ca e & ! 2 0 2 “3 2\3 6 3 3
2 03 12 56 78 910 1112 1314 1 1 1 1 1 1 1
1 R <+z HIGOENE 6 = ! 2 0 2 ~3 2\3 6 3 3
2 ] 12 56 78 910 1112 1314 1 1 1 1 1 1 1
12 R G ST W ! 2 0 2 “3 23 6 3 3
2 03 12 56 78 910 1112 1314 R 1 1 1 1 1 1 1
13 i RISHSIGIISHGES ! 2 “2 0 “2 23 6 6 3
03, 12 56 78 910 1112
14 2 ~EOTO® N & 1 1 1 0 1 1 1 1 1
L 13 14 2 2 2 23 6 6 3
ot C &
2 — [ HEET : 1 1 1 1 1 2
15 uf’ 1314 1 2 0 -2 23 3 3 3
2 56 78 910 1112 1314 B 1 1 1 1 1 1 2
16 s SEBRETE W ! 2 2 0 3 2.3 6 6 3
3 03 12 56 78 910 1112 1314 1 1 1 1 2 2
7 R <+z>[+1 [+] IH] = ! 2 0 2 0 3 6 3 3
3 03 910 1112 1314 1 1 _1 1 2 2
B R it Er % ! ) 0 i 0 3 6 3 3
3 03 12 56 78 910 1112 1314 1 1 1 1 1 1
19 R <+z HIGOENEL 5 ! 2 0 2 0 v 6 3 3
3 ] 12 56 78 910 1112 1314 1 1 1 1 1 1
2 R G ST ! “2 0 2 0 ~ 6 3 3
3 03 12 56 78 910 1112 1314 R 1 1 1 1 1 1
2 ap FIEIOMIE H o 1 3 2 0 0 5 3 3 -3
&3 <56> Ot e
- —E) OGN - B 1 1 1 1 1 i
2 ap 1314 1 ~2 “2 0 0 7 3 3 -3
()
ot c
5 ~FEIHENT = B 1 1 1 1 1 2
B up 1314 1 2 0 0 1 3 3 3
ey
3 03 910 1112 1314 1 1 1 1 1 2
2 g &S RO ! 2 2 0 0 3 6 6 3
12 56 78 910 1112 1314 1 1 1
» 'R GG I () (3 ! 3 0 2 0 0 —2 0 0
03 12 56 78 910 1112 1314 1 1 1
% 'R IO IO I (5 ! -3 0 2 0 0 —2 0 0
[)3v 12 56 78 910 1112 1314 1 1 1 — —
L GO () (3 ! 3 0 2 0 0 2 ! !
03_ 12 56 78 910 1112 1314 1 1 1 _ _
3| o« FIE OV E) () ! b 0 2 0 0 z ! !
03_ 12 56 78 910 1112 1314 - 1 _ _1 _1 _
G FEL @I E () 1 3 3 0 0 0 z 2 !
SESHW W
= (+i) (— =) (+ + + - 1 1 1 1 _
% ‘L 1314 1 -7 -3 0 0 0 -1 -1 1
&)
e | [5 61[7 N
’ [ THENE) R 1 1 1 1
31 vy 14 1 3 3 0 0 0 -3 -3 0
&
0 12 56 78 910 1112 13 14 ~ 1 1 1 1
2 VL )LL) () () ! -7 2 0 0 0 2 2 0
a 2 56 78 910 1112 1314 R 1 1 _1 1 1 1 1
3 ap [Z][HHH H[J () ! 2 0 2 2 13 6 3 3
A 03 9710 1112 13 14 _ 1 1 _1 _ 1 1 1 1
34 ay GO W ! 2 0 2 2 73 6 3 3
[ '1[21\<56>[78m9[1? Y
_cl = =G =D ~ 1 1 1 1 1 2 2
* 5 1314 1 2 0 2 -3 WA ~% -3 -3
&)
EESET G
e — () () = B 1 1 1 1 1 2 2
36 af 1(31)4 1 -2 0 - ~2 3 % -3 -3
A
1 03 12 56 78 910 1112 1314 1 1 1 __1 _1 _1 1
¥ R ) HIFEN T 3 3 ! 2 2 0 2 2.3 6 6 3
SIS Ao W
A —[~i + + 1 1 _1 o1 -1 -1 1
38 g 1(31)4 1 2 2 0 2 V3 3 3 3
+
A 03_ 12 56 78 910 1112 1314 1 1 1 o1 1 1 _2
¥ R CGOHFIO O I ) ) ! 2 2 0 2 73 6 6 3
A 03 12 56 7 910 1112 1314 1 1 1 1 1 1 2
40 R OO ) ) ! 2 2 0 2 7.3 6 6 3
Q@ st 12 56 78 910 1112 1314 - 1 1 1 1 1 1 1
4 a O F ) ! 2 0 2 2 73 6 3 3
@ 03_ 12 56 78 910 1112 1314 - 1 1 1 1 1 1 1
= i OO IHEG I ) ! 2 0 2 2 73 6 3 3
i Qe
2 - T ) = g 1 1 1 1
43 ui 1(31)4 1 5 0 -3 3 _2‘/5 -3 -3 -3
+
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Table A1l. Cont.
i ‘“%. > 1-(3,1) s12 13 23 33 38 ) Y Q
(Anti)octet, 71 = (-1, r(6) =
1 -1
of (anti)quarks and (anti)leptons
GESEH R
3 () =)= +) 1=
4 “CL2 1314 B ’% 0 ’% % ’27\1/5 ’% ’% ’%
+
. 03 12 56 78 910 1112 1314 1 1 1 1 1 1
45 R DL () ! 7 2 0 2 “33 5 -5 3
IO AL T
-3 = [=i] (= - -
4 U3 1 ! 2 2 0 2 -5 -5 5 3
+
D 03 12 56 78 910 1112 1314 1 1 1 1 1 1 2
&7 3 EHIO O =) ! 3 -3 0 2 33 ~6 6 -3
D 03 12 56 78 910 1112 1314 1 1 1 1 1 1 2
48 L3 IO =) ! -3 “3 0 2 “33 ~6 6 -3
e 03 12 56 78 910 1112 1314 1 1 1 1 1 1
v | ® i H @ ) 1 2 0 3 N -5 3 3
e 03 12 56 78 910 1112 1314 1 1 1 1 1 1
50 P DO FEH ) () ! -3 0 2 7 -5 3 3
St O WY
A — =i+ (=)= +) (+
51 “CL3 1314 1 % 0 ’% 0 % ’% ’% ’%
GOISEIH &Y
2 () ()T (+
52 g 1314 * -1 0 -3 0 7 -4 -3 -3
e 03 12 56 78 910 1112 1314 1 1 1 1 1 1
B g FHIHEN® & O ! 3 2 0 0 7 -5 -5 3
GG EoE W
- O THENE +
54 R 1314 1 -3 3 0 0 7 -3 -3 3
_3 03 12 56 78 910 1112 1314 1 1 1 1 1 2
% R EIGISIGIIORGOES! ! b -2 0 0 7 -5 -5 -3
3 03 12 56 78 910 1112 1314 1 1 1 1 1 _2
5 R IO GO®IE ¢ ! -3 -2 0 0 7 3 5 3
- 03 12 56 78 910 1112 1314 B 1 1 1
R e R e R — —
& B 1 1 1
5 2 GO O] ][] ! -l ° 2 0 0 2 ! !
OSY 12 56 78 910 1112
i — [T =
5 o [1“”(1[2[1]4]”” -] 1 1 0 1 0 0 1 0 0
03 12 56 78 910 1112
0 o, — () (=) | (;[3)1[];] =1 [-] 1 _% 0 _% 0 0 % 0 0
N 56 78 910 1112 13 14 1 1 1 1
o R CGOGHI GO O] [H] [ ! 2 -2 0 0 0 2 2 0
SO e
. = =i (= - - -
62 7R 1[3 1]4 1 -3 -3 0 0 0 1 1 0
- 03 12 56 78 910 1112 1314 1 1 1 1
e e
z 1 1 1 1
o4 R O NHENE ] H ! -l 2 0 0 0 2 2 !

Appendix B. Grassmann and Clifford Algebras

This part is taken from Ref. [20,23,24], following Refs. [1,2,8,14].
In Grassmann d-dimensional space there are d anti-commuting (operators) 6%, and d anti-
commuting operators which are derivatives with respect to 6*, %.

9 9
a b pr— — — p—
{0507} =0 {aeu’aeb}+ 0,
{ea,—azh}+ = 6%, (a,b) =(0,1,2,3,5,--- ,d). (A61)
The choice
@) = 52, lead Oyt = yuage A62
= "5 lea sto (89a) =n""0", (A62)

with 4% = diag{1,-1,-1,---,—1}.

6% and %ﬂ are, up to the sign, Hermitian conjugate to each other. The identity is a self-adjoint
member of the algebra.

In d-dimensional space, there are 2 superposition of products of 67, the Hermitian conjugated
partners of which are the corresponding superposition of products of % [8,29].
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We can make from #*’s and their conjugate momenta p%* = i % two kinds of the operators, *
and 7 [2],
0 0
a 0%+ = 4 — (g7 — 2
’Y ( + aga ) 4 ! ( aga ) 4
o = L —iT), =1+
2 00, 2 !
(A63)
each offers 2¢ superposition of products of 4? or 4% ([8] and references therein)
("2 = 2" = {77},
{,)/11/;)'/27}+ = 0/ (ﬂ,b>:(0,1,2,3,5,"',d),
()" = ", (T =" (A64)

The Grassmann algebra offers the description of the internal space of anti-commuting integer spin
second quantized fields and of the commuting integer spin second quantized fields [8].

Both algebras, the superposition of odd products of v*’s or of 4%’s, offer the description of the
second quantized half integer spins and charges in the fundamental representations of the group [8],
Table Al represents the internal spaces of one family of quarks and leptons and antiquarks and
antileptons, the internal space of which is determined by odd products of y*’s.

The superposition of even products of either y*’s or 4*’s offer the description of the internal
spaces of commuting second quantized boson fields with integer spins [18,19,24]), manifesting from
the point of the subgroups of the SO(d — 1, 1) group, spins and charges in the adjoint representations.

There is so far observed only one kind of the anti-commuting half-integer spin second quantized
fields.

The postulate, which determines how does 4” operate on 7, reduces the presentations of the two
Clifford subalgebras, y* and 47, to the one described by v* [2,5,14]

{#"B = (=)"iB1"} |goc >, (A65)
with (—)B = —1, if B is (a function of) odd products of 4*’s, otherwise (—)® = 1 [5], the vacuum state
[tpoc > is defined in Eq. (7) of Subsect. 2.1.

After the postulate of Eq. (A65) the vector space of ¥*’s are chosen to describe the internal space

of fermions, while 4%’s are used to determine the family quantum numbers of the fermion fields.

Appendix C. Some Useful Relations

In this appendix some useful relations, needed in this paper in Sects. (2.1, A) are presented, taken
from Ref. [20], App. E.
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One can find if taking into account Eq. (A64)
ab ab ab ab ab ab ab ab
k) = "=k, AP (= ik [k, T K=(k), o = —ikp™ (k)
_ ab ab . ab ab _ ab ab . ab ab
k) = =i K], At ()=-k[k], K= i(k), o K=—ky" (k),
ab  ab ab ab ab ab ab ab ab ab ab
k)(=k) = 7"k, (=k)K)=n"[-k], (®)K=0,  (kK)[-k=(K),
ab ab ab ab ab ab ab ab ab ab
(=k)k] = (=k), [kl (k)=(k), [kKl(=k)=0,  [k][-k]=0,
ab ab ab ab ab ab
(k) = 7" (=k), ((K)*=0, (k)(=k)=n"1[K,
abt ab ab ab ab ab
kKl = [, (K])* =[k], [K][-k]=0. (A66)
ab gp ab  qp ab /@/ ab ab ab gh ab
(k)(k) = 0, (k)(=k)=—in"[=k|, (=k)(k)=—in® [K], (k)[k]=1i(k),
ab  gp /fl\b_/ub /fl\li/ ab ab ab g ab
(k)[=k] = 0, (=k)[k=0, (=k)[-k=i(=k), [k](k)=(k),
ab  qp ab gp ab gy ab ab  gp ab
[KI(=k) = 0, [K[k]=0, [-k][k]=[Kk], [K][-kl=[-k], (A67)
ab cd i ab  cd ab cd ;i ab cd
S (k)(k) = —an"n* [-K[-K, S*[KK= 5 (=k)(-Fk),
ab cd i ab  cd ab cd i ab  cd
(k) = —on" Kk, 5% k()= 51 (~R)[K,
_ab cd i ab cd _ abcd i ab cd
ST (k)k) = Sn"y= Kk, S [K][k]=—5 (k)(K),
_ ab cd i ab cd _ ab cd i ab cd
STk = —on™ [K(k), S™ [k](k)= 57 (k)[K] . (A68)

The reader can calculate all the quantum numbers of Table A1, App. A, if taking into account the
generators of the two SU(2) (C SO(3,1) C SO(7,1) C SO(13,1)) groups, describing spins of fermions
and the corresponding family quantum numbers

— —

Ni(=Ng)) = %(523 +i5%, 831 1502, 512 4 jg03),

- -

Nx(= N r)) = %(5”23 + 7801, 831 44802 §12 4 503y, (A69)

the generators of the two SU(2) (SU(2) C SO(4) C SO(7,1) C SO(13,1)) groups, describing the weak
charge, 7!, and the second kind of the weak charge, 72, of fermions and the corresponding family
quantum numbers

2. _ %(558 57, §57 4 G686 _gT8) 72— %(558 + 557, G5 68 56 4 678
2. _ %(558 g7 G g6 gRe _ g7y R . %(S~58 + 557, 857 _ 68 g% 1 §78)  (A70)
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and the generators of SU(3) and U(1) subgroups of SO(6) C SO(13,1), describing the colour charge
and the “fermion” charge of fermions as well as the corresponding family quantum number 4

,?3 — %{59 12 SlO 11/59 11 +510 12’ S9 10 _Sll 12’59 14 SlO 13/
5913+51014,511 147512131511 13+512141 L(S910+Sll 127251314)},
V3
1
T4 = *5(59104»511 12+51314),
1 - ~ ~
f'4 = _5(5910+Sll 12+51314). (A7l)

The (chosen) Cartan subalgebra operators, determining the commuting operators in the above equa-
tions, is presented in Eq. (3).

The hypercharge Y and the electromagnetic charge Q and the corresponding family quantum
numbers then follows as

Y:
Y =

418, Q=B +Y, V= —7tHan? 9, + 12, Q' = —Ytan? % + 113,
P8, 0=Y+18, V= —tan? 9+ 72, O =—Ytan? % +1°. (A72)

Below are some of the above expressions written in terms of nilpotents and projectors

NE = N}riiNZ:f(gsi)(ﬁ), N* =N! £iN? :(E’)(ﬁ),
) 03 12 ) 0B 12
Nt = —(Fi)(&), NE=(£)(H),
56 78 56 78
™ = (F) (B)F), TT=F) B,
56 78 56 78
= () (B)F), FTF=F) FF) . (A73)

For fermions, the operator of handedness I'¥ is determined as follows:

d
)2 fordeven
rd — [oaanaY (1)2_’ ’ A74
1;[( ) {(i)dzl, ford odd. (a74)

Appendix D. Odd and Even “Basis Vectors” in (5 + 1)-Dimensional Space

In this appendix, the even and odd “basis vectors” are presented for the choice d = (5+1),
needed in Subsect. (2.3). The presentation follows the paper [18].

Table A2 presents 29=¢ “eigenvectors" of the Cartan subalgebra members, Eq. (3), of the odd
and even “basis vectors” which are the superposition of odd, E}"*, appearing in 27°~1 = 4 families

with 2281 = 4 members each, and their Hermitian conjugate partners, (E}”*)*, 16, and of 2381

2701 = 16 even, ! A;?, and of 16 even, I A}”, products of v*’s, helpful in Sect. (2.3). Table A2 is
presented in several papers ([8,18], and references therein).

Odd and even “basis vectors” are presented as products of nilpotents and projectors, Egs. (4, A66).
The odd “basis vectors” are products of odd number of nilpotents, one or three, the rest are projectors,
two or zero; the even “basis vectors” are products of even number of nilpotents, zero or two, the rest
are projectors, three or one.

As explained in Egs. (19, 20), even “basis vectors” can be expressed as algebraic products of

odd “basis vectors” and their Hermitian conjugated partners: ! fl}”* = IAJ}”,,‘L * A (EJT,”)Jr , while If fl}” =

AN AR
The “basis vectors” fl;’ﬁ are presented in Tables (A3, A4), expressed with the odd “basis vectors”
of the first group of Table A2, and the first family, and their Hermitian conjugated partners. Any of the
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families generates the same I fl;’ﬁ The first, Table A3, collects the eight members with S 12— 41, the

second, Table A4, collects the remaining eight members with S12 = 0.
The “basis vectors” !/ A" are presented in Tables (A5, A6), expressed with the odd “basis vectors”

of the first group of Table A2, and the first members of any family, and with their Hermitian conjugated
partners. Any of the family members generates the same ! fl}"* The first Table A5 collects the eight

members with S2 = £1, the second one, Table A4, collects the remaining eight members with S'2 = 0.

Table A2. This table, taken from [18], represents for the internal space d = (5+ 1) 2¢ = 64 “eigenvectors" of
the Cartan subalgebra, Eq. (3), members of the odd and even “basis vectors” which are the superposition of odd
and even products of ¥*’s in d = (5 + 1)-dimensional internal space. Table is divided into four groups. The
first group, odd I, is (chosen) to represent “basis vectors", B}’”, appearing in 25-1 = 4 “families" (f =1,2,3,4),
each ”family” having 2114 “family” members (m = 1, 2,3,4). The second group, odd I1, contains Hermitian
conjugate partners of the first group for each “family” separately, Bfm = (E}’ﬁ)*. The odd I or odd 11 are products of
an odd number of nilpotents (one or three) and projectors (two or none). The “family" quantum numbers of 5",
that is the eigenvalues of (5%, 512, §56), appear for the first odd I group, and the two last even I and even II groups
above each “family", the quantum numbers of the “family” members (5%, S12, $50) are written in the last three
columns. For the Hermitian conjugated partners of odd I, presented in the group odd II, the quantum numbers
(893,512, §56) are presented above each group of the Hermitian conjugate partners, the last three columns tell
eigenvalues of (5%, 512, §%). Each of the two groups with the even number of 7*’s, even Iand even II, has their
Hermitian conjugated partners within its group. The quantum numbers f, that is the eigenvalues of (5%, 512, 5%¢),
are written above each column of four members, the quantum numbers of the members, (503, sz 556), are written
in the last three columns. The quantum numbers of (803, s1z, 856), for the even two groups, the even I and even II,
are S = §% 4 §% which are for all projectors, according to Eq. (4) , equal zero and for nilpotents equal to +i or

+1.
" basis vectors"! m f=1 f=2 f=3 f=4
E®8128) | = | Gom5=d) | Cho5d) | 553 (.33) | % | s | s
N 03 12 56 03 12 56 03 12 56 03 12 56 .

odd 1 bt 1 M CHIEFI(H) CHICH ] +FDEH) 5 1| %

2 [i(=)+] (=)(=)(+) (=Dl-11+] [=ill-)(+) -4 —% %

3 [=i][+)(-) (=DI+]-] (=D)(+)(=) [=i(+)[-] -4 3| -3

4 (+)(=)(-) [+i)(-)[-] [+i[-1(-) (+)[-]1-] Ll -3 -2

(W82 | = | 5 ED) | (533 | (k3 | Cphog) | S0 ] s s
03 12 56 03 12 56 03 12 56 03 12 56

odd 11 b 1 (=i)[+][+] [+i][+)(-) [+i)(=)[+] (=i)(=)(-) -5 -3 | -3

2 [=i(+)+] (+)(+)(=) (+)[=11+] [=i1-1(=) i 3| -3

3 [=i][+](+) (+0)[+][-] (+)(=)(+) [=i)(=)[-] 5 -3 1

4 (=) () () [+ (+)[] [+H]1-)(+) =)=l -3 3 3

(5‘03,5'12,5‘56) N (,%,%,%) (%,,%,%) _i ,%,,% (%,%,,%) 503 s12 §56
03 12 56 03 12 56 03 12 56 03 12 56

wen T LA |1 )| D) [+ (+) ()] I

2 (=D[=1(+) [=i(=)(+) (=)(-)[+] (=i]1-)[+] -4 —% %

3 (=)(+)[-] (—i][+)[-] (=D)[+](=) [=(+)(-) -4 3| -3

4 [+i[-][-] (+)(-)[-] [+H(-)(=) (+)[-](=) P -1 -1

(503,512,556 N 3D B ) (5,-3.-1 -4.3.-b 503 512 556
03 12 56 03 12 56 03 12 56 03 12 56

cven 111143 1 [=i)(+)(+) (=D)[+(+) [—i][+][+] (=)(+H)[+] -4 1 1

2 (+0)[-)(+) [+Hi)(=)(+) (+i) (=)[+] [+[-[+] P -3 1

3 (H) ()] [+ (+H)[H(=) [+ () 5 % —%

4 (==l =) [=(5)() =)= 5 3 3
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Table A3. The even “basis vectors” ! A}”*, belonging to transverse momentum in internal space, S 12 — 1, the
first half of ! Afm+, and S12 = —1, the second half of ! fl;’,”, ford = (5+ 1), are presented as algebraic products

of the f = 1 family “basis vectors” 371“/*

and their Hermitian conjugated partners (l;i”mf)Jr: B;””f* A (B{””*)Jr. Two
I fl}"* which are the Hermitian conjugated partners are marked with the same symbol (xx, {, ®, ©®©®). The even
“basis vectors” | fl?” are products of one projector and two nilpotents, the odd “basis vectors” and their Hermitian
conjugated partners are products of one nilpotent and two projectors or of three nilpotents. The even and odd
objects are eigenvectors of all the corresponding Cartan subalgebra members, Eq. (3). There are % x 2571 x 231
algebraic products of f){’”* A (lAJi”N*L)Jr with 812 equal to 1 or —1 . The rest 8 of 16 members present ! A}”Jr with
S12 = 0. The members B}””r together with their Hermitian conjugated partners of each of the four families,
f = (1,2,3,4), offer the same ! flyﬁ‘L with S12 = 41 as the ones presented in this table. (And equivalently for

S12 = 0.) Table is taken from Ref. [23].

s12 symbol IA;’J* = [7”5’+ *4 (l";m,”'f)"'
1 ok TATF = T, )
03 12 56 03 12 56 03 12 56
(] () (+) CH) [H[+ #4 (=0 (D) ()
1 T TR = T (b4+)+
03 12 56 03 125 03 12 56
(=) ()] =i (=) *a (=) () (+)
1 [ TAF = blf (bz*)
03 12 56 03 12's6 " 03 12 56
() () [+] (+) [+][+] A [ ()]
1 ® i T (52+)+
03 12 56 03 12 56 12 56
=i () (=) 5 (G *A[ '] )]
=} ® TA2F — B op 67T
03 12 56 03 12'56° 03 12 56
=i () () [ () [ [H(H)
1 I T 38T — o )T
03 12 56 03 12 56 03 12 56
() ()] () ()(2) xa [ H](+)
I ) i 2 ()T
03 12 56 03 1256 03 1256
(=8) ()] =i (D) *a (D) [H]H]
-1 *ox TAST = ) (bh‘)f
03 12 56 0 1256 03 1256
[+ (-) (=) () () () 4 (=i [+][+]

Table A4. The even “basis vectors” ! flfer, belonging to zero momentum in internal space, S 12_0, ford = (5+1),
are presented as algebraic products of the f = 1 family “basis vectors” E?” and their Hermitian conjugated
partners (57" 1) b7t 4 (B71)T. The two ! A" which are Hermitian conjugated partners, are marked with the
same symbol (either A or o). The symbol () presents selfadjoint members, four of eight. The even “basis vectors”
[ fl}” are products of one projector and two nilpotents or three projectors (they are self-adjoint), the odd “basis
vectors” and their Hermitian conjugated partners are products of one nilpotent and two projectors or of three
nilpotents. The even and odd objects are eigenvectors of all the corresponding Cartan subalgebra members,
Eq. (3). There are % x 231 x 251 algebraic products of f?{"ur* A (E{"mr)*. The rest 8 of 16 members have ! A}”Jr with
S12 = 41 (four) and with S12 = —1 (four), present in Table A3. The members f)}?lf together with their Hermitian

conjugated partners of each of the four families, f = (1,2,3,4), offer the same I fl}”* with 8§12 = 0 as the ones
presented in this table. The table is taken from Ref. [23].

s12 symbol I gmt — I}"’,’f “ (E"’,”*)*
0 7y AT = L,
03 12 56 L 5 03 12 56
=0 [+ FI (O 4 () () ()
0 o) TAF - GGl
03 12 56 0 125 03 12 56
i [-]-] () (D)) x4 (D) (H)(+)
0 . TATF = BTy ()T
03 12 56 03 12 56 03 12 56
(1) [+)(+) () [H][+] * 4 [0 [H(+)
0 ¢} TA3F = B, (307
03 12 56 0 25 0512 50
=il [+ [ [H(2) x4 [ [HG
0 o TALF = BT p GBI
03 12 56 0 1256 03 1256
[+ [+[+] () [+]14] # 4 (=) [+]14]
0 . T3F = Ty (I
03 12 56 03 12 56 03 12 56
(=) [+(=) (i) [+](=) x4 (1) [H][H]
0 o) AT = R )
05 12 56 03 125 03 12 56
=i -] (O *a [FT (D]
0 A TAfF = ey 07)F
03 12 56 03 12 56 03 12 56
) [F1(-) () () xa T (H)[H]
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Table A5. The even “basis vectors” ! flj’c“, belonging to transverse momentum in internal space, S 12 — 1, the first
half I Ajl”, and 812 = —1, the second half I A}'ﬁ, ford = (5+1), are presented as algebraic products of the first,

=1t

m = 1, member of “basis vectors” ZAJJ’?, and the Hermitian conjugated partners (Ej’ﬁ::”)‘L. Two ! flfer which

are the Hermitian conjugated partners are marked with the same symbol. The even “basis vectors” ! A?Jr are
products of one projector and two nilpotents, the odd “basis vectors” and the Hermitian conjugated partners are
products of one nilpotent and two projectors or of three nilpotents. Even and odd objects are eigenvectors of the
corresponding Cartan subalgebra members, Eq. (3). There are 251 x 251 algebraic products of (E}'f”f)Jr and BJC’Ef*,

f*and f* run over all four families. The rest of the 16 members present !/ A”’* with §12 = 0. The members (IAJJ’?,MF)1L

together with b7 f” ,m' = (1,2,3,4), offer the same ! A"” with S12 = +1 as the ones presented in this table. (And
equivalently for S 12 — 0.) The table is taken from Ref. [23].

si2 symbol T gmt _ (E}T)’f ” B}t

1 o TAF = R,
03 12 56 03 12 56 03 12 56
[=i] () (+) (=) [H[H #4 () (H)(+)

1 [olo] UA%* — ([7%+)+ 4 5‘13
03 12 56 03 12 56 03 12 56
(+) (D) [+ [H(5) #4 (H) ()

1 T T3 = (BT T 01T
03 12 56 03 12 56 03 12 56
(=) (D (=) [HH #4 ] ()]

1 ® T 3t _ (G5 T o 01T
03 12 56 03 12 56 03 12 56
[+ (H(5) [+ [+](5) *4 [+ (D[]

1 ® T2 = (BIF)T ey 01
03 12 56 03 12 56 03 12 56
[+ (D)) [+ ()] 24 [+ [F()

-1 0 287 = (B35 w4 03
03 12 56 03 12 56 03 12 56
(=) (5 (=) (5)(=) 4 [ [F](H)

1 T TR = (BF) T4 61
03 12 56 03 12 56 03 12 56
(+) (D) [+ ()] 24 () (]

-1 ok T 13% _ BTy 517
03 12 56 03 12 56 03 12 56
=i () (=) (5)(2) #4 () [H[+]

Table A6. The even “basis vectors” I fl?”, belonging to S'2 = 0 in internal space, for d = (5 + 1), are presented
as algebraic products of the first, m = 1, member of “basis vectors” Ej’f,':” and the Hermitian conjugated partners
(E;’J:ZlJr)*. The Hermitian conjugated partners of two !! fl}’” are marked with the same symbol (either A or o). The
symbol O presents four selfadjoint members. The even “basis vectors” [/ A" are the products of one projector
and two nilpotents, or of three projectors (they are self adjoint), the odd “basis vectors” and the Hermitian
conjugated partners are products of one nilpotent and two projectors or of three nilpotents. Even and odd objects
are eigenvectors of all the corresponding Cartan subalgebra members, Eq. (3). There are % x 2571 x 231 algebraic
products of (IAJJ’[”,”r)Jr b?l,,Jr, “and f“ run over all four families. The rest of 16 members present !/ A?” with
S12 = +1. The members (bj’f Jr)Jr together with IAJJ’?Ur m' = (1,2,3,4), offer the same Hfl}”*, all with §12 = 0. Table
is taken from [23].

512 symbol 27 — T oAl

0 A i BTy b1

03 12 56 12 6 03 12 56

(+) [=](H) [ ] )+ x4 () (H)(+)
0 o) A% — G <4 BT

03 12 56 (]3 12 5 03 12 56

=i [-1[-] (i )(*) *4 () () (+)
0 . TTATF — ( )f i

03 12 56 0 03 12 56

(=) [+](+) - [+] [+] 4 [+ [H](+)
0 o) A3~ C

03 12 56 03 12 56 03 12 56

[+ [+][-] [+i] [+](=) *4 [+i] [+](+)
0 o) TTATF — BT 4 61T

03 12 56 03 12 56 03 12 56

=i [+][+] (=) ([+[+] x4 (+0) [+H][+]
0 . g3t - )T« 1 BT

03 12 56 03 12 56 03 12 5

(+4) [+](-) [+i] [+](-) *A +i) [+][+ ]
0 o) Upripm (BIF)T <4 BT

03 12 56 03 12 56 03 12 56

[+ [-][+] [+i] (=) [+] * 4 [+i] (H)[+]
0 A TT 3% (BT )T =4 BT

03 12 56 03 12 56 03 12 56

(=) [=](=) (=) (=)(=) *4 [+ (H)[+]
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