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Abstract 

This investigation developed and validated a comprehensive computational framework for solving 

convection-diffusion-reaction (CDR) equations under convection-dominated conditions through the 

implementation of Algebraic Sub-grid Scale (ASGS) stabilization coupled with high-order finite 

elements. The research addressed the fundamental challenge of spurious oscillations that emerge in 

standard Galerkin formulations when convection significantly exceeds diffusion, a prevalent issue in 

transport phenomena modeling. A novel Python-based educational software platform, designated 

CDR-Solv, was engineered to demonstrate the effectiveness of ASGS stabilization across polynomial 

degrees ranging from linear to cubic elements. Numerical experiments conducted with low diffusion 

coefficients demonstrated that the ASGS method successfully eliminated numerical instabilities while 

maintaining solution accuracy across diverse source term configurations. The stabilization parameter 

�� proved instrumental in achieving computational stability without compromising mathematical 

rigor. Comparative analysis revealed that higher-order elements consistently outperformed linear 

approximations in capturing boundary layer phenomena and sharp gradient regions. The primary 

contribution of this work lies in the development of an open-source educational platform that 

democratizes access to advanced stabilization techniques while providing transparency in 

algorithmic implementation. The CDR-Solv framework enables researchers and educators to 

systematically explore the relationship between polynomial degree selection and solution quality in 

convection-dominated regimes. 

Keywords: convection-diffusion-reaction; stabilized finite element methods; high order; numerical 

integration; Python 

 

1. Introduction 

The convection-diffusion-reaction equation, a partial differential equation, describes the 

transport of substances, energy, and other physical quantities within systems. This equation is widely 

used in many scientific and engineering disciplines [1–3]. 

1.1. Equation 

The general form of the stationary scalar convection-diffusion-reaction equation is expressed in 

equation (1): 

−�∆� + � ⋅ ∇� + �� = �       en  Ω, (1)
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where, � represents the concentration, which is an unknown scalar variable, � is the velocity vector 

associated with convection, � is the diffusion coefficient, � is the reaction coefficient, and � is the 

known source term. 

1.2. Concepts 

Diffusion is the dispersion of particles or energy from areas of high concentration to areas of low 

concentration due to random molecular motion. In an equation, diffusion is usually represented by a 

term involving a diffusion coefficient and the second spatial derivative of the quantity being 

transported. 

Convection involves the transport of a substance or energy due to the motion of a fluid’s mass. 

The convection term in the equation generally includes fluid velocity and the spatial derivative of the 

transported quantity. The reaction term accounts for the generation or consumption of the 

transported quantity due to chemical or biological reactions. The reaction term includes a coefficient 

and the quantity being transported. 

1.3. Solution Methods 

The convection-diffusion-reaction equation can be solved using analytical or numeri-cal 

methods. Analytical solutions are exact but generally limited to simplified cases with specific 

boundary conditions. 

Numerical methods approximate solutions by discretizing equations and domains. These 

methods are necessary when analytical solutions are unavailable or when the geo-metry or problem 

is too complex for exact solutions [4]. 

Some examples of numerical methods are: 

 Finite Difference Method (FDM): This method approximates derivatives in an equation by 

using the differences between values of a variable at specific points in space and time [5–7]; 

 Finite Element Method (FEM): It divides the domain into smaller elements and ap-proximates 

the solution within each element using a set of shape functions [4,8]; 

 Finite Volume Method (FVM): It is based on dividing the domain into control volumes and 

enforcing the conservation of the quantity transported within each volume [9]; 

 Radial Basis Function (RBF) Method: This mesh-free method approximates solutions using 

radial basis functions [5]. 

1.3. Galerkin’s Method 

The Galerkin method is a widely used numerical technique for approximating solutions to the 

convection-diffusion-reaction equation. It belongs to the family of weighted residual methods and 

forms the basis of the finite element method (FEM). The key idea behind the Galerkin method 

(Hernández Marulanda & Gaviria Posada, 2020) is to find an approximate solution within a finite-

dimensional space by minimizing error when the approximate solution is inserted into the original 

equation [10]. 

1.3.1. Variational Formulation 

The Galerkin method begins by converting the original differential equation into its variational 

form. This involves multiplying the equation by a test function and integrating by parts over the 

domain. This reduces the original problem to first-order derivatives, which is a key feature for using 

relatively simple approximation spaces. 

1.3.2. Approach Space 

The Galerkin method approximates solutions using subspaces of finite-dimensional functions 

[8,11]. This subspace is typically constructed using polynomial-shaped functions. The choice of the 
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approximation space is crucial. Finite element spaces, which are defined by a domain mesh and a set 

of shape functions on each mesh element, are often used [12,13]. 

1.3.3. Galerkin Discretization 

The variational form of the equation is solved using functions of a finite-dimensional space [11]. 

This expression is a linear combination of shape functions within the chosen finite-dimensional space. 

This method requires the variational form of the equation to be satisfied for all test functions 

within the same space. This results in a system with an equal number of linearly independent 

equations and unknowns. These unknowns correspond to the nodal values of the variable � [12]. 

1.3.4. Error Analysis 

Error analysis is important for determining the accuracy of an approximation. Optimal error 

estimates can be derived for certain Galerkin methods when assumptions are made about the 

regularity of the exact solution. Factors such as the choice of numerical scheme or irregularities in the 

mesh can affect the rate of convergence [14,15]. 

1.3.5. Instability 

The Galerkin method can become unstable in problems with dominant convection (� ≪ |�|), 

which can lead to spurious oscillations in the numerical solution. 

Several stabilization techniques have been developed to overcome these problems. These 

techniques modify the Galerkin method to reduce oscillations, thereby improving the stability and 

accuracy of the numerical solution. Some of these techniques are: 

 Galerkin least squares (GLS): Uses a least squares term in the Galerkin formulation, resulting 

in a more stable approximation [16,17]; 

 Discontinuous Galerkin (DG): Allows for discontinuities in the approximation at element 

boundaries. DG can handle complex flows and high Péclet numbers and is used in the 

discretization of the hyperbolic convection-diffusion-reaction model [13,18]; 

 Petrov-Galerkin: These use different spaces for the trial and test functions, unlike the standard 

Galerkin method, where they are the same. They are often designed to be more robust [10,13]; 

 Hybridizable Discontinuous Galerkin (HDG): This method combines the advantages of 

discontinuous Galerkin (DG) methods with hybridization techniques that reduce degrees of 

freedom [14,19]. 

1.4. Related Works 

The numerical solution of convection-diffusion-reaction (CDR) equations has evolved through 

diverse methodological approaches, each addressing specific computational challenges while 

contributing unique innovations to the field. Traditional finite element methodologies have been 

extensively refined to overcome inherent limitations in convection-dominated problems. Nadukandi 

et al. pioneered the development of high-resolution Petrov-Galerkin (HRPG) finite element methods 

for one-dimensional CDR problems, systematically addressing spurious oscillations through novel 

stabilization parameters derived from discrete upwinding operations and mass-lumping techniques 

[20]. Their approach incorporated both streamline upwinding and discontinuity-capturing operators 

within a nonlinear Petrov-Galerkin formulation using linear elements, demonstrating superior 

performance compared to established SUPG, CAU, and modified CAU methods by achieving 

second-order accuracy in smooth regimes while maintaining excellent shock-capturing capabilities. 

Building upon this foundation, [21] extended the HRPG methodology to multidimensional scenarios, 

employing lowest-order block finite elements combined with objective characteristic tensors to 

achieve frame-independent stabilization parameters. Their implementation utilized bilinear block 

finite elements with temporal discretization through the generalized trapezoidal method, solved via 

Picard methodology with convergence tolerance of 1e-5, demonstrating superior layer resolution 
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compared to existing stabilized methods while effectively handling exponential and parabolic 

boundary layers. Lima et al. in 2021 [22] contributed to traditional finite element approaches by 

implementing the Galerkin Finite Element Method with comprehensive error correlation analysis, 

utilizing linear shape functions over standardized domains and employing MATLAB for numerical 

computations and visualization. Their methodology addressed nonlinear parabolic partial 

differential equations without truncating nonlinear terms, achieving exceptional convergence 

properties with absolute errors ranging from 10��� to 10�� depending on mesh refinement, while 

demonstrating versatility across diverse engineering applications including neutron diffusion and 

pollutant transport modeling. 

Innovative hybrid and meshless approaches have emerged to address computational limitations 

of traditional discretization methods. In 2012 Shirzadi et al. [23] developed a superior numerical 

framework combining Meshless Local Petrov-Galerkin (MLPG) formulation with specialized finite 

difference approximations for Caputo fractional derivatives, creating a hybrid weak-form solution 

strategy for two-dimensional fractional-time CDR equations. Their implementation featured circular 

subdomains with sophisticated adaptive stepping algorithms and eight-point Legendre-Gauss 

quadrature formulations, demonstrating capability to handle convection coefficients ranging from 

� =  0.005 to � =  15, substantially exceeding limitations of strong-form methodologies. Liu et al. 

in 2021 [24] advanced meshless methodologies by developing localized method of fundamental 

solutions (LMFS) for transient CDR equations, combining Crank-Nicolson time-stepping with 

pseudo-spectral Chebyshev collocation schemes in their CN-CCS-LMFS approach. Their MATLAB 

implementation utilized ‘gmres’ and ‘pinv’ functions with specific tolerance settings, transforming 

dense matrix structures into sparse, banded systems through domain decomposition techniques, 

enabling large-scale dynamic simulations previously computationally prohibitive while maintaining 

accuracy comparable to traditional methods. In 2011 Theeraek et al. [25] contributed an innovative 

adaptive finite volume element method that combined cell-centered finite volume discretization with 

finite element concepts, implementing second-order accuracy through Taylor series expansion along 

local characteristic lines. Their approach integrated adaptive meshing utilizing advancing front 

methodology with weighted residuals methods from finite element theory, successfully eliminating 

spurious oscillations while optimizing computational efficiency through dynamic element size 

adjustment based on principal stress concepts from solid mechanics theory. 

Specialized high-order and spectral methodologies have been developed to achieve superior 

accuracy with reduced computational requirements. In 2022 Mkhatshwa and Khumalo [26] 

introduced a novel trivariate spectral collocation approach (TSQLM) for three-dimensional elliptic 

partial differential equations, employing quasilinearization methods combined with triple Lagrange 

interpolating polynomials established via Chebyshev-Gauss-Lobatto nodes. Their MATLAB 2015a 

implementation utilized specialized functions including kron() for Kronecker products and 

superkron() for multi-matrix operations, achieving exceptional accuracy with absolute errors 

approaching 10−17 using minimal grid sizes of 15×15×15, significantly outperforming existing methods 

that required thousands of discretization points for equivalent precision. Wei et al. in 2022 [27] 

developed innovative high-order compact (HOC) finite difference methods utilizing fourth-order 

Padé approximation schemes combined with Taylor series expansion and truncation error remainder 

correction, achieving fourth-order spatial accuracy and second-order temporal accuracy. Their 

methodology employed minimal computational stencils of five points for 2D and seven points for 3D 

problems compared to traditional approaches requiring 9-27 point stencils, implementing successive 

over-relaxation iterative methods with PHOEBESolver software for validation, demonstrating 

unconditional stability for variable coefficient problems where existing HOC methods typically face 

stability limitations. In 2021 Ullmann et al. [28] contributed specialized reduced basis methodologies 

by implementing Stochastic Galerkin Reduced Basis (SGRB) and Monte Carlo Reduced Basis (MCRB) 

approaches for parameter-dependent statistics estimation. Their implementation employed finite 

element discretization using continuous piecewise linear elements with 225 to 961 degrees of 

freedom, utilizing polynomial chaos expansions with Legendre polynomials and proper orthogonal 
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decomposition for snapshot-based reduced space generation, demonstrating that approximately 16 

reduced basis functions sufficed for accurate statistical estimates while providing computational 

speedup proportional to Monte Carlo sample sizes. 

Surface-based and advanced flux correction methodologies have addressed specialized 

geometric and physical constraints. Xiao et al. in 2019 [29] developed adaptive finite element 

methodology specifically for CDR equations on curved surfaces, combining Surface Finite Element 

Method (SFEM) with Streamline Diffusion Method (SDM) for stabilization and Zienkiewicz-Zhu 

gradient recovery-based error estimation for adaptive mesh refinement. Their implementation 

employed piecewise linear finite elements on curved triangular meshes with local Delaunay 

algorithm refinement strategies, achieving convergence rates between 1.7-5.0 while successfully 

capturing complex solution behaviors including spiral-type curves and internal layers on spherical 

and toroidal surfaces. It worths to mention the prior work of Zalesak [30], that addressed critical 

limitations of flux-corrected transport algorithms by developing fully multidimensional flux limiting 

techniques implemented through sophisticated finite difference approaches in conservation form. 

Their vectorized Fortran implementation on Texas Instruments ASC computer employed leapfrog-

trapezoidal transport algorithms with varying spatial accuracy orders from second to eighth order, 

combining low-order monotonic schemes with high-order schemes through novel six-step 

procedures that simultaneously considered antidiffusive fluxes in all coordinate directions, 

effectively eliminating “clipping” phenomena while maintaining sharp discontinuity resolution over 

2-4 grid points without numerical oscillations. 

Analytical and specialized mathematical approaches have provided alternatives to purely 

numerical methodologies. In 2022 Parhizi et al. [31] diverged from traditional numerical approaches 

by developing comprehensive Green’s function-based methodology for arbitrary source terms in 

CDR equations, employing mathematical transformation approaches through variable substitution 

and separation of variables techniques to derive eigenvalue-based solutions. Their purely analytical 

framework eliminated computational instabilities commonly encountered in finite element and finite 

difference methods, requiring only 7-25 eigenvalues for convergence across different Péclet numbers 

with computation times of 0.4-3.3 seconds compared to 4.1 seconds for conventional numerical 

methods, while providing superior accuracy and computational speed for complex transport 

phenomena including drug delivery systems and contaminant dispersion applications. These diverse 

methodological approaches collectively demonstrate the evolution of numerical techniques for CDR 

equations, from traditional finite element formulations through innovative meshless and hybrid 

methods to specialized high-order schemes and analytical frameworks, each contributing unique 

computational advantages while addressing specific challenges in accuracy, stability, and 

computational efficiency across various physical applications and geometric constraints. 

Complementarly to these previous studies, this work focuses on the Galerkin method and 

thoroughly explores the Algebraic Subgrid Scale (ASGS) stabilization method, employing third-order 

finite elements to improve numerical solution accuracy. Additionally, computational didactic 

software was developed in Python and made freely available on GitHub. 

2. Materials and Methods 

2.1. Mathematical Models 

The stationary scalar convection-diffusion-reaction equation (2) was used, where �  was 

searched for using numerical methods. 

L(�) ≔  −�∆� + � ⋅ ∇� + �� = �        ��        Ω 

� = ��        ��        �Ω, 
(2)

where �  is the unknown scalar variable in Ω, � is the diffusion coefficient, � is the convective 

velocity field for incompressible flow, � is the reaction coefficient, and � is the known source term. 

The Dirichlet boundary conditions �� are known along the boundary �Ω. 
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Integrating equation (2) by parts yields the continuous variational form of the problem, which 

is to find u ∈ � = ��
�(Ω) such that: 

�(�∇u ⋅ ∇� + � � ⋅ ∇� + ��u) dΩ

�

= � �� dΩ      ∀� ∈ �,

�

 (3)

by partitioning the domain Ω = ⋃ Ω�
����

� , we obtain the discretized integral equation that allows us to 

find �� ∈ ��. Where, ��� is the number of elements in the partition, and Ω�
� is the domain of the 

element: 

� � (�∇�� ⋅ ∇�� + �� � ⋅ ∇�� + �����) dΩ

��

���

���

= � � ��� dΩ        ∀�� ∈ V�

��

���

���

, (4)

to numerically calculate the integrals of equation (4), we approximate the variable u in the domain 

Ω� with �� by interpolating with functions called shape functions, given by: 

�� = � ����

�

���

, (5)

where � is the number of nodes in the finite element and �� is the nodal value of the function � 

at the node �, �� is the polynomial form of the function such that it equals one at node � and zero 

at the other nodes in the finite element. 

By replacing equation (5) and using the Galerkin method for �� = ��, we obtain the standard 

Galerkin formulation. This formulation can be used to solve the stationary scalar convection-

diffusion-reaction equation numerically using a computational algorithm developed in Python: 

� � �� �(�∇�� ⋅ ∇�� + �� � ⋅ ∇�� + ���N�) dΩ

��

�

���

���

���

= � � ��� dΩ      ∀� = 1,2, … , M.

��

���

���

 

(6)

2.2. Shape Functions 

Shape functions enable the numerical calculation of the convection-diffusion-reaction equation. 

In the present case, the functions must be of class C� , i.e., they must be continuous. Continuity 

depends on how the functions are connected element by element, rather than how they are 

interpolated within them. Lagrange class elements, the most common in the finite element method, 

belong to class C�, while Hermite class elements belong to class C�. 

The model used contains second derivatives in the convection-diffusion-reaction equation. 

When weakened with the variational form, the largest derivatives are of first order. Therefore, C� 

class shape functions are required to satisfy continuity between elements, and at a minimum, linear 

shape functions are required to obtain mesh convergence. Test functions must have the same 

continuity conditions as shape functions to approximate the unknown function �. 

2.3. Regular Mesh 

The equation is solved for a rectangular area with sides ��  and �� . Given the number of 

elements into which each side of the rectangle is divided and the degree of the polynomial � of the 

shape functions, a grid is generated in which each intersection corresponds to a node. The nodes are 

numbered globally from bottom to top and from left to right, including the edges. The total number 

of nodes, including the edges, is (�� + 1)�, and the total number of nodes inside the mesh, excluding 

the edges, is (�� − 1)�. This corres-ponds to the number of unknowns because the values of the 

function at the edges are known, as the Dirichlet conditions are prescribed at the boundary. The total 

number of triangular elements is 2��. 
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Figure 1a presents an example of the global node numbering (points with numbers) and 

triangular element numbering (enclosed numbers) for a single segment on each side of the rectangle 

and for three polynomial degrees of linear (� = 1), quadratic (� =  2), and cubic (� =  3) shape 

functions. 

Figure 1b shows the local numbering of nodes in a triangular element for the three polynomial 

degrees. Local numbering allows for consistent referencing of nodes forming a triangular element, 

which is required in the connectivity matrix. 

  

(a) (b) 

Figure 1. Examples of global and local numbering; a) global numbering of nodes and triangular elements, for 

� = 1 and different �; b) local node numbering for different �. 

2.4. Connectivity Matrix 

The connectivity matrix containing 2�� rows is generated based on the number of elements into 

which each side of the rectangle is divided and the degree of the polynomial of the shape functions. 

Each row of the connectivity matrix corresponds to a triangular element. For each triangular element, 

a list of node numbers is placed based on the global node numbering (see Figure 1a). This list must 

follow the sequence given by the local node numbering (see Figure 1b). 
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Figure 2 shows an example of a connectivity matrix with � =  2  and � =  2 . The eight 

triangular elements are numbered, and the global node numbering and connectivity matrix follow 

the sequence given by the local node numbering in Figure 1b for � =  2. 

 

Figure 2. Example of connectivity matrix � = 2 and � = 2. 

2.5. Elementary Matrix and Force Vector 

The elementary matrix and force vector are generated for each triangular element, considering 

the parameters defined in the stationary scalar convection-diffusion-reaction equation statement. 

In the standard Galerkin formulation, the element matrix of equation (7) and the force vector of 

equation (8) are unstable in the case of dominant convection: 

���
� = � (���� ⋅ ��� + ��� ⋅ ��� + �����)

��
�� ∀ �, � = 1,2, … , � , (7)

��
� = � �����

��
∀ � = 1,2, … , � , (8)

applying ASGS stabilization yields the stable element matrix with equation (9) and the stable force 

vector with equation (10): 

�������

� = � [(���� ⋅ ��� + ��� ⋅ ��� + �����)
��

  

+��(�∆�� + � ⋅ ��� − ���)( −�∆�� + � ⋅ ��� + ���)] ��    

∀ �, � = 1,2, … , �, 

(9) 

������

� = � [��� + ��(�∆�� + � ⋅ ��� − ���) � ] ��
��

∀ �, � = 1,2, … , � , (10) 

in equations (9) and (10), the stabilization parameter, ��, is given by Equation (11): 

�� = �
�����

ℎ�
+

��|�|�

ℎ
�

��

  ���ℎ �� = 4  and  �� = 2 (6)

2.6. User Interface 

A Python program was developed, which allows the user to configure constants, source terms, 

and Dirichlet boundary conditions via a user interface. The program then uses Python functions to 

obtain the solution, which is displayed as three- and two-dimensional plots. 

The functions used are: 
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 main_cdr.py: This is the main file that contains initialization, the user interface, and all the used 

functions; 

 get_config: This function retrieves all data entered in the user interface and verifies it; 

 nodes: This function creates the regular mesh. The first column is the X coordinate, the second 

column is the Y coordinate, and each row represents a different node. The order of the nodes in 

this matrix determines the overall node numbering; 

 tc3: This function generates the connectivity matrix. As shown in Figure 2, each row represents 

a triangular element and its component nodes; 

 cccnpg: A function that transforms Cartesian coordinates to natural coordinates at a Gauss point; 

 kefe2DT: A function that obtains the elemental matrix and force vector, corrected according to 

ASGS stabilization; 

 ffT: A function that generates shape functions and their derivatives at a Gauss point for a given 

polynomial degree; 

 vffydp2DT: Calculates the values of the shape functions and their partial derivatives at all Gauss 

points for triangular elements and all polynomial degrees; 

 gauss2DT: Function to obtain matrices with Gauss weights and points; 

 es2: Assembles and solves the system of equations under the entered parameters. 

3. Results 

The following figures are screenshots of those generated with boundary layers. In all examples, 

k = 1 × 10�� is used to ensure dominant convection while maintaining � = 0, �� = 1,  �� = 0, �� =

1, �� = 1. 

3.1. Evolution with Polynomial Degree 

Figures 3–8 show an example of the evolution for different polynomial degrees (�), with � =

 20 divisions and a constant source term of � =  1 and � =  0. 

 

Figure 3. Surface diagram � = 1. 
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Figure 4. Contour diagram � = 1. 

 

Figure 5. Surface diagram � = 2. 

 

Figure 6. Contour diagram � = 2. 
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Figure 7. Surface diagram � = 3. 

 

Figure 8. Contour diagram � = 3. 

3.1. Other Functions for Source Term 

In Figures 9–14, p = 3, and the previous data are maintained; only the source term is changed. 

Figures 9 and 10 show the results with a source term of � =  � +  �. 
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Figure 9. Surface diagram � = � + �. 

 

Figure 10. Contour diagram � = � + �. 

Figures 11 and 12 show the results with a source term of f = x2y2. 
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Figure 11. Surface diagram � = x� ∗ y�. 

 

Figure 12. Contour diagram � = x� ∗ y�. 

Figures 13 and 14 show an example in which the result is known in advance: �(�, �)  =

 �� �� (1 − �)� (1 − �)�. 

 

Figure 13. Surface diagram �(�, �)  =  �� �� (1 − �)� (1 − �)�. 
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Figure 14. Contour diagram u(x, y)  =  x� y� (1 − x)� (1 − y)�. 

4. Discussion 

The present investigation successfully demonstrated the effectiveness of combining the 

Algebraic Sub-grid Scale (ASGS) stabilization method with high-order finite elements for solving 

convection-diffusion-reaction equations in convection-dominated regimes. The computational 

framework developed in Python, designated as CDR-Solv, provided robust numerical solutions 

across multiple polynomial degrees and source term configurations, establishing a significant 

contribution to the field of computational fluid dyna-mics and transport phenomena modeling. 

The numerical experiments conducted with various polynomial degrees ( � =  1, 2, 3 ) 

consistently demonstrated the superior performance of higher-order elements in captu-ring solution 

features, particularly in boundary layer regions where convection dominates diffusion ( � =

 1 × 10⁻⁵). The implementation achieved stable solutions across all tested configurations, effectively 

eliminating the spurious oscillations that typically plague standard Galerkin formulations in 

convection-dominated problems. The stabilization parameter �� = �
�����

�� +
��|�|�

�
�

��

 proved crucial 

in maintaining numerical stability while preserving solution accuracy, demonstrating the theoretical 

soundness of the ASGS approach. 

When compared to previous investigations detailed in the related works section, the current 

study distinguished itself through several key aspects. Unlike the meshless approaches of [23,24], 

which focused on fractional-time and localized fundamental solutions respectively, the present work 

employed a stabilized finite element framework that maintains the mathematical rigor of variational 

formulations while providing computational efficiency through structured mesh implementations. 

The ASGS method implemented herein offered distinct advantages over the High-Resolution Petrov-

Galerkin (HRPG) approaches of [20,21], particularly in terms of implementation simplicity and 

computational cost, as ASGS does not require complex stabilization parameter calibration for 

different physical regimes. 

The spectral accuracy achievements of [26] with their trivariate spectral collocation approach 

(TSQLM) represented a different paradigm, targeting exceptional precision through minimal grid 

points but requiring specialized mathematical formulations. In contrast, the CDR-Solv framework 

prioritized accessibility and educational value through its open-source Python implementation, 

making advanced stabilization techniques available to a broader scientific community. The present 

study’s approach proved more versatile than the analytical Green’s function methodology of [31], 

which, while computationally efficient for specific source terms, lacked the flexibility to handle 

arbitrary geometric configurations and complex boundary conditions. 

Table 1. Advantages and limitations for related works. 

Name Technique Advantages Limitations 

CDR-Solv 

(Present 

Study) 

ASGS stabilization with 

Python implementation 

Open-source 

accessibility, educational 

value, high-order finite 

elements up to p=3, 

robust stabilization, user-

friendly interface 

Limited to structured 

meshes, requires Python 

environment 

Nadukandi et 

al. (2010) 

High-Resolution Petrov-

Galerkin (HRPG) with linear 

elements 

Superior shock-

capturing, second-order 

accuracy in smooth 

regimes 

Complex parameter 

calibration, limited to 1D 

problems, requires 

specialized 

implementation 
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Liu et al. 

(2021) 

Localized Method of 

Fundamental Solutions (LMFS) 

with MATLAB 

Meshless approach, 

sparse matrix structure, 

large-scale capability 

Requires MATLAB 

license, complex 

mathematical 

formulation, limited 

geometric flexibility 

Mkhatshwa & 

Khumalo 

(2022) 

Trivariate Spectral Collocation 

(TSQLM) with MATLAB 

Exceptional accuracy 

(10−17), minimal grid 

points, spectral 

convergence 

MATLAB dependency, 

limited to elliptic 

problems, requires 

specialized mathematical 

expertise 

    

Parhizi et al. 

(2022) 

Green’s Function analytical 

approach 

Pure analytical 

framework, superior 

computational speed, 

exact solutions 

Limited to specific source 

terms, complex 

mathematical 

derivations, restricted 

geometric applications 

The ASGS stabilization method represented a fundamental advancement over traditional 

approaches by providing consistent stabilization across different convection regimes without 

requiring problem-specific parameter tuning. This distinguished the present work from the finite 

volume element method of [25], which, while effective for adaptive meshing, required complex 

stability analysis and CFL-like restrictions. The ASGS formulation inherently addressed the Gibbs 

phenomenon and spurious oscillations through its multiscale variational approach, offering 

theoretical advantages over ad-hoc stabilization techniques. 

The educational and accessibility contributions of the CDR-Solv framework cannot be 

understated in the context of scientific software development. Unlike proprietary solutions or 

specialized academic codes, the open-source Python implementation provided several critical 

advantages: (1) complete transparency in algorithmic implementation, enabling reproducible 

research and educational applications; (2) cross-platform compatibility without licensing restrictions; 

(3) integration with the extensive Python scientific computing ecosystem; and (4) accessibility to 

researchers and students in developing countries where commercial software licenses may be 

prohibitive. This philosophical approach aligned with the growing movement toward open science 

and reproducible computational research. The didactic value of the CDR-Solv implementation 

extended beyond mere algorithmic availability. The modular structure of the code, with clearly 

defined functions for mesh generation (nodes, tc3), element matrix assembly (kefe2DT), and shape 

function evaluation (ffT, vffydp2DT), provided an educational framework for understanding finite 

element implementation details. This contrasted sharply with black-box commercial solutions or 

highly optimized research codes that obscure fundamental mathematical concepts. 

The significance of employing ASGS stabilization extended beyond numerical considerations to 

theoretical implications for multiscale phenomena modeling. The method’s ability to capture 

subgrid-scale effects without explicit mesh refinement provided computational efficiency 

advantages, particularly relevant for problems with boundary layers or sharp gradients. This 

theoretical foundation distinguished the approach from purely numerical stabilization techniques 

that lack rigorous mathematical justification. 

Future research directions for this work include extension to three-dimensional geometries, 

implementation of adaptive mesh refinement capabilities, and integration with high-performance 

computing frameworks for large-scale applications, which we believe are crucial as mentioned by 

[29] but are out of the scope of this study. The open-source nature of the CDR-Solv platform provides 

a foundation for collaborative development and community-driven enhancements, potentially 

leading to more sophisticated and specialized implementations for specific application domains. 

5. Conclusions 
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This investigation successfully established the efficacy of implementing Algebraic Sub-grid 

Scale (ASGS) stabilization techniques in conjunction with high-order finite element methodologies 

for addressing convection-diffusion-reaction equations under convection-dominated flow regimes. 

The research demonstrated that the developed computational framework, designated CDR-Solv, 

achieved remarkable numerical stability and accuracy across polynomial degrees ranging from linear 

to cubic formulations (� =  1, 2, 3), effectively mitigating the spurious oscillations that traditionally 

compromise standard Galerkin approaches in transport-dominated scenarios. The stabilization 

parameter formulation �� = �
�����

�� +
��|�|�

�
�

��

 proved instrumental in maintaining solution 

convergence while preserving computational efficiency, thereby validating the theoretical 

foundations of the multiscale variational approach inherent to ASGS methodology. Extensive 

numerical experimentation across diverse source term configurations, including constant, linear, 

polynomial, and analytical benchmark functions, consistently yielded stable and physically 

meaningful solutions, particularly in boundary layer regions where conventional finite element 

methods typically exhibit instability. 

The implementation of third-order finite elements within the ASGS framework represented a 

significant advancement in achieving superior solution accuracy without compromising 

computational tractability, distinguishing this work from existing methodologies that often require 

complex parameter calibration or specialized mathematical formulations. A paramount contribution 

of this research resided in the development and open-source distribution of educational software that 

democratizes access to advanced stabilization techniques, fostering reproducible computational 

research and providing valuable pedagogical resources for the scientific community. 

The Python-based implementation offered unprecedented transparency in algorithmic 

development, enabling researchers and students worldwide to examine, modify, and extend the 

computational framework without proprietary restrictions or licensing barriers. This philosophical 

commitment to open science facilitated knowledge transfer and collaborative enhancement of 

numerical methods for transport phenomena modeling. The modular software architecture, featuring 

clearly delineated functions for mesh generation, connectivity matrix assembly, and stabilized 

element formulation, served as an exemplary educational platform for understanding finite element 

implementation fundamentals. Furthermore, the cross-platform compatibility and integration with 

the broader Python scientific computing ecosystem positioned CDR-Solv as a versatile tool for 

diverse engineering applications spanning environmental modeling, chemical reactor design, and 

heat transfer analysis. The comparative analysis with existing methodologies revealed distinct 

advantages of the ASGS approach over alternative stabilization techniques, particularly regarding 

implementation simplicity, computational cost-effectiveness, and robustness across varying physical 

parameter ranges. These findings collectively established ASGS stabilization as a superior 

methodology for convection-dominated transport problems while simultaneously contributing a 

valuable computational resource that advances both theoretical understanding and practical 

application of stabilized finite element methods in the broader scientific community. 
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