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Abstract: The Ramanujan tau function is the Fourier coefficient of the discriminant modular form. We
obtain some new formulas for the Ramanujan tau function.
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1. Introduction

The Ramanujan tau function 7 (1), first studied by Ramanujan [8], is the Fourier coefficient of the
discriminant modular form A(z):

Az) =q [T —g* =} t(n)q"

n>1 n>1

where g := 2™ with Im(z) > 0. In his famous paper, Ramanujan proposed following three properties
of T(n).

e 7(ab) = t(a)T(b) where a and b are coprime.

o T(p") =1(p)T(p") — p''7(p" ') where p is prime and 1 > 0 is an integer.

e t(p)| < ZP% for all primes.

The first two properties were proved by Mordell [6], who used the operator which is now called
Mordell operator, a special kind of Hecke operator. The third was proved by Deligne [3], who used
the methods of algebraic geometry, especially the étale theory. For the coefficients 7(1), Ramanujan
showed the following interesting congruence

7(p) =1+ p*(mod 691).

Besides this there are many other congruences on 7 (), for instance see ([4], [2]).

The exact values of 7(n) is also an interesting problem. It is well known that 7(n) € Z for all
positive integers n. Lehmer [5] conjectured that 7(n) # 0 for all positive integers n. Although this
conjecture is still mysterious today, there are some formulas for the Ramanujan tau function. One of
the most beautiful formula is the following;:

65 691 691 'C 1
T(n) = ﬁ”ll( )+ 756 o5(n) — Z o5(m)os(n —m)

where 05(n) and 017 (1) are divisor functions. For more formulas see for example [1,7].

Our goal of this paper is to obtain some new formulas for the Ramanujan tau function. The
first one (Theorem 2.2) is by combinatorial method, the second one (Theorem 3.5) is an integral
representation and the third one (Theorem 4.5) is related to the Chebyshev polynomials.

Our approaches are completely elementary and we expect applications of the methods used in
the paper to Fourier coefficients of other newforms as well.
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2. Combinatorial method

For a series expansion f(q) = Y, a,q" we denote Coef(f(g),4") := a,. We begin with following
observation.

Lemma 2.1. Let f,(q) := qTTi_; (1 — g¥)?*. Then
t(n) = Coef(fu-1(4),q")-

Proof. This is just because the expansion of (1 — g")?* starts with
(1—g")*=1-24g"+---

The lemma then clearly follows from above expansion and the definition of 7(n):

a[Ja—-g"* =Y t(n)q".

n>1 n>1
O

We now give our first formula.

Theorem 2.2. We have

g @) (2)

X
where the sum is over all nonnegative integer solutions x = (x1,Xp, -+, X,—1) of the equation
X1 +2x+--+m—-1x, 1 =n-1 (2.2)
Remark 2.3. It is clear by definition that the number of nonnegative integer solutions of equation (2.2)
#{x} is equal to the partition function p(n).
Proof. By Lemma 2.1, T(n) = Coef(qIT{_{ (1 — ¥)*,4"). We have
24
24
-0 = L 0r (3
k=0
24

(1-g)* =) (-1 (2:) 7,

k=0

Thus
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Therefore if x = (x1,xp,- -+, X,_1) is a nonnegative integer solution of the equation x7 +2x, + - - - +

(n—1)x,_1 =n—1,then
o () ()

is a part of the coefficient of 4" in the expansion of g Hz;ll (1 — ¢*)?*. Summing over all such solutions
we obtain (2.1). O

Example 2.4.
As an example we compute 7(4). The nonnegative integer solutions of the equation
X1 +2x +3x3 =3

arex = (3,0,0),x = (0,0,1) and x = (1,1,0). Notice that (261) = 1, we then have

T(4) = (—1)3(234) + (=)t (214> + (-1)! <214)(—1)1 (214> = —1472.

One sees that the summand (—1)3(%') corresponds to the term (—1)3(%")4® in the expansion of (1 — q)

(—=1)'(3") corresponds to the term (—1)!(3*)g° in the expansion of (1 —¢%)* and (—1)' (3" (~-1)(%})
corresponds to the term (—1)!(2")g! in the expansion of (1 — q)?* and the term (—1)!(3")g? in the
expansion of (1 — g%)%4.

24
4

3. An integral formula

In this section we give an integral formula for the Ramanujan tau function.
The first tau value is 7(1) = 1. In the following we let m > 2. It follows from Lemma 2.1 that

m—1
T(m) = Coef(H (1—45%, qm1> . (3.1)
k=1
We have following polynomial expansion:
m—1
k=1

It is not hard to see the symmetry of the coefficients of the expansion above.

Lemma 3.1. Leti > 1. We have
m—1 ) m—1 .
Coef H (1 _ qk)24, qz — Coef H (1 _ qk)24, q12m(m71)7z )
k=1 k=1
Proof. We leave to the readers as an exercise. [

Before we proceed further we recall that the Chebyshev polynomials of the first kind T, (x) is

defined as
TO (x) = 1,
Ti(x) = x,
Toi1(x) = 2xT,(x) — T, 1(x).
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T (x) has the property that for x # 0,
x+xt x4 x "
(S5 ) = T 63)
for more about Chebyshev polynomials see [9].
-1
Sett:= 1 +2q . Combining (3.2), (3.3) and Lemma 3.1 we have
1— 24 B 12 12
=g 13) = (q +q ' - 2) =Y ciuTu(t) (3.4)
q n=0
where
Coef((1—q)*,4'%), n=0;
C =
o 2Coef((1—¢)%,¢'*™™), 1<n <12
That is,
2"2(Ty (1) Z c1,a Tt (35)
Similarly we have
224(T ( ) - 1)12(T2 E CZnTn (36)
where
Coef((1—q)*(1—g*)*,4%),  n=0;
CZ, =
" | 2Coef (1 — g)%4 (1 — g?)%4,4%1), 1< n <36
In general we conclude that
Proposition 3.2.
m—1 6m(m—1)
212 m=1) H = Z Cm—l,nTn(t)r
k=1 n=0
where
m—1
Coef( IT(1-4%, q6"’(’"1)), n=0;
c _ k=1
m—1,n m—1
2C0ef< T (1—45%, qém(’"‘l)‘”>, 1<n<6m(m-—1).
By the proposition above and (3.1) we obtain
1
(1) = 5 Cm-1,(6m-1)(m-1)- (37)

Numerical experiments suggest that all the coefficients in the expansion (3.2) are nonzero:

Conjecture 3.3. Forallm > 2and 0 < n < 6m(m —1), ¢;y_1,, # 0. In particular the Ramanujan tau
function %cm_lr(ém_l)(,ﬂ_l) # 0.

Next we recall the following result of Chebyshev expansion [9, §3].

Lemma 3.4. Let f(x) be a function integrable on the interval [—1,1]. There is a Chebyshev expansion

1
x)~ Y a,T(x) = anTo(x) +a1Ty(x) + apTr(x) +
n>0
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where )
/ Tn / n= 0/ 1/ ct
1 — x?
and the dash means that the first term in the series is halved.
By Proposition 3.2,
m—1 6m(m—1)
21201 T (Ty, = Y cuoiaTu(t).
k=1 n=0
m—1
We apply Lemma 3.4 by taking f(t) = 2120"=1) TT (T;(t) — 1) to obtain
m—1 12
212(m—1)+1 /1 Tu(t) kl;Il(Tk(t) -1
mtn = ——— /_ 1 — it 3.8)

for1 < n < 6m(m—1). In particular let n = (6m — 1)(m — 1) and combine (3.7) we obtain our main
result of this section.

Theorem 3.5. Let m > 2. The Ramanujan tau function is

m—1

221 1 Temnn-n(®) T (T =1*
wm) = —— [ N dt.

Thus we can interpret the Ramanujan tau function t(m) as inner products of functions

m—1
T(m—1)(m—-1)(t) and kl:[l (T (t) — 1)12 in certain inner-product space.

4. Another formula

From the second and third properties of 7(1) proposed by Ramanujan, it can be deduced the
following well known formula.

Lemma 4.1 ([10], p.30.). One has
un sin((n +1)0)

T(p") =p2 —en@) (4.1)
where
cost) = T(Fjl) ,
2p2

and p is prime, n > 0.

We now relate the Ramanujan 7 function to the Chebyshev polynomials of the second kind U, (x).
Recall from [9] that U, (x) is defined as

Uo(x) =1
Up(x) =2x
Uyq(x) = 20Uy, (x) — Uy_1(x)

and it has the following well known property.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Lemma 4.2. One has
sin((n+1)6)

U, (cos @) = sin(0)

“2)
forn > 0.
There is an explicit expression for Uy, (x).

Lemma 4.3. One has for integers n > 0.

(x+m)n+l B (x_m)wrl
un(x) - zm (4.3)

Now by Lemma 4.1 and Lemma 4.2, the following result can be deduced.

Proposition 4.4. One has

w(p") = p U, (;(p) ) (4.4)
p 2

forn > 0.

Together with Lemma 4.3 and after a short calculation one obtains the following formula for T(p")
and hence for 7(n).

Theorem 4.5. For a prime p andn > 0,

RGO \/W)n+1 — ((p) = V(PP —4;911)"+l
T(p") = 20+ (p)2 — apll

Proof. In view of Lemma 4.3 and Proposition 4.4, it is just a direct computation. [

4.5)

The formula above for 7(p") extends multiplicatively to 7(n), and the formula of T(n) is obtained.

Acknowledgments: This paper was written during my stay at Nagoya University. Special thanks to the staff of
the library of Department of Science of Nagoya University, who kindly allowed me to use this library.

References

1. Apostol. T. M. Modular Functions and Dirichlet Series in Number Theory, 2nd ed. New York: Springer-Verlag,
1997.

Ashworth. M. H. Congruence and identical properties of modular forms. PhD Thesis, Oxford University.1968.
Deligne. P. La conjecture de Weil. I. Publications Mathématiques de I'IHES (43): 273-307. 1974.

Kolberg. O. Congruences for Ramanujan’s function 7(1), Arbok Univ. Bergen Mat.-Natur. Ser. (11),1962.
Lehmer. D.H. The vanishing of Ramanujan’s function 7(n), Duke Math. J., 14: 429-433. 1947.

Mordell. L.J. On Mr. Ramanujan’s empirical expansions of modular functions. Proceedings of the Cambridge
Philosophical Society, 19: 117-124, 1917.

. Moreno. C.]., Wagstaff. Jr. Sums of Squares of Integers, Chapman and Hall/CRC, 2006.

8.  Ramanujan. S. On certain arithmetical functions. Trans. Cambridge Philos. Soc., 22 (9): 159-184. 1916.

9.  TJ. Rivlin, The Chebyshev polynomials. Pure and Applied Mathematics. Wiley-Interscience, 1974.

S O

10. Sarnak. P. Some applications of modular forms, Cambridge Tracts in Mathematics 99. Cambridge: Cambridge
University Press, ISBN: 978-0-521-06770-6. 1990.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202506.0905.v1
http://creativecommons.org/licenses/by/4.0/

