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Abstract: This article introduces a novel three-phase angular perturbation technique for solving
the School Bus Problem (SBP), an NP-hard combinatorial optimization challenge. The three
phases—initial solution, global and local search, and solution exploration—focus on optimizing
school bus routes by minimizing sharp turns and reducing travel distances. The performance of
three metaheuristic algorithms (GAACOSA-AP, BFSPSO-AP, RL-AP) is evaluated, and significant
improvements in routing efficiency are observed. we evaluated the performance of our hybrid
algorithm against the industry-leading optimization software, CPLEX, and other optimization
techniques across multiple school scenarios. The results show that the GAACOSA-AP algorithm
consistently outperforms its counterparts, achieving substantial reductions in travel distances,
particularly for complex routes with numerous stops. The integration of Angular Perturbation was
key to improving route geometry by, reducing sharp turns, and enhancing overall path optimization
by an average reduction of 27.12% compared to 22.37% without Angular Perturbation.

Keywords: School Bus Problem; Vehicle Routing Problem; combinatorial optimization; NP-Hard;
optimization; metaheuristic algorithms

1. Introduction

The School Bus Problem (SBP) is a complex combinatorial optimization problem that focuses on
designing efficient routes for school buses to transport students between their homes and school [1].
The primary objective is to minimize factors such as total travel distance or time while meeting key
constraints [2]. The SBP is essential to reduce fuel costs, minimize travel time, and ensure safe and
efficient transportation for students [3]. As schools face increasing budget constraints, optimizing
bus routes becomes increasingly important [4]. The SBP is classified as an NP-Hard problem [5],
which implies that finding an optimal solution in polynomial time is unlikely. In addition, complexity
increases exponentially with the number of students and bus stops [6].

The SBP shares similarities with other hard NP problems [7], such as the Vehicle Routing Problem
(VRP) and the Traveling Salesman Problem (TSP) [8-10]. Both VRP and TSP present routing challenges
that involve capacity and time constraints, making SBP computationally difficult. The number of
potential route combinations increases rapidly as the size of the problem increases. Furthermore,
the task of ensuring that no bus exceeds its capacity or that students are not kept on the bus for
excessive amounts of time makes finding an optimal solution even more challenging [11]. This results
in the problem becoming intractable for large instances, pushing researchers to rely on heuristics and
approximation methods for near-optimal solutions [12].

Researchers have applied two main categories of approaches to address the computational
challenges of the SBP: exact algorithms and heuristic or approximation methods [13-17]. Exact
algorithms aim to find optimal solutions, but they are typically computationally expensive and
impractical for large-scale problems because of the combinatorial explosion. These methods include
Integer Linear Programming (ILP), where the SBP is formulated as a set of linear constraints with
integer variables representing routes and student assignments [18]. Although ILP solvers theoretically
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provide optimal solutions, they struggle with the exponential growth of possibilities as the size of the
problem increases [19]. Other sophisticated techniques such as branch-and-bound and branch-and-cut
have been employed to reduce computational effort by systematically exploring the solution space
while pruning suboptimal branches [20]. However, even with these advanced methods, exact
algorithms often become inefficient for larger instances, necessitating the exploration of heuristic
and approximation methods [21].

In light of the limitations of exact methods, much of the research on SBP has concentrated on
heuristic and approximation algorithms that yield feasible solutions within a reasonable time frame,
albeit without guarantees of optimality [22]. Greedy algorithms [23], where buses are assigned to
students step by step based on locally optimal decisions (such as assigning the nearest student to the
current bus route), have been a common approach. However, these methods may perform well for
small instances, but often lead to suboptimal solutions in more complex scenarios [24]. Metaheuristic
algorithms such as Genetic Algorithms (GA) [25], Simulated Annealing (SA) [26], and Tabu Search [27],
have proven to be effective for larger SBP instances GA [28], inspired by evolutionary processes,
generates a population of potential solutions, iterating through selection, crossover, and mutation
to explore a wide range of possible routes. Simulated annealing mimics the metal cooling process,
allowing the algorithm to escape local optima by accepting worse solutions early in the search. Tabu
Search utilizes memory structures to avoid revisiting suboptimal solutions, steering the search toward
better areas of the solution space [29].

Cluster-first [30], route-second heuristics [31], another popular method, group students into
clusters based on geographical proximity before determining the optimal route within each cluster.
This divide-and-conquer approach simplifies the problem, allowing for more efficient handling of large
datasets [32]. Hybrid algorithms that combine various methods have also been explored to leverage
the strengths of multiple techniques [33]. For example, clustering combined with metaheuristics
or greedy algorithms can strike a balance between solution quality and computational efficiency.
With advances in computational power and machine learning, data-driven approaches are emerging.
These methods use historical data on student distribution and traffic conditions to improve route
optimization. Although still in their infancy, these approaches have the potential to enhance heuristic
methods by providing smarter initialization points or guiding the search toward more promising areas
of the solution space [34].

This study introduces a A Three-Phase angular perturbation technique [35], which integrates three
stages: Initial Solution, Global and Local Search, and Solution Exploration, to optimize school bus
routes systematically [36]. In essence, the first phase ensures a valid initial solution, the second phase
focuses on finding an optimal route through global and local searches, and the final phase uses our
novel techngie called angular perturbation to minimize sharp turns, making bus travel smoother
and more efficient. Angualar pertubation is an optimization technique that has been inispired and
slightly similar but different to the works from [38—42]. These researchers used different state of the art
optimization techniques that led to their near-optimal solution.

The initial solution phase generates a basic and feasible route, often using algorithms like
Breadth-First Search (BFS). This solution serves as a starting point for further optimization, but
may not be optimal in terms of travel distance or time. Next, the global and local search explores different
route configurations, ensuring that the algorithm does not get stuck in a local minimum [43]. The
global search reorders the bus stops to find a near-optimal solution, while the local search fine-tunes
the current route. Finally, the solution exploration stage employs the Angular Perturbation Technique
to refine the solution by minimizing sharp turns, thus smoothing the route and reducing the travel
distance.

We propose three metaheuristic approaches for school bus routing: GAACOSA, BFS-PSO, and
Reinforcement Learning (RL), each utilizing angular perturbation to improve route efficiency. In the
GAACOSA-AP approach, GA generates an initial population of feasible routes, ACO explores the best
routes globally by reinforcing efficient paths, and SA refines the best solutions locally by accepting
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worse solutions to escape local optima. Finally, angular perturbation adjusts sharp turns to ensure
geometric optimization.

In the BESPSO-AP method, BFS guarantees a feasible initial solution by visiting each bus stop
once. PSO then improves this solution by exploring various sequences of stops to minimize the travel
distance. Angular perturbation further refines the route by smoothing sharp turns. Similarly, the
RL-AP approach uses a reinforcement learning agent to learn the best policy to select the next bus stop,
with an angular perturbation applied afterward to improve the geometry and efficiency of the route.
The key contributions of this paper are as follows:

* We introduce The Three-Phase Novel Angular Perturbation Technique for school bus routing, which

integrates three key phases: Initial Solution, Global and Local Search, and Solution Exploration.
* A novel angular perturbation technique is employed to minimize sharp turns, optimizing route

efficiency by focusing on the geometric aspects of the school bus routes.
* We propose three metaheuristic algorithms: GAACOSA-AP, BESPSO-AP, and RL-AP, each

incorporating angular perturbation to enhance route optimization performance.
¢ The hybrid GAACOSA-AP method leverages the strengths of Genetic Algorithms, Ant Colony

Optimization, and Simulated Annealing, achieving global and local route optimizations.
* BFSPSO-AP provides a systematic exploration of bus stop sequences, improving route efficiency

through Particle Swarm Optimization followed by angular perturbation refinement.
e The RL-AP method demonstrates the application of reinforcement learning to the SBP,

improving the route selection policy, and further optimizing the route geometry through angular
perturbation.

The remainder of this paper is organized as follows. Section 2 introduces the formal formulation
of the problem, while Section 3 provides a comprehensive overview of the proposed algorithms.
Subsequently, Section 4 presents the experimental results and analysis in Section 5 . Finally, Section 6
concludes the paper with final remarks and suggestions for future research.

2. Problem Formulation

In the following, we define the variables used and formulate the problem mathematically. The
decision variables are represented as X = Xij |i,j €0,1,...,n where each Xij indicates whether the
bus travels from stop i to stop j. The objective is to minimize the total travel distance, ensuring that
each stop is visited exactly once, and the bus starts and ends at the school.

The problem’s variables are summarized below:

Table 1. Variables and their Description

Symbol Description

S School (depot) location

V; Set of bus stops V = {v1,v2,..., 04}

da(i,j) Distance between stop i and stop j

Xij Binary decision variable: 1 if the bus travels from stop i to stop j,
0 otherwise

n Total number of bus stops

D Total distance traveled by the bus

The objective is to minimize the total distance traveled by the school bus while ensuring that the
route starts and ends at the school and each bus stop is visited exactly once.

Decision Variable Constraints

The bus must start from the school and return to the school after visiting all bus stops:

n n
Z xS,]' = 1, inrs =1
j=1 =1
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This ensures that the bus begins and ends its journey at the school.

Visiting Constraints

Each bus stop must be visited exactly once:
n n
le']'=1, le‘]‘=1 Vi,jEV
i=0 j=0

This ensures that each stop is visited only once.
Binary Decision Variables
The decision variable x;; is binary, indicating whether the bus travels from stop i to stop j:
Xij € {0,1} Vi, j € {S, V}

Objective Function
The objective is to minimize the total travel distance D:

n n

D= Z Y d(i,j) - x

i=0j=0
subject to:
n n
ZXszl in,szl
j=1 i=1
n n
Yoxij=1, Y xj=1 VijeV
i=0 j=0
and

Xij S {0,1} Vi,j S {S, V}
to find the optimal route that minimizes the total distance traveled.

3. Proposed Method

This study introduces a novel three-phase angular perturbation technique, which integrates three
stages: Initial Solution, Global and Local Search, and Solution Exploration, to optimize school bus
routes systematically. In essence, the first phase ensures a valid initial solution, the second phase
focuses on finding an optimal route through global and local searches, and the final phase uses angular
perturbation to minimize sharp turns, making bus travel smoother and more efficient.
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(Step 1: Initial Solution]

|

[Step 2: Global and Local Search]

|

(Step 3: Solution Exploration)

Figure 1. A Three Phase Approach

We propose three metaheuristic approaches to solve the school bus routing problem: a hybrid of
Genetic Algorithm, Ant Colony Optimization, and Simulated Annealing with Angular Perturbation
Technique (GAACOSA-AP), a combination of Breadth-First Search and Particle Swarm Optimization
with Angular Pertubation (BFSPSO-AP), and Reinforcement Learning with Angular Pertubation
(RL-AP). A key element in all three methods is the incorporation of angular perturbation, a technique
that plays a pivotal role in optimizing the route. Angular perturbation is an optimization technique
designed to improve the geometric structure of routes by focusing on the angles formed between
consecutive stops. In a typical route, three consecutive bus stops, say v,, v, and v,, form an angle at
the middle stop v},. The goal of angular perturbation is to adjust this angle to make the transitions
between stops smoother, ultimately reducing the total travel distance.

To illustrate, consider the angle 6 formed at bus stop v, between the two vectors 405 and 7,0,
The angle can be computed using the cosine rule:

da, +dp. — dz.
2d gpdpe
where d, dy., and d, represent the distances between stops v, vy, and v, respectively. Angular
perturbation works by introducing small changes to this angle 6, exploring alternative configurations
that reduce the sharpness of turns.

cos O,pc =

Original Route with School at Origin Optimized Route with Angular Perturbation (Reordered Stops)
V.7 v_7
2 VA v_10 2 v_10
v_9 « —>X v 9 -
1 vl
0 0
v3
\ v.2 v.2 V.6

|
~

|
N
Y Coordinate

Y Coordinate

-4 -4

-6 /8 -6 8

-6 -4 -2 2 4 -6 -4 -2 2 4
X Coordinate X Coordinate

Figure 2. Demonstrating Routing Trajectory with Angular Pertubation Technique

To visualize the Angular pertubation concept as demonstrated in Figure 2, we start with a route
comprising 10 bus stops, Each plot represents a series of bus stops (denoted as vy, vy, . . ., v19) connected
by lines to illustrate the bus route starting and ending at the school, which is placed at the origin (0,0).
The graph illustrates the direction of travel with arrows, showing the path from the school through
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all stops and back to the school. In the original route at the left side in blue, are bus stops connected
in a predefined sequence. This sequence may involve sharp angles between some stops, leading to
inefficient turns. while, on the right side in green the optimized route uses angular perturbation to
minimize the sharpness of turns. By reordering the sequence in which the bus stops are visited, the
route becomes smoother, with fewer abrupt direction changes. The comparison between the two
graphs highlights the effectiveness of angular perturbation. While the bus stop locations remain the
same, the optimized route achieves smoother transitions, ultimately reducing the total travel distance
and time. This approach can lead to substantial benefits, such as lower fuel consumption, less wear
and tear on vehicles, and improved travel experiences for passengers due to fewer abrupt turns.

3.0.1. Genetic Algorithm, Ant Colony Optimization, and Simulated Annealing with Angular
Perturbation Technique (GAACOSA-AP)

In this section, we present the hybrid approach for solving the School Bus Routing Problem (SBRP),
combining Genetic Algorithm (GA), Ant Colony Optimization (ACO) and Simulated Annealing (SA),
along with the novel angular perturbation technique. The equations and variables are introduced as
follows.

We define the set of bus stops as V = {vp, vy, ..., v, }, where vj represents the school, and each v;
for i > 1 represents a specific bus stop. The objective is to minimize the total distance traveled by bus
while visiting all stops and returning to the school.

The fitness function for the Genetic Algorithm is expressed as follows:

Fitness(7t) = D(m) = Zd n(i+1) T dr(n)n(0)

Here, D () is the total distance for a route 77, where 71(i) denotes the i-th stop in the sequence. The
term d ;) (i+1) is the distance between consecutive stops 7t(i) and 7t(i + 1), and d () (o) represents
the distance from the last stop to the school. The GA uses crossover and mutation operators to evolve
the population, ensuring diversity and exploration of various route configurations.

After the initial population is generated by GA, Ant Colony Optimization (ACO) is applied to
refine these routes. ACO simulates the behavior of ants, where each ant builds a potential route based
on pheromone trails. The pheromone matrix 7;; tracks the level of pheromones for traveling between
stops v; and v;, with v; and v; representing consecutive bus stops. The probability that an ant will
choose to travel from stop v; to stop v; is given by the following:

(D) - (1/dy)P
Lkeallowed Tik()* + (1/dix)P

In this equation, a controls the influence of the pheromone trail, and  controls the influence of
the inverse distance d;; between stops v; and v;. The denominator sums all the next allowed stops k
(other possible stops). As ants traverse the routes, they deposit pheromones, reinforcing shorter and
more desirable paths.

After ACO has refined the routes, the angular perturbation technique is applied to further improve
the solution. For three consecutive stops v;, v}, and vy, the angle 6;; at stop v; is calculated using the
cosine rule:

Pij(t) =

2 42 _ g2
cos ;. = dij +djk _ dik
=4 &

where djj, dji, and dj; are the distances between stops v;, v;, and v. The goal of this perturbation
step is to minimize the angle 6; to reduce sharp turns, resulting in a more efficient route. Smaller
angles generally indicate smoother transitions and reduced travel distance.
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Once ACO and angular perturbation have been applied, Simulated Annealing (SA) is used to
further improve the solution by escaping local optima. SA allows the system to accept worse solutions
with a certain probability, helping the algorithm explore other regions of the solution space. The
acceptance probability of a worse solution is defined by:

P(AD) = e~ T

where AD = D(7') — D() is the difference in distances between the new route 7’ and the current
route 71. The temperature parameter T decreases with time, reducing the probability of accepting
worse solutions as the algorithm progresses. This balance between exploration and exploitation allows
the algorithm to refine the current best solution while still exploring alternative routes.

In summary, this hybrid approach integrates GA for generating an initial population of routes,
ACO for refining routes based on pheromone trails, angular perturbation for optimizing the geometry
of the routes by minimizing sharp angles, and SA for ensuring the solution does not get trapped in
local optima.

Algorithm 1: GAACOSA-AP for SBR

Input: Set of bus stops V = {vg, v1, ..., v, }, where vy is the school, Number of iterations Nijtr,
Temperature parameter T

Output: Optimal route 7Tpeqr, Minimum total distance Dyegy;
Initialization: Initialize the population of routes using GA;

Initialize the best route 71y, as the shortest route in the initial population;
Initialize the best total distance Dy, as the distance for mpegt;

for iteration t = 1 to Ny, do
Apply ACO to refine the population of routes:

()" - (1/dy;)P
Pii(t) = ] ]
]( ) Zkeallowed Tik(t)lx ! (1/dik)ﬁ

Apply angular perturbation to minimize the angle 6;; between consecutive stops:

2 4 2 2
cosf dij - dj e~ %k
o= &

Adjust the sequence of stops to minimize the smallest angles;

Simulated Annealing: Evaluate new routes and accept or reject them based on the

temperature:
AD

P(AD)=e" T
where AD = D(7t') — D(r) is the difference between the new route 77’ and the current
route 71;
Update the current route 77; based on the acceptance criteria;
If D(77;) < Dpest:

e Update mtpeg; to 745
e Update Dyt to D(714);

Decrease the temperature T according to the cooling schedule;
end
Return: Optimal route 7y,e5, Minimum total distance Dpegy;
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The Figure 3, demonstrates, SA’s effectiveness in navigating complex solution spaces by accepting
suboptimal solutions temporarily to eventually reach the best possible outcome.

3.0.2. Breadth-First Search and Particle Swarm Optimization with Angular Pertubation (BFSPSO-AP)

In this hybrid approach to optimizing the route of school buses, the process begins with
breadth-first search (BFS) for the traversal of the route, followed by particle swarm optimization
(PSO) and angular perturbation (AP) for optimizing the route. BFS starts by treating the school as
the starting point, denoted as vg, and systematically explores the graph, where each vertex represents
a bus stop and each edge represents a connection between stops. In each step, the BFS traverses an
edge e;;, which is the connection between bus stops v; and v;. BFS ensures that all bus stops are visited
once, providing an initial route configuration that serves as a foundation for further optimization.
The graphs in Figure 4 and 5, illustrate the BFS traversal for a school bus visiting 10 bus stops. The
bus at Figure 4, starts at Stop 1, represented by the green square, and follows the red edges, visiting
nearby stops in sequence. The numbers next to each stop indicate the order in which the bus visits
each location to pick up children. In the first diagram, the bus starts its route at Stop 1 and moves to
Stops 2 and 3, which are the closest neighbors to the starting point. From Stop 2, the bus proceeds to
Stops 4 and 5, while from Stop 3, it continues to Stops 6 and 7. The bus then completes its journey by
visiting Stops 8, 9, and 10 before returning to Stop 1, thus demonstrating a structured and efficient
path with minimal intersections.

In Figure 5, follows the same traversal from Stop 1 to Stop 10, but in this case, the route is more
complex with multiple path intersections, suggesting a less optimized approach compared to the first
figure. These diagrams demonstrate how BFS works by visiting adjacent stops first before moving
further away, presenting two different scenarios for completing the bus route efficiently.

4
® Bus Stop

Stop 8 B school

w— Bus Path

3 Bus

® Children

Stop®

Y Coordinate
°

Stop 10
op 19

Stop &

X Coordinate

Figure 4. Bus Picking Children with BFS Traversal with Minimal Path Intersections
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Figure 5. Bus Picking Children with BFS Traversal Multiple Path Intersections

Once BFS generates the initial traversal, PSO is used to optimize the route. In PSO, each potential
solution is represented as a particle, with a set of particles P = {p1, p2, ..., pn}, where each particle
pi represents a candidate bus route. Each particle has a position x; and a velocity v;, which define its
movement through the solution space. The position x;(t) at a given iteration  represents the sequence
in which the bus stops are visited, and the velocity v;(t) determines how the route is updated in
subsequent iterations. The fitness function f(p;) measures the quality of the solution and is defined as
the total distance from the road:

m—1

fpi) =Y d(v, vpes1),
k=1
where d(vg, vk, 1) is the distance between consecutive bus stops vy and vy, 1, and m is the total
number of stops. The objective is to minimize f(p;), thus minimizing the total distance traveled by the
bus.
During each iteration, the velocity of each particle is updated using the following equation:

Ui(t + 1) = wvl( ) + Clrl(Pbest ( )) + CZrZ(gbest (t))/

where w is the inertia weight, ¢; and ¢, are acceleration coefficients, 1 and r, are random values
between 0 and 1, ppes; is the best known particle position and gpe; is the best global position found by
the swarm. The position of the particle is then updated as:

Xi(t+1) = xi(t) + oyt +1).

After PSO identifies a near-optimal route, Angular Perturbation (AP) is applied to refine the
route further. AP modifies the angles between three consecutive bus stops to explore alternative
configurations that could reduce the total distance. Consider three consecutive bus stops, v,, vy, and ve.
The angle 6 formed by the vectors 404 and 0,0, can be slightly adjusted to explore different paths. AP
introduces a small change A@ to this angle, perturbing the route to find more efficient configurations.

The total distance function is then updated to reflect these changes:

Z ka Z’k+1

where v} and v}, ; are the new positions of the bus stops after the perturbation. This optimization
process continues until further perturbations no longer yield significant improvements in the total
distance. Through this combination of BFS, PSO, and Angular Perturbation, the bus route is iteratively
optimized to minimize the overall travel distance while ensuring that all bus stops are visited.
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Algorithm 2: BFSPSO-AP for SBR

Input: Graph G = (V, E) representing bus stops V and routes E, Number of particles
Nparticless Number of iterations Njter, Control parameter a, Angular perturbation step A6 ;
Output: Optimal bus route Rypeg, minimized total distance Dyeg; ;
Initialization: Use BFS to generate an initial route Ry by visiting each bus stop once;
Initialize each particle i with a random route R; from BFS;

Set the best solution for each particle R; ppest to R;;

Initialize the best global solution Rgpest to the best personal best among all particles;
Initialize the best total distance Dy to a high value;
for iteration t = 1 to Ny, do

for each particle i do
Update Particle Velocity and Position:

Vi1 = WVt 4 0171 (Ri phest — Ri) + car2(Rgpest — Ri)

Rit+1=Ri+ Vi1
Apply Angular Perturbation: Select three consecutive bus stops v,, v, vc in R; 141;
Adjust angle 6 between vectors v,v}, and v,v; by a small perturbation Af;
Ri,perturbed = UpdateROHte(Ri,t+1/ AQ)

Evaluate Total Distance:
m—1

Diti1 = Z d(vg, vgy1), where d(vy, vgy1) is the distance between consecutive stops.
k=1

Update Personal Best: if D;; 11 < D; ppes: then
Ri,pbest = Ri,perturbed
Di,pbest = Di,t+1

end
end
Update Global Best: if D; ypest < Dgpest then

Rgbest = Ri,pbest

D gbest — D i,pbest

end
end
Return: Optimal bus route Rgpest, minimized total distance Dgpest;

3.1. Reinforcement Learning with Angular Pertubation (RL-AP)

Reinforcement Learning (RL) combined with Angular Perturbation (AP) is a method used to
minimize the total distance traveled while ensuring that all bus stops are visited exactly once. The
environment is modeled as a graph G = (V, E), where V represents the bus stops and E represents the
routes between these stops. The goal of the RL agent is to learn an optimal route R that minimizes the
total distance traveled.
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Figure 6. Reinforcement Learning for Optimal School Bus Routing

The RL agent interacts with the environment by transitioning between states s, where each state
represents the sequence of bus stops visited at time step t. The agent selects actions a;, which involve
choosing the next bus stop to visit. After each action, the agent receives a reward r; based on the
change in the total distance of the route. The reward is defined as:

1y = Dy_1 — Dy,

where Dy is the total distance after visiting the next bus stop, and D;_; is the total distance before
visiting the next stop. A positive reward is provided when the total distance decreases, thus
encouraging the agent to find more efficient routes.

At each time step, the agent selects an action a; according to a policy 7t(a; | s¢), which defines the
strategy to select the next bus stop. Initially, the policy is random, but it is gradually refined over time
through exploration and learning. The agent updates its knowledge using the Q-learning algorithm,
where the Q-value Q(s¢, a¢) is updated according to the following equation:

Q(st,ar) = Q(se, ar) + {Tt + 'ym;;ax Q(st41,a) — Q(St,ﬂt)] P

where « is the learning rate, vy is the discount factor, and max, Q(s;11,a) represents the expected future
maximum reward for the next state s; 1.

After the RL agent learns a near-optimal route, Angular Perturbation (AP) is applied to further
refine the solution. This involves selecting three consecutive bus stops v,, v5, and v, along the route,
and adjusting the angle 0 between the vectors 0,05 and 0,0, The angle is perturbed by a small amount
AB to explore alternative configurations that may reduce the total distance. The perturbed route R’ is
then evaluated, and if it results in a shorter total distance, the agent updates the current best route
Rpest-

As shown in Figure 6, the diagram illustrates how Reinforcement Learning (RL) is applied
to find an optimal route for a school bus visiting 10 stops. The different colored paths represent
various episodes in the learning process, where the RL agent explores potential routes and gradually
improves its actions based on the feedback it receives. The gray path (Episode 1) shows the agent’s
initial exploration of the environment, where the bus follows a suboptimal and inefficient route,
connecting the stops in a random or exploratory manner as the agent is still learning the structure of
the environment and the rewards. In the orange path (Episode 2), there is noticeable improvement as
the bus starts to follow a more structured route, reducing unnecessary detours. This indicates that
the agent has learned from its earlier experiences and is adjusting its actions to improve efficiency. By
the time it reaches the green path (Episode 3), the agent has further refined its strategy, and the bus
follows a much more efficient and direct route between stops, suggesting that the RL agent is nearing
an optimal solution.
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This overall process, combining the learning capabilities of RL with the geometric
refinement introduced by Angular Perturbation, allows the agent to continuously improve
the bus route and minimize the total distance. = The RL agent iteratively refines its
policy and route through exploration and perturbation, ensuring an efficient solution.

Algorithm 3: RL-AP for SBR

Input: Graph G = (V, E) representing bus stops V and routes E, Number of episodes
Nepisodes, Angular perturbation step A6, Learning rate a, Discount factor 7y, Exploration
factor e

Output: Optimal bus route Ry, Minimized total distance Dpegt;

Initialization: Initialize policy 7t(a; | ;) randomly;

Initialize Q-values Q(s¢, ;) arbitrarily;

Set the best total distance Dy,eq; to a high value;

for episode e = 1 £0 Nepisoges do

Reset environment: Set initial state s( to the starting bus stop;

Initialize route R = {vg};

for each time step t until all stops are visited do

Select Action: With probability €, select a random bus stop a;;

Otherwise, select a; = arg max,; Q(s¢, a) (greedy action);

Take Action: Append 4; to the route R;

Transition to new state s;1;

Calculate Reward: Compute new route distance Dy;

Reward ry = D;_1 — Dy;

Update Q-value:

Q(st,ar) = Q(st,at) +a [Tt + y max Q(st41,4) — Q(st, ﬂt)}

end

Apply Angular Perturbation: Select three consecutive bus stops v,, v, v in R;
Adjust angle 8 between the vectors 0405 and D0, by a small perturbation Af;
Recompute the total distance after perturbation Dperturbed;

if Dperturbed < Dpest then

Rpest = R;
Dpest = D perturbed”
end

end
Return: Optimal bus route Ryeg;, minimized total distance Dyg;

4. Computational Experiment

The anonymized dataset, obtained with the necessary permissions, was sourced from the
databases of 10 schools in Kilifi County, Mombasa, Kenya. This section is divided into two parts:
Section 4.1 presents the experiment that compares our proposed algorithm with the IBM CPLEX
Optimizer, a robust tool for solving complex optimization problems such as the minimization of
route distance in transportation, followed by an in-depth analysis of the results. Section 4.2 details
an ablation study that evaluates the contribution of each component of the proposed algorithm to its
overall performance. The experiments were carried out on a system equipped with an Intel Core i7
processor, 16GB of RAM, and a 500GB hard drive, ensuring computational efficiency and accuracy.
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4.1. Computation Experiment With Angular Perturbation

In this section, we present the results of the computational experiment conducted with the
inclusion of Angular Perturbation (AP) in all of our algorithms. Our objective is to evaluate the
effectiveness of AP in optimizing school bus routes in 10 different cases. The performance of the
algorithm was compared with and without AP to determine the impact of the perturbation technique
on overall distance reduction.

Table 2 compares the performance of three different algorithms—GAACOSA-AP, BFSPSO-AP,
RL-AP, and CPLEX—in optimizing school bus routes for 10 different schools in form of instances. The
columns represent several key values for each school: the Existing Distance (ED) in kilometers (km),
the Optimized Distance (OD) achieved by each algorithm, and the Objective Function (F = ED - OD),
indicating how much each algorithm was able to reduce the original travel distance. The objective is to
minimize the total travel distance, and the larger the objective function F, the better the algorithm has
performed.

Table 2. Optimized Distances and Objective Functions for School Bus Routing (10 Schools)

S ED(km) ODgan Fga ODpps Feps ODrr R ODcprex  Feprex
1 47.22 38.90 8.32 42.30 4.92 43.10 4.12 39.95 7.27
2 35.32 26.75 8.57 27.50 7.82 28.00 7.32 27.10 8.22
3 55.60 35.50 20.10 37.20 1840 36.50 19.10 35.80 19.80
4 63.45 44.90 18.55 48.20 1525 49.10 14.35 45.50 17.95
5 29.15 20.85 8.30 22.60 6.55 23.10 6.05 21.80 7.35
6 42.10 31.75 10.35 34.50 7.60 35.00 7.10 32.80 9.30
7 50.75 36.90 13.85 39.50 11.25  40.00 10.75 38.50 12.25
8 72.60 52.85 19.75 56.30 16.30 5720 1540 54.10 18.50
9 40.55 29.20 11.35 31.50 9.05 32.00 8.55 30.60 9.95
10 58.30 41.75 16.55 45.00 13.30 45.80 12.50 43.25 15.05

Looking at the results, the GAACOSA-AP algorithm consistently delivers the best performance
across all 10 schools. For example, for School 1, the existing travel distance is 47.22 km, and
GAACOSA-AP reduces it to 38.90 km, giving an objective function value of 8.32 km, which is
the highest reduction among all algorithms. In contrast, BFSPSO-AP and RL-AP achieve smaller
reductions, bringing the distance down to 42.30 km and 43.10 km, respectively, while CPLEX reduces
it to 39.95 km. Although all algorithms manage to reduce the travel distance, GAACOSA-AP
outperforms the others by achieving the largest reduction.

A similar pattern can be seen for School 3, where GAACOSA-AP reduces the distance from
55.60 km to 35.50 km, a reduction of 20.10 km. This is the largest reduction for this school, while
CPLEX comes in second with a reduction of 19.80 km, and the other two algorithms provide slightly
smaller reductions. While BFSPSO-AP and RL-AP still manage to significantly reduce the travel
distance (by 18.40 km and 19.10 km, respectively), they consistently fall short of the results achieved
by GAACOSA-AP.

The consistency of GAACOSAAP is notable across all schools. For example, in School 8, where the
existing distance is 72.60 km, GAACOSA-AP reduces the distance by 19.75 km, again outperforming
the other methods. This trend is maintained in all 10 schools, with GAACOSA-AP delivering the
highest reductions in each case, demonstrating the algorithm’s superiority in optimizing school bus
routes.

Although other algorithms, including BESPSO-AP, RL-AP, and CPLEX, also perform well, their
results are consistently less optimal when compared to GAACOSA-AP. For instance, in School 5,
the existing distance of 29.15 km is reduced to 20.85 km by GAACOSA-AP, while BFSPSO-AP
and RL-AP only reduce it to 22.60 km and 23.10 km, respectively. This consistent pattern of higher
objective function values for GAACOSA-AP makes it clear that this algorithm provides the best overall
performance for minimizing distances.
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In summary, As presented in Table 3 we select the best and the second best performing algorithm
from Table 2. The results show that GAACOSA-AP is the most effective algorithm for reducing school
bus travel distances. Its consistent superiority in achieving the largest reductions across all schools
highlights its robustness and efficiency in solving the School Bus Routing Problem. This suggests that
GAACOSA-AP is a particularly suitable choice for applications where minimizing travel distances is
a priority, offering both greater cost efficiency and better route planning.

—e— Existing Distance (ED)
—=— Optimized Distance (GA)

16.55 km

20.10 km

Distance (km)

1 2 3 4 5 6 7 8 9 10
School Instance

Figure 7. Comparison of the Existing Distances (ED) and the Best Optimized Distances (GA) f

Figure 7 includes the difference values (in kilometers) between the Existing Distances (ED) and
the Optimized Distances (GA). Each difference is displayed next to the vertical lines connecting the
two curves, showing how much distance is reduced for each school instance.

Table 3. Best and Second-Best Optimized Distances for School Bus Routing

S ED (km) Best Algorithm Second Best Algorithm  Difference (km)
1 4722 38.90 (GA) 39.95 (CPLEX) 1.05
2 3532 26.75 (GA) 27.10 (CPLEX) 0.35
3 55.60 35.50 (GA) 35.80 (CPLEX) 0.30
4 6345 44.90 (GA) 45.50 (CPLEX) 0.60
5 29.15 20.85 (GA) 21.80 (CPLEX) 0.95
6 4210 31.75 (GA) 32.80 (CPLEX) 1.05
7 5075 36.90 (GA) 38.50 (CPLEX) 1.60
8 72.60 52.85 (GA) 54.10 (CPLEX) 1.25
9 40.55 29.20 (GA) 30.60 (CPLEX) 1.40
10 5830 41.75 (GA) 43.25 (CPLEX) 1.50

4.2. Computation Experiment Without Angular Perturbation

To evaluate the effectiveness of Angular Perturbation (AP) in the GAACO-SA-AP algorithm, we
conducted an ablation computational experiment. In this experiment, the Angular Perturbation (AP)
strategy was removed from all proposed algorithms and a comprehensive computational analysis
was performed. The experimental framework mirrors the structure outlined in Section 4.1, allowing
for a direct comparison of results to assess the specific contribution of Angular Perturbation to the
optimization performance.

As shown in Table 4, The results show that GAACOSA shortening it to GA consistently performs
the best, achieving the lowest optimized distance in all 10 instances, which is highlighted in bold. For
example, in School 1, the existing distance is 47.22 km, and GA reduces this to 40.50 km, resulting in a
reduction of 6.72 km, outperforming both CPLEX (6.27 km) and the other algorithms (PSO: 4.12 km,
RL: 3.42 km).

CPLEX follows closely behind, often providing the second-best results, with the difference
between GA and CPLEX being relatively small in many cases. For example, in School 3, GA reduces
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the distance by 17.40 km, while CPLEX achieves a reduction of 18.50 km, slightly better in this instance.
However, in the majority of cases, GA outperforms CPLEX by a narrow margin. In contrast, PSO and
RL show consistently lower performance compared to GA and CPLEX. For example, in School 5, GA
reduces the distance by 6.25 km, while PSO and RL only achieve reductions of 5.35 km and 4.95 km,
respectively.

The performance of the algorithms varies between different schools. In some cases, the difference
between GA and CPLEX is minimal, such as in School 9, where GA reduces the distance by 9.05 km
and CPLEX by 8.45 km (a difference of 0.60 km). In other cases, such as School 7, the difference is
more pronounced, with GA outperforming CPLEX by 1.60 km. The greatest reductions are observed
in schools with higher distances, suggesting that more complex routes offer greater opportunities
for optimization. For instance, in School 8, where the existing distance is 72.60 km, GA reduces the
distance by 16.90 km, while CPLEX reduces it by 15.50 km.

In Figure 8, The algorithms compared are GA-AP (green), CPLEX (purple), and GA without AP
(orange).

The X-axis represents the school instances, while the Y-axis corresponds to the vertical offsets
for each algorithm (0 for GA-AP, 1 for CPLEX, and 2 for GA without AP). The Z-axis displays the
difference in distance between the original and optimized routes (in kilometers).

From the plot, we can see that GA-AP consistently shows smaller differences in distances
compared to GA without AP, indicating that the inclusion of Angular Perturbation improves route
optimization. CPLEX performs similarly to GA-AP but generally falls between the two variants GA.
This comparison highlights the advantages of using angular perturbation in reducing route distances
more effectively.

Table 4. Ablation Study: Optimized Distances Without Angular Perturbation (AP)

50.75 39.00 11.75 40.80 995 4120 955 39.90 10.85
72.60 5570 16.90 5850 14.10 59.10 13.50 57.10 15.50
40.55 31.50 9.05 33.00 755 3340 715 32.10 8.45
58.30 4450 13.80 4670 11.60 4720 11.10 45.30 13.00

§ ED(km) ODgsn Fga ODpps Fsps ODrr Fri ODcprex  Foprex
1 47.22 40.50 6.72 43.10 4.12 43.80 3.42 40.95 6.27
2 35.32 28.50 6.82 28.80 6.52 29.10 6.22 27.95 7.37
3 55.60 38.20 17.40 39.00 16.60  38.70 16.90 37.10 18.50
4 63.45 47.10 16.35 49.50 13.95 50.00 13.45 47.80 15.65
5 29.15 22.90 6.25 23.80 5.35 24.20 4.95 23.50 5.65
6 42.10 34.00 8.10 35.50 6.60 35.80 6.30 34.60 7.50
7

8

9

10

For easy illustration, we select the first and second best perfroming algorthim from Table 4 and
present their results highlighting the performance of the GA-ACO-SA algorithm versus CPLEX as
show in table 5. In all cases, the GA algorithm consistently outperforms CPLEX with smaller optimized
distances, but the differences between the two algorithms are relatively small, ranging from 0.45 km
to 1.40 km. The largest difference is seen in School 8, where GA achieves a distance of 55.70 km,
compared to 57.10 km for CPLEX, a difference of 1.40 km. In most other schools, the differences
are marginal, with the smallest difference of 0.45 km in School 1. These results suggest that while
GA-ACO-SA performs slightly better in optimizing routes, CPLEX remains highly competitive in
most cases, with only minimal performance gaps between the two algorithms.
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Figure 8. Optimized Distances and Differences (With vs Without AP)

The markers in the graph 8, illustrate the optimized distances for each school instance, with green
markers representing the distances optimized using AP and blue markers representing the distances
without AP. The size of the markers corresponds to the magnitude of the difference between the two
approaches, with larger markers indicating a more significant disparity in performance. Additionally,
dashed black lines connect the optimized distances for each school instance, visually depicting the
difference between the two methods. Longer lines signify a greater benefit derived from using Angular
Perturbation, as these instances show a more substantial reduction in travel distance.

The graph also includes standard deviation annotations, with the green text showing the standard
deviation for the AP-optimized distances and the blue text for those without AP. The lower standard
deviation in the AP approach (8.86) compared to the non-AP approach (9.07) highlights the more
consistent and reliable outcomes produced by the use of Angular Perturbation. This reinforces the
notion that AP not only results in shorter distances but also reduces variability across different school
instances, ensuring a more stable and predictable optimization process. As illustrated in Table 5, we
have selected the best and second-best results derived from the experimental findings presented in
Table 4. This approach allows us to present the results in a more transparent and understandable
manner for our readers.

Table 5. Ablation Study: Best and Second-Best Optimized Distances Without Angular Perturbation

(AP)
S ED(km) Best Algorithm Second Best Algorithm  Difference (km)
1 47.22 40.50 (GA) 40.95 (CPLEX) 0.45
2 35.32 28.50 (GA) 27.95 (CPLEX) 0.55
3 55.60 38.20 (GA) 37.10 (CPLEX) 1.10
4 63.45 47.10 (GA) 47.80 (CPLEX) 0.70
5 29.15 22.90 (GA) 23.50 (CPLEX) 0.60
6 42.10 34.00 (GA) 34.60 (CPLEX) 0.60
7 50.75 39.00 (GA) 39.90 (CPLEX) 0.90
8 72.60 55.70 (GA) 57.10 (CPLEX) 1.40
9 40.55 31.50 (GA) 32.10 (CPLEX) 0.60
10 58.30 44.50 (GA) 45.30 (CPLEX) 0.80
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Table 6. Comparison of Best Results with and without Angular Perturbation

S ED (km) Bestwith AP (km) Best without AP (km)  Difference (km)
1 4722 3890 (GA with AP) 40.50 (GA without AP) 1.60
2 3532  26.75(GA with AP) 28.50 (GA without AP) 1.75
3 55.60 35.50 (GA with AP)  38.20 (GA without AP) 2.70
4 6345  44.90 (GA with AP)  47.10 (GA without AP) 2.20
5 2915  20.85(GA with AP) 22.90 (GA without AP) 2.05
6 42.10 31.75 (GA with AP)  34.00 (GA without AP) 2.25
7 5075  36.90 (GA with AP) 39.00 (GA without AP) 2.10
8 7260  52.85(GA with AP) 55.70 (GA without AP) 2.85
9 40.55 29.20 (GA with AP)  31.50 (GA without AP) 2.30
10 5830 4175 (GA with AP) 4450 (GA without AP) 2.75

In Table 6 ,this experimental results is derived from Table 2 and Table 4 and compares the results
of the GAACOSA-AP algorithm with and without the AP component, highlighting the specific
contribution that AP makes to the overall optimization process.

The ablation experiment revealed significant improvements in the optimized distances when
Angular Perturbation (AP) was included in the algorithm. Across the 10 schools in the study, the
version of the algorithm that incorporated AP consistently outperformed the version without AP. The
differences between the two variants ranged from 1.60 km to 2.85 km, demonstrating that AP has a
substantial impact on the ability of the algorithm to minimize travel distances.

For example, in School 3, the GAACOSA-AP algorithm with AP achieved an optimized distance
of 35.50 km, while the version without AP resulted in a distance of 38.20 km. This difference of 2.70
km shows the clear benefit of including AP in the optimization process. Similarly, in School 8, the
distance was reduced from 55.70 km without AP to 52.85 km with AP, a difference of 2.85 km.

Consistent improvements in all schools underscore the role that AP plays in the refinement of
route geometry. Angular Perturbation adjusts the angles between consecutive bus stops, smoothing
the route and reducing sharp turns that could increase the overall distance of travel. This enhancement
is particularly important for complex routes with many stops or irregular layouts, where sub-optimal
turns could lead to inefficiencies.

The greatest difference was observed in School 8, where AP reduced the distance by 2.85 km
compared to the non-AP version. In this case, the complexity of the route probably contributed to the
greater impact of AP, as the algorithm was able to significantly smooth the path and avoid inefficient
detours. This suggests that AP is especially beneficial for routes with more intricate geometries.

Although AP generally provides significant improvements, the experiment also highlights cases
where the gains are more marginal. In School 2, for example, the difference between the optimized
distances with and without AP was only 1.75 km. Although still a significant improvement, it
demonstrates that in simpler routing scenarios, the impact of AP may be less pronounced. In these
cases, the base GA-ACO-SA algorithm without AP is already able to generate a near-optimal solution.

It is also important to consider the computational cost associated with angular perturbation.
The addition of AP introduces a geometric component that requires additional computation time,
particularly for larger instances with many bus stops. However, the improved optimized distances,
as shown in the ablation study, suggest that the increased computational effort is justified by the
reductions in travel distance. Although the results indicate that the performance gains provided by
AP outweigh any additional time complexity, particularly in instances where distance reductions are
substantial.

The average optimized distance reduction with angular perturbation is approximately 27. 12%,
while the average optimized distance reduction without angular perturbation is approximately 22.
37%. This shows that the use of Angular Perturbation provides a significant improvement in the
optimization process.
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5. Comprehensive Analysis Using Clustering and K-Nearest Neighbor Evaluation

This section provides a comparative analysis : one that incorporates angular perturbation
(AP) and the other without. The primary goal is to evaluate the impact of Angular Perturbation on
enhancing the efficiency of various optimization techniques. The outcomes of these optimizations are
analyzed through clustering techniques and validated using K-Nearest Neighbor (KNN) evaluation,
visualized in four graphs labeled A, B, C, and D as illustrated in Figure 9.

Graph A and B depict correlation matrices showing how different optimization methods
perform with and without Angular Perturbation. Graph A, representing optimization results with
Angular Perturbation, demonstrates stronger correlations between methods like GAACOSA-AP and
BFSPSO-AP, suggesting that AP increases consistency and reliability in optimization outcomes. The
strong correlation between OD_GA_AP and OD_BFS/PSO indicates that these algorithms produce
more aligned results when Angular Perturbation is applied. In contrast, graph B, showing results
without AP, reveals weaker correlations, particularly between BFSPSO-AP and RL, indicating greater
variability and inconsistency in the optimization results.

Graph C and D present the results of the K-Nearest Neighbor evaluation, assessing how well
the clustering of optimized results is achieved. Graph C, which evaluates the clustering accuracy for
data with Angular Perturbation, reveals distinct clusters with strong internal cohesion, indicating that
the optimized routes form well-defined groups. In contrast, Graph D, representing clustering results
without Angular Perturbation, shows some overlap between clusters, suggesting that the optimization
results are less distinct and more difficult to separate. This confirms that Angular Perturbation not
only enhances the optimization performance but also results in more structured and distinguishable
clusters of optimized routes.
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Figure 9. Effect of Angular Perturbation on Optimization and Clustering Accuracy

In conclusion, the analysis highlights that Angular Perturbation significantly improves the
consistency and efficiency of school bus routing optimization. The clustering analysis underscores
stronger correlations and more reliable optimization outcomes when AP is applied, while the KNN
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evaluation demonstrates clearer, more distinct clusters. These findings suggest that incorporating
Angular Perturbation into metaheuristic optimization can lead to better-organized solutions,
contributing to improved route efficiency and computational performance. Future work could explore
larger datasets or expand the use of Angular Perturbation in other domains, such as logistics and
transportation.

6. Conclusion and Future Work

In this study, we examined the effectiveness of the novel three-phase angular perturbation
technique for metaheuristic-based school bus routing optimization, focusing on the influence of
Angular Perturbation (AP) on route efficiency. Through a series of computational experiments, we
evaluated the performance of our hybrid algorithm against the industry-leading optimization software,
CPLEX, and other optimization techniques in multiple school scenarios. The results show that the
GAACOSA-AP algorithm consistently outperforms its counterparts, achieving substantial reductions
in travel distances, particularly for complex routes with numerous stops. The integration of Angular
Perturbation was key to improving route geometry, reducing sharp turns, and enhancing overall path
optimization.

While our approach has proven effective, there is room for improvement and further exploration.
One key area for future research is the integration of Generative AI models with traditional
optimization techniques. By leveraging Al-driven learning models, it may be possible to improve
the generation of initial solutions in genetic algorithms, allowing the model to learn from historical
data and generate more efficient initial populations. Furthermore, Al could be used to predict traffic
patterns or student distributions, providing real-time updates and adaptive optimization as conditions
change. This would allow for more dynamic, flexible route planning that adjusts on the fly.

Another potential area of future work is the development of explanable AI (XAI) models that
can provide deeper insight into the decision-making processes behind route optimizations. This could
help stakeholders understand why certain routes were chosen and build trust in the algorithms used.
Furthermore,combining deep learning with optimization algorithms like GA-ACO-SA could further
refine the solution space, reducing computation times and improving accuracy.

In conclusion, while the current study has highlighted the value of hybrid optimization
approaches, future research integrating Generative Al, predictive modeling, and dynamic data updates
offers exciting potential to further enhance the field of route optimization, not only for school buses
but also for broader applications in logistics and transportation.
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Abbreviations

The following abbreviations are used in this manuscript in the order in which they appear throughout the text:

SBRP School Bus Routing Problem

NP-Hard Non-Deterministic Polynomial -Time Hardness

TSP Travelling Salesman Problem

VRP Vehicle Routing Problem

AP Angular Perturbation

GAACOSA-AP  Genetic algorithm,Ant Colony Optimisation ,Simulated annealing - AP
BFSPSO-AP Breadth-First Search and Particle Swarm Optimization - AP
RL-AP Reinforcement Learning - AP

CPLEX Constraint Programming Linear Programming with Extensions
ED Existing Distance

OD Optimized Distance

OF Objective Function

KNN K-Nearest Neighbor

Al Artificial Intelligence

GEN AI Generative Al

XAI Explainable Al
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