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Abstract

Lety = x% and Q = x¥(log x) 8 where B = B(A). Using a recent large value estimate for Dirichlet
L-functions proved by Chen, the author proves that

Li(z+ h) — Li(z) y
max max max |77(z+h;q,a) — t(z;q9,a) —
qgg (aq)=1 h<y §<z<x e+ higa) = mlzig @) ¢(4) (log x)4

holds true for 6 > % and ¢ < 20 — g. The “interval length” x7+¢ is shorter than any previous results of
this type.
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1. Introduction

Let x denote a sufficiently large integer and p denote prime numbers. Let

n(x)=Y 1 and n(x;qa)= ) 1
p<x p<x
p=a( mod q)

Prime Number Theorem tells us that 7r(x) ~ Li(x), the logarithmic integral function. The well-known
Bombieri—-Vinogradov Theorem, proved independently by Bombieri [1] and Vinogradov [2] in 1965,
states that
(2 q,a) — Li(z) < X
T e(@) ] T (logx)t

maXx max
4<0 (a,9)=1 z<x

where A is a large positive constant, Q = x? (logx)~B and B = B(A) > 0.
In 1969, Jutila [3] first considered the analogous result for short intervals. By using zero-density
method, he established a result of the following form:

Li(z + h) — Li(z)

y
@(q) @

* (log )%

Y max max max |7t(z+h;q,a) — 7(z;q,a) —

qgQ(’W)zl h<y 5<z<x

where y = x% and 6 < 1. Write Q = x¥(log x) 8, Jutila showed that (1) holds for

4c0 +20 — 1 —4c
6 +4c

. if §<%+it><<tc.

After Jutila, many mathematicians improved this result. In 1971, Motohashi [4] showed that (1) holds
for
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In 1975, Huxley and Iwaniec [5] showed that (1) holds for

1 3
<6_7/ r egll
v 2 1"
1 3 3 ? 29 3
Y <6<
¢<<5+ 5( 5)) T
7 29
~Z - < =
P33 peisy
In 1978, Ricci [6] showed that (1) holds for
15 3 3
. 15,3 3 <1
1/J<m1n<9 2,29 2), 5<(9\1

In 1984, Perelli, Pintz and Salerno [7] showed that (1) holds for

1 3
< YA = gl
P <o > 5<9

In 1985, Perelli, Pintz and Salerno [8] showed that (1) holds for

1 7
< — — <1
<y peist
In 1989, Zhan [9] showed that (1) holds for
1 7
S = <L
¥<35 12 <fst

In 1988, Timofeev [10] showed that (1) holds for

1 3
< 60— 7’ = 0 < 1/
LA
11 7
<0— — — <L
Pp<o 20" 5 < <1
The Zero-Density Hypothesis implies that (1) holds for
1 1
g n’ " g 1
Pp<o 5 5 < 0

In 2012, under the assumption of sixth power large sieve mean-value of Dirichlet L-function, Lao [11]

showed that (1) holds for

1 7

z L <1,

5 7 <0<1

Lou and Yao [12] and Wu [13] proved that a generalized version of (1) holds under some conditions.
The range of 0 is % <@ <lin[12]and % <0< 1in[13].

Huxley and Iwaniec [5], and several results before, used only zero-density methods. After Perelli,

p<o-

7

Pintz and Salerno [7], Heath-Brown’s “generalized Vaughan'’s identity” [14] was used in the proof of
many results on this topic. However, all unconditional results above stop at 8 = % or larger values.
Recently, using the new method of Guth and Maynard [15], Chen [16] announced a better large value
estimate for Dirichlet L-functions, which brings the possibility of obtaining new results of type (1). In
the persent paper, instead of using Heath-Brown's identity, we follow the zero-density method used
by Huxley and Iwaniec [5] to show that (1) holds for a wider range of 6.
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Theorem 1.1. The estimate (1) holds true for

8 4 7
1/J<29—7, - <

Chen’s new zero-density estimate is also applicable for a variant of Bombieri-Vinogradov Theorem
whose moduli can be divisible by powers of a given integer. Using similar arguments, one can also

show that
) max max|7(z;gl,a) — Li(z) < a
(agh)=1 z<¥ o) ¢(1)(logx)*

()
quf%l*l (logx)~B
(q/l):l

holds for | < x7 exp(—(loglog x)*) that are powers of a given integer. This gives an improvement of
Theorem 1.2 of Guo [17]. One can also see another application of Chen’s estimate due to Harm [18].

2. Proof of Theorem 1.1

Now we follow the steps in [5]. Instead of showing (1) directly, we are going to prove an equivalent

form of (1):
max max max Y. An)— h < ) 3)
G0 (a)=1 h<y §<a<x| L ity ¢(q)| — (logx)
n=a( mod q)
holds for 2 7 <8< 12 and ¢ = %9 — 2, where A(x) denote the von Mangoldt function. We have
Y AW = Y R@EE k), @
z<n<z+h go(q) qp(q) x(mod q)
n=a( mod ¢)
where
Eoty) | TecncenOOX(n), s ot principa; -
Yo<n<zrn Am)x(n) —h, xis principal.
If the character )1, proper mod f, induces x mod g, then
E(z,h;x1) = E(z,h; x) + O(log qlog z). (6)
Since we have . |
Z < og Q, 7)
09 o(f)
fla
we can estimate the left-hand side of (3) as
h
) max max max Y., A(n)—
o wa)=1 by §<a<x| L2, ¢(q)
n=a( mod q)
2 max max |E(z,; x)| + Q(log x)?, (8)
f<Q (f’ x(mod f) MY 7SESx
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where Y"* denote sums over proper characters. In order to deal with the term Q(log x)?, we need to
assume that Q < y(log x)~C, where C is a large constant that may have different values at different
places. We recall the Explicit Formula:

P50 2
E(z,l;x) = — Z (Z—‘_h)z—l—O(x(b?x)> forz < x, T < x and proper x. 9)
p=p-+tiy P
[v[<T

Now, for 5 < z < x we have

X
y/
’ (10)
Y

(z+h)p —z¢ JyxPl, |yl <
- 7 << xﬁ

By a standard dyadic division technique (F < f < 2F), we only need to show that

max max |E(z, ;)| < Fy(log x) €. a1
F<f<2F x( mod f) h<y §<z<x

By (9) and (10), we have

*

Z 2 maXx xmax |E(Z, h, X) ‘
Ff<2F x(mod f) h<y 3<z<x

*

p
< ) ) Yooyl Y |x7| + F2T 1x(log x)?

Ff<2F x(mod f) | p=B+iy

*
< logx max ) Y. yxa_lN(“'x’X)
3<a<1 FFROF y( mod f)

*
+ (logx)* max max Y. Y U 'x"N(a, U, x) + FPT 'x(log x)?, (12)
l<a<1 §<U<TP<f<2F x(mod f)

where
N(o,T,x) = #{zerosof L(s,x) : p > o, |y| < T}.

We can deal with the last term on the right-hand side of (12) by letting T = Fxy(log x)¢. Clearly this
choice satisfies T < x.
Now, we need several bounds for

M(FU)= )Y Z N(a, U, x).

f<2F x(mod f)

-1
We start from (12). If &« > 1 —¢ (max (log F, (log x)4/5> for some constant ¢, then M(F,U) is 0 or 1

and the only possible zero is an exceptional zero. By Siegel’s Theorem, its contribution to (12) can be
bounded by y(log x) €.

-1
FS<a<l-—c (max (log F, (log x)*/® ) ) , we can use the zero-density estimate of Montgomery
[[19], Theorem 12.2, (12.14)]:

2(1—«)

M(P,U)<<(P2u) “ (logx)™4, (13)
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Since y = x?, the terms of (12) is < Fy(log x)~C if
4
0 > = (14)
If % <a< g, an application of the new result of Chen [[16], Theorem 1.3] tells us that
7(1—1x)+
M(F,U) < (Pu) ‘ (15)
In this case, the terms of (12) is < Fy(log x) ¢ if
7
P < EG -2 (16)
Finally, if % <a < %, the arguments in [5] shows that the terms of (12) is < Fy(log x)~C if
. (1—a)30—1—u)
17
P < %22; 1_ts , (17)
and we know that (1-2)(30 1 a) g
. -« —1-a) _, 8
1]2,‘125 4 — 5 =20 7 (18)
Y
for 0 < %. Now since
8 7
20--<-2 1
0 <26 . < 29 (19)

for 6 > %, the proof of Theorem 1.1 is completed.

References

1.  Bombieri, E. On the large sieve. Mathmatika 1965, 12, 201-225.

2. Vinogradov, A.I. The density hypothesis for Dirichet L—series. Izv. Akad. Nauk SSSR Ser. Mat. 1965,
29,903-934.

3.  Jutila, M. A statistical density theorem for L-functions with applications. Acta Arith. 1969, 16, 207-216.

4. Motohashi, Y. On a mean value theorem for the remainder term in the prime number theorem for short
arithmetical progressions. Proc. Japan Acad. 1971, 47, 653-657.

5. Huxley, M.N,; Iwaniec, H. Bombieri’s theorem in short intervals. Mathematika 1975, 22, 188-194.

6.  Ricci, S.J. Mean-value theorems for primes in short intervals. Proc. London Math. Soc. 1978, 37, 230-242.

7.  Perelli, A,; Pintz, J.; Salerno, S. Bombieri’s theorem in short intervals. Ann. Scvota Normale Sup. Pisa 1984, pp.
529-539.

8.  Perelli, A.; Pintz, ].; Salerno, S. Bombieri’s theorem in short intervals II. Invent. Math. 1985, 79, 1-9.

9.  Zhan, T. Bombieri’s theorem in short intervals. Acta Math. Sin. (N. S.) 1989, 5, 37-47.

10. Timofeev, N.M. Distribution in the mean of arithmetic functions in short intervals in arithmetic progressions.
Math. USSR-Izv. 1988, 30, 315-335.

11. Lao, H.X. Bombieri’s theorem in short intervals. Communications in Mathematical Research 2012, 28, 173-180.

12. Lou, S.; Yao, Q. Generalizations and applications of a mean value theorem. Journal of Shandong University
(Natural Science Edition) 1979, 2, 1-19 (in Chinese).

13.  Wu, ]J. Théoremes généralisés de Bombieri-Vinogradov dans les petits intervalles. Quart. ]. Math. Oxford Ser.
(2) 1993, 44, 109-128. https://doi.org/10.1093 /qmath/44.1.109.

14. Heath-Brown, D.R. Prime numbers in short intervals and a generalized Vaughan identity. Can. J. Math. 1982,
34, 1365-1377.

15. Guth, L.; Maynard, J]. New large value estimates for Dirichlet polynomials. Ann. of Math., to appear. arXiv e-
prints 2024, p. arXiv:2405.20552v1, [arXiv:math.NT/2405.20552]. https://doi.org/10.48550/arXiv.2405.20552.

16. Chen, B. Large value estimates for Dirichlet polynomials, and the density of zeros of Dirichlet’s L-functions.
arXiv e-prints 2025, p. arXiv:2507.08296v1, [arXiv:math.NT/2507.08296]. https://doi.org/10.48550/arXiv.25
07.08296.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.1093/qmath/44.1.109
http://arxiv.org/abs/2405.20552
https://doi.org/10.48550/arXiv.2405.20552
http://arxiv.org/abs/2507.08296
https://doi.org/10.48550/arXiv.2507.08296
https://doi.org/10.48550/arXiv.2507.08296
https://doi.org/10.20944/preprints202511.0089.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 November 2025 d0i:10.20944/preprints202511.0089.v1

6 of 6

17. Guo, R. Primes in arithmetic progressions to moduli with a large power factor. Advances in Pure Mathematics
2013, 3, 25-32.

18.  Harm, M. Refinements for primes in short arithmetic progressions. arXiv e-prints 2025, p. arXiv:2507.15334v1,
[arXivimath.NT/2507.15334]. https://doi.org/10.48550/arXiv.2507.15334.

19.  Montgomery, H.L. Topics in Multiplicative Number Theory; Lecture Notes in Math. 227, Springer, Berlin, 1971.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


http://arxiv.org/abs/2507.15334
https://doi.org/10.48550/arXiv.2507.15334
https://doi.org/10.20944/preprints202511.0089.v1
http://creativecommons.org/licenses/by/4.0/

