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1. Introduction

In every Kéhler class of a compact almost homogeneous manifold with two ends we found some
Maxwell-Einstein metrics in [Gul].

In every Kéhler class of a compact almost homogeneous manifold with two hyper-surface ends
we found some k-generalized Maxwell-Einstein metric defined by Futaki and Ono conformally related
to a metric for any k > 2 in [CG].

In this paper, we shall prove that for almost homogeneous manifolds with two ends such that
one of them is a complex hyper-surface, for an integer 3 < k < 13 there is a Kdhler metric in the given
Kéhler class that is related to a Futaki-Ono k generalized Maxwell-Einstein metric.

Definition 1 For any given Kihler class, there is a Maxwell-Einstein metric conformally related
to the Kéhler class if & = u~2g is an Hermitian metric with a constant scalar curvature such that u is
the Hamiltonian function of a holomorphic vector field related to a Kahler metric g in the given Kahler
class.

Definition 2 For any given Kéhler class, there is a Futaki-Ono k generalized Maxwell-Einstein
metric [FO1, 2, 3] conformally related to the Kahler class if & = u~¥g is an Hermitian metric with a
constant scalar curvature such that u is the Hamiltonian function of a holomorphic vector field related
to a Kdhler metric g in the given Kéhler class.

Remark 1. This can be found in [FO3]. LeBrun’s definition [LB1, 2] for a Einstein-Maxwell
metric is following: Let (M, h) be a connected, oriented Riemannian 4-manifold. We will say that
h is an Einstein-Maxwell metric if there is a 2-form F on M such that the pair (h, F) satisfies the
Einstein-Maxwell equations dF = d « F = 0 and [r + F o F]y = 0. Here r is the Ricci curvature of
and the subscript | |o indicates the trace-free part with respect to h. In [LB1, 2], LeBrun proved that
Einstein-Maxwell 4 strongly Hermitian = Maxwell-Einstein. For example, see [LB2] Proposition 5.
The condition of a strongly Hermitian is that (1) the metric is Hermitian, and (2) the curvature is some
kind of Kahler like. This is far very stronger condition than to be a Riemannian metric.

Question 1. Are there Einstein-Maxwell metrics other than our Maxwell-Einstein metrics?

Proposition 1. ((Gull])For any Kihler class on a compact almost homogeneous manifold with two ends,
there is at least one Maxwell-Einstein metrics in the given Kihler class.
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In [CG], we proved:

Proposition 2. ([CG])For any Kihler class on a compact almost homogeneous manifold with two hyper-
surface ends, there is at least one Futaki-Ono generalized Maxwell-Einstein metrics in the given Kihler class.

In this paper, we are able to prove:

THEOREM For any Kihler class on a compact almost homogeneous manifold with two ends and one of
them being a complex hyper-surface, for an integer 3 < k < 13, there is at least one Futaki-Ono k generalized
Maxwell-Einstein metrics in the given Kihler class.

We notice that when the complex dimension of the manifold M is 2, some Calabi extremal Kahler
metrics, e. g., on CP2 blow up a point, are actually the same as the Maxwell-Einstein metrics. Moreover,
in that case, the corresponding Hermitian metrics are actually Hermitian-Einstein as Riemannian
manifolds.

Therefore, Maxwell-Einstein metrics should be as standard as Calabi extremal metrics. But
Maxwell-Einstein metrics are not in general Einstein metrics just as quaternion Kéahler are not in
general Kéhler.

Recently, after the publications of a series of LeBrun’s papers, e. g., [LB1,2] and the references
therein, it seems to us that Maxwell-Einstein metrics became a hot topic in the mathematical community.
In fact, LeBrun has found many Maxwell-Einstein metrics on the Hirzebruch surfaces. That is the
special case for our earlier results with the base manifold to be CP!. We finally published our earlier
work in [Gul] on this aspect.

There are also many interesting papers on this aspect, for example, [AM, AMT, Lal, La2]. In
[AMT], they proved that on any admissible Kéhler class, there is an extremal-Maxwell-Einstein metric
with a given number a > 1. That is, the scalar curvature is a potential function of a holomorphic vector
field. This is more like a soliton version of the Maxwell-Einstein metrics. Therefore, their results do not
imply our earlier results. Also, the admissible metrics are very restricted and do not include all the
compact almost homogeneous Kihler manifolds with two ends.

One also notice that most people called these metrics Einstein-Maxwell. These metrics under-
standably came from physics. Professor LeBrun worked on these metrics for many years without our
notice. Some of them are actually Hermitian-Einstein in the Riemannian sense. But our metrics are
generally quite different. To make the difference, we call them Maxwell-Einstein metrics instead. They
are more like some kind of pseudo-Einstein metrics.

In this paper, we basically followed the line of the proof in [Gul]. After a transformation, the
related equation becomes an ordinary differential equation (12). In [Gul], after manipulations, the
equation became a simple equation of a second derivative of certain function. One could just solve
it by integrating twice. Here, as in [CG], it is a little bit more complicated. Fortunately, we can still
integrate once by finding a number A and a power s, and transfer the equation into (16). Fortunately
and unfortunately, s has two solutions. Even if in the classical case when k = 2, by (19) s can be either
2n — 1 or 2n — 2. In that case, the number B = A/a in (18) is either 0 or —2. 0 is classical case but —2 is
not. This is interesting.

Fortunately, s and B do not depend on a. After this, we obtained (20), which is a first order linear
equation and can be solved. Also, —k — s in (21) and B + 1 — k — s in (22) are smaller than —1. Most
arguments can be carried through. The existence Lemma (Lemma 7) still work after hard efforts. One
can even see the duality of the two possible s in the proof of Lemma 7. The proof is very difficult this
time and we turned out getting heavy help from computer. This could only be done in nowadays,
we guess. Even so, the power of computer could only do finite work this time. We need a complete
different method for the infinite possible k’s. Therefore, in this article, we only do the calculation
for 3 < k < 13. And we shall leave the rest of the proof of the existence Lemma to the next paper
unfortunately. However, for the existence Lemma we can do for all of these manifolds with two ends
(hyper-surfaces or not).
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The next difficult part in the proof is the proof of the positive Lemma (Lemma 9). Our earlier
arguments again just do not quite work. Fortunately, we could handle in the cases in which one of the
end is a complex hyper-surface. That is, the manifold itself is a completion of a line bundle.

We conjecture that the similar result is true for all the compact almost homogeneous Kahler
manifold with two ends.

We would like to thank Professor Feng and the School of Mathematics and Statistics, Henan
University for their supports. We also thank Professor Gudnason, S. B. and his post-doctors for helping
us with Mathematica.

2. Certain Completion of Line Bundles

Our results can be regarded as a continuation of [KS1,2], [Ki2] and [Gul,2,4,5], [CG], we state
without detail proof in this section the Lemmas similar to those in these papers as following. The
readers might take [Gu2,4] as the references. Most Lemmas can be actually found in [Gu2].

Let p: L — M be a holomorphic line bundle over a compact complex Kéhler manifold M and h
an Hermitian metric of L. Denote by L? the open subset L — {0-section} of L and let s € C*(L°)g be
defined by s(I) = log ||}, (I € L?), where | |}, is the norm defined by h. Now we consider a function
T = 1(s) € C®(L%)R which is only depending on s and is monotone-increasing with respect to s.

Let ] be the complex structure of L and ] be the complex structure of M. Now we consider a
Riemannian metric on L° of the form

g=dr’>+ (dto])?+¢ (1)

where g(I) = p*gr(s(1))(m) withm = p(I) € M, g is a one parameter family of Riemannian metrics
on M. This form of the metrics is general by using the function 7 as the length of the geodesics
perpendicular to the generic orbits. Define a function u on L depending only on T by u(7)? = §(H, H),
where H be the real vector field on L° corresponding to the R* action on L.

Lemma 1.(Cf [KS1,2], [Gu2 p.2257]) Suppose that the range of T contains 0. Then § is Kihler if and only
if g0 is Kahler and g+ = go — UB, where B is the curvature of L with respect to h, U = fOT u(t)dr

Throughout this paper, we assume that

(1) L is a compactification of L? and ¢ is the restriction of a Kéhler metric of L to L°.

(2) the range of T contains 0 and

(3) the eigenvalues of B with respect to g, are constants on M.

(4) the traces of the Ricci curvature r of g on each eigenvector space of B are constant.

The condition (4) here is much more general than that in [Gul,2] in which we have:

(4)’ the eigenvalues of r are constants.

Our results cover some results which appeared in recent years. For example, if ¢ has a constant
scalar curvature and B has only one eigenvalue.

By abusing the language, we call the constants in (4) the trace eigenvalues.

Let (zl,...,z”) be a system of holomorphic local coordinates on M. n = dim¢c M. Using a
trivialization of L?, we take a system of holomorphic local coordinates (zo, ., 2") on L9 such that
0/0z = H— +/—1JH.

Here we notice that z° is corresponding to w; in [Gu4 p.552]. s can be regarded as Rez’ near the
considered point. So s is the x1 in [Gu4 p.552]. As in [Gu2] we let ¢ = 1u? as a function of U and we let
F be the Kahler potential as in [Gu4 p.552], then by comparing [Gu2 Lemma 2] (or the Lemma 4 below)
with [Gu4 p.552] we immediately have:

Lemma 2. 4¢ = ?:Tf.

From (%)% = ¢, we obtain 2¥ = u. U = [ udt = f:’(o) utds = fss(o) 41 ?:des isf =y uptoa
constant in [Gu4 p.552], i.e.,

Lemma 3. U is the Legendre transformation of s.

Here we use the Legendre transformation in [Gu4] instead of the moment map in [Gu2] since we
need the new insight in the last section.

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Let X;, X; (0 <i < n) be the partial differentiations 0/ 9z!, 9/9z' on L and X;, X;(1<i<n)be
the partial differentiations d/ 9z', 9/9z' on M.
Lemma 4.(Cf [KS1,2], [Gu2 Lemma 2]) We have

Soo = 20, Gor = 2uX;T, i = g7+ 28T X7 )

where 1 < i,j < n. At the point P € L9 considered, we can choose a local coordinate system around

A

m = p(P) € M such that (3/9z')t = 0 at m, so X;T = X;T = 0 at the point we considering, then if f is a
unction on L0 depending only on T, we have
ep s onty

RX:f = —LuB; % 3)

The Ricci curvature at this point is

oo = —u% (LtdilT log(uzQ)) Fi;=0

Fii=p'ro i+ %ud% log(1%Q) - Bj; 4)

where Q = det(g, ' - gr). In particular, we have the scalar curvature
P _ A 1 d(d
R=§ — st (#hQ0) ©

where ¢ = u? as a function of U and A(U) = Q Yo i]fgij(u). We also have ¢’ (min U) = 2, ¢'(maxU) =
—2.

Lemma 5.(Cf. [FMS], [Mb], [Gu2 Lemma 3]) We can also regard U as a moment map corresponding to
(¢, TH) and g+ just be the symplectic reduction of § at U (7). § is extremal if and only if R = all + b for some
a,beR.

Let My = U~ (min U) and M = U~!(max U), they are complex sub-manifolds, since they are
components of the fixed point set of H — \/—1JH which is semisimple. Let Dy be the codimension of
My in L, De be the codimension of M, in L.

Lemma 6.(Cf. [Gu2 Lemma 4]) Suppose that there is another Kihler metrics §¥ on L in the same Kihler
class which is of form (1) on L0, Let

Y A% \2 \ \Y \Y \
T,8,U’, Q" A, ¥, u

be the corresponding metric and the corresponding functions of s. Then there is a unique corresponding TV such
that g§ = go. In this case, min UY = min U (or max U" = max U) and Q¥ = Q, AY = A hold. So we may
write D = max U and —d = min U. Then

Q) =1+ )10y

(or = (1=p)™"'Qp), (6)
where Q_4 (or Qp) is a polynomial of U such that Q_4(—d) # 0 (or Qp(D) # 0) and

A(U) = Do(Do = 1)}(1+ $)P2Q_ (mod (14 4)2071)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(0r = Deo(Deo — 1) 5 (1 = 15)P~"2Qp (mod (1 — §5)P="1)). )
Proof: Let § — §" 354), then
~ - d d
&) =&+ huBy = (g0);— (U —Juib)B; (8)

for1 < i,j < n,soatminU (or maxU) S = gij?, therefore there is a 1y such that gXV(TO) = go. By
choosing 7" such that 7V (1) = 0, one sees that min U" = min U, max U" = max U as desired.

The last statement follows from the fact that the scalar curvature R is finite on both My and M.
Q.E.D.

We need normalization in this paper. By rescaling we can choose U" = a2U + a, for any a; > 0
and a; € R, allowing us to assume that maxU —minU = 2 and min U = —1, then maxU = 1.

3. Existence of the Futaki-Ono’s Generalized k
Maxwell-Einstein Metrics—Existence

We recall our definition of the Futaki-Ono’s Generalized k Maxwell-Einstein metrics: For any
given Kédhler class, there is a Futaki-Ono’s Generalized k Maxwell-Einstein metric conformally related
to the Kahler class if i = u~Xg is an Hermitian metric with a constant scalar curvature such that u is
the Hamiltonian function of a holomorphic vector field related to a Kéhler metric g in the given Kéhler
class.

From Lemma 5, it can be seen that if § is a Futaki-Ono’s Generalized k Maxwell-Einstein metric,
then u = all + b for some a,b € R.

From [Dr], p.119, (6.1), or [Au], p.126, (1), we have:

Sg,u,fk,Zn (9)

B Au k |ou|?
= uF[S+k(2n —1)7—1(2n—1)(4—2k+2kn) ", ]

Here S = R for the scalar curvature of our Kahler metric in Lemma 4. Notice that here we have a
different sign for the Laplacian from [FO3].

Remark 2. The notation Sq ;1 2, is directly taken from [FO3] page 94, formula (2). Our 7 here is
the m in the formula (1) there. Therefore, their n was the twice of our n.

From [CG], we then have:

cQ—A(aU—i—b)k [(au—i—b)kdi[ dquo)
k(2 Dalall + ) d 2 (Qp)
+ g(Zn—1)(2—k+kn)a2(au+b)k_2Q4’]/
d  d Qe d Qe
au'an @) e Gu s o)

= (aU+0b)" d‘;ll (dfl Q¢) + (A —2sa)(all + b)fsfl%(Q(P)

+ [s(s+1)a® = (s +1)Aa](all + b)*2Qg,

where
A —2sa=—k(2n—1)a,

s(s+1)a® — (s+1)Aa = g(Zn —1)(2 — k + kn)a?

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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cQ A
(all +b)k+s — (al +b)s
1.4 d Qg d Qg
“lauaueu o) T G e

_k@2n—1)—-1+£/(2n—-1)(k—1)2-2(n—1)
— . ,

we need to find an a in (—1, 1) satisfying the following identity:

% /j (av+1) Q) /j (a+ 1) HE A (1)
-+ (a+1)s—2kn+k+lQ(1) + (1 _a)s—an+k+1Q(_1)] (10)
- 1/1 (ax + 1)5_2k”+1Q(x)dx[/1 (ax +1)*A(x)dx
oal)a -1

+ (@+1)7Q(M) +(1-a)°Q(=1)].

where

S:k(2n—1)—1+\/(2n2—1)(k—1)2—2(n—1) an

When Q(—1) = 0, a similar result holds.
LetL,; = fil (ax 4+ 1)7P(1 4 x)'dx with p > I + 1, Where | is an integer and p is not necessarily
an integer. Then

1
Lyie1 = / (ax+1)7F 1+ ) ldx

_ /711 (ax+1)"Pa Y((ax+1) — (1 —a))(1 + x)'dx

= u_l[/_ll(ax+ )P 1+ x)ldx — (1—a) /l (ax +1)7P(1 + x)'dx]

= ail[Lp—l,l —-(1- u)Lp,l]- (12)

Now,

1
Lyo :/1(ax+1)_’”dx

1 _
= m(ﬂx+1) P

— Sl ) = o))
— ool -

with p > 1, which is equivalent to 1 when a turns to 1.

N S
(p—1)(1—a)P~
Lyy = a_l[Lp—l,O -(1- H)Lp,O]
1

= fl[(p_—z)a[(l —a) P2~ (1+a)7P ]

- =)l -0 = ()

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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with p > 1, which is equivalent to
1 _ 1
(p-2)A-a)yp2 (p-1)(1—a)p2
_ 1 (p=D=(p=2
(1—a)p=2 (p-1)(p-2)
B 1
(D -2)(A-ap?
when a turns to 1.
Lyp=a"[Ly_11 — (1 —a)L,]
with p > 1, which is equivalent to
1 _a-a 1
(p=2)(p-3)(1—a)r? (P=D(p-2)(1—a)p?
B 1 1 1
T G- po1
_ 1 (p=1)—(p—3)
(p-2)1—a)p3 (p-1)(p-3)
_ 1x2
(P=D(p-2)(p-3)(1—a)y?
when a turns to 1.
Lys=a'[Ly—1p— (1 —a)Lpp]
with p > 1, which is equivalent to
1x2 —(1—a) 1x2
(r=2)(p=3)(p—4)(1—a)* (p=D(p—2)(p-3)(1—a)3
2 1 1
= pop-aa-arp-a p-1)
_ 2 (r=1)—-(p—4)
(P=2)(p=3)1—a)~* (p—1)(p—4)
3

=D -2)(p-3)(p - D)3
when a turns to 1.

Now, we use the mathematical induction for /, assuming that when/ — 1,

Lyj—1=a 'Ly_1—o— (1 —a)L,;_,]

. o : (1-1)!
with p > 1, which is equivalent to D=2 (7=3) (=D A=) when g turnsto 1,

Lyy=a'Ly_1)-1—(1—a)L,,_4]
with p > 1, which is equivalent to

(-1t
(p—2)(p—3)(p—4)---(p—1-1)(1—a)yp -1
- (1-a) (I-1)!
(P—l)(p _2)(}7—3) cee (p—l)(] _a)p—l

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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(1-1)! (! L
(p-2)(p=3)-—(p-D(A—ap T p—1-1 p-1
_ (1-1! (p-1D—-(p-1-1)

(P—2)(p—=3)---(p—D(A—a)p~=1 (p-1(p—-1-1)
It
(p—D(p-2)(p-3)---(p—D(p—1-1)(1—a)r -1

when a turns to 1.
Therefore, by our induction formula we can prove that L, is equivalent to

I(p—1—2)!
(p— DT —ay T

(13)

when a turns to 1.
Here, for the convenience of writing, let

1 _ (p-1=2)
(P=D(p=2)(p=3)-(p-Dlp-1-1) " (p-1! '
where [ is an integer and p is not necessarily an integer.
The major part of the difference of the two sides of equation (10) comes from

% /j (ax+1)FQ()dx [ 11(ax+1)s—2k"+k+1A(x)dx

1

B %/_11(ax+1>s—2kn+lQ(x)dx/ (ux—i—l)isA(x)dx'

By the formula of A near —1 in (7) of Lemma 6, we only need to check that

Liys,po—1L2kn—s—k—1,0y—2 — Lokn—s—1,0y—1Ls,Dy—2 (14)
has a negative major part. By (13) it is proportional to:

(Dy — 1)!(k+s—Dy—1)! (Dg—2)!1(2kn —s —k —1— Dy)!
(k+s—1)1(1 —a)kts=Do (2kn — s — k — 2)!(1 — a)2kn—s—k=Do
(Do —1)!(2kn —s — Dy —2)!  (Dg —2)!(s — Dy)!
(2kn —s —1—1)1(1 —a)Zn—s-Do=1 (s — 1)!(1 — a)s—Dot1
= (Dg—1)!{(Dy —2)!
(k+s—Dg—1)!(2kn—s —k— Dy — 1)!
(k+s—1)1(2kn —s — k —2)!(1 — a)Zkn—2Do
(2kn —s — Dy — 2)!(s — Dy)!
C (2kn—s—-2)!(s—1)!I(1— a)anfZDo]
_ (Dp—1)!(Dy—2)! (k45— Dy —1)!(2kn —s —k — Dy — 1)!
(1 — a)Zkn—2Do [ (k+s—1)1(2kn —s —k —2)!
(an—S—DQ—Z)!(S—D())!
(2kn —s —2)!(s —1)! )

It is determined by the sign of

(k+s—Dg—1)!(2kn —s —k — Dy —1)!  (2kn —s — Dy — 2)!(s — Dy)! 15
rs—1)i@kn—s—k=2)!  (@kn—s—2)i(s-1)1 (15

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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Simplify (15) below
(k+s—Do—1)!(2kn —s —k— Dy —1)!  (2kn —s — Dy —2)!(s — Dp)!
(k+s—1)1(2kn —s —k —2)! (2kn —s —2)!(s — 1)!
B 1 1
T12% (k45 — ) TI2% (2kn —s —k — i) T12% " (2kn —s — i) [12% (s — i)
it is determined by the sign of
Do+1 Dy—1 Dy
[T @kn—s—i) TT (s—1i) H(k-l-s—zHan—s— —1) (16)
i=2 i=1 i=2
Simplify (16) below if Dy > k
Do-l—l Do—k
(16)= [ @kn—s—i) [T (s—i) (17)
i=k+2 i=1
k41 Dy—1 k Do
[ [I@kn—s—i) [ (s—i)—][tk+s—i) J] @kn—s—k—i).
i=2 i=Do—k+1 i=1 i=Do—k+2

This is also true if Dy = k. We just do not take out any factor. If Dy < k, we multiply some linear
factors instead and we get:

k+1 0
(16)= J] @kn—s—i)* J] (s—i)™" (18)
i=Dy+2 i=Dg—k+1
k+1 Dp—1 k Dy
[ JI@kn—s—i) [ (s—i)—]Jtk+s—i) J] @kn—s—k—i).
i=2 i=Dy—k+1 i=1 i=Dg—k+2

Therefore,it is determined by the sign of

k+1 Dy—1 k Dg
[J@kn—s—i) J] G-i-JJk+s—i) [] (@kn—s—k—i). (19)
i=2 i=Dy—k+1 i=1 i=Dy—k+2

We now divide the second term of the above equation by both sides at the same time, we get

Do—1 ,
1) (2kn —s — i) TT; Cpy k15— 1)

-1
Ty (k+s — i) HiZODO_kH(an —s—k—1)
Taking the log of the first term above expression, we get
[ T (2kn — s — i) TT°p) _jiq (5 — 1) ]
) .
e (k—l—s—l)HlDD k42 (2kn —s —k —1i)
k+1 2kn—s—i Dp—1 s
log ——— 1 .
Llog +i:D0¥k+l %8 Dkn—s—k—i—1
Taking the derivative of Dy, we obtain:
-1 —1 W -1
s—Dop+k—1 2kn—s—Dg—2 s—Dg+k—2
-1 -1 -1

2kn—s—D0—3+s—Do+1_an—s—Do—k
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B 2s —2kn +k+1 .
 (2kn—s—Dg—2)(s—Do+k—1)
2s —2kn+k+1 2s —2kn+k+1

(2kn —s—Dy—3)(s—Dotk—2) | (2kn—s—Do—Kk)(s—Dy+1)’

from (11)

2s —2kn+k+1
= k2n—1)—1+/@n-1)(k-1)2—2(n—1) ~2kn+k+1
= Jen-1)k-1)2-2(n-1)
= Jen-Dk-1?—(@2n-1)+1

= k@ —1)(k—2)+1
> 0

so (19) is a monotonically increasing function of Dy. Now we just need to see if (19) is positive or
negative when Dy = n, when Dy = n, (19) becomes

k+1 n—1 k n

[T@kn—s—i) J] (—i)—J[(k+s—i) J] (@kn—s—k—i) (20)
i=2 i=n—k+1 i=1 i=n—k+2

k k— k k

= [[@n—-s—i-1)[[(s—n+k—i)—][(k+s—i)[[(2kn—-s—n—i—1).

i=1 i i=1 i

—
I
—_

Il
—
Il
-

let
t=/@n—1)(k-12-2(n-1),
then
2+ (k—1)2-2
o 2k(k—2) @1
k@n—-1)-1+/(2n—-1)(k—1)2—2(n—1)
N 2
2k%—k—l+t
2
P2+ (k—2)t—(k—1)
N 2(k —2) @2)
_ (4 (k=1)(t—1)
B 2(k —2) '

P+(k-12-2 2+ (k-2)t—(k—1)

2kn —s—k—1=2k 2Kk —2) — 2(k—2) —k-1
o224 2(k—1)2—4— 12— (k—2)t + (k—1) — 2k(k — 2) — 2(k — 2)
2(k —2)

P —(k—2)t42(k—1)2—4+k—1—2k> + 4k —2k+4
N 2(k—2)
= (k=2)t—(k—1)
- 2(k —2)

(t— (k= 1))(t+1)

2(k —2) ’
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2kn—s—k=2kn—s—k—1+1
2 — (k—2)t—(k—1)

= 2(k—2) +1
2= (k=2)t—(k—1)+2(k—2)
N 2(k —2)
2= (k-2)t+k-3
2(k —2)
_ (= (k=3))(t-1)
2(k—2) ’

2kn—s—1—i=2kn—s—k+ (k—1—1)
2
t (kz(kZ_)tzJ)rk 3+(k_1_z,)
2 —(k—2)t+k—3+2(k—1)(k—2) —2(k—2)i
2(k —2)
t2 — (k —2)t +2k? — 5k + 1 —2(k — 2)i
2(k—2) '

P+k=2t—(k=1) F+k-12-2

sontl= 2(k—2) k-2 !
k4 k(k—2)t —k(k—1) — 2 — (k—1)% + 2 + 2k(k — 2)
2k(k —2)
(k=) +k(k—2)t—k+1
2k(k —2)
(k=12 +k(k—2)t— (k—1)
2k(k — 2)
_ (=Dt -=1)(t+ (k1))
- 2k(k —2) ’

s—n+k—i=s—-n+1+k—-1—1i

(k=12 +k(k—2)t— (k—1) .
2h(k—2) +k—-1-i
(k=1 +k(k—2)t — (k—1) +2k(k — 2) (k — 1) — 2k(k — 2)i
- 2k(k —2) ’

2+ (k—2)t— (k—1)
2(k —2)

_ (k=11

N 2(k —2) ’

2+ (k—2)t— (k—1)

s+1= 2k—2) +1
Pt (k=2)t—(k—1)+2(k—2)
2(k —2)
P4+ (k-2)t+k-3
2(k —2)
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(t+ (k=3))(t+1)
2(k —2)
s+k—z’=t2+(k2_(f)_t;)(k_1)+k—i
2+ (k—2)t —k+1+2k(k—2) —2(k — 2)i
N 2(k —2) ’
2kn—s—n—k
P+k—-1)2%-2 P+k-2)t—(k—1) 2+ (k-12-2 ‘
2k(k—2) 2(k—2) o 2%k(k-2)
2kt? 4 2k(k — 1)% — 4k — kt? — k(k — 2)t + k(k — 1) — > — (k— 1) + 2 — 2k*(k — 2)
2k(k —2)
(k—1)t2 —k(k—2)t —k+1
2k(k —2)
(k=12 —k(k—2)t— (k—1)
2k(k — 2)
(k—=1)t+1)(t—(k—1))
2k(k —2) ’
2kn—s—n—1—i=2kn—s—n—k+k—1—1i
(k=12 —k(k—2)t— (k—1) .
= 2k(k—2) +k—-1—i
(k—1)t? —k(k—2)t — (k— 1) + 2k(k — 1) (k — 2) — 2k(k — 2)i

Therefore,

(20) =

2k(k —2)
after replacing i in (20) by k — 1 — [, (20) becomes

(t—(k=1)(t+1) (t—(k=3)(t-1) * 22— (k—2)t+k-3+2(k—2)!

- 20k —2) % 20k —2) “ 11 2(k—2)
(k=Dt=1)(t+ (k—=1)) =22 (k—1)2+k(k—2)t — (k—1) +2k(k —2)!
2k(k —2) XLE 2k(k—2)
(t+(k—=1))(t=1) (t+Kk=3)(t+1) 2224 (k—2)t+k—3+2(k—2)]
2(k—2) T2k —2) % IQ 2(k—2)
(k=1)t4+1)(t—(k—1)) 52 (k—1)2 —k(k —2)t — (k—1) + 2k(k — 2)I
2k(k —2) . E 2k(k —2)

20k —2)) "2k 1) (= 1) (t+ (k—1))(t— (k—1))
(t=(k=3))((k=1)t-1)
k

2(t2 — k=2t +k—=342(k—-2))((k— 1)t + k(k —2)t — (k — 1) 4 2k(k — 2)I)

(k=3)((k=1)t+1)

o~

| ~~
N + =

(£ + (k= 2)t+k =3+ 2(k = 2)1) ((k = 1)2 — k(k = 2)t — (k— 1) + 2k(k —2)1)] .

—
—_

If k > 2, it is determined by the sign of

(t=(k=3)((k=1)t=-1)
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ﬁ(tz —(k—=2)t+k—3+2(k—2))((k— 1)+ k(k —2)t — (k — 1) 4 2k(k — 2)])

=1
— (t+(k=3))((k=1)t+1)
k—2

T2 + (k= 2)t+k—3+2(k— 2)1) ((k — 1) — k(k — 2)t — (k — 1) + 2k(k — 2)1).
=1

because

t=y/@n-1)(k-12-2(n 1),

then

?=02n-1)(k—-1)%*-2(n—-1)

= 2n-1)k-12-02n—-1)+1
= 2n-1)((k—=1)*-1)+1

= k(k—2)2n—1)+1,

— (k=2)t+k—3+2(k—2)I
= k(k—2)(2n—1)+1—(k—2)t+k—3+2(k—2)I
= (k=2)[—t+k@n—1)+1+2]],

(k=12 +k(k—2)t — (k—1) 4 2k(k — 2)I
= (k-1)

= k(k—1)(k—2)(2n —1) + k(k — 2)t + 2k(k — 2)!
= k(k=2)[t+ (k—1)(2n —1) +2I]

= k(k=2)[t+k(@2n—1)—2n+1+21],

2+ (k—2)t+k—3+2(k—2)!
= (k=2)t+k(2n—1)+1+21],

(k—1)> —k(k —2)t — (k — 1) + 2k(k — 2)!
= k(k—2)[-t+k@2n—1)—2n+1+2I],

(23) = K2 (k = 2)*7H[(t = (k= 3))((k — 1)t — 1)
kI:[z(—t—l—k(Zn —D) 4 1+2)(F+k(2n—1)—2n+1+20)
1=1

— (4 (k=3))((k=1)t+1)

lﬁ(t—i—k(Zrz —1)+1+2)(—t+k(2n—1) —2n+1+21)],
=1

it is determined by the sign of

(t=(k=3))((k—=1)t—1)
kﬁ(—t+k(2n—1) F1420)(t+k@n—1)—2n+1+2I)
=1
— (4 (k=3)((k—1)t+1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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H (t+k(2n—1)+1+20)(—t+k(2n—1) —2n+1+2I),
=1

for convenience, we shall use f1[n,k, t] (or funl[n,k, t] in the Mathematica calculation) to represent
expression (24) below. And our goal is to prove:

Claim: f1[n,k,t] < 0.

In this paper, we only deal with the cases in which 3 < k < 13.
31.k=3

If k = 3, then

=32n—-1)+1=6n-2.
The expression is

t2t —1)(—t+32n—1)+1+2)(t+32n —1) —2n+1+2)

— 2t +1)(tE+32n—1) +1+2)(—t+3(2n—1) —2n+1+2)

= K2t —1)(—t+6n)(t+4n) — K2t + 1) (t + 6n)(—t + 4n)
(22 — ) (=t + 6n)(t +4n) — (282 +1)(t 4 6n)(—t + 4n)

= (2(6n—2) — £)(—t +6n)(t +4n) — (2(61n — 2) + 1)(t + 61)(—t + 4n)
(—t+12n—4)(—t+6n)(t+4n) — (t+12n — 4)(t + 6n)(—t +4n).

This an odd function. The coefficient of the #3 term is 2. The constant term and the #2 terms are zeros.
We only need to calculate the coefficient of the ¢ term. We take the derivative to ¢, then let ¢t = 0, we get

2[—24n% — (12n — 4) (4n) + (12n — 4)(6n)] = 2n(—24n +2(12n — 4)) = —16n.

We get
2t(—8n + 12)

= 2t(—8n+6n—2)

= 2t(-2n-2)

= —4:(7’1 + 1)t/
when k = 3,

6n—2>0,

then

filn,3,t] = —4(n+ 1)t <0.

Therefore, we have that the inequality in the Claim holds for k = 3. That is, we can find a solution
a in the formula (10).
Theorem 1. A solution a exists for k = 3.

32.k=4,56
If k = 4, then

?=82n—1)+1=16n-7,
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funln,4,t] = B3+4(—-1+4+2n) —t)(5+4(—-1+2n) —t)(-1+1¢)
X (3—=2n+4(=1+2n)+t)(5—-2n+4(—1+2n)+1t)(—1+3t)
— (B—2n+4(-1+2n)—t)(5-2n+4(=1+2n) —t)(1+1¢)
X (B4+4(—1+2n)+1t)(5+4(—1+2n) +1t)(1+3t).

Using Collect[Expand[funl[n, 4, t]], t] in mathematica, then

funln,4,t] = (—8+ 8n -+ 800n” + 384n° — 18432n*)t
+ (16 + 161 4 73612 + 1152n3)t> + (—8 — 24n)t>,

substituting #> = 16n — 7 into funl[n,4, ], we obtain
funl[n,4,t] = —256(2 — 3n + 3n> + 8n)t,
when k = 4,
=V16n—7 >0,
since the n° and n? terms controls the 1! term by 8 + 3 > 3, then
funlin,4,t] <0

Therefore, we have that the inequality in the Claim holds for k = 4. That is, we can find a solution
a in the formula (10).

Theorem 2. A solution a exists for k = 4.

If k = 5, then

#? =15(2n —1) +1 = 30n — 14,

Funl[n,5,4] = (3+5(—1+2n) — £)(5+5(—1+2n) — t)

X (745(=1+42n) —t)(=2+t)(3—2n+5(—1+2n) +1)

X (5=2n+45(=142n)+t)(7—2n+5(—1+2n) +t)(—1+4t)
— (3—2n+5(-1+2n)—t)(5—2n+5(—1+2n) —1t)

X (7—=2n+45(—1+2n) —t)(24+t)(3+5(—-1+2n) + 1)

X (54+5(=142n) +t)(7+5(—142n) + t)(1 +4t).

Using Collect[Expand[funl[n, 5, t]], t] in mathematica, then

funlin,5,t] = (128n — 23040n* — 12813 + 944640n* + 1536001° — 92160001°)t
+ (288 + 1281 — 864n* — 4064n° + 328320n* + 3072001° )3
+ (=144 — 2321 — 4104n% — 76161°) > + (18 + 48n)¢7,

substituting #> = 30n — 14 into fun1[n,5,t], we obtain
funl(n,5,t] = —144(567 — 1863n + 4027n% — 3113n° — 1570n* + 80001°)t,
when k = 5,

=+v30n—-14 > 0,
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since the 1 term controls the n* and 73 terms by 8000 > 1570 + 3113; 2 term controls the 1 term by
4027 > 1863, then

funlin,5,t] <0

Therefore, we have
Theorem 3. A solution a exists for k = 5.
If k = 6, then

2 =24(2n —1) +1 = 48n — 23,

Funl[n,6,4] = (3+6(—1+2n) — £)(5+6(—1+2n) — t)

X (7+6(=1+42n)—1t)(9+6(—-1+2n)—t)(=3+1t)

X (3—2n+6(—1+2n)+1t)(5—2n+6(—1+42n)+1)

x (7—2n4+6(—142n)+1t)(9—2n+6(—1+2n)+1t)(—1+5t)
— B=2n+6(—1+2n)—t)(5-2n+6(—1+2n)—1t)

x (7—2n4+6(—142n)—t)(9—2n+6(—1+2n) —t)(3+1t)

X (B4+6(—142n)+1t)(5+6(—1+2n)+1)

X (74 6(=142n) +£)(9 4 6(—1+2n) + £)(1 4 5¢).

Using Collect[Expand[funl[n, 6, t]], t] in mathematica, then

funln,6,t] = (—2592 4 2160n + 7027201 + 1307521 — 54931968n* — 35712001°
+  11243520001° + 8294400017 — 663552000015

(5760 + 7681 + 3335681 + 162240n° — 9825280n* — 80025601°

2101248001° + 13824000017 )3

(—3776 — 40001 — 67840n> — 75712n° — 2580992n* — 3417600n° )t

(640 + 11521 + 145921 + 284801°)t” 4 (—32 — 80n)t?,

+ + + +

substituting +* = 48n — 23 into funl[n, 6,t], we obtain
funln,6,t] = —98304(192 — 9521 + 28621 — 51491° + 5640n* — 883n> — 6678n° + 90001 )t,
when k = 6,
t= /481 —23 >0,

since the 17 term controls the n° and #° terms by 9000 > 6678 + 883; 4 term controls the 3 term; 2 term
controls the 1 term, then

funlin,6,t] <O0.

Therefore, we have
Theorem 4. A solution a exists for k = 6.

33. k=7
If k =7, then

2 =35(2n —1) +1=70n — 34,
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funln,7,t] = 3+7(=1+2n) —t)(5+7(—-1+42n) —t)

74+ 7(=1+2n) — £)(9+7(—1+2n) — t)

11+7(=1+2n) — ) (=4 + )3 — 20+ 7(—1+2n) + 1)
5-2n+7(—1+4+2n)+t)(7—2n+7(—1+2n) +1t)

9— 20+ 7(—1+2n) +t)(11 — 21 + 7(—1 +2n) + £)(—1 + 6t)

x
(
(
(
(3—2n+7(=1+2n) —t)(5—2n+7(~1+2n) —t)
(
(
(
(

X X X

7-2n+7(=142n)—t)(9—2n+7(-1+2n) —t)
11—2n+7(=142n) —t)(4+t)B+7(—142n) +1)
5+ 7(—1+42n) 4+ 1)(7+7(—1+2n) + 1)
94+7(=1+2n)+t)(11+7(—=142n) +t)(1 +6t).

X X X X

Using Collect[Expand|funl(n,7,t]],t] in mathematica, then

funlin,7,t] = (655361 — 34406400n> — 819201 + 36556800001* + 2529034241°
—  1266327552001° — 617766912017 + 16121548800001°

63727534080n° — 6691391078400110)¢

(204800 + 163841 — 7680001% — 30668801° + 7717120001* 4 3815004167°

192971520001° — 107657625601 4 1896652800001° + 955913011201 )

(—128000 — 975361 — 433600012 — 37849601 + 100000007*

165506561° — 22021440001° — 224888832017 )1

(26400 -+ 3545671 + 6200001 + 89344013 4 13108000n* + 199991041°)¢”

(—2000 — 37601 — 400001> — 7968013)t° + (50 + 120m)¢1,

+ o+

+ + + o+

substituting t> = 70n — 34 into funl[n,7,t], we obtain

funlln,7,t] = —1600(3, 835,625 — 25,278,075n + 96,471, 294n>
— 243,090, 8381n° + 433,721,305n* — 511,435, 6351° + 281,895, 9361°
+  274,986,628n” — 739,892,160n% + 580, 849,920n° )t

= fz(n)t,

Here are two ways we can prove funlin,7,t] <O0.
Method 1: when k = 7.
We have

t =+v70n—34 > 0.

Lemma 7. Ifa,b,2a — b > 0, and x is a positive integer greater than 1, then b — a — bx + ax? > 0.

Proof Differentiating b — a — bx + ax? with respect to x yields 2ax — b. Since 2ax —b > 2a —b > 0,
it follows that b — a — bx + ax? is monotonically increasing. Moreover, when x = 1, we have b —a —
bx + ax? = 0. Therefore, when x is a positive integer greater than 1, we have b — a — bx + ax? > 0.

Now, we want to take the n” term and a part of the n” term to control the 18 term. By 580 x 2 > 740
and 740 — 580 = 160 > 110, we take out 11017 from the n? term. We still have more than 16017 left.
Now, 160n” and 6 term provide at least 441.8n° > 341.8n°. Again, 341.8 x 2 > 511.5. Taking 170n*
from 4 term we control the 5 term. The left 4 term controls the 3 term; 2 term controls the 1 term, then

fr(n) = funlin,7,t] <O0.
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Method 2: We can also substitute n = m + 1 into f;(n). We notice that m is just the complex
dimension of the base manifold M. we obtain:

fr(n) = f7(m +1)
= —1600(152064000 + 15408930561 + 7051945128m> + 18997321052m°
33124152870m* + 38707788129m° + 30281215132m°
15266446468m” + 4487757120m® + 580849920m°)
0,

A+ o+

since
f7(n) <0 and t =+/70n —34 > 0,
then
funln,7,t] <O0.

Therefore, we have
Theorem 5. A solution a existsfor k = 7.

34.8<k<13
If k = 8, then

2 =48(2n —1) +1 =961 — 47,

funln,8,t] = (3+8(—1+42n) —t)(5+8(—1+2n)—t)

74+8(—1+4+2n) —t)(9+8(—1+2n)—1t)

114+ 8(—1+2n)—t)(13+8(—1+2n) —t)(=5+1t)

3—2n+8(—1+2n)+t)(5—2n+8(—1+2n)+t)

7-2n+8(—1+4+2n)+1t)(9—2n+8(—-1+2n)+t)

11 —2n+8(—1+42n) +t)(13 —=2n+8(—1+2n) +t)(-1+7t)
)

x
(
(
(
(

— B3-2n+8(—1+2n)—t)(5—-2n+8(—1+2n)—
(
(
(
(
(

X X X X

7—2n+8(—1+4+2n)—1)(9—2n+8(—-1+2n) —1t)
11—2n+8(—1+2n) —t)(13 —2n+8(—1+2n) —t)(5+1)
34+8(—1+2n) +)(5+8(—1+2n) +1)

74+ 8(—1+2n) +£)(9+8(—1+2n) + 1)

11+ 8(—1+2n) + ) (13 + 8(—1+2n) + £)(1 + 7).

X X X X X

Using Collect[Expand[funl[n, 8, t]], t] in mathematica, then

funl[n,8,t] = (—3645000 + 23310007 + 189650160012 + 1751657601°

— 301282434432n* — 116235552001° + 151962593817601°
639897538560n" — 3193210723368961° — 106999316480001°
2867682386903040110 + 67673920634880n'! — 9095374933327872n'2)t
(8391600 — 498401 + 606741408n> + 1465280641°
— 425661696001 — 205409433601° 4 22725392901121°
961035177984n" — 38054441779200n% — 16472499814400n°

+ o+ o+

_|_
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_I_

232749948469248n™0 + 94743488888832n'1 )2

(—5963832 — 35237361 — 1642896001> — 1009836801°

—  7231230720n* — 5576186112n° 4 1222349184001°

1044969676801 — 252569124864018 — 2089633710080 )t>

(1337760 + 14212801 + 422997121 + 483866881°

416102400n* + 499415040n° + 14891945472n° + 185456517121 )’

(—125496 — 1882161 — 31752001 — 50416001° — 50336640n* — 827930881° )
(5040 + 96801 4 92448n> + 1859201 )11 + (=72 — 168n)t13,

_|_

+ + + + +

substituting 2 = 96n — 47 into funl(n,8,t], we obtain

funl(n,8,t] = —4718592(571,536 — 4,687,956n + 21,635, 136n> — 68,048, 739n°
+ 158,379,281n* — 276,334, 333n° + 349, 225,527n° — 267,133,524n”
—  14,076,1921® + 361,688, 064n° — 494,885, 88811 +- 275,365, 888111 )t

= fs(n)t,

substituting n = m + 1 into fg(n), we obtain:

fa(n) = fe(m+1)

= —4718592(41698800 + 534448980m + 3134895984m> 4 11079557839m3
26197486365m* + 43501440617m> + 51759958635m° + 44125463724m’
26406622944m8 4 10557953024m° + 2534138880m'° + 275365888m 1)
0,

A+ o+

since
fs(n) <0 and t = /96n —47 > 0,
then
funlin,8,t] <O0.

Therefore, we have
Theorem 6. A solution a exists for k = 8.
If k =9, then

> =63(2n—1)+1=126n—62,

funln,9,t] = 3+9(—1+4+2n) —t)(5+9(—-1+2n) —t)

X (74+9(=142n) —t)(9+9(—-1+2n) —t)(11 +9(—1+2n) — t)

x (1349(—=1+2n) —t)(15+9(—1+2n) —t)(—6+1)

X (3=2n+9(—1+2n)+t)(5—2n+9(—1+2n) +t)(7 —2n+9(—1+2n) +t)

x (9=2n4+9(—1+42n)+t)(11 —2n+9(—1+2n) +t)(13 —2n+9(—1+2n) + t)
x (15—=2n+9(—1+2n)+t)(—1+8t)

— B=2n+9(-1+4+2n)—t)5-2n+9(—-1+2n) —t)(7—2n+9(—1+2n) — t)

X (9=2n4+9(—1+2n)—t)(11 —2n+9(—1+2n) —t)(13 —2n+9(—1+2n) — t)
X (15— 2n+9(=1+2n) — )(6+ )3+ 9(—1 +2n) + t)
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% (549(=142n) + £)(7+9(—=1+2n) +£)(9+9(—1+2n) +1)
X (1149(=1+42n) +£)(13+9(=1+2n) + £)(15+9(—=1+2n) + £)(1 + 8¢).

Using Collect[Expand[funl[n, 9, t]], t] in mathematica, then

funl[n,9,t] = (127401984n — 149824733184n> — 1734082561° + 29569575813120n*
+ 1102331510784n° — 20598486969876481° — 643604282081281”
+  629150054193561601° + 18267380593459201° — 9218757783736811521'°
—  21488462532182016n"" + 6306734304625950720n'2 + 958659120196485121 3
—  1610547321930095001671 %)t
+ (520224768 — 35389441 — 2124251136n% — 7703076864n°
+  4439482564608n* + 1477419417600n° — 2627675389624321n°
—  96527585353728n” + 7371079217381376n° + 26231278613299201°
—  86213346566602752n' — 30625374060675072n'!
4+ 375141954326888448n'2 4- 127821216026198016113) 3
+  (—354041856 — 1683763201 — 143998095361 — 7712739328n>
+ 465663385601 + 646498119681° — 211210405826561°
—  14315948265472n" + 3825113731891201° + 2669859652239361°
—  3795772159033344n'° — 2632120912576512n11 )
(85524992 + 749076481 + 28930979841 + 27019202561°
683976903681* + 683055779841 — 125687317504n°
—  119982627328n” + 21644589109248n® + 226886371246081° )’
(—9056768 — 112647681 — 290117632n* — 3817515521°
4018094080n* — 55344620801° — 751548232961° — 104794322944n7 )
(460992 + 7365121 + 119638401 + 200343361°
1588995521 + 2735416321° )1
(—10976 — 213361 — 1893361> — 3825921%)+13 + (98 + 224n)t1,

_|_

+ + +

substituting #> = 126n — 62 into funl[n,9,t], we obtain

funl[n,9,t] = —112896(13, 698,355,671 — 134,285, 154,003
+ 726,322,699,013n% — 2,708,895,877,195n° + 7,619, 060, 616, 335n*
— 16,736,362,982,6051° + 28,905, 565, 733, 807n° — 38,213,080, 544, 569"
+ 34,911,433,711,278n® — 12,362,350, 332, 6361n° — 23,108, 040, 252, 360n'°
+ 50,254,811,679,744n'! — 48,163,969, 695, 744n'? + 20,804, 234,379, 264n'3)t
= fo(n)t,

substituting n = m + 1 into f9(n), we obtain:

fo(n) = fo(m+1)

—112896(1808142336000 + 28168183987200m + 202595808144640m>
890676868548848m° + 2671469113628224m* + 5775288985434248m°
9262089456891880m° + 11161358996990855m” + 10109717043238602m°
6799526137639764m° + 3300883920775224m'0 + 1095017456913408m11
222291077234688m'? + 20804234379264m'%)

+ + + +
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since

fo(n) <0 and t =+/126n —62 >0,
then
funln,9,t] <O0.

Therefore, we have
Theorem 7. A solution a exists for k = 9.
If k = 10, then

2 =80(2n —1) +1 = 160n — 79,

funln,10,t] = (3+10(—1+2n) — t)(54+10(—1+2n) — t)(7 +10(—1 +2n) — t)
9+10(—1+42n) — £)(11 +10(—1+2n) — £)(13 4+ 10(—1 + 2n) — £)
15+10(—1+2n) — t)(17+10(—=1+2n) — t)(=7 + t)
3—2n+10(—142n)+t)(5—2n+10(—1+2n) + t)
7-2n+10(—=1+2n) +t)(9—2n+10(—1+2n) +1)
11 —2n+10(—1+2n) +#)(13 — 2n + 10(—1 + 2n)
15 — 21 4+ 10(—1 +2n) + £)(17 — 2n + 10(—1 + 2n)

(
(
)

X

t)
£)(—1+9¢)

X X X X X

+
3—-2n+10(—1+2n) —t)(5—-2n+10(-1+2n) —t)
7-2n+10(—-1+2n) —t)(9 —2n+10(—1+2n) — t)
11— 2n 4+ 10(—=1+2n) — £)(13 — 2n + 10(—1 + 2n) — £)
15—2n+10(=1+2n) —t)(17 = 2n+10(—1+2n) — t)(7 + t)
34+10(—1+2n) + £)(5 +10(—1 + 2n) + 1)

7 4+10(—1+2n) + £)(9 + 10(—1 +2n) + 1)

11+ 10(—1+2n) + £)(13 + 10(~1 + 2n) + £)

154 10(—1+2n) + £)(17 + 10(—1 + 2n) + £) (1 + 9¢).

o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~

X X X X X X X

Using Collect[Expand[funl[n, 10, t]], t] in mathematica, then

funl[n,10,t] = (—15558480000 + 79743384001 4 131963908608001>
+ 7209080121601 — 35055402863616001n* — 851554669593601°
+  3178350417715200001° + 8262050315581440n7 — 131981914567286784001°
—  312620844967280640n° 4 27909838987638865920011°
58756004784046080001' — 3090536919749099520000 2
—  515392400130048000007'% 4 169450489019105280000007 4
1755357275750400000001'° — 36110206815436800000000716 )¢
(36454118400 — 15268655361 + 3187880409088n> + 472477625472n3
—  393490799321088n* — 1323882137733121° + 37557677392822272n°
11428084381607936n" — 1421799043688169472n° — 4383718527998361601°
265253541536858112001'0 + 80694479279554560001'
—  23088365945487360000011? — 696400074768384000001'3

+

+ o+

+ +

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.2029.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 August 2025 d0i:10.20944/preprints202508.2029.v1

22 of 46

+

7712426887741440000001* 4 22568879259648000000071°) 13
(—26924768768 — 107062387201 — 9709969059841 — 3982768823041°
—  49486105202688n* — 263297120558081° + 18896401971937281°
1152495469867008n" — 81464963253338112n° — 480682077423206401°
11588421400657920001'° 4 69019488947404800011!
7283889930240000000112 — 4339633265049600000113) 1>

(6764104704 + 50252885761 + 2688152678401 4 2130401450241°
41881581486081™* + 3462486730752n° + 166370838380544n1°
1462262057410561" — 19624463668346881n° — 17084594257920001°
3975703339991040011° 4 3589422700953600011 )¢

(—779342592 — 8267154561 — 283957760001 — 317827872001>
575042506752n* — 6733481180161 — 39425406074881°

—  4911682807808n" — 1372276968980481° — 165555487457280n° )t
(45755392 + 624948481 + 149844172812 + 2144247168n°
22681559040n* + 336750131201° + 306767233024n° + 4598763540481 )t
(—1408512 — 23439361 — 368578561 — 638408961°

—  433664000n* — 7693378561°)t'3

+ (21504 + 421121 + 35430412 + 7176961t 4 (—128 — 288n)tY7,

L+ o+ o+ L+ -

+ o+ o+

substituting t?> = 160n — 79 into funl1[n,10,], we obtain

funlln,10,t] = —1342177280(837,591,040 — 9, 545,572, 6081 + 59,182, 879, 984n>
— 254,066,945, 1161° + 830,279,498, 864n* — 2,158,618, 273,6051°
+ 4,554,726,168,581n° — 7,813,891,508, 72917 + 10, 684,923, 689, 9761°
— 10,913,113,001, 707n° + 6,487,296, 663, 6651 +2,211,775,182,625n'!
— 11,241,561, 653,750n'% + 15,050, 454, 682, 50013
— 11,276,882,775,000n'* + 3,985,807,500, 0001 1% )¢

= fi(n)t,

substituting n = m + 1 into f19(n), we obtain:

fro(n) = fro(m+1)

—1342177280(197604126720 + 3637553257296m + 31109278376852m°
164205485918588m° + 598952066679427m* + 1600699352651976m°
3240371121805818m° + 5062827823955677m” + 6158892608618913m3
5836186244791818m° + 4274524058445040m' + 2377090407972625m ™!
971760429193750m'% 4 275683883332500m '3

48510229725000m* + 398580750000011°)

0,

A+ o+ o+ o+ o+

since

fio(n) <0 and t =+/160n —79 > 0,
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then
funl[n,10,t] < 0.

Therefore, we have
Theorem 8. A solution a exists for k = 10.
If k = 11, then

2 =99(2n —1) +1 = 1981 — 98,

funln,11,t] = 3+ 11(=1+2n) —t)(5+11(-1+2n) — t)

74+11(=1+2n) — )(9+11(=1+2n) — £)(11 + 11(—1+2n) — f)

183 +11(—1+42n) —t)(15+11(—=1+2n) —t)(17 +11(—1+2n) — t)

19+ 11(—1+2n) — £)(—8 + £)(3 — 2n + 11(—1+ 2n) + )

5—2n+11(—1+2n) 4+ £)(7 —2n +11(=1+42n) + 1)

9—-2n+11(—-1+2n)+t)(11 —2n+11(—1+2n) + 1)

13— 20+ 11(=142n) + £)(15 — 2n + 11(—1 +2n) + £)

17 = 2n 4+ 11(=142n) + £)(19 — 2n + 11(—1 + 2n) + £)(—1 + 10¢)

3—2n+11(-1+42n) —t)(5—-2n+11(—1+2n) — t)
(
)
£)(

x
(
(
(
(
(
(
(
(7—=2n4+11(-142n) —t)(9 —2n+11(-1+2n) — t)
(
(
(
(
(
(
(

X X X X X X

11-2n4+11(-1+2n) —t)(13 = 2n+11(—1+2n) — t)
15—-2n+11(—-1+2n) —t)(17 —2n+11(—1+2n) — t)
19 -2n+11(-1+42n) —t)(8 +£)(3+ 11(—=1+2n) + t)
54+11(=142n) +)(7+11(—-1+2n) +1)
94+11(—142n) +t)(114+11(-1+42n) + t)
13 +11(—1+42n) +t)(154+11(—1+2n) + )
17 +11(=142n) + £)(19+11(—1 +2n) + t)(1 + 10¢).

X X X X X X X X

Using Collect[Expand[funl[n, 11, t]], t] in mathematica, then

funlln,11,t] = (6957847019521 — 1549860423598080n> — 9905268326401°

+  487614072854937600n* + 112853395659816961° — 561072679393060454401°

—  1156736378009026560n” + 30201415764346404864001°

+  599447530823504363521° — 86082343319221284372480n™°

—  15600844416347013120001'! 4 13663865780333287833600007'2
215253965507395584000001'% — 120489761314482683904000007 1
—  1479034135589683200000001" + 548677638796345344000000007 '
4045888404062208000000001'” — 1001357380005396480000000007'8) ¢
(3522410053632 — 1207959552001 — 150436262707201n* — 513566939545601°
56619342527201280n* + 141657109954560001° — 58556184986596147201°
—  1591637307914452992n7 + 3019882757077157806081°
807587061724138700801° — 783891895631837921280011°
—  20943977756004188160001'! 4 1075059750673081958400007'2
+  284706091794432000000001'3 — 73285428347102822400000014

+ + + 1+

+
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— 1921574077967892480000001° + 19737498771180748800000001:°
50573605050777600000000012%7 )£

(—2507271045120 — 8500952432641 — 1203139746201601>

—  452469535539201° 4 446068585267200n* + 5555586131558401°

—  3605848110191738881° — 1825603925350809601"

+  147473193979713945601° 4 76788964171045928961°

—  3585312387680550912001 0 — 1857443881966632960001 !
38677458901745664000001'2 + 201228278913564672000011>

—  174407408641179648000001* — 90976760600985600000001'%) >
(654856814592 + 4218657177601 + 278711348428801>

190103202693121° + 747634071969792n* + 5447373889536001°
20801309508403201° — 168475803195801617 + 6371556613781667841°
4932830395804876801° — 90694866348269568001 0 — 69838398620762112001 ™!
907260017588305920001'2 4 718167817027584000001113) ¢

(—80004464640 — 739016294401 — 3313958510592

3223552655360n> — 66516944117760n* — 677301791047681°

—  13504175375523841n° — 1414700352061440n" + 2048697462435840n°
14186838469099521n° — 3063022406758195201'° — 3249424051568640001' 1)+
(5179064832 + 6172477440n + 1972628121601 + 2460227010561°
38675660405761n* + 50065675161601° + 39800129725440n°
53442261086208n 4 6961414560814081n° + 921716323133440n° )1
(—186831360 — 2716047361 — 62361653761 — 943552512013

—  96568899840n* — 1506944839681 — 10650591866881n° — 1678421514240 )13
(3748032 + 64166401 + 982108801 + 174120192n°

10575515521 + 19160870401°) t1°

(—38880 — 765121 — 6181921 — 1253760n°)t17 + (162 + 360m)t1°,

+ o+ o+ o+ o+

+ + + + + |

+ + +

substituting t?> = 198n — 98 into funl1[n, 11, ], we obtain:

funl[n,11,t] = —248832(4,065,224, 478, 654,843 — 52,787,222, 642,237,085n
+ 368,970,411,257,152,164n> — 1,787,378,204, 000, 874, 5641>

6,623,691,055,192,150, 674n* — 19,719,047, 743,827,264, 3181n°

48,402,567,257,962,672,852n° — 99,124,517, 278,565,517, 884n’

169, 334, 824,113,052, 450,93918 — 237,677,174,171, 621,991, 6771n°

262,254,421,946,901, 870, 64010 — 198,503,307, 122, 426, 496, 344n'!

35,823,278,232,902, 875,088n'2 + 171,849, 246, 273,528,823, 472n'3

— 320,304, 654,197,891,545,600n'* + 325,500,808, 553, 719, 040, 00011

— 201, 657,860,070,092,800,0001'° + 60, 363, 460, 889, 600, 000, 000117 ) ¢

fu(n)t,

+ o+ + o+ +

substituting n = m + 1 into f11(n), we obtain:

fin(n) = fu(m+1)
= —248832(1698607947526963200 + 36177777457196433408m
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359672462989573349376m - 2222293802384046581760m:°
9574270081469840856672m* + 305626840335283945958241m°
74928658585405235919024m° + 1442237560696068871209841m”
220803047859292560748110m® + 270571961581874969626443m°
265518352015567541254056m'0 4 207569985972325872837128m !
127736798496998714130624m % 4 60601804263639578385072m '3
21410417670624758054400m* + 5308405728417834240000m'
824520975053107200000m'¢ 4 60363460889600000000m17)

0,

At + + + + + + +

since

fi1(n) <0 and t =+/198n —98 > 0,
then
funlin,11,¢ < 0.

Therefore, we have
Theorem 9. A solution a exists for k = 11.
If k = 12, then

2 =120(2n — 1) + 1 = 2401 — 119,

funln,12,t] = (3+12(=1+2n) —t)(5+12(—1+2n) — t)

X (7+12(=142n) —£)(9+12(=1+2n) — ) (11 + 12(=1+2n) — #)
(134+12(—1+2n) —t)(15+12(=1+2n) — t)(17 +12(—=1+2n) — t)
(194+12(=1+2n) —t)(21 +12(-1+2n) — £)(=9+1)
(3—=2n+12(—142n) +1)(5—2n +12(—=1+2n) 4 t)
(7—2n+12(-142n)+1)(9 —2n+12(—-1+2n) + t)

(11— 2n +12(=1+42n) + £)(13 — 2n + 12(—1 + 2n) + )

(15— 2n +12(=142n) + £)(17 — 2n + 12(—1 +2n) + t)

(19— 2n + 12(=142n) + £)(21 — 2n + 12(—1 + 2n) + £)(—1 + 11¢)
(3—2n+12(=1+2n) — £)(5 — 2n + 12(—1+2n) — t)
(7—2n+12(—1+42n) —t)(9 —2n+12(—1+2n) — t)
(
(
(
(
(
(
(
(

X X X X X X X

(
(
11 -2n+12(—=142n) —t)(13 = 2n + 12(—=1+2n) — t)
15—2n+12(—1+2n) —t)(17 = 2n +12(—1+2n) — t)
19 —2n+12(-1+2n) —t)(21 —2n+12(=1+2n) —t)(9+t)
3+12(—1+2n) +t)(5+12(—1+2n) +1)
74+12(=1+2n)+1)(94+12(—=1+2n) +1t)
114+12(=1+42n) +£)(13+12(=1+2n) + t)

+t)

)

A/_\

15+ 12(—1+2n) + £)(17 + 12(=1 +2n) + 1)
19 +12(—1+2n) + £)(21 +12(—1 +2n) + £)(1 + 11#).

X X X X X X X X X
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Using Collect[Expand[funl[n, 12, t]], t] in mathematica, then

funl[n, 12,1 = (—159498730125000 + 67976984413800n

+  20015445410730000012 + 72016029378754561°

—  797907058884986688001* — 13168669140267379201°

+  112752431761320172800001° 4 196683082521248581632n”

—  7619463136139979852288001% — 126294268744165130956801°

+  279715724529646956595200001'0 4 436171233569375284789248n'!

—  5945059873525104638558208001'2 — 83897049474497977830604801 '3

+  74709161227353494598451200001'* + 90250119982351302770294784n"°

—  544217003082307638518611968001'° — 504500807763566430749982720n"
2112959561251143887408332800001 '8 + 11481742521515649803275468801°
—  3367977806311257275627470848001° )¢
(377649913410000 — 196151941703521 + 388678143757464001>
39790403017136641n> — 73701250067808000001* — 18886831577656289281°
10895508306183612672001° + 257155537198518171648n1”
—  699778863538043581440001n% — 166589914156870107340801°
24095558622591412475904001'0 + 570508887645879654776832n !
—  461931469852152055726080001'% — 10896910417561746627624960n '3
4942206197450291502120960001 + 1157419149130437761339228161 1
—  27420571467186832492462080001'° — 63598556199870700260950016017
61612886005607969272627200001'8 + 140332408596302386484477952011%) 3
(—285272708668200 — 843639275706481 — 126348474526560001°
—  3832225552843776n° — 7369403036864000001* — 2964958490973880321°
474154918756512000001° + 22379027720932067328n”
—  33618747549347980800001% — 1539134642183133726720n°
+ 1031033222753481052160001'0 + 474929329746465716305921'1
—  17526875847717519360000001'% — 807351445609961666641920n'>
146977650862964342784000001 + 678991137255881728170393611°
—  510840648264640427458560001'° — 23678677759017964661637120117 )t
(7621493378400 + 432863827608961 + 36374748249312001>
21863833011036161° + 740753298781440001* + 462079111257815041°
32743216403901696001° + 2205684223056771072n”
—  848150432121231360001% — 577226133973674803201°
31821735315152842752001'% + 219010080818580966604811
—  394114954603258183680001'2 — 27131436318402029813760n'>
2528919032079360983040001 4 + 1780183664675143695728641% )’
(—9743713245200 — 79652538145761 — 44412708103200012
—  381314399431680n° — 108210976579200001* — 9720276535478784n°
—  121379957922432000n° — 114792530839726080n”
—  45783737162380800001° — 42746743088282112001°
+  413999559555901440001'° + 36430794620982558720n "1

o+ o+ o+

+ o+ o+ 1+ + o0+ o+

+
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—  828076347221409792000n'? — 7826894945442909388801 %)
(676904268000 + 7151765691841 + 292322666064001n7 + 322745507251201°
630782159744000n* + 7238853971036161° 4 103770882792192001°
12224945200343040n1” 4 546715143490560001° + 696191418933043201°
1874354405724774400n'0 + 2217869743655976960n 1 )11

(—27239005200 — 35138412144n — 1071131952000 — 1437240724480n°
209323699200001* — 290056530677761° — 2403994010880001°
342089159239680n” — 29703151802880001° — 4200510878136320n° )13
(648472000 + 9857499521 + 2196849600017 + 345878016001°
3402643200001 + 5503187527681°

32538627840001° + 5317258045440n7 )15

(—8956200 — 156559921 — 2343000001% — 4225228801°

—  2357664000n* — 43380564481°)t!7

(66000 4 1303207 + 10200001 4 206976013) ¢

+ (=200 — 440n)t,

+ + + + +

+ o+ + o+

_|_

substituting #? = 240n — 119 into funl[n,12,t], we obtain:

funlln,12,t] = —5798205849600(190512000000 — 2775808980000n
+ 21591741371400n% — 116339327644260n° + 4807750223416061*
—  1605016773165437n° + 44576410708104501° — 10471263138678310n”
+  209589343385655271° — 35707528917289404n° + 5117119336784543011°
—  59775503504618470n'! 4 52331472403645153n'2 — 240606226684396311'3
—  189493181294585101'* 4 590857783528863601'° — 765168439488615361'°
+  63922275678425472n'7 — 338856398880595201'8 + 88009925977036801'% )t

= fia(n)t,

substituting n = m + 1 into f1,(n), we obtain:

fr2(n) = fra(m+1)

—5798205849600(139992980400000 + 33938403067044001m
38547713078525700m> + 273525949933053324m° + 1362340323143385287m*
50684632553049858881m° + 14624724567669212770m° + 33523311577860929498m”
61997108039562645999m8 + 93381825994658982441m°
115096299716911132510m'° + 116142537399367645412m ™!
95600966620821423116m'% + 636566077538646506291m '3
33800347413266033370m'* + 13990210927479861336m 1
43538207668861308481m'° + 9589504919006833921'7
133333219468310400m'® + 8800992597703680m:'%)

0,

At o+ o+ + + + o+

since

fi2(n) <0 and t =+/240n —119 > 0,
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then
funlin,12,t] < 0.

Therefore, we have
Theorem 10. A solution a exists for k = 12.
If k = 13, then

2 =143(2n — 1) +1 = 2861 — 142,

funln,13,t] = (3+13(—1+2n) —t)(5+13(—1+2n) — t)
(7+13(=142n) — t)(9+13(—1+2n) — ) (11 + 13(=1+2n) — t)
(134+13(—1+2n) —t)(15+13(—1+2n) — t)(17 +13(—1+2n) — t)
(19 +13(—1+2n) — £)(21 + 13(—1 +2n) — t)

(23 +13(=1+2n) — £)(=10 4 £)(3 — 2n 4+ 13(—1+2n) + £)
(5-2n+13(=1+2n)+t)(7—2n+13(=1+2n) +t)

(9 —2n +13(=1+42n) + t)(11 — 21 + 13(—1 + 2n) + £)

(13— 2n+13(=142n) + £)(15— 2n + 13(=1 +2n) + t)

(17 = 2n +13(=142n) + £)(19 — 21 + 13(—1 + 2n) + )

(21 =2n+13(=1+2n) +t)(23 —2n 4+ 13(—1+2n) + t)(—1 + 12¢)
(3—2n+13(—1+2n) —t)(5—-2n+13(—-1+2n) —t)
(7—2n+13(—=1+2n) —t)(9 —2n +13(—1+2n) — t)
(
(
(
(
(
(
(
(
(

X

X X X X X X X X

11 —-2n+13(—1+2n) —t)(13 —2n +13(—1+2n) — t)
15—2n+13(—=142n) —t)(17 = 2n + 13(—=1+2n) — t)
19 -2n+13(—1+2n) —t)(21 = 2n +13(—1+2n) — t)
23 —2n+13(=1+2n) —t)(10+#)(3+13(—=1+2n) + t)
54+13(—1+42n) +t)(7+13(-1+2n) +1t)

9+13(—1+2n) +1t)(11 +13(—1+2n) + t)

134+ 13(—1+42n) +t)(15+13(—1+2n) + t)

17 +13(—1+42n) +t)(19 4+ 13(—1+2n) + t)

214+ 13(=1+2n) +1)(23 +13(—142n) + £)(1 + 12¢).

X X X X X X X X X X

Using Collect[Expand[funl[n, 13, t]], t] in mathematica, then

funlln,13,t] = (8697308774400000n — 328340800851148800007>

—  127294777589760001° + 150416295483697790976001*

4+ 2365203944867836723201° — 25710220365422530532474881°

—  37124592602944477593600n7 + 2125626312689555694472396801°
29986669705752616108032001° — 9732888877227707757785776128n'°
—  1305234121740554084548608007 !
2649137173774026346105248153601 2
33039931866379943297207500801 >
—  44333578429523723629265556602881 4
—  495614438068289846730817536001

+

+ o+
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+  4579233378744866954836269072384011°
4329397453697672609026120089601"7

—  2830965217108038972844073161850881'8

—  20268756773001748272654581760001
9561008027238934381119243760435201%°
3938207304014136095515544125440n2!

—  135159274673765150798093474385100812 )t
(52618718085120000 — 22927072296960001 — 2310400213254144001>
—  7571374465875968001° + 1421887561344409927680n*

4+ 284768416242109251584n° — 2245969188352498964889601°

—  48302575057617467473920n7 + 18096378993931500902154240n°
3852949167679013220515840n° — 7865865404695010116789862401°
—  167393371682353404843130880n'!
198586765877201441625389137921'2
42108824701120439919795240961 3
2968623469889281967775547392001 4

—  62684013545292623044725964800n1°
25802900037816034217640182415361°
541342439952896382237778378752n"7
119971247482462950554245005312001 18

—  24947562602937181781102690304001
23062495401167397628578367537152n°
4725848764816963314618652950528n%! ) 1>
(—38506670220902400 — 10050525336698880n

—  2138765004185272320n° — 6115694222193459201°
8527234807994777600n* 4 98696796802514944001°

—  111740701090286193868801n° — 45126923765441180467201"

4+ 7699006678385040556032001° + 3191236587045590427238401°
—  3228774495077416953498828811°

—  133330440732978486354903041 1
7360603446992044530597888001 12
304607840794218643335413760n'3

—  95226673297618564476095692801 4
3945517301205889752577867776n ">
641005215378880702703468544001°
266250687048317809325821132801"7

—  1799474572839986895671997235201 '8

—  750065370402100624700630630401%) >
(10536776747712512 + 5347819267293184n + 53594346380591104012
2862201074522521601° + 162478359056986931201*
92321337888858439681° — 541115091538418073601°

— 39092154191961784320n" + 267449087261249847951361n°

I+ + - - + + -

+ o+ + o+ - + o+ o+ I+ o+

+ o+ o+
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4+ 164190299495241513697281n° — 83597917273240903548928011°

—  5134012504547616050380801' + 183042249598512580059463681 2

4+ 113350732026940998832619521'3 — 1829379818385602299035648001 4
—  113717712533035416928911360n"°

1+ 8477819211242442345897000961 10

4+ 5368489125851735364112220161' )’

+  (—1394522431160320 — 10218962359091201 — 698017690933657601>
—  536092836762419201° — 17401664295763968001*

—  13957408060601139201° — 388277430074465648641°

—  32246782492185034752n7 + 939427352797790208001°

4+ 559612722506776576001n° — 226773909729323189207041'°

—  18909019812150185918464n ' + 2662274541863555334144001 >

4+ 216749253865644372787200n"3

—  26803765851850800208281607 4

—  2281869728231259786706944n1°) 1

(102247088463872 + 969811363430401 + 48910390858137601>
48401860285644801° + 120197120433651712n*

1235708072119009281° + 18224907668237107201°
1943481414840852480n7 + 340047355038129192961°
36395139178496327680n° — 437981420665386188801'°

—  248534651008430489601'! 4 59724353384208858808321 12
6378735888713861038080n13) 11

(—4457775984640 — 51668058828801 — 1994079506862081>

—  240184941973504n° — 4449603004211200n* — 55412755014144001°

—  685106781898936321° — 87442264095166464n"

—  5708805702521856001% — 7538975623342592001°

—  95712104782385991681'0 — 12253522993446469632n 1 )13

+ (119544499712 + 1633613864961 + 48181092608001>

+  68171544883201° 4 94379534430720n* + 1373914293227521°

4+ 11146737668352001° + 16580394433996801"
i
i

+ o+ o+ o+

+ o+

110316899263718401% 4 16381944158638080n° ) t1°

(1979676160 — 31120953601 — 67831678464n> — 11002970457613
— 10420899456001n* — 17315007705601° — 89610974999041°
—  15050554066944n” )7
(19634912 + 348747521 + 51216880012 + 9356424001°
4884876480n* + 90937820161° )t*°
(—106480 — 2107601 — 16078481 — 32630401°) 2!
(242 + 528n)%3,

substituting #? = 2861 — 142 into funl[n,13,t], we obtain:

funln,13,t] = —495616(2905249632176107594631
—  469283025028033645529431 4 4020185226384923712061591>
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23828380393931699949369571° + 108459596704189788682520281*
40014019759440547238072974n° + 1234882009999831691052161421°
324967727016883459291284106n” + 737363563917102841359781679n°

—  14495411819192495723135956111° + 24652901785595462059573297791°
—  3593383442560082134780151225n! + 43859372779866995847698316141'2
—  4239239593460848864525121432n"% 4 2713294427224355024817793312n 1
537182916016872508649391841'% — 31570444182356571742468961601'°
52700268871856997140318300161'7 — 54619252368050627787028561921'8
3911057430335322878801608704n"° — 18157882289066642102990929921°
416639770118683017917497344n%1 )t

= fiz(n)t,

substituting n = m + 1 into f13(n), we obtain:

fiz(n) = fizs(m+1)

—495616(3733296365984620216320000 + 1016821175300008976056320001
+  1301415358007289983805849600m + 104482588365891128602856038401°
+  59178304178941628867995995648m*

+  25190788969631972820980973280011°

+  837715230242949492705917778880m°

+  2232156391674391772792080177552m”

+  4847553028528515003695476894304m°

+  8678053128608967382638267149780m°
n
n
n
n
n
n

1289766428571777595860010496495611°
15972180745644306093757130820815m' !
164889991141344661223764100494621m2
14153264507814254778006257482328m 3
10039497314193045472547921605744m '
58251520557551599521826862936801 1>

+ 2721282214519967135085563957728m°

+  999336636418755444467711099904m "7

4+ 277979296705148285791971508224m'8

+  55089644577125472435494191104m "

4+ 69336469435856791659683512321m%°

+  416639770118683017917497344m>!)

< 0,

since
fi3(n) <0 and t = +/286n —142 > 0,
then

funl[n,13,t] < 0.
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Therefore, we have

Theorem 11. A solution a exists for k = 13.

Actually, we already calculated with computer that fi(m + 1) have all negative coefficients for
k = 14,15 also. Therefore, these Theorems are also true for k = 14, 15. However, it is too long to present
them here. Obviously, one can not do these forever. And, we need a new method. We shall finish the
proof for the rest in the next paper. For this paper, we just stop here.

However, we can figure out a conjecture:

Conjecture 1. The coefficients of the m terms in fi(m + 1) are all negative for any integer k > 2.

We then have:

Lemma 8. There is a solution a for equation (10) with an integer k if 3 < k < 13.

4. Existence of the Futaki-Ono’s Generalized k
Maxwell-Einstein Metrics—Positivity

Let

L(U) = (al + 1)%~2kn+k (25)

u
[ /_1 2(ax + 1) [(ax + 1FA(x) — cQ(x)]dx +2(1 — a) *Q(-1)],

then (all 4 1) 2" +kQe = fi’[l L(y)dy.

Theorem 12.(Cf. [KS1], [Gu2 Lemma 6]) There is a generalized Maxwell-Einstein metric in the same
Kiihler class of § if o = ®/Q is positive on (—1, 1).

Conjecture 2.(Cf. [Gul,2,3]) If r has nonnegative trace eigenvalues, then for a given a, ® as above is
always positive on (—1, 1).

In this section, we shall prove this conjecture for the cases in which one of Dy and D is 1.
Therefore, it is true for a completion of a line bundle.

Combining with Lemma 8 in last section, we obtain the existence of the Futaki-Ono k-generalized
Maxwell-Einstein metric with an integer 3 < k < 13 for the completion of our line bundles.

Proof Since the derivative of Qg (all + 1)+ is (L) , we have that

g d nkos d s 2kn
(all + 1) ((all + )27 2 (Qg(all + 1) 27H))

= 2[(all + 1)*A(U) — cQ(U)]. (26)
Diagonalizing B, we see that Q is a product of polynomials of degree 1. Let

—al << gt << < b;l,
for convenience, we let

a1 =C1,02 =C2,...,p = Cp

bl = 7Cp+1rb2 = *Cp+2,..., bq = —Cp+tgq

then

-1 -1 -1 -1
- <. < —Cp < _Cp+1 <. < —Cpigs

denote the distinct roots of Q for which some corresponding Ricci curvature 7 ;; is nonzero, where
a;, bj are positive and ¢ can also be negative,i =1,2,...,p; j =1,2,..,q; k=1,2,..., p + g. On account
of

®(U) = Qp(all 4 1) 2tk

Let
D =2kn—k—2s
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then
stk d p d _ k _
(Ul + 1)+ T (all 4+ 1)° 7 ((U)) = 2{(all + 1FA(U) — cQ(U)]. 7)
Recall that Q = olet(go_1 -g7), AU) =Q(U) ¥ 7o i]vgf(u). letr; = ry ;7 then
Q) =[] +cau),
i=1
i m 1 m
A(U) = Q(U) ;jro i€ = Q) i;rll Tou o i;rig(l +cU),

then

(al + 1 ((at +1)P-L (1)) (28)

au au

= 2[(au+1)kiri1‘[(1+cju)—cﬁ(uciu)}.

=1 j#i

Let’s consider the case in which only at most three of r; are nonzero. Different from the earlier
paper [CG], we need to make (7) hold. In our case, both D = d = 1. That s,

Q) = 1+ W™,

(or = (1-W)P~"1Qy),

one need
A(U) = Do(Dy = 1)(1+ U)P72Q 1 (mod (1+U)P07 )
(or = Deo(Deo —1)(1 — U)P>72Q; (mod (1 — U)P="1)).
Therefore, if c; = 1 and only r; is nonzero, we can only have r; = Do(Do —1). And, if c; = —1 and

only r; is nonzero, we can only have 7; = Do (Do — 1). If ¢; # 1, —1 and only r; is nonzero for those i
with ¢; # 1, —1, we can only require that one of r; = Dy(Dy — 1), for some j with ¢; = 1, and one of
7k = Doo(Doo — 1), for some k with ¢; = —1.

That is different from [CG], we need require one of r; # 0 and equal Dy(Dg — 1) if Dy # 1 for an i
with ¢; = 1; and one of r; # 0 and equal Do (Doo — 1) if Do # 1 for an i with ¢; = —1.

So, we need consider several situations: (1) three r; # 0 and two of them with ¢; = 1and ¢; = —1;
(2) two of them # 0 and only one with ¢; = 1, the other ¢; # 1, —1, Do = 1; (3) two of them # 0 and
only one with ¢; = —1, the other ¢; # 1, —1, Dy = 1; (4) two of them # 0 and one with ¢; = 1, the other
¢j =—1;(5) only one r; # 0 with ¢; = 1, and D = 1; (6) only one r; # 0 with ¢; = —1,and Dp = 1.

A. We can treat (1) and (4) as one situation. Somehow, (1) is difficult although (4) can be treated.
Therefore, we might leave this situation out in this paper and shall try to treat it in the future.

B. (2) and (5) as one; (3) and (6) as one. Also, (2) and (3) are similar. Therefore, we only need
to deal with (2) in which we replace r; > 0 by r; > 0. In these cases, only one of 1 and —1 might be
achieved by one of ¢;. Therefore, the manifold can be regarded as a completion of a line bundle. On
the other hand, all the manifolds which is in a form of a completion of a line bundle are in these cases.
Therefore, we only treat these situation in this section.

We want to prove the following lemma first:

Lemma 9.(Cf. [Gul,2,3]) If r has nonnegative trace eigenvalues and (1) there is only one nonzero r;, say
for example, 1, other than those with ¢; = 1 or —1, and (2) either Dy = 1 or Do = 1 withrg = 0o0rrp4q =0
respectively, then for a given a, ® as above is always positive on (—1, 1). Here we let m" = m — Doo + 1.
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Proof of the Lemma 9: Let
_ Do(Dy— 1) (o Doo(Deo — 1)
MU == iy u T 1-u
then
(al + 1)S+’<i((au+ 1)Di(c1>(u))
dau du
m
= [(au+1 0_l H1+Cl —I—Vm/H(l—i-CiU)
1=2 i;ﬁm’
m—1 m
4+ Ds(Deo —1) H(1+CiU)] —cH(l—FciU)] (29)
i=1 i=1

= 2Q(U)[(all +1)* A1 (U) — (]

where Q(U) >0
We also have A1 (U) — +oo when U — —11if Dy # 1;and Aq(U) — 400 when U — 11if Dq, # 1
When Ric(go) > 0, A(x) > 0on [-1,1],and

c/_ll(ux—l—l)*k*sQ(x)dx
= (a+1)7°Q(1) + (1—a)=Q(— +/ (ax + 1)~ A(x)dx.
then ¢ > 0.

4.1. Special Cases

Next, we shall treat our two special cases with either Dy = 1 or D, = 1. In the cases in which
De = 1and Dy # 1, for convenience, we replace U with y, we need some lemmas. In this case, the
second term in the right side of (29) is zero and we might just replace Dy(Dy — 1) by 1. Here, we only
assume that a > 0. Otherwise, we just exchange the ends. Therefore, this is the case in which the
manifold is a completion of a line bundle over the end at the infinity. Let

1 r

fus®) = (D o+ T ) -
(ay + 1)
f(}/)+m— ,
here f(y) = (ay + 1) 1+y
And f(y) = (ay + 1)1 [ — 2L = WA e(y), where
8(y) = (1 —y)*(alk = 1)y +ak —1).
/ _ g r(ay+1)k !
JarpW) —f(W*Hm)
o kar(ay + 1)1 r(a+b)(ay +1)k
= fl)+ T+ay+by  (1+ay+by)?
(ay 4+ 1)1 kar(ay + 1)1 r(a+b)(ay + 1)k
(1—12)2 8l)+ T+ay+by  (1+ay+by)?
(ay + 1!

(1—12)2(1 + ay + by)? [(1+ay + by)zg(y)
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+  rka(1—y?)%(1+ay + by) — r(a +b)(ay + 1) (1 — y*)?]
- (y + )T Pe)
(-2 +ay + by)? JrEy

+ (1 —y*)?(ka(1 4 ay + by) — (a +b)(ay +1)))].

Let

Srha(y) = (1+ay +by)’g(y) +r(1 —y*)*(a(k — 1)(a+b)y + a(k — 1) — b).

We notice that the last term is nonnegative if b < 0.
We also let

(1+ay +by)’g(y) +r(1 —y*)*(a(k = 1) (a+b)y +a(k —1) —b)
(y = D*[(1+ (a+b)y)*(a(k — 1)y + ka — 1)

+ r(14+y)?*(atk—1)(a+b)y+a(k—1) —b)]

(v — 1)2Tr,b;u(y)'

8rb;a (]/)

We want to prove that the degree three polynomial T, ., only has one zero in (—1,1).
We notice that T, ;,, has two terms:

=00+ (a+ b)y)z(a(k —1Dy+ka—1),
with a derivative:

1+ (a+by)2(a+b)(alk—1)y+ka—1)+alk—1)(1+ (a+D)y)]
= (1+(a+b)y)Ba+blalk—1)y+ (2k(a+b)+k—1)a—2(a+Db)],

which has a zero by = (2b — 2k(a + b)a — (k —3)a)/(3(a+ b)a(k — 1)) other than —1/(a +b) < —1;
1Ty =r(1+y)*(a(k—1)(a+b)y+a(k —1) — b)
with a derivative

r(1+y)[2(alk—1)(a+b)y+a(k—1)—b) +alk—1)(a+b)(1+y)]
= r(1+y)Ba(k—1)(a+b)y+alk—1)(2+ (a+b)) —2b],

which hasa zeroby = (2b —2(k—1)a— (k—1)a(a+b))/(3(a + b)a(k — 1)) other than —1.

Lemma 10. T, has a N shape if by # —1and by > —(a + b)~L. Moreover, —1 is a locally minimal point
if by < —1and —1 is a locally maximal point by > —1. If by < —1, Ty is positive on (—1,1). Otherwise,
To(—1+8) < 0for & # 0 but small enough. Ty = a(k —1)(a + b)(1 +vy)> has a S shape if by = —1, i.e., it is
always increasing.

Proof by > —(a+b)~'iff 2b —2(k — 1)a — (k — 1)a(a + b) > —3a(k —1). That is, 2b + (k —
1)a(1 — (a+ b)) > 0. This is always true.

Q.E.D.

Similarly, if b, > —1then

2b—2(k—1)a— (k—1)a(a+0b) > =3a(k —1)(a+ ).
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Thatis, b — (k—1)a(1 — (a+ b)) > 0. We have b(1 + (k —1)a) > (k — 1)a(1 — a). This implies that
b> ((k—1)a(l1—a))/(1+ (k—1)a). We notice that the right side is smaller than 1 — a. Therefore, this
could be achieved whenever b < 1 — a is big enough.

We see that by < b; when b > 0. Actually,

b1 — by
2(k—1)a+ (k—1)a(a+b) —2k(a+b)a— (k—3)a
3(a+Db)a(k—1)
(k+1)(1— (a+b))
3(a+0b)(k—1)
(k+1) (k+1)

3a+b)(k—1) 3(k—1)

Ty also has a zero a; = (1 —ka)/(a(k—1)), and T, also has a zero a, = (b —a(k —1))/(a(k —
1)(b+a)). a1 —apy=(k(1—b—a))/((k—1)(b+a)) > 0whenb > 0.
Now, we first consider the case in which b, > —1 and are ready to get some property for T, .,

(Th(=1/(a+D)), T1(=1), Ty(b2), Ta(b1), Ta(az), Ti(a1))
= (0, =(1—(a+b))*(1—a), Ta(b2) <O,
Ti(b) <0, Ti(a2) <0, 0),
(Ti(=1/(a+D)), T{(~1), T{(b2), Ti(b1), Ti(a2), Ti(a1))
= (0, (1= (a+Db)[(k—3)a(l—(a+Db))—2b] <0, Tj(ba) <O,
0, Tj(a2) > 0, Ty(a1) > 0);

(To(=1/(a+ b)), To(=1), Ta(b2), T2(b1), T2(a2), T2(a1))
= (=b(1-1/(a+1))? 0, Ta(b) <0,
Ty(b1) <0, 0, Tr(ay) > 0),
(T3(=1/(a+b)), T3(=1), Tp(b2), T3(b1), T5(a2), Tp(a1))
— (—(1-1/(a+b)[a(k—1)(1— (a+Db)) +2b], 0, 0,
Ty(b1) > 0, Tj(ap) >0, Ty(ay) > 0).

Notice that T1, T> have a N shape, we see that T, ,,(—1/(a+0)) <0, T, p,(—1) <0,but T, (-1/(a+
b)) >0,T;,,(—1) < 0. Therefore, there is a local maximal point in (—1/(a + b), —1) which is < 0.

We also have T, ,(a2) < 0,T,p,(a1) > 0. Therefore, there is a zero point in (a3,a1). Also,
T} ya(b2) < 0,T),. (b1) > 0. Therefore, there is a zero of the derivative in (b, b1), which must be a
local minimal point.

Therefore, we obtain:

Lemma 11. T, ;,,, has a N shape and has a negative locally maximal point in c; € (—(a+0b)~1, —1) if
b > 0and by > —1. Moreover, in this case, it has a negative locally minimal point in cy € (bp, b1) and has a
zero point co € (ap,ay). In particular, co > ¢ > cy is the only zero of T, y,, and Tr’,h; ,(co) > 0.

Also,

To = (1+y)*(a(k —1)(a+b)y +a(k—1) —b)

= (14+y)?*(atk—1)(a+b)y+ (a+b)(ka—1))
(a+0b)(ka—1)+a(k—1)—1]
(14 y)?[(a(k —1)(a+Db)y + (a +b)(ka — 1)) + (1 — (a + b))ka]
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(a+b)(1+y)*Ty
(1+ (a+Db)y)?

+ (1= (a+b)ka(1+y)?

Trpa=T1+1T2
1
(1+ (a+b)y)?
= [A+@+b)y)?+r(a+b)(1+y)?
1 (1+y)?
S ey R Rl Gt N ey ey v B gy e

(A4 (a+b)y)? +r(@a+b)(14+y)! Ty +r(1 — (a+b))ka(1 +y)?

.

The first term in the second bracket is linear and increasing. The second term is also increasing on
(=1, +00). This gives another proof for Lemma 11.

4.2. The Cases When Dy = 1and 0 <a <1

If Dy =1,4(U) = 14% %"&_1), then we let

Vi + 1
1+Cm/u 1-U

FU) = (all +1)%( ) —c.

42.11fr,y = 0,then f(U) = % i

ak(al + 1)1 (all + 1)k

fl)=—5—y (1-u)y
a k—1
- %(ak(l ~U)tal+1)

(all + 1)1

e (a(1—k)U+ak+1),

letg(U) =a(l —k)U+ak+1,
¢(-1)=ak—1)+ak+1=2ak+1—a>0,

g1)=a(l—k)+ak+1=a+1>0,

thus, f'(U) has no zero point on (—1,1).
Lemma 12. If Dy = 1and r,y = 0, f'(U) has no zero point on (—1,1).
k

4.221fr,y >0, ¢,y = a, then f(U) = 1y (all + 1)1 + % c,

(all 4+ 1)1

F1(U) = rygalk = 1)(all + 12+ S

(a(1—k)U + ak +1)

a k-2
= %(m/a(k — 1)(1 — U)2 + (llu + 1)(11(1 — k)u 4 oak + 1))/

let

g, (U) = rya(k—1)(1—U)* + (al + 1) (a(1 — kU + ak + 1)
= rpa(k—1)(1-U)*+ (al +1)g(U),
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because r,; > 0,—1 < U < 1,0 < a < 1,¢(U) is positive on (—1,1). Also (1 —U)? > 0,all +1 >
0,gr,, (U) > 0, thus, f'(U) has no zero point on (—1,1).
In general, if r = 1,y > 0, b = ¢y, then
r

f(U) = (al +1)F(——= +

TR

oo rak(@d 4+ 1D pb(aU 1)k (al + 1)1
fu) = 1+ bU - (1+bU)? a—up (a(
k—1
Ca —(allll)j(ll)Jr bu)2 (rak(1 — U)*(1 + bU)
— rb(al +1)(1 — U)? + (a(1 — k)U + ak 4+ 1) (1 + bU)?),

1—k)U+ak+1)

letb =a+1and

g (U) = rak(1—U)*(1+ (a+HU) —r(a+1)(al +1)(1 - U)?
+ (a1 —KU+ak+1)(1+ (a+1U)?

—U)?[ak(1+ (a4 DU) — (a+1)(al 4 1)]

— U +ak+1)(1+ (a+1)U)?
—U)?ala+D(k—DU+akk—1)—1]

+ (a(1—KU+ak+1)(1+ (a+1DHU)?,

i+
~ ~—~
—~ hy —~
D—‘ —~ D—‘
—_

Itis > 0if I < 0. Therefore, we only need to deal with € (0,1 —a).
Theng(1) = (—a+1)(1+a+1)2>0
g(—1) =4rfa(1— (a+1))(k—1) =1+ (a(2k — 1) + 1)(1 = (a+1))*
the zero point a; of the first term of g, ;(U) is u(l;fl()% and the double zero point 1, % < -1,
if and only if
I—ak—1) < —a(a+1)(k—1)

alk—1)—ak—1)(a+1)>1
ak—1)—ak—1a—alk—1)I >1
alk—1)—a(k—1)a> (14+a(k—1))I
(1+ak—1)) <a(k—1)(1—a)

a(k—1)(1—a)
A Ty
That is, when [ < % a1 < —1. The first term is also positive. We only need to deal with
a(k—1)(1—a)
D> -1

[(a(1 —K)U 4 ak +1)(1 + (a +HU)?)
= a(1—-k)(1+ (a+DU)*+2(a(1 —k)U +ak+1)(a+1)(1+ (a+1U)
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— (14 (a4 DWa(l = K + (a+DU) +2(a+1)(a(l - U + ak+1)]
= (I+(a+DHU)[3a(1 —k)(a+ 1)U+ a(l—k)+2(a+1)(ak+1)],

a(1—k)+2(a+1)(ak+1)
3a(k—1)(a+1)

it has zero points — ;17 and by = ﬂ(lfslz)&i(f%l(f)k +1)

1, if and only if

,whenl € (0,1—a), =717 < —1,

a(1—k) +2(a+1)(ak+1) < 3a(k—1)(a+1)

a(1—k) < (a+DBalk —1) — 2(ak +1)]
a(1—k) < (a+1)[a(k—3) —2]

a(1—k) <ala(k—3) —2]+1a(k —3) — 2]

a[(1—k) —a(k —3) +2] < l[a(k —3) — 2]

a[(3— k) —a(k —3)] < l[a(k —3) — 2]
lNa(k—3) —2] >a(a+1)(3—k)
Ifa(k—3) =2 >0, then | > 03] This is always true since the right side is negative.

Ifa(k—3)—2<0,thenl < % In this case, we have: “(;jj(llgf"l;” <l< a(zajul()k(fg;’). We
k+1

2k2—5k+1

have: <a< %

_ l—a(k=1) a(l—k)+2(a+1)(ak+1)
Cala+1)(k—1) Ba(k—1)(a+1)
3[l—alk—1)] —[a(1—k)+2(a+1)(ak+1)]
Ba(k—1)(a+1)

3l —2a(k—1)—2(a+1)(ak+1)
Ba(k—1)(a+1)
(1 —2ak)l —2ak(1+ a)
Ba(k —1)(a+1)
I —2ak(1+a+1)
Ba(k—1)(a+1) "’

ay — by

Therefore, if a(k —3) —2 > 0, and a; > by then ! —2ak(1+a+1) > 0,0 > 2ka(a+ 1) + (2ak — 1)1
This implies 1 > 2ka. Thatis, a < 21_k Buta > % So, % > % A contradiction. This implies that
a1 < by. The function only has one zero.

Therefore, we only need to deal with the case in which a(k — 3) — 2 < 0. In this case, we still get
a< ﬁ Therefore, 2k2k—+—5i+1 <a< ﬁ That is, 2k% + 2k < 2k* — 5k + 1. Again, a contradiction. We get
a1 < by. It only has one zero. The proof is complete.

Lemma 13. If Dy = 1 and r,y > 0, f'(U) has only one zero point on (—1,1).

4.3. The Cases in Which Deo = 1and 0 < a < 1

If Do =1, A(U) = Dogi‘gl) + 20, then we let

1 V!
TvU T ixe,u) ¢

f(U) = (all +1)%(

43.11fr,y = 0, then f(U) = Mﬁll)k _e
ak(al +1)*1  (al 4+ 1)F

fi(uy = 1+u (1+U)?
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k-1

- %(uk(l FU) —all—1)
a k—1

_ %@(k DU +ak—1),

letg(U) =a(k—1)U+ak—1,
g(-1)=a(l—k)+ak—-1=a—-1<0,

gl)y=ak—1)+ak—1=2ak—a—-1=a(2k—1)—1,

ifa(2k —1) < 1, then g(1) < 0, f/(U) has no zero point on (—1,1); if a(2k — 1) > 1, then g(1) > 0,
f/(U) has one zero point on (—1,1); thus, f'(U) has at most one zero point on (—1,1).

Lemma 14. If Do = 1 and r,; = 0, f'(U) has only one zero point on (—1,1).

k
4.3.21fr,, >0, c,y =a, then f(U) = % + 1 (@l + 1)1 — ¢,

s (aU 4+ 1)1
P = "arae

%((w +1)(a(k = U +ak=1) +rypa(k = 1)(1+U)%),

(a(k — DU + ak — 1) + rypa(k — 1) (all + 1)k 2

let

gr, (U) = (al +1)(a(k = 1)U + ak — 1) + rypa(k — 1) (1 + U)>
= (al+1)g(U) + rypa(k —1)(1 4 U)?,

then
gr, (1) =(1-a)(al—k)+ak-1)=(1-a)a-1)=-(1 —a)? <0,

gr, (1) = (a+1)(a(k—1) +ak —1) +4r,ak—1) = (a+1)(a(2k —1) = 1) +4r,pa(k —1).
Let’s take the derivative of g, ,(U) over U, and we'll get

8, (U) = a(a(k— 1)U +ak —1) +a(k —1)(all +1) + 2r,pa(k — 1)(1 + U)
= 2a(k—1)(a+r,y)U+alak—1+k—1+2r, (k—1)]
2a(k—1)(a+r,)U+alk(a+1) +2r,(k—1) —2],

becauseofr,y >0,-1<U<1,0<a<1,k>3, g;m/ (U) is monotonically increasing on (—1,1).

8 (=1) =2a(k —1)(a+r,)(=1) +alk(a +1) +2r, (k= 1) - 2]
= a2(1—k)a—2(k—1)ryy +k(a+1)+2r,(k—1) —2]
a2(1 —k)a+k(a+1) — 2]
a(2a — ak+k —2)

= alk(l—a)—2(1-a)]
= ak—=2)(1—a)
> 0,
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so gr,(U) is monotonically increasing on (—1,1) and because g, ,(—1) < 0, it implies that f'(U) has
at most one zero point on (—1,1).
In general, if r = 1,y > 0, b = c,,y, then

FU) = @U+ DM + 1) — &
/ . (aU—i—l)k*l mk(au_'_mk—l rb(all+1)k
fl(u) = W(u(k—l)u+ak—1)+ Rt
k—1
- uf%;ﬂmmﬁwh4W+M—Du+WF

+ rak(1+ U)2(1+ bU) — rb(all + 1)(1 + U)2],

letb =a+1and

g1 (U) = (a(k — 1)U +ak — 1) (1 + (a + U)?

+ rak(1+U)2(1+ (a+DU) —r(a+1)(al 4+ 1)(1 4 U)?
(a(k = 1)U +ak —1)(1 + (a+1U)?
r(1+ U)ak(1 + (a +DU) — (a+1)(all +1)]
(a(k— 1)U +ak —1)(1+ (a +1)U)?
r(1+U)ala+1)(k—1)U+ak—1) —1]
(14 (a+DU)*[(a(k — 1)U + ak — 1)

Hl(:fl)u)z[a(a L0 (k= 1)U +a(k—1) —1]].

+

+

+ 7(

If I < 0, the second term is positive. By % is increasing, it can only have at most one zero.
Therefore, we only need to deal with [ € (0,1 — a).
Then g(—1) = (a—1)[1— (a +1)]* <0,

g(1)=(a(k—1) = 1)A+a+1)*+4rfa((a+1)+1)(k—1) —1],

The zero point a; of the first term of g, ;(U) is % and the double zero point — a%l
We notice that this is exactly T, ,,. Applying Lemma 11, we get that it has at most one zero in
(-1,1).

Lemma 15. If Doo = 1 and r,; > 0, f'(U) has only one zero point on (—1,1).

4.4. Final Proof of the Existence Theorem for the Completion of a Line Bundle

Combining the results in these last two subsections 4.2, 4.3, we shall obtain our Lemma 9.

And we shall obtain following our first positive Theorem after our final efforts to the proof of our
Lemma 9:

Theorem 13. If our manifold only has one end contracted, that is, the manifold is a completion of a line
bundle, the solution we got in our earlier Theorems has a positive ¢ on (—1,1).

Proof of the Lemma 9 (Continue):

Recall that

(D(U) _ ng(au + 1)572kn+k.

And
D =2kn —k —2s,
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then from formula (29)

p d

7 (@) = 2Q(U)[(al + 1)f Ay (U) <.

(all + 1)+ 2

du((all—i—l)

4.4.1 Let’s first consider the case in which Dy = 1, Do, # 1, and r,,; and only another r; are nonzero
with ¢; # 1.

D (D1
M (U) = 1+c ,u+ ( )

, then

r i 1 )—c
1+c,,U 1-U '

fU) = (all +1)%(

Lemma 12 and 13 say that f’(U) has at most one zero on [—1, 1].
If ®(U) is not all greater than zero on (—1,1), then ®(U) has at least one zero. If it has least two
zeros, we set them to be Uy and Uy, let Uy < Uy, then ®(—1) = &(Uy) = (Uz) ®(1) = 0. There

are at least three critical points between them. Let %CD(LI;J,) = iu (Uy) = du ®(Us) = 0.

(all +1)° 22 (@(U)) (1) > 0

and > O near —1;

(al +1)P 7 (@(U)) (L) < 0

dU(
and < 0 nearby;
d
(all + )P~ (L)) (L) = 0

and > 0 nearby;
(U + 1P (@) (1) <0

and < 0 nearby. Then %(((JU—I— 1)D%(CI>(U)) < 0 at some point y1 in (=1,Uy), 4 ((all—|—
1)D%(CI>(U)) > 0 at some point y; in (Uy, Up) and "l L ((all + 1)P (QD(U)) < 0 at some point
y3in (Up,1). Thatis, f(U) < 0 at some point y; in (— 1 Ul) fa) > 0 at some point y, in (Uy, Up)
and f(U) < 0 at some point y3 in (U, 1). But f(U) — +oo at 1. That is, there are at least three zeros
z1 € (y1,¥2), 22 € (y2,y3) and z3 € (y3,1) in (=1,1). And f’(U) has at least two zeros in (—1,1),
which is a contradiction to our Lemmas 12 and 13.

Similarly, if it has only one zero, we set it to be Uy, then ®(—1) = &(U;) = $(1) = 0. Then,
U is a critical point and there are at least two more critical points between them. Let %@(Uz) =

O(Uh) = AL &(Uz) =0with -1 < U < U < U3 < 1.

(@l + 1P (@) (-1) > 0

and > O near —1;
(aU+1)D (cI>(U1))(u1 d) <0

for d > 0 and small; also
d
D%
du(@(u))(ul +d) >0

d
HP— (@ 1)<
(all +1)° 21 (@(U))(1) <0
and < 0 nearby. Then -Z((all + 1)P & (®(U)) < 0 at some point y in (=1, Uy —d), S5 ((all +
1)P 4 (®(U)) > 0 at some point y; in (U; —d, U +d) and - ((all + 1)P L (®(U)) < 0 at some
point y3 in (U; +4d,1). But f(U) — 400 at 1. That is, again, there are at least three zeros z1 € (y1,¥2),
23 € (y2,y3) and z3 € (y3,1) in (—1,1), which is again a contradiction.

(all 4 1)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202508.2029.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 August 2025 d0i:10.20944/preprints202508.2029.v1

43 of 46

Therefore, in the case in our Lemma 9 with Dy = 1, ®(U) as above is always positive on (-1, 1).
4.4.2 Let’s second consider the case in which Do = 1, Dy # 1, and r; and only another r; are
nonzero with ¢; # —1.
” Dy(Dy—1
Al(U) = 1+rcm/U + O§+Ou ), then

r n 1
1+Cm/u 1+U

FU) = (all +1)%( )—c

Lemma 14 and 15 say that f'(U) has at most one zero on [—1,1].

If ®(U) is not all greater than zero on (—1,1), then ®(U) has at least one zero. If it has least two
zeros, we set them to be U and Uy, let Uy < Uy, then ®(—1) = &(U;) = ©(Uy) = (1) = 0. There
are at least three critical points between them. Let %@(lk) = %CD(LL;) = %CD(UQ =0.

(all +1)° 2 (@(U))(~1) 2 0

and > 0 near —1;
and < 0 nearby;

and > 0 nearby;

and < 0 nearby. Then %((au + 1)D%(CI>(U)) < 0 at some point y; in (—1,U;), %((all +
1)D%(<I>(U)) > 0 at some point y in (U, Up) and %((au + 1)D%((D(U)) < 0 at some point
y3in (Uy,1). Thatis, f(U) < 0 at some point y7 in (—1,U;), f(U) > 0 at some point y; in (U, Up)
and f(U) < 0 at some point y3 in (Up,1). But f(U) — +o0 at —1. That is, again, there are at least
three zeros z1 € (—1,y1), 22 € (y1,¥2) and z3 € (y,y3) in (—1,1), which is again a contradiction to
our Lemmas 14 and 15.

Similarly, if it has only one zero, we set it to be Uy, then ®(—1) = ®(U;) = $(1) = 0. Then,
U is a critical point and there are at least two more critical points between them. Let %CD(UZ) =
Ao(Uy) = Lo(Us) =0with—1< U, < Uy < U3 < 1.

(all +1)° 22 (@(L)) (1) > 0

and > 0 near —1;
d

(all + 1)DE(®(U))(U1 —d) <0
for d > 0 and small; also
d
(all + 1)Dﬁ(q>(U))(u1 +d) >0;

d
b_— <
(all+1) du(q)(u))(l) <0
and < 0 nearby. Then %((au + l)D%(CD(U)) < 0 at some point y; in (—1,U; —d), %((all +
1)D%(CI>(U)) > 0 at some point y, in (U; —d,U; +d) and %((all + 1)D%(<I>(U)) < 0 at some
pointys in (U; +4d,1). But f(U) — +ocoat —1. That is, again, there are at least three zeros z; € (—1,11),
23 € (y1,¥2) and z3 € (y2,y3) in (—1,1), a contradiction.
We proved our Lemma 9 as desired.
Q.E.D.
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4.4.3 Proof of the Theorem 13 (Continue): Now, let’s consider the case of multiple nonzero ;.
First, we need to deal with the case in which all ; = 0 except when c¢; = 1 (or —1) when Do # 1 (resp.
Dy # 1). In this case, we have Lemmas 12 and 14, The arguments in the proof of the Lemma 9 still go
through.

Now, we consider the case in which there is at least one nonzero r; other than the ones with ¢; = 1
(resp. —1). Similar to the Lemma 13, let

Ri  Deo(Deo —1)
14U 1-u 7

Aq 1( )=
or in the Dy # 1 case. We want to replace A; (U) by A1 ;(U) and get a solution with the same numbers

cand a.
First, we want to determine the number R;. We have that

c /_11 (ax +1)7F5Q(x)dx

= (1-a)°Q(- +/ (ax +1)7°Q(x) Ay i (x)dx.

then
' —s
R; /71(ax+1) ]1;!(1+ij)dx
= /_11 (ax +1)7°Q(x)[Aqg,i(x) — %]dx
- /_11 (ax +1)"°Q(x)[A1(x) — %oou_l)]dx.
R, — fil(ax +1)7°Q(x)[A1(x) — %]dx
| Shyax + 1) (1 + )
and

R;>0,i=1,2,.,n

Then the corresponding solutions ®;(U) have the property as in our Lemma 9.
In general, we want to find a solution such that ® = Y/' ; [;®;(U), where /; are positive numbers
fori =1,2,..,m’. Because

(el + 1) (ot +1)P - (@(u)
= 2Q(U)[(all +1)* Ay (U) — €] (30)
and
o d d
(al +1) +"m((au+1) du(cp u))
= 2Q(U)[(all + 1)*Aq;(U) — ] (31)
then

S d m
(al +1) +’< ((all +1)P w(g 1,0;(U))
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!

m
= 2)Y L,QMU)[(all + 1)F Ay ;(U) — ]
i=1
. m' m’
= 2QU)[(alU +1)" ) Ling(U) — ) lic).
i=1 i=1
then
liRi =T
That is,
Ti
=L >
=g 20

7; f}l(ax +1) 7 TTji(1 + cjx)dx
J1 (x4 1)=5Q(x) [Ag (x) — 2Py

I =

Yt fil(”x +1) 7 TTji(1 + cjx)dx
[ (ax + 1)~ (x)dx
ﬁl(”x + 1) i [Tz (1 + cjx)dx
I (ax+1)~5A(x)dx

-

I
—

I =

therefore ®(U) as above is always positive on (—1, 1).
This, in particular, concludes our Theorem 13.
Q.E.D.
Now, combining Lemma 8 and Theorem 13, we get our THEOREM.

Funding: This project is supported by the National Natural Science Foundation of China Grant No. 12171140,
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