Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 October 2022 d0i:10.20944/preprints202210.0430.v1

Four-Parameter (Guessing Model and Related
Item Response Models

Alexander Robitzsch!?*

L IPN — Leibniz Institute for Science and Mathematics Education, 24118, Kiel, Germany

2 Centre for International Student Assessment (ZIB), 24118, Kiel, Germany

*Corresponding Author: robitzsch@leibniz-ipn.de

Posted at Preprints

Abstract Guessing effects frequently occur in test-
ing data in educational or psychological applications.
Different item response models have been proposed
to handle guessing effects in dichotomous test items.
However, it has been pointed out in the literature that
the often employed three-parameter logistic model poses
implausible assumptions regarding the guessing process.
The four-parameter guessing model has been proposed
as an alternative to circumvent these conceptual issues.
In this article, the four-parameter guessing model is
compared with alternative item response models for
handling guessing effects through a simulation study and
an empirical example. It turned out that model selection
for item response models should be rather based on the
AIC than the BIC. However, the RMSD item fit statistic
used with typical cutoff values was found to be ineffective
in detecting misspecified item response models. Fur-
thermore, sufficiently large sample sizes are required for
sufficiently precise item parameter estimation. Moreover,
it is argued that the criterion of statistical model fit
should not be the sole criterion of model choice. The item
response model used in operational practice should be
valid with respect to the meaning of the ability variable
and the underlying model assumptions. In this sense,
the four-parameter guessing model could be the model of
choice in educational large-scale assessment studies.

Keywords item response model; four-parameter
guessing model; guessing effects; multiple-choice items

1 Introduction

Item response theory models [13] [74] [73] are central to
analyzing dichotomous random variables used to model
testing data from educational or psychological applica-
tions. This class of statistical model can be regarded as
a factor-analytic multivariate technique to summarize a
high-dimensional contingency table by a few latent factor
variables of interest. Of particular relevance is the appli-
cation of item response models in educational large-scale
assessment [65], like the studies programme for interna-
tional student assessment (PISA; [55]) or progress in in-
ternational reading literacy study (PIRLS; [28§]).

Educational tests often use multiple-choice items [35]
[34] to assess the ability of test takers in a well-defined do-
main of interest. In multiple-choice items, test takers have
to choose the correct response alternative from a set of re-
sponse alternatives (e.g., one out of four response alterna-
tives is the correct solution to the item). If test takers do
not know the correct answer, they can obviously guess the
correct alternative. In the case of random guessing, the
probability of providing the correct answer by a random
guess is 0.25 for a multiple-choice item with four response
alternatives.

Typically, the occurrence of random guessing should be
taken into account in statistical modeling [36, [44] (see
also [Bl [6l B9]). The three-parameter logistic item re-
sponse model [49] is frequently used for handling guess-
ing effects in multiple-choice items [28]. However, this
model has been criticized because of implausible assump-
tions because it does not correctly reflect the process of
random guessing [2 [76]. An alternative, more plausi-
ble item response model has been proposed that circum-
vents the drawbacks of the three-parameter logistic model.
The four-parameter guessing model [2, 3] can potentially
model the guessing process adequately. However, neither
a simulation study nor an empirical application exists that
compares the four-parameter guessing model with com-
petitive item response models. This article fills the gaps
in the literature.

The rest of the article is structured as follows. An
overview of different item response models for handling
guessing effects is given in Section[2} In Section[3] the sta-
tistical properties of the four-parameter guessing model in
a simulation study. The four-parameter guessing model is
compared with alternative item response models for han-
dling guessing effects in an educational large-scale assess-
ment study application in Section [4 Finally, the paper
closes with a discussion in Section

2 Item Response Models

In this section, we present an overview of different item
response models that are used for analyzing educational
testing data to obtain a unidimensional summary score
[83]. In the rest of the article, we restrict ourselves to the
treatment of dichotomous items.

Let X = (Xy,...,X) be the vector of I dichotomous
random variables X; € {0,1} (also referred to as items). A
unidimensional item response model [13, 83] is a statistical
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model for the probability distribution P(X =
{0,1}, where

x) for x €

X—x,v)

/ H P ;7)™ (1= Pi(0;7:))' ™| 6(60) o, .

where ¢ is the density of the standard normal distribu-
tion. The vector v = (y1,...,7r) contains all estimated
item parameters of item response functions P;(0;~;) =
P(X;6).

In Equation , the latent variable 6 can be interpreted
as a unidimensional summary of the test items X. The
distribution of 8 is modeled as a standard normal dis-
tribution with density function ¢, although this assump-
tion can be weakened [19, [69, [80L 8T]. The item response
functions (IRF) P;(0; ;) model the relationship of the di-
chotomous item with the latent variable . Moreover, the
multivariate dependency in X is entirely captured by the
unidimensional variable §. This means that in (1), item
responses X; are conditionally independent on 6; that is,
after controlling the latent ability 6, pairs of items X; and
X; are conditionally uncorrelated. This property is also
known as the local dependence assumption that can be
statistically tested [82] 83].

The item parameters «; of the item response functions
in Equation (1) can be estimated by (marginal) maximum
likelihood (ML) using an expectation-maximization algo-
rithm [12] [l 59]. The corresponding likelihood function
to the multivariate distribution defined in (1) can also be
applied to test designs where each test taker only receives
a subset of items [29, [77]. In this case, non-administered
items are skipped in the computation of the likelihood
function.

In the remainder of this section, different item response
models (i.e., specifications of the item response func-
tions P;) are discussed that can handle guessing effects
in testing data.

2.1 Two-Parameter Model (2PL)

The two-parameter logistic (2PL) model [II]
parametrized the item response function FP;(0) =
P(X; = 1|0) as a function of item discrimination a; and
item intercept b;:

where ¥(z) = [1 + exp(—x)]~! denotes the logistic link
function. The Rasch model can be considered a special
case of the 2PL model (see [68, 24]) that constrains
all item discriminations a; to be equal to a common dis-
crimination parameter a. The 2PL model does not handle
guessing effects and its item response function has a lower
asymptote of 0 and an upper asymptote of 1.

2.2 Three-Parameter Model (3PL)

The three-parameter logistic (3PL) model [49] intro-
duces an additional pseudo-guessing parameter ¢; in the
2PL model that models a lower asymptote different
from 0:

Pi(0) =ci+ (1 —c;)¥(aifl — b;). (3)
Guessing effects are intended to be captured by the
pseudo-guessing parameter c;. In particular, the 3PL
model is used for multiple-choice items in educational
and psychological assessment data. Large sample sizes
or noninformative prior distributions are required for sta-
ble estimation of the 3PL model [83,[0]. Variants of the
3PL model that constrain parameters have also been
proposed to address estimation issues [23] 43 50]. Some
researchers question the identifiability of the 3PL model
[67, [78], while others argue that the 3PL model can be
identified by relying on a normal distribution assumption
of the latent trait 6 [73].

2.3 Four-Parameter Model (4PL)

In educational and psychological testing data, it might
be possible that incorrect item responses would result even
if the test taker had sufficient ability to solve the item
correctly. Such a situation can be described by the oc-
currence of slipping effects. The four-parameter logistic
(4PL) item response model [48] is a generalization of 3PL
model that also includes an additional parameter d; that
accommodates slipping effects. The item response func-
tion is given by

Contrary to the 1PL, 2PL, or 3PL model, the 4PL
model is not yet widely applied in the operational practice
of educational studies. However, there are case studies in
which the 4PL model is applied to educational testing
data [7] 22], 61].

Like the 3PL, the 4PL model also might suffer from
empirical nonidentifiability [4, 17, 48, [5I]. This is why
prior distributions for guessing (3PL and 4PL) and slip-
ping (4PL) parameters prove helpful for stabilizing model
estimation. Alternatively, regularized estimation using a
ridge-type penalty function for all pairwise differences of
pseudo-guessing and slipping parameters can ensure fea-
sible model estimation [§].

2.4 Four-Parameter Model

(4PGL)

It has been pointed out that the 3PL model is not a
plausible statistical model for handling guessing effects
in testing data. The reason is that it presupposes that
all test takers who guess the item get the item correct
with a probability of one [2, 3, 76]. This implausible ob-
servation motivated Aitkin and Aitkin [2] to propose the
four-parameter guessing (4PGL) model:

Guessing

Pl(e) = g;T; + (1 — gi)\IJ(aiG — b,) . (5)

The item parameter g; is the probability of guessers; that
is, the proportion of test takers that guess item 4. The
parameter 7; quantifies the probability of a correct guess
of item 7 of test takers that are in the class of guessers for
this item. Hence, the total probability g;m; is the marginal
probability of test takers that have a correct item response
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by a random guess. It is advised to fix the guessing prob-
ability m; to a plausible fixed value [2]. For a multiple-
choice item with K; response alternatives, it is plausible
to fix the guessing probability m; to 1/K;.

2.5 Reparametrized Four-Parameter

Model (R4PL)

Obviously, the 4PL and the 4PGL model include
four item parameters. Interestingly, one can define
a reparametrized four-parameter logistic (R4PL) model
that reparametrizes the 4PL model @) into a parameteri-
zation of the 4PGL model . The only difference is that
guessing probabilities m; are estimated from the data. The
reparametrized item parameters are given by

= ¢ +d;and m = —— (6)
g’L_C’L lan WZ_Cl+dl
In applications (in particular with smaller sample sizes),
it might be advantageous to estimate the 4PL instead of
the R4PL model. The computation of 7; in @ might be
unstable if both pseudo-guessing ¢; and slipping d; param-
eters are close to zero.

2.6 Three-Parameter Model with Resid-
ual Heterogeneity (3PLRH)

As an alternative to the 2PL model, item response
functions with skew link functions have been proposed
[10,[32, 61,68, [84]. The three-parameter model with resid-
ual heterogeneity (3PLRH) extends to the 2PL model by
including an asymmetry parameter ¢; [53, 52] in the item
response function:

_ 1
1 + exp (f\/m(aié) - bl)) '

The 3PLRH model has been successfully applied to LSA
data and often resulted in superior model fit compared to
the 2PL or 3PL model [14], 47, 61]. Importantly, it has
been argued that the 3PLRH model would also be able to
handle guessing effects [15], [45].

Pi(0) (7)

3 Simulation Study

In this simulation study, we investigate the performance
of the 4PGL model. Item response data is simulated by
the 4PGL model. We compare the estimated item param-
eters of the 4PGL model with alternative item response
models described in Section 2 and contrast the results in
terms of parameter recovery and item fit.

3.1 Method

The simulated datasets consisted of 30 items. The first
15 items C1 to C15 were constructed response items. The
data-generating model for the constructed response items
was the 2PL model because no guessing effects can be ex-
pected for this item format. The remaining 15 items M1
to M15 were multiple-choice items that were simulated
according to the 4PGL model. The guessing probability
7; was assumed to be constant with a fixed value of 0.25.

This situation corresponds to a multiple-choice test with
four item alternatives. The data-generating item param-
eters are presented in Table

Table 1. Simulation study: Data-generating item parameters in
the 4PGL model

Item a; b; gi
Co1 1.3 —2.1 —
Co02 2.3 —1.7 —
C03 1.3 —1.2 —
C04 1.7 —0.9 —
C05 2.0 —-0.8 —
C06 2.1 —-0.7 —
cor7 1.9 —0.5 —
C08 1.3 —0.3 —
C09 09 —0.2 —
C10 1.7 —0.1 —
C11 1.4 0.1 —
C12 1.7 0.3 —
C13 1.1 0.6 —

Cl14 1.1 0.7 —
C15 1.6 0.9 —

MO1 1.0 —0.6 0.20
MO2 2.1 —-1.6 0.10
MO03 2.1 —-3.0 0.20
Mo04 1.5 —2.0 0.15
MO5 2.1 —1.0 0.20
MO6 1.3 0.2 0.30
MO7 0.9 —04 0.05
MO8 1.3 —0.7 0.10
M09 1.3 —0.7 0.20
M10 1.2 —-0.6 0.05
M11 1.4 —-0.4 0.10
M12 1.3 —0.4 0.30
M13 1.5 —2.1 0.15
M14 1.3 —-0.2 0.30
M15 14 0.2 0.20
Note. a; = item discrimination; b; = item intercept; g; = prob-

ability of guessers. The items CO1 to C15 are CR items and follow
the 2PL model. The items MO01 to M15 are MC items follow the
4PGL model and have a constant guessing probability m; of 0.25.

We varied the sample sizes of the item response datasets
as N = 1000, 2000, 5000, and 10000 to reflect different but
typical situations in educational test data applications.
We did not consider smaller sample sizes because a less
stable estimation would be expected. In this case, we
refrained in this simulation study from applying Bayesian
or regularization methods in low sample size situations.

After simulating a dataset according to the 4PGL
model, the dataset was analyzed with the five item re-
sponse models 2PL, 3PL, R4PL, 4PGL, and 3PLRH. For
constructed response items, item response functions of the
2PL were specified. The five more complex item response
models were only utilized for multiple-choice items. Note
that the analysis of the item responses involved all 30
items.

Parameter recovery was assessed by bias and root mean
square error (RMSE). Because item parameters of all 30
items were of interest, we computed the average absolute
bias and the average RMSE of item parameter groups (i.e.,
the average absolute bias of g; parameters of all multiple-
choice items).

The model fit assessment was assessed by the root inte-
grated squared error (RISE) between the estimated item
response function Pz(é?,*/z) and the true item response
function P, yye(f) that was used to simulate item re-
sponses [25] [70]. The estimated item response function
depends on estimated item parameters 4;. The functions
are evaluated on an equidistant discrete grid of # points
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01,...,07. The RISE statistic is given by

T
RISEZ == Z (pz(et,ﬁz) - ]Di,true(et))2 Wy , (8)
t=1

where w; = C¢(6,;) are the weights of the discretized stan-
dard normal distribution [20], and C is a scaling constant
to ensure Zthl wy = 1.

In real data, the true item response function P; e is
typically unknown. Hence, the adequacy of the functional
form of the item response function can be assessed by
means of item fit statistics [2I]. The root mean square
deviation (RMSD; [11 [62] [71]) statistic assesses the dif-
ference between an observed item response function P; obs
and the model-implied item response function 151(0; i):

RMSD, = \| 37 (Puawn(8) ~ £i0:%)) i (9)

t=1

where P; ops(f) is reconstructed from individual posterior
distributions P(0;|x,;%) and x, denotes the vector of
item responses of person n [42], 62].

In practice, a researcher does not know which item re-
sponse model has generated the data. Hence, model se-
lection based on information criteria is frequently applied
[40, 54, 55, 61, [79). We assessed the percentage rates of
correctly choosing the data-generating 4PGL model em-
ploying the Akaike information criterion (AIC) and the
Bayesian information criterion (BIC).

The entire simulation study was carried out in the sta-
tistical software R [56]. The item response models were
specified using the xxirt () function in the R package sirt
[63]. In each of the four cells of the simulation (i.e., the
four factor levels of the sample size N), 1500 replications
were conducted.

3.2 Results

We now present the findings of choosing the correct
data-generating 4PGL model utilizing information criteria
AIC and BIC. The model selection based on AIC was
satisfactory with accuracy rates 96.8% (N = 1000), 99.7%
(N = 2000), and 100.0% (N = 5000 and N = 10000). In
contrast, model selection based on BIC showed issues in
correctly choosing the 4PGL model for lower sample sizes
(4.4% for N = 1000 and 52.8% for N = 2000), while it had
accuracy rates of 100.0% for large sample sizes N = 5000
and N = 10000. In situations where the 4PGL model was
not selected, the simpler 2PL model was chosen.

The average absolute bias (ABias) and average RMSE
of estimated item parameters in the 4PGL and R4PL
models for constructed response and multiple-choice items
are shown in Table[2] Note again that the 2PL model was
specified for constructed response items. The average ab-
solute bias of item discriminations a; and item intercepts
b; was quite satisfactory for constructed response items.
However, more interesting findings appeared for multiple-
choice items. ABias turned out to be substantially large
with moderate sample sizes of N = 1000, in particular for
item discriminations in the R4PL model. However, for

(very) large sample sizes of N = 10000, the true 4PGL
model and the overparametrized R4PL model provided
unbiased estimates. Note that the ABias and RMSE de-
creased with increasing sample sizes.

Critically, the RMSE of estimated guessing probabilities
m; was very large in the 4PGL model. Most likely, the
issues can be traced back to boundary estimates of the
probability of guessers g;. The situation changes when one
assesses bias and RMSE for pseudo-guessing parameters
¢; and slipping parameters d; in the 4PL model, which can
be accurately estimated in sufficiently large sample sizes.

Overall, the simulation study demonstrated that the
4PGL model could be successfully applied for typical ed-
ucational testing data applications. We would also like
to emphasize that the 3PL model practically estimates
pseudo-guessing parameters ¢; as zero and is, therefore,
inadequate in situations in which the 4PGL model is the
data-generating model.

We now turn to the assessment of model fit. Because
the five different item response models involved different
item parameters, the RISE statistic is an effective sum-
mary of the discrepancy between estimated and true item
response functions. The item statistics RISE and RMSD
are shown in Table Overall, RISE was always larger
than RMSD. The reason is that the RMSD statistic re-
places the unknown true item response function P; e by
the observed item response function P;.ns. The RISE,
as well as the RMSD statistic, decreased with increasing
sample sizes.

For constructed response items, there was no practi-
cal difference in terms of model fit. This observation
seems plausible because the constructed response items
were correctly specified according to the data-generating
2PL model. Hence, the misfit in multiple-choice items
does not impact the fit in constructed response items.

For multiple-choice items, the data-generating 4PGL
model fitted best in terms of RISE and RMSD statistics.
The R4PL model includes the true 4PGL model as a spe-
cial case but introduces additional variability in terms of
RISE due to one additional estimated item parameter per
item. Notably, the misspecified SPLRH model outper-
formed the misspecified 2PL and 3PL models for multiple-
choice items in terms of RISE and RMSD. Although there
is a clear item misfit regarding the functional form, the
RMSD values of the 2PL and the 3PL model were still
relatively small compared to usually employed cutoff val-
ues of 0.05 or 0.08 [62]. Hence, using the 2PL model
as the analysis model would not be considered a signifi-
cant model deviation in applied research. Therefore, the
true data-generating 4PGL model would not be detected
if only the 2PL or 3PL models had been fitted and RMSD
statistics were computed.

To summarize our findings, the adequacy of fitted item
response models should be compared based on the average
RMSD value or some other aggregated RMSD value statis-
tic, and the best-fitting model should be chosen based on
the aggregated statistic.
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Table 2. Simulation study: Average absolute bias (ABias) and root mean square error (RMSE) of estimated item parameters in the 4PGL
and R4PL models as a function of sample size N

ABias RMSE
N N
Type Parm Model 1000 2000 5000 10000 1000 2000 5000 10000
CR ) 4PGL  0.011 0.004 0.002 0.001 0.133 0.093 0.059 0.041
CR @ R4PL  0.016 0.007 0.003 0.001 0.134 0.094 0.059 0.041
CR b, 4PGL  0.006 0.002 0.002 0.001 0.101 0.070 0.045 0.032
CR ¢ R4PL  0.005 0.002 0.002 0.001 0.101 0.070 0.045 0.032
MC ] 4PGL  0.069 0.028 0.008 0.004 0.395 0.275 0.173 0.120
MC i R4PL  0.262 0.141 0.060 0.027 0.637 0.413 0.249 0.172
MC b, 4PGL  0.050 0.019 0.007 0.004 0.361 0.255 0.161 0.113
MC ¢ R4PL 0.062 0.026 0.011 0.004 0.429 0.285 0.175 0.121
MC 4PGL  0.017 0.014 0.007 0.004 0.092 0.073 0.049 0.035

MC gi R4PL  0.034 0.027 0.015 0.011 0.133 0.109 0.079 0.061
MC s R4PL  0.035 0.028 0.026 0.028 0.245 0.216 0.178 0.151

Note. Type = item type; Parm = item parameter; CR = constructed response item; MC = multiple-choice item

Table 3. Simulation study: Root integrated square error (RISE) and root mean square deviation (RMSD) statistics as a function of
sample size N

RISE RMSD
N N
Model 1000 2000 5000 10000 1000 2000 5000 10000

Constructed response items
2PL 0.019 0.014 0.009 0.007 0.014 0.010 0.007 0.005
3PL 0.019 0.014 0.009 0.007 0.014 0.010 0.007 0.005
4PGL 0.019 0.013 0.008 0.006 0.014 0.010 0.006 0.004
R4PL 0.019 0.013 0.008 0.006 0.014 0.010 0.006 0.004
3PLRH 0.019 0.013 0.009 0.006 0.014 0.010 0.006 0.004

Multiple-choice items
2PL 0.033 0.029 0.027 0.026 0.022 0.019 0.016 0.014
3PL 0.034 0.030 0.027 0.026 0.022 0.018 0.015 0.014
4PGL 0.024 0.018 0.011 0.008 0.015 0.010 0.006 0.005
R4PL 0.028 0.020 0.013 0.009 0.013 0.009 0.005 0.004
3PLRH 0.029 0.024 0.019 0.017 0.017 0.013 0.010 0.008
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4 Empirical Example: PIRLS

2016 Reading

In this empirical example, we use a dataset from the
PIRLS 2016 reading study [28].

4.1 Method

We selected 41 countries with moderate to high perfor-
mance in the PIRLS reading study. The chosen countries
are listed in Appendix [A] A random sample of 1000 stu-
dents per country was drawn for each of the 41 countries.
In this example, the pooled sample comprising all 41000
students was used. We did not focus on country compar-
isons because our motivation was to investigate the per-
formance of different item response models (but see [61]).
No student weights were used in the analysis models for
the pooled item response dataset.

In total, 141 items were used in the PIRLS 2016 read-
ing study. There were 70 multiple-choice items and 71
constructed response items. Note that only a small sub-
set of items (e.g., 20 to 30 items) was administered to
each student because of limited testing time. Omitted
and not reached item responses were scored as incor-
rect. Some constructed response items were polytomously
scored. These items were dichotomously recoded as cor-
rect if the maximum score of the original polytomous item
was attained.

We analyzed the pooled item response dataset with five
analysis models 2PL, 3PL, 4PGL, 4PL, and 3PLRH. We
also computed the resulting reparametrized item param-
eters of the R4PL model based on the 4PL model estima-
tion. The item fit was assessed using the RMSD statis-
tic. In addition, we used the information criteria AIC
and BIC as criteria for model selection. Moreover, we
used the Gilula-Haberman penalty (GHP; [31), 33| [75]) as
a normalized variant of the AIC statistic that is relatively
independent of the sample size and the number of items.
The GHP is defined as GHP = AIC/(2 Z;Ll I,), where
I, is the number of estimated model parameters for per-
son p. The GHP can be seen as a normalized variant of
the AIC. A difference in GHP values (i.e., AGHP) larger
than 0.001 is a notable difference regarding global model

fit [30, 60}, 61, 75).

4.2 Results

We now present the results for the PIRLS 2016 reading
dataset.
Table 4. PIRLS 2016 reading: Model comparison of different scal-

ing models based on Akaike information criterion (AIC), Bayesian
information criterion (BIC) and Gilula-Haberman penalty (GHP)

Model #pars AIC BIC GHP AGHP
2PL 282 1001341 1003773 0.5229 0.0006
3PL 339 1000569 1003492  0.5225 0.0001
4PGL 317 1001171 1003904 0.5228 0.0005
R4PL 407 1000287 1003796  0.5223 0.0000
3PLRH 352 1000780 1003815 0.5226 0.0003

Note. #pars = number of estimated parameters; AGHP = differ-
ence in GHP value with corresponding GHP value of the best-fitting
model. The best-fitting models are printed in bold font.

Table [] contains information criteria AIC and BIC and
results for the GHP statistic. It can be seen that the

4PL model (which is statistically equivalent to the R4PL
model) had the best fit in terms of AIC. However, the
3PL model would be preferred in terms of BIC. Note that
model comparisons in terms of differences of the GHP (i.e.,
AGHP) turned out to be very small or even negligible
according to discussed cutoff values from the literature.

Table 5. PIRLS 2016 reading: Mean (M) and standard devia-
tion (SD) of RMSD item fit statistics in different scaling models

Model CR MC

M SD M SD

2PL 0.015 0.008 0.014 0.007

3PL 0.014 0.008 0.007 0.005

4PGL 0.015 0.009 0.012 0.007

R4PL 0.014 0.008 0.005 0.003

3PLRH 0.014 0.008 0.009 0.005

Note. CR = constructed response item; MC = multiple-choice item.

Average RMSD item fit statistics are displayed in Ta-
ble ] The RMSD values were very similar for con-
structed response items. For multiple-choice items, the
R4PL model had the best fit, followed by the 3PL and the
3PLRH model. Notably, the 4PGL model fitted worse in
terms of RMSD values. At least, the 4PGL model outper-
formed the 2PL model based on average RMSD values.

The item response functions of the 2PL model were uti-
lized for constructed response items for all five analysis
models. It turned out that the correlations of item pa-
rameters a; and b; for constructed response items were
practically equal to 1 (i.e., larger than 0.999).

For multiple-choice items, substantial differences oc-
curred. Out of the 70 multiple-choice items, 43 items had
an estimate of zero of g; in the 4PGL model, 13 items had
a zero estimate of ¢; in the 3PL model, 8 items had a zero
estimate of ¢; in the 4PL model, and 18 items had a zero
estimate of d; in the 4PL model. In Figure [T} the prob-
ability of guessers parameters g; are displayed. It can be
seen that only three items have larger probabilities than
0.20.
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Figure 1. PIRLS 2016 reading: Histogram of proportion of guessers
parameters g; in the 4PGL model

The guessing and slipping parameters in the 4PL model
are presented in Figure[2] It can be seen that the pseudo-
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Figure 2. PIRLS 2016 reading: Histogram of pseudo-guessing parameters ¢; (left panel) and slipping parameters d; (right panel) in the
4PL model

Table 6. PIRLS 2016 reading: Means (diagonal entries) and correlations (non-diagonal entries) of estimated item parameters of multiple-
choice items in different scaling models

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
1: a; 2PL 1.32 0.90 0.99 0.78 0.91 —-0.69 —-0.68 —0.67 —0.61 —0.61 —-0.15 —0.03 —0.09 —-0.31 —-0.29 0.26 —-0.43
2: a; 3PL 0.90 1.57 0.88 0.85 0.74 —-0.49 —-041 -—-0.45 -0.33 —0.38 —0.51 0.29 0.19 —-0.39 —0.04 0.43 —-0.42
3: a; 3PLRH 0.99 0.88 0.92 0.77 0.94 -0.70 -0.71 -0.69 -0.65 —-0.64 —-0.07 —0.11 -0.17 —-0.26 —0.35 0.18 —0.40
4: a; 4PL 0.78 0.85 077 1.92 0.78 -0.38 —-0.33 —-0.35 —-0.33 —-0.36 —0.30 0.18 0.22 —0.02 0.20 0.23 0.00
5: a; 4PGL 0.91 0.74 094 078 1.43 -0.70 -0.74 —-0.71 -0.74 —-0.72 0.17 —-0.25 —0.26 —0.01 —0.33 —0.03 —0.20
6: b; 2PL -0.69 -0.49 -0.70 -0.38 —-0.70 —1.00 0.97 1.00 0.94 0.97 —-0.27 0.05 0.09 0.33 0.35 —0.05 0.53
7: b; 3PL —-0.68 —-0.41 -0.71 -0.33 —-0.74 0.97 —0.74 0.98 0.98 0.97 —-0.42 0.26 0.27 0.21 0.46 0.08 0.45
8: b; 3PLRH -0.67 —-0.45 -0.69 —-0.35 —-0.71 1.00 0.98 —0.68 0.96 0.98 -0.33 0.11 0.14 0.29 0.37 0.00 0.50
9: b; 4PL —-0.61 —-0.33 —-0.65 —0.33 —0.74 0.94 0.98 0.96 —0.89 0.98 -0.54 032 033 0.10 045 0.20 0.34
10: b; 4PGL —-0.61 —-0.38 —0.64 —0.36 —0.72 0.97 0.97 0.98 0.98 —1.13 —0.44 0.18 0.20 0.17 0.38 0.12 0.40
11: §; 3PLRH —-0.15 -0.51 —-0.07 —-0.30 0.17 —0.27 —0.42 —-0.33 —0.54 —0.44 —0.23 —0.76 —0.68 0.38 —0.48 —0.73 0.20
12: ¢; 3PL —0.03 0.29 —0.11 0.18 —0.25 0.05 0.26 0.11 0.32 0.18 —-0.76 0.12 0.92 —-0.41 0.68 0.64 —0.23
13: ¢; 4PL -0.09 0.19 -0.17 0.22 —-0.26 0.09 0.27 0.14 033 0.20 —-0.68 0.92 0.15 —-0.21 0.86 0.65 0.00
14: g; 4PGL —-0.31 —-0.39 —-0.26 —0.02 —0.01 0.33 0.21 0.29 0.10 0.17 0.38 —0.41 —-0.21 0.08 0.27 —0.50 0.89
15: g; R4PL —-0.29 —-0.04 —-0.35 0.20 —-0.33 0.35 0.46 0.37 045 038 —-0.48 068 0.86 0.27 0.20 0.37 0.50
16: m; R4PL 0.26 043 0.18 0.23 -0.03 —-0.05 0.08 0.00 0.20 0.12 -0.73 0.64 0.65 —0.50 0.37 0.72 —0.39
17: d; 4PL —0.43 —-0.42 —-0.40 0.00 —0.20 0.53 045 0.50 0.34 040 0.20 —-0.23 0.00 0.89 0.50 —0.39 0.04

Note. Absolute correlations larger than 0.80 are printed in bold font with gray background color. Absolute correlations between 0.50 and

0.80 are printed in non-bold font and gray background color.

guessing parameters ¢; scatter around 0.20 and often
range between 0.10 and 0.30, while the slipping param-
eters d; typically did not exceed 0.10.

The correlations and means of estimated item param-
eters for multiple-choice items are displayed in Table [6]
The correlations between item intercepts b; were high,
but significant deviations between different scaling mod-
els were observed for item discriminations a;. Further-
more, the pseudo-guessing parameters of the 3PL and the
4PL model were highly correlated. However, the pseudo-
guessing parameter ¢; of the 3PL model correlated only
moderately with the probability of guessers g¢; from the
4PGL model. Interestingly, the g; parameters from the
4PGL had high correlations with the slipping parameter
d; in the 4PL model. These findings underline that quan-
tifications about guessing behavior in testing datasets de-
pends on the chosen item parameter and the item response
model.

5 Discussion

In this article, the 4PGL model was compared with
alternative item response models for handling guessing

effects in educational testing data. It has been shown
through a simulation study that item parameters of the
4PGL model can be successfully recovered. It turned out
that in model selection, AIC should be preferred over
BIC. Moreover, the findings from the simulation study
also demonstrate that the RMSD item fit statistic is inef-
fective in detecting model misfit. The much simpler 2PL
model would be preferred over the correctly specified data-
generating 4PGL model.

In the empirical example that involves PIRLS 2016
reading data, the 4PL model was the frontrunner in terms
of AIC and RMSD criteria, followed by the 3PL model.
The 4PGL model was obviously inferior to the 3PL and
4PL models and only slightly inferior to the 2PL model.
However, we have argued elsewhere that the criterion of
statistical model fit should not be used for selecting a
model for operational use in an educational large-scale as-
sessment study [61,[64]. Different choices of item response
models imply a different weighing of items in the unidi-
mensional ability variable 6 utilized for official reporting
in the above-mentioned educational studies [18]. In this
sense, statistics (or psychometrics) should not change the
quantity of interest [16, [72]. The fitted item response
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models in empirical applications are typically intention-
ally misspecified, and consequences of the misspecification
for standard errors of model parameters and reliability of
the ability variable 6 have to be considered [64].

In the simulation study and the empirical example, we
only considered large sample sizes. In the case of smaller
sample sizes, estimation issues of the 4PGL model will
likely occur. Regularized estimation could prove helpful
in avoiding estimating issues [8, 9].

Finally, we assumed that guessing effects are modeled
item-specific but were assumed to be constant across test
takers. This assumption can likely be violated in practice.
In particular, guessing can be related to the ability vari-
able which is modeled in ability-based guessing models
[66, [38]. Moreover, guessing (and slipping) effects might
also be a statistical property of test takers. Hence, guess-
ing (and slipping) parameters can be modeled as person-
specific random variables [27], 37, [57]. However, the sta-
tistical model can also include random variables for test
takers to characterize misfitting test takers [26] [46].

A Selected Countries in Empirical
Example PIRLS 2016 Reading

The following 41 countries were used in the PIRLS 2016
reading example in Section 4: ARE (United Arab Emi-
rates), AUS (Australia), AUT (Austria), AZE (Azerbai-
jan), BFR (Belgium, French Part), BGR (Bulgaria), CAN
(Canada), CZE (Czech Republic), DEU (Germany), DNK
(Denmark), ENG (England), ESP (Spain), FIN (Finland),
FRA (France), GEO (Georgia), HKG (Hong Kong, SAR),
HUN (Hungary), IRL (Ireland), IRN (Iran), ISR (Israel),
ITA (Italy), LTU (Lithuania), MAR (Morocco), MLT
(Malta), NIR (Northern Ireland), NLD (Netherlands),
NOR (Norway), NZL (New Zealand), OMN (Oman), POL
(Poland), PRT (Portugal), QAT (Qatar), RUS (Russian
Federation), SAU (Saudi Arabia), SGP (Singapore), SVK
(Slovak Republic), SVN (Slovenia), SWE (Sweden), TTO
(Trinidad and Tobago), TWN (Chinese Taipei), USA
(United States of America).
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