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Abstract: How can we validate a given Multiple-Criteria Decision-Making (MCDM) approach and compare it
to other MCDM methods? This question is not addressed in MCDM literature. This paper presents a novel out-
of-sample approach using in-sample (e.g., 70%) data to assess the parameters of a given MCDM model and
validate the model using out-of-sample (e.g., 30%) data. MCDM models are ranked based on their accuracies
of predicting the out-of-sample data using several randomly selected replicas. We develop a new class of
MCDM models based on Geometric Dispersion Theory (GDT) that was recently developed for decision-making
under risk. MCDM-GDT is based on a convex combination of maximizing an additive utility function (an
arithmetic function) and a multiplicative utility function (a geometric function); this MCDM-GDT function is
non-additive and non-linear in criteria and in weights of importance of criteria. A special case of MCDM-GDT
is a highly effective concave utility function using k+1 parameters where k is the no. of criteria. We apply
MCDM approach for selection of the best wind farm location in Saudi Arabia using 30 expert decision makers
(DMs). Then we provide a detailed comparison of several well-known MCDM methods and MCDM-GDT
using the out-of-sample approach. The results indicate that most of MCDM methods, except MCDM-GDT,
have poor predictive performances. We also develop a new model for group decision-making using a new
nonlinear aggregation of the ratings of DMs based on MCDM-GDT; we show that this model has advantages
to using the commonly used weighted average rating of DMs.

Keywords: out-of-sample validation; geometric dispersion theory; wind farm; MCDM; group
decision-making; multi-MOORA; TOPSIS; VIKOR; generalized goal programming

1. Introduction

Despite all theoretical and methodological developments, the main question of how and why
one should choose one multi-criteria decision-making (MCDM) model (method) over another has
remained a puzzle. Ceballos et al. (2016) provides a comprehensive analysis of comparing the
similarity of MCDM models based on simulated data. In this paper, for the first time, we suggest how
to answer this puzzle by comparing several important MCDM models using real-world data. We
show a novel approach based on using in-sample data (e.g., 70% of data) to assess the parameters of
a given MCDM model and then validate the model using out-of-sample data (e.g., the remaining
30%). Validation of each model is based on the accuracy of predicting the 30% out-of-sample data
which was not used to assess the parameters of the given model. Based on Malakooti (2018, 2024) and
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Malakooti et al., (2021), we propose using out-of-sample approach to compare the effectiveness of
different MCDM methods for predicting DMs rating and ranking of alternatives.

Over the past six decades, MCDM techniques emerged with wide-ranging applications.
Developments of MCDM methods were based on axiomatic and theoretical foundations,
reasonable/appealing methodologies, aesthetics of methods, fuzzy set data, or easiness of assessment
such as using direct ratings or interactive methods. Some notable MCDM methods include the
elimination and choice translating reality (ELECTRE) method by Bernard Roy and his research team
in the early 1970s, classical mut-attribute utility theory approach (e.g. see Keeney and Raiffa, 1993),
and the analytical hierarchy process (AHP), introduced by Thomas Saaty in the 1980s (e.g., see Saaty,
2006, 2008). Additionally, methods like the simple additive weighting (SAW) technique, developed
by Ching-Lai and Kwangsun Yoon (Kahraman et al., 2003), have found applications in various
domains, including water management and financial decision-making. Also, a family of outranking
methods such as PROMETHEE (Preference Ranking Organization Method for Enrichment
Evaluations) has captured a lot of attention; see, Bezadian et al. (2010). Multicriteria optimization
where objectives (criteria) are functions of decision variables adds an additional level of complexity
for solving MCDM problems (see Ehrgott, 2005). Furthermore, interactive MCDM methods were
developed by requiring minimum information from the decision maker (DM) to find the best
(compromise) solution (see Ch. 2 of Malakooti, 2014 for a review of MCDM methods; also see
Zavadskas et al., 2014).

In this paper, we also develop MCDM-GDT method based on Risk-GDT which was recently
developed by (Malakooti 2018, 2024; Malakooti et al.,, 2021). MCDM models such as additive,
multiplicative, concave, mixed concave & convex utility functions, minimizing distance to ideal
points, and maximizing distance to nadir points can be presented as a special case of MCDM-GDT.
Special cases of MCDM-GDT can have one parameter and up to (2k+2) parameters where k is the no.
of criteria. We will show how to find the most parsimonious model (with the least no. of
parameters) that has the best accuracy in out-of-sample experiments for a given application, to
achieve this we experiment with a no. of models attempting to reduce their no. of parameters while
maximizing the accuracy of prediction.

In this paper, we compare various well-known MCDM methods, including the additive multiple
attribute utility functions, the Keeney multiple attribute multiplicative utility function, a variation of
goal programming, the analytic hierarchy process (AHP), the quadratic regression model, variations
of methods discussed in Ceballos et al. (2016), and variations of MCDM-GDT. We will show that a
special case of MCDM-GDT, using k+1 parameters, out-ranks all other MCDM methods with any no.
of parameters.

One significant application of MCDM is in the energy sector for the evaluation and optimization
of wind farm locations. Research in this field has predominantly focused on the strategic placement
or directionality of turbines within designated locations, as explored by Hou (2017), and the
application of integer programming to optimize the placement of each turbine within a grid, thereby
reducing the required number of wind turbines, a topic investigated by Manousakis et al. (2021).
Additionally, other research delves into the broader spectrum of wind farm layout optimization
(Wan et al., 2010; Gonzalez, 2010). Several MCDM methods have been used to evaluate wind farm
location selection, for example see Tsoutsos et al. (2009). Case studies, such as the one conducted for
a wind farm project in China (Lee et al., 2008), have demonstrated the effectiveness of AHP in this
context. Moreover, AHP and its fuzzy variants have been employed in farm allocation decisions in
Malaysia (Hwang et al.,, 2011). Other MCDM methods, such as non-additive interactive and
aggregative decision-making (NAIADE), have also been applied to assess wind energy plants
(Cavallaro and Ciraolo, 2005). This paper presents a comprehensive study focused on identifying and
ranking multiple criteria problems with application to wind farms location selection across 13 regions
in Saudi Arabia, a country with significant potential for renewable energy development. Our study
utilizes data on three criteria: average wind power density, average wind speed, and terrain
suitability for the thirteen regions in Saudi Arabia, obtained from the Saudi Arabian National Center
for Meteorology.
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We apply all MCDM models considered in this paper to this problem of wind farm location
selection in Saudi Arabia using thirty expert DMs. We show how to find the most accurate MCDM
model and apply it to this location problem using ratings of a group of DMs.

We develop two methods for addressing the integration of group DMs (experts) ratings of
different MCDM alternatives: first by using average ratings of all experts, and second by using an
extension of MCDM-GDT that allows for aggregation of experts” assessment such that the effects of
extreme opinionated experts are minimized while their opinions are not eliminated.

To the best of our knowledge, the geometric dispersion theory (GDT) models have been utilized
only for risk analysis (Malakooti, 2018, 2024; Malakooti et al., 2021; Komaki et al., 2019). This study
marks the inaugural application of GDT models to address MCDM problems and its application to
wind farm locations in Saudi Arabia.

The remainder of this paper is structured as follows: Section 2 provides an overview of classical
MCDM methods that will be used in this study. Section 3 presents the new MCDM-GDT method and
its special cases that can be easily assessed. Section 4 layouts the materials and data of the application
to be used in experiments. Section 4 also provides the description of wind farm selection in Saudi
Arabia as an application. Section 5 shows the experiments approach. Section 6 illustrates results of
using 100% of data to predict 100% of data. Section 7 presents result of using 70% of data to predict
the remaining 30% of data. Section 8 discusses the alternative approach for solving the group decision
making problem. Section 8 also discusses how to aggregate ratings from multiple decision-makers
using the newly developed MCDM-GDT. Section 9 is the conclusion. Additionally, we offer a web
supplement? (Altowijri, Malakooti and Wang, 2024) containing datasets, code, programs, notations,
and extensions for this research. Abbreviations are presented at the end of the paper.

2. Review of Applicable MCDM Methods for Comparative Analysis
2.1. Notations of the MCDM Problem

Given a set of alternatives, MCDM is concerned with identifying the best (optimal or most
compromise) alternative or ranking the set of alternatives for a given DM. In this paper, we assume
the set of alternatives is discrete and there are no interactions among alternatives. We also assume
that alternatives are associated with k no. of discrete criteria (also called objectives or attributes). All
criteria are maximized. We will show how to assess the utility function and rank all alternatives.

Suppose that the set of alternatives is presented by S which contains n discrete alternatives where
S=[F?, F§, ..., E?], or F}-" forj=1,2, .., n. Each alternative Fj" is a k-tuple vector of criteria
represented by F° =[f7, f5}, f&}, ... fij] where f% fori=1,2,..., k. Assume all criteria are maximized.
The well-known definition of efficiency is as follows.

An alternative F/ is efficient (non-dominated) if there does not exist an alternative F; such
that £ = £}, f2p = 2} - fip = fi; with at least one strict>fori=1,2, ..., k.

The definition of efficiency (or non-dominancy) can be used to identify inefficient (inferior or
dominated) alternatives. If the purpose is to find the best MCDM alternative, inefficient alternatives
can be discarded (e.g., see Keeney and Raiffa, 1993, and Malakooti, 2014).

To simplify solving the MCDM problem, a common practice is to normalize the values of each
criterion from 0 to 1, where 0 is the worst and 1 is the best value. Each criterion can be normalized as
follows:

First, we find the range of each criterion (objective), f;° fori=1,2,... k.

fimin = Minimum {f;$ forj=1,2, ..., n}

fi?max = Maximum {flj) fOI‘j =1,2,..., n}

To utilize multiplicative forms (and avoid extreme values of avoid 0 and 1), without loss of
generality, we normalize each criterion and present them by f; fori=1, 2, ..., k, such that 0 < f; <1 for

2https://www.dropbox.com/scl/fo/Ih73lcgv16semyt6908c5/ABCs7GMYmFESTYIRODVjSqM?rlkey=9adj2pqgfa
8haol3r6tidyOnud&st=4wqieazk&dI=0


https://doi.org/10.20944/preprints202411.1503.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 20 November 2024 d0i:10.20944/preprints202411.1503.v1

4

alli. To find normalized values, we can use any random constantdsuchthat 0 < 8§ < f; < (1 -6) <
1 for all i. Experimentally, we found that MCDM models are not sensitive to the value of o, thus we
adopt a default value of d = 0.01. Therefore, for any given alternative j, we use:

(fi(])'_fi?min) .
PR S S A sV A + =
fii =7 s (0.98)+0.01 fori=1,2,....k 2.1

Theresultis 0.01 < fij < 0.99 for all i. Therefore, we define Fj as the vector of the normalized values
of Fj" forj=1,2, ..., n.

2.2. Linear Value Utility Function (LV) without Using Criteria Value Functions

Historically, the additive utility functions have been used to rate and/or rank multi-criteria
alternatives; for a review see Jacquet-Lagreze et al., (1982) and Keeney and Raiffa, (1993). The
simplest form of additive utility function is Linear Value utility (LV) as shown in Eq. (2.2) where each
fiis maximized.

LV=wifi+w2fo+ ...+ wkfk (Linear Value utility (LV)) (2.2)

where w1>0, w2>0, ..., wx>0and w1 + w2+ ... + wr=1.

Where wi is the weight of importance of criterion i, for i =1, 2, ..., k. These weights (parameters
of LV) are solicited from the DM to reflect the importance of each criterion. All weights are positive
numbers, and the utility function is maximized.

LV is a convex combination of all fi and wi >0, for all i, assures that LV is increasing in all . LV
is simple to implement because it has only k parameters and has no interactions or dependencies
among criteria (e.g., see Keeney and Raiffa, 1993 and Jacquet-Lagreze et al, 1982). Here, we emphasize
that there could be many different forms of Utility functions, U, but the efficiency principle of MCDM
requires U to be increasing in all fi.

2.3. Additive Utility Function with k Criteria Value Functions (LV-kV)

Additive Utility Function with k Criteria Value Functions (LV-kV), known as additive MAUF,
is the generalized form of LV function by incorporating value functions of criteria, (e.g., see Keeney
and Raiffa, 1993). The utility function, U, is the weighted sum of value functions of criteria as shown
below.

U= wwi(f1) + wava(f2) + ... + wivk(fi) (General LV-kV) (2.3)

where w1 >0, w2>0, ..., wc>0,and w1 + w2 + ... +wr=1.

The value function vi(fi) is an increasing function of fi. U is an increasing function of vi(fi) for all
i ; this is enforced by w1 >0, w2>0, ..., wr >0 While LV is linear, LV-kV is nonlinear because each vi(fi)
can be nonlinear. The convex or concave types of the value functions can capture different preferences
and attitudes of decision-makers (e.g. see, Eintalu, 2019). Each value function can also be S- or
inverted S-shaped or may have more complex shapes (e.g., see Malakooti, 2015). Determining the
shapes of value functions can be challenging and subjective, as it may requires experts’ inputs and/or
data analysis. To simplify the process of assessment of value functions, in this paper, we use a one
parameter power function to present the value function of each criterion as concave, convex, or linear
as shown in Eq. (2.4).

vi(f) = ;"1 power w(y), ai > 0 for all i (2.4)

The value function, vi(fi) is concave when ai < 1, convex when ai > 1, and linear when ai=1.
Now using these functions in Eq. (2.3), we have Eq. (2.5). This function has 2k parameters.

U=wify"t +wafy 2 + .. +wifi ¥ (LVG-kV) (2.5)

where w1>0, w2>0, ..., wc>0and w1+ w2+ ... +wk=1, @i >0 for all ¢

2.4. Additive Utility Function with One Value Function for All Criteria (LV-1V)
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To reduce the no. of parameters for LVc-kV (Eq. 2.5) model, we can use the same value function
for all criteria, where v;(f;) = fiai for all i in Eq. (2.4). Such that a« = a; = a, = - = a;. The
justification of using one value function for all criteria is given in Malakooti (2015). In this paper, we
will test its validity using out-of-sample experiments. For LVc-1V, we have

U=wif® +wafy +... twifid (LVe-1V) (2.6)

where w1>0, w2>0, ..., wk>0and w1+ w2+ ... +wr=1,and a >0
Note that the composite utility function U in Eq. (2.6) is concave when a < 1, convex when «a > 1.

2.5. A Summary of MCDM Models for Comparative Analysis

A summary of well-known important MCDM models is presented in Table 1 and details of these
methods are explained in Appendices. We have also experimented with several other MCDM
methods, including Zeleny’s (1982) aspirational methods for Euclidean norm and different versions
of goal programming; however, in our sample vs. out-of-sample experiments, these methods
performed poorly in predicting DMs’ behavior in rating multi-criteria alternatives. Therefore, here
we only present MCDM methods that are most powerful in out-of-sample predictions.

Table 1. A Summary of Some Important MCDM Models Used in This Paper for Comparative

Analysis.
Notation | Description No. Para. | General Formula
Wi Weights of importance of criteria i k wi>0,w2>0, ..., w>0,w;+w2+ ... +twr=1
where i=1,2, ...,k
fi Normalized value of criteria i for NA _ (55~ fain)

f; 5 (0.98)+0.01

alternative j where £ is actual value A7 imax = Fémin
for criteria i and alternative j where Fj is

a k-tuple vector of all criteria for

alternative j where /=1, 2, ..., n
vi(fi) Power Value function of criteria i 1 vi(fi) = fi“", where a; > 0 for all i
LV Linear Additive Utility function using k LV=wifi+twafot+ ... +wrfi
DM’s ranking and rating of alternatives
AHP-LV | Linear Additive Utility function using k U=wifitw2fo+ ... +wifi

AHP—process to assess weights
(Saaty 1980)

LVg-1V | Simplified Additive Utility using one k+1 U=wif® +wof + ... +wfid
value function, (Malakooti 2015)
LVe-kV | Additive Utility using k different value 2k U=wif +wafy® +..+ wkfkak
functions, (Keeney and Raiffa 1993)

SMU Keeney: Simplified Multiplicative- k+1 1+ KU = Hf=1[1 + Kw;fi]
Utility function where vi(f;)) = fi 0<w; <1, K>-1

MU-kV | Keeney: Multiplicative Utility functions 2k+1 1+ KU = ]‘[i.‘= 1+ Kwifi ]
(Keeney 1974) using k different v(f;) = O<w; <1, K>-1
fi“

MAD- Weighted Mean Absolute Deviation- 2k U=WMAD =Y¥ Wil fi — szl

GP- Goal Programming (MAD-GP); for w; 20 ,0< fig <lforalli

General | f;; default values of 0.99 are used
(Zeleny 1982, Malakooti 2014)

Z-MAD- | Z-Goal Programming 2k+1 U=LV+zg(WMAD)
GP (Malakooti 2014) 1<z<Lwi>0, ¥ w;=1,0< fiz <1 for
all
QU Quadratic Utility function (shown for (10 fork=3| U = a,f? + ayfZ + agf? + bifi + bofs + bafs +
three criteria, k = 3) afif: teafafs tesfifs +d
(Malakooti 2014) To satisfy increasing in f;, require

2a1fi1 + by +cifs +c3f3=20
2a,f5 + by +cifi +cfs 20
2asf3+ b3+ c3fi +cf5, =20

Here we discuss how MCDM methods presented in Table 1 are related to MCDM models used
in Ceballos et al. (2016). In this paper we use a simple linear normalization approach as presented in
Eq. (2.1) while Ceballos et al. (2016) uses several different normalization approaches. Second, we
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consider a few simplified versions additive multiple attribute utility functions (MAUF) Eq. (2.3)
(Keeney and Raiffa, 1993). MU-kV is a special case of multiplicative MAUF (Keeney, 1974). AHP-LV
is related to ratio approach (Brauers and Zavadskas, 2010) which is one of the multi-MOORA (Multi-
Objective Optimization on the basis of a Ratio Analysis) approaches. MAD-GP is related to the
distance to ideal point and goal programming (Zeleny 1982, Tamiz et al. 1998) which are both related
to TOPSIS (Technique for Order of Preference by Similarity to Ideal Solution) and VIKOR (VIse
Kriterijumska Optimizacija kompromisno Resenje, in Serbian, Multiple Criteria Optimization
Compromise Solution). Z-MAD-GP is a hybrid of distance to ideal point and LV (which is inspired
by GDT approach of the next section based on (Malakooti 2014). QU is generalized LV based on
quadratic nonlinear regression. In our experiments, we also used equal weights as it was done in
Ceballos et al. (2016).

3. Multiple Criteria Decision Making-Geometric Dispersion Theory Method

The basic idea of GDT is that it is a hybrid function of arithmetic and geometric models which
is truly nonlinear (neither arithmetic (e.g. additive) nor geometric (e.g. multiplicative) because while
a geometric function can be transferred to an arithmetic function by a logarithmic transformation (i.e.
it becomes an additive function), the GDT hybrid function cannot be transformed to an arithmetic (or
additive) function.

The MCDM-GDT model is based on Risk-GDT developed by Malakooti (2018, 2024) and
Malakooti et al. (2021). Here, we use the notations of Risk-GDT as applied to MCDM-GDT. MCDM-
GDT complies with efficiency (non-dominancy) principle as can be derived from Malakooti (2018,
2024) proofs.

3.1. Concave Basic GDT-1 Model (without Value Functions)

GDT-1 is a nonlinear utility function that generalizes the linear additive utility function (Eq. 2.2).
GDT-1 is a convex combination of additive and multiplicative functions as explained below. It has k
+1 parameters where k is the no. of criteria. See Table 2 for an overview.

Table 2. Summary of Basic MCDM-GDT where v(fi)=fi for all i.

Notation | Description No. of Para. | General Formula

GV Geometric Value function k GV =" X ;2 X . x fi'k
GD Geometric Dispersion function k GD=LV-GV

GDT-1 Concave Geometric Dispersion Theory model k+1 U=LV+zGD=(+2)LV-zGV
XV X-geometric Value function k Xv=1-1,a = )i

XD X-geometric Dispersion function k XD=XV-LV

X-GDT-1 | Convex Geometric Dispersion Theory model k+1 U=LV+zxXD

GDT-2 Basic GDT model (simple) k+2 U=LV+:zGD + zxXD

Geometric value (GV) function is expressed as:
GV =TT ()™ (3.1)

Note that GV is less than or equal to LV (Eq. 2.2). Geometric Deviation (GD) denotes the
deviation of LV and GV. As the deviation among criteria decreases GV approaches LV and GD
approaches zero.

GD=LV-GV= 3, wif; — [Tl (f)™ (3.2)

GD approaches 0 as deviation among criteria diminishes. Specifically, GD=0 for all alternatives
that have equal criterion values, i.e., for f=fin for i=1,2, ...k-1. GDT-1 generalizes the well-known
arithmetic mean and geometric mean functions (Malakooti, 2014, pp. 93-100). In general, U(LV, GD)
has a nonlinear relationship between LV and GD where LV is maximized and GD is minimized. A
special case of U(LV, GD) is linear relationship of LV and GD which results in GDT-1. GDT-1 is
convex combination of LV and GV in which both LV and GV are maximized.

U=LV+:zGD =(1+z)LV-zGV (Concave GDT-1) (3.3)
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where -1<z<0 is a coefficient to be assess by the DM. When z =0, the utility function is additive (linear).
Malakooti (2014, pp. 93-100) originally developed GDT-1 and named it Multiplicative-ZUT. He
provided a direct assessment of the parameters of Eq. (3.3), in this paper we develop the indirect
assessment of GDT-1 using ratings of DMs.

Using results from Malakooti (2018, 2024) and Malakooti et al. (2021), we can show that this
function complies with the efficiency (non-dominancy) definition of MCDM. Furthermore, Malakooti
(2018, 2024) shows that GDT-1, Eq. (3.3), is a concave function of fi for all i. Therefore GDT-1 is a
concave function, which is assumed to be a desirable pattern in decision making.

GDT-1 offers a flexible framework for modeling utility functions that can capture both linear
and nonlinear aspects of decision-makers' preferences by assessing only k+1 parameters. It allows for
the incorporation of the coefficient z, which enables adjustments between additive and multiplicative
functions, making it adaptable to various decision scenarios.

GDT-1 can be interpreted as a hybrid of model of LV and GD (or XD). From MCDN point of
view, this is a new generation of MCDM models with two level hierarchy, in the first level, LV and
GV are maximized, while in the second level fi for all i are maximized. Therefore, GDT-1 can be
considered as the combination of two different utility functions. We can interpret GDT-1 as a hybrid
of model of LV and GD (or XD). From MCDM point of view, this is a new generation of MCDM
models with two level hierarchy, in the first level, LV and GV are maximized, while in the second
level fi for all i are maximized. Therefore, GDT-1 can be considered as the combination of two
different utility functions.

We can simplify GDT-1 as a convex combination of LV and GV; here we must assess k weights
and z, total of k+1 parameters. Keeney (1974, 1973) also provided a use of multiplicative functions;
however, his utility function can be converted to an additive function by a logarithmic
transformation. However, GDT-1 cannot be transferred to an additive function and has substantial
nonlinearity in weights of importance wi for all i. This nonlinearity of GDT-1 provides the flexibility
to solve real-world problems, as shown in this paper and in Malakooti (2018, 2024), Malakooti et al.
(2021), Komaki and Malakooti (2019).

3.2. Basic GDT-2 Model (Without Value Functions)

Now, we define X-geometric value (XV) in Eq. (3.4). XV is greater than or equal to LV, therefore
LV is the lower bound of LV. As deviation among criteria decreases, XV approaches LV. Now, we
can define the X-geometric deviation (XD), (Eq. 3.4) to measure the deviation of XV from LV

XD=XV-LV where XV =1- [[¥,(1 - )W (3.4)

XD approaches 0 as deviation among criteria diminishes.
In terms of properties, XV and XD are convex functions of all f;, and U = LV + zxXD is convex in
all fi. Using LV and XD, we can define Convex GDT-1 as follows.
U=LV+zxXD = (1 —zx)LV +zxXV  (Convex GDT-1) (3.5)

Here we have k+2 parameters: k weights, z, and zx.

U=LV+2zGD +zxXD = (1 + z—zx)LV — zGV + zxXV  (Basic GDT-2) (3.6)

where-1<z<0,0<zx<1,zx—-z<1.

When z =zx =0, GDT-2 reduces to LV. The nonlinearity of GDT-2 provides substantial flexibility
to solve real-world problems (Komaki and Malakooti, 2019). As shown in Malakooti (2018, 2024),
Malakooti et al. (2021), in Eq. (3.6), (1 + z — zx)LV is linear, (- zGV) is concave, and (+ zxXV) is
convex, therefore, this function is mixed concave and convex.

Because GDT-1 is concave, then Basic-GDT-2 is a mixed concave and convex function in fi. The
GDT-2 model considers dispersion in criteria, which can be relevant in scenarios where criteria
exhibit variations or uncertainty. It provides flexibility through the introduction of dispersion
parameters, allowing decision-makers to control the level of dispersion in the utility function. GDT-
2 offers a balance between linear and nonlinear components, making it adaptable to various decision-
making contexts.
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3.3. GDT-1 with k Different Value Functions

We can generalize GDT-1 by using value functions of criteria, vi(fi) instead of fi for all i. LVe-kV
is GDT-1 with k value functions is a nonlinear utility function having 2k + 1 parameter where k is the
no. of criteria. The composite utility of all GDT models is calculated by Eq. (3.3). Here we generalize
the Basic GDT model presented in Table 2.

For GDT-1 using concave value functions with each criterion (i.e. k value functions) (GDT-1-kV),
we use LVe-kV (Eq. 2.5) and the geometric value (GVc¢-kV) function is given by combining Eq. (2.4)
and (3.1):

GVo-kV = (fF)" x o x (£7)"" 3.7)
GDg-kV can be derived from combining Eq. (2.4) and (3.2):
GDG-kV = (LVo-kV) - (GVo-kV) = T wif ™ — T, (F7)™ (3.8)

GDT-1-kV allows for the incorporation of individual value functions for each criterion,
providing flexibility in modeling preferences that can capture concave and convex relationships
between criteria through the value function. This makes it suitable for scenarios where criteria exhibit
nonlinearity. The introduction of a multiplicative value function enables the representation of
complex interactions among criteria. On the other hand, determining appropriate value functions
and their parameters can be challenging and may require domain expertise.

When applying GDT-1 with one value function (GDT-1-1V) where a = a; = a, = --* = ay, then
we use LVc-1V (Eq. 2.6) and the geometric value (GVs-1V) and geometric deviation (GDc-1V)
functions are presented below:

GVo-1V= (f)%1 X ...x (fF)Wk (3.9)
GDg-1V = (LVg-1V) — (GVs-kV) = ¥¥  w; % — TI, (FH)™ (3.10)

3.4. GDT-2 with k Different Value Functions

GDT for concave and convex utility with k value functions is a nonlinear utility function having
2k + 2 parameters where k is the no. of criteria. GDT-2 using k value functions (GDT-2-kV) can be
derived from Eq. (3.4). The LVc-kV function and the geometric value (GVe-kV) function is already
shown in Eq. (3.8) and (3.7). See Table 3 for an overview.

We define X-geometric value (XVc¢-kV) and X-geometric deviation (XDc-kV) as follows:

XVo-kV=1- TI, (1 - £5)" (3.11)
XD -kV=(XVo-kV) = (LVa-kV)  =1- T, (1= )" = Tk, wfS (3.12)

Now we can develop a special case of this GDT-2-kV using one common value function for all

criteria (GDT-2-1V), we set @ = a; = a, = -+ = a;, where the value function follows the same form
as Eq. (2.4).
The X-geometric value with one value function (XVc-1V) is:
XVe-1v=1- 15,1 = fHw (3.13)

Thus, the X-geometric deviation with one value function (XDc-1V) can be derived:

XDg-1V=XVs-1V) - (LVe-1V) =1 - [[,(1 = 57 — 3K w;f* (3.14)

GDT-2 (Eq. 3.15) combines the utility modeling capabilities of GDT with the introduction of a
value function, allowing for a more comprehensive assessment of criteria. The model can handle both
concave and convex utility functions, providing flexibility in addressing different decision-making
scenarios. It offers a balanced approach between linear and nonlinear components, making it suitable
for various applications (Malakooti, 2024).

U=LVc+zGDc + zxXDc = (1 + z—zx)LV — zGVs + zxXVi (3.15)

d0i:10.20944/preprints202411.1503.v1
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However, determining suitable values for z, zx, and a poses a challenge and may necessitate
sensitivity analysis. Introducing additional parameters and a value function heightens the model's
complexity, demanding both data and computation resources. The precision of GDT-2-kV results
hinges on the accurate specification of dispersion parameters, value functions, and weights.

Table 3. Summary of MCDM-GDT with value functions where U(fi)=fiai for all 7.

Notation | Description | General Formula
With k different criteria value functions where a; > 0 for all i

LVe-kV Linear function with & value functions LVG-kV = wif* +wafy? + ...+ wifi
GVs-kV Geometric Value with & value functions GVo-kV = (f7)"" x ox (7)™
GDg-kV Geometric Deviation Value with & value functions GDg-kV = (LVe-kV) — (GVg-kV)
XVg-kV X-geometric Value with & value functions XVe-kV=1- {‘=1(1 — fiai)wi
XDg-kV X-geometric Deviation Value with & value functions XDq -kV = (XVs-kV) — (LVG-kV)
GDT-1-kV GDT-1 with & value functions U= (LVs-kV) + z(GDg-kV)
GDT-2-kV GDT-2 with k value functions U= (LVG-kV) + z2(GDg-kV) + zx(XDg-kV)

‘With Using Only one common value function for all criteria: a =a; =a, =---=a; >0
LVg-1V Linear function with one value function LVG-1V=wif¥ + woff + ...+ wifi¥
GVg-1V Geometric Value with one value function GVe-1V = (ff OV X . X (i )"k
GDg-1V Geometric Deviation Value with one value function GDg-1V = (LVg-1V) - (GVs-1V)
XVe-1V X-geometric Value with one value function XVe-1V=1- [, - fHwW
XDg-1V X-geometric Deviation Value with one value function XDg-1V =(XVs-1V) - (LVG-1V)
GDT-1-1V GDT-1 with one value functions U= (LVs-1V) + z(GDg-1V)
GDT-2-1V GDT-2 with one value functions U= (LVs-1V)+ z(GDg-1V) + zx(XDg-1V)

3.5. Theoretical Foundation of MCDM-GDT: Satisfying Non-Dominancy (Efficiency), Concavity, and
Mixed Concavity/Convexity

Here we discuss how to apply the theoretical results of Risk-GDT model of Malakooti (2018,
2024) and Malakooti et al. (2021) to MCDM -GDT of this paper. We propose that theories of Risk-
GDT are applicable to MCDM-GDT by simply using wiof an MCDM problem instead of pi (which are
probabilities in risk) and using fi (of an MCDM problem) instead of y: (which are consequences in
risk). Then the proof of all theories can be found in Malakooti (2018, 2024) and Malakooti et al. (2021).
These studies show that for risk problems all GDT problems generate first-order stochastic non-
dominance solutions; and here for MCDM problems, MCDM-GDT models of this paper generate
non-dominated (efficient) solutions. Also, GDT-1 is a concave function and GDT-2 is mixed concave
and convex function.

Now consider value functions, if all v(fi) are concave (e.g. all ai <1 in Eq. 2.4), GDT-1-kV is
concave. Similarly using same value function for all criteria (e.g. <1 in Eq. 2.4), GDT-1-kV is also
concave; this is the simplest form of a general concave GDT using k+2 parameters.

On the other hand, when v(fi) are concave or convex, GDT-1-1V and GDT-1-kV are mixed
concave/convex function. We will discuss that these types of mixed concave/concave GDT have
significant importance in explaining the MCDM problem application of this paper.

3.6. A Flowchart of Instruction: How to Assess and Use MCDM-GDT Models

In this section we discuss the approach for finding the special case of MCDM-GDT model which
has the minimum no. of parameters to solve a given MCDM problem?. Consider MCDM models
presented in Table 4 that shows special cases of General-GDT model (Eq. 3.15) in its first column. Our

3 To screen and clean up MCDM problem, one can first find the correlations of each pair of criteria and remove criteria
that have high correlations with other criteria because they are essentially redundant. Also, one can identify criteria that
have exceptionally low importance in MCDM models and discard them. For example, discard criteria whose wi (weight of

importance) are less than a threshold (e.g., 0.05) in both LV and GDT-2 models.
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motto is to use the least no of parameters, therefore start by using default values of equal weights,
and linear value functions, v(f)=f, i.e. a=1. In Table 4, Roman numerals are used to show the
complexity of models in terms of increasing the no. of parameters. The simplest model is I, which
uses one parameter, z, where equal weights and linear value functions are assumed, and the most
complex model is XII which uses (2k+2) parameters where k weights (w1, w2, ... wx) and k value
functions using (a1, az, ... ax), z, and zx are used.

To solve an MCDM problem, start by dividing the data into two groups of in-sample (e.g. 70%
of data) and out-of-sample (e.g. 30% of data), assess the parameters using in-sample data and test the
validity using out-of-sample data. Start with the simplest model with the least no of parameters (e.g.
model I), if the validation result (in out-of-sample) is not acceptable, then consider the next model
with one more parameter, repeat adding one more parameter until the validation process is
satisfactory. This way, the model with the minimum no. of parameters which has the most accuracy
in validation process (in out-of-sample) is found*.

In Table 4, the third row (GDT-1 Property) shows the conditions under which the utility function
is concave, which is a desirable (or a popular) pattern in decision making and economics. The fifth
row (GDT-2 Property) of Table 4 shows the conditions under which U is a mixed concave and convex
function. We will show that for a real-world MCDM application discussed in this paper, the optimal
U is a mixed concave and convex function.

Table 4. A Flow-chart of Instruction of Choosing One of 12 MCDM-GDT with the Minimum no. of
Parameters. Each Cell Shows: Order of easiness (total no. of parameters)), Parameters, & Eq. No.

Equal Equal Equal k Weights kXel‘;gvhts
d 4 k Weights | Weights & | (w1, wy, N
o Weights. Weights ...WK)
Generalization (w1, we, k value ...WK)
WI=W2=.. .= & One & k value
...WK) (avay, ... & One
wr=1/k value (a) (anao, ...
ax) value (a)
ax)
GDT-1 (Eq.3.3) L),z IIL., (2), z, V., (k+1), VIL, (k+1), | IX, (k+2), | XL, (2k+1),
a z zZ, 0 z
Concave Concave
GDT-1 Concave Concave
Concave Concave | when all ai when all ai
Property when a <1 < when a <1 <1
II, (2), z IV, (3), z VI, (k+2) VIII X., (k+3) XIL,
GDT-2 (Eq. 3.6) v AT i ’ N i ! (2k+2), z,
ZX ZX, (¥ Z, ZX (k+2), z, zx, Z, ZX, (¥ ;
X

4 In terms of communications with the DM, we can ask the DM to assess the utility values of a diverse sample of MCDM
alternatives using a rating of 0.01 to 0.99 where 0.01 is the rating of the worst (hypothetical) alternative in which all i=0.01;
and 0.99 is the rating of the best (hypothetical) alternative in which all /=0.99. Then use 70% of these alternatives to assess
the utility function and use the remaining 30% to validate the model. Note that the no. of sample of alternatives should be
substantially greater than (e.g., at least 1.5 times) the no. of parameters of the model. One reason for using is at least 1.5
data point is based on sample vs. out-of-sample analysis because (100%/70%) =1.43 rounds up to 1.5. For example, suppose
k=3, then to test model XII in Table 4 which has ((2*3)+2)=8 parameters, we need at least (8)*(1.5)= 12 alternatives where
we can use 70% or 0.7*12=8.4 or 9 alternatives to assess the eight parameters of model XII and use the remaining (out-of-
sample) 12-9=3 alternatives to validate the model and to examine if the DM agrees with the model assessment of the ratings
of these three alternatives. We will show the details of above steps in the remainder of this paper. In this paper, we consider

at least five randomly selected sample vs. the remaining out-of-sample alternatives.
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GDT-2 Concave & | Concave & | Concave & | Concave & | Concave & | Concave &
Property Convex Convex Convex Convex Convex Convex
In GDT-2
whenz=0, &« Convex Convex Convex Convex Convex Convex
>1

3.7. GDT Using Ideal and Nadir Points: Generalizing Classical MCDM Models

In this Section we develop generalized MCDM-GDT model where several other classical MCDM
models are its special cases. We define nadir vector as: F¥N = (f", £, ..., f¥)and ideal vector as:
F' =(fl, f1,.... fl).See web supplement V for details. Suppose each criterion is limited by its nadir
point f¥ for all i and its ideal point f{ for alli where fN < f; < f{ foralli. Now consider using
value functions, where v(f}") < v(f; )< v(f{) for all i. Generalized MCDM-GDT using ideal and
nadir point is present below. This model can be simplified by not using value functions, i.e. use f;
and fN < f;< f! foralliin Eq. (3.16).

Us=LVG+zGDG+ zxXDe = (1 +z—zx)LV—zGVs + zxXVqs

~(1+z-20) S, ww(f) —z I (v(f) —v(ﬁ-N))Wi
+zx [v(fll) - i'(=1 (v(le) - v(fi))Wi]

When z and zx are zero, Eq. (3.16) becomes additive MAUF. When we discard LVc and set zx =
0, the model becomes multiplicative form whose distance to FV is maximized. When we discard LVc

(3.16)

and set z = 0, then the model becomes multiplicative form whose distance to F' is minimized.
Therefore, MCDM-GDT represents a new generalization of additive MAUF and provides alternative
ways of incorporating nadir and ideal points, and their combinations. We did not experiment with
the Ideal and Nadir points (Eq. 3.16) as parameters but used their default values of 1 and 0,
respectively. We did this because our initial experimental results did not show that they are
significantly important in this application. To simplify the assessment of Eq. (3.16), in this paper, we
used default values of F¥=0 and F’=1.

Now, we discuss relationship of General-GDT Eq. (3.16) to TOPSIS (Chen and Hwang, 1992) and
VIKOR (Opricovic and Tzeng, 2004) methods. TOPSIS method is based on evaluations of alternatives
by minimizing their distance to the ideal point and maximizing their distance to the negative ideal
point (which we define as nadir point). VIKOR method shares similarities with TOPSIS method, as
both are based on capturing the concept of “closeness to the ideal point”. However, VIKOR method
distinguishes itself by introducing a ranking index that relies on a specific measure of “closeness to
the ideal point” see (Opricovic and Tzeng, 2004). In the General-GDT model (Eq. 3.16), we also define
the ideal and the nadir points. We utilize X-geometric value (XVc) to assess the distance to the ideal
point and geometric value (GVc) to assess the distance to the nadir point using multiplicative
functions. Consequently, the General-GDT model also evaluate the “closeness to the ideal point” and
the “distance to the nadir point”, presenting the spirits of TOPSIS and VIKOR methods. Furthermore,
the General-GDT model not only measures the distance to the ideal and nadir points, but also utilizes
X-geometric deviation (XDc) and geometric deviation (GDc) to evaluate their deviations from the
additive utility function (LVg). Finally, this General-GDT model exhibits similarities to multi-
MOORA method (Brauers and Zavadskas, 2010) because XVc and GV are closely related to the full-
multiplicative form in multi-MOORA method.

4. Materials and Data: Wind Farm Energy Selection in Saudi Arabia Application

The global shift towards renewable energy sources represents a profound paradigm change,
with even traditionally fossil fuel-dependent regions like the Middle East increasingly embracing
these transformative approaches to generating non fossil fuel energy (Nematollahi et al., 2016). This
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transition is driven by the recognition that replacing fossil fuels with renewable energy sources is not
merely an economic endeavor, but also a vital response to impending environmental challenges,
including droughts, floods, and famine stemming from global climate change (Mostafaeipour et al.,
2009). Furthermore, the promotion of renewable energy addresses the reduction of greenhouse gases
that contribute to climate change.

Saudi Arabia, a country that relies heavily on fossil fuel, is making substantial efforts to reduce
greenhouse gases not only to abide by the Kyoto Protocol, which aims to mitigate climate change,
but also to diversify its energy sources. Recently, it has incorporated wind energy as a primary source
of renewable energy. This is expected to stimulate further research and development in the wind
energy sector, driving innovation in wind farm technology and systems.

In this section, we present the application of MCDM to address the selection of optimal wind
farm locations in Saudi Arabia. The study design encompasses data collection, modeling, and
decision-makers involvement. First, we explain the three criteria needed for evaluation of wind-
turbine locations, then we present the list of experts and their credentials, and finally we present the
ratings and rankings of locations by these experts.

4.1. Data Sources of Terrain Characteristics (Used as Criterion 3)

Acknowledging the critical role of terrain characteristics on wind energy performance, this study
employed an expert survey method to evaluate terrain attributes for selected regions in Saudi Arabia.
The experts enlisted for this assessment included:

e Assistant Professors in Electrical Engineering from King Saud University, with substantial
experience in renewable energy systems.

e A Renewable Energy Engineer from the Ministry of Energy, who possesses in-depth
knowledge of national energy policies and infrastructure.

e An Electrical Engineering Professor from Al Madinah University, renowned for his
contributions to energy studies and publications in reputable journals.

e An Energy Resources Allocation Engineer at the Ministry of Energy, specializing in the
strategic allocation and management of energy resources.

e The Department Manager of Strategic Planning & Development (Renewable Energy & EV)
at the Saudi Electric Company, who brings a strategic perspective on energy development
and its integration into national grids.

These experts were selected based on their profound knowledge, contextual expertise in the field
of wind energy, and their direct involvement with the development and management of energy
projects in Saudi Arabia. Their assessment focused on key terrain factors such as elevation, land use
patterns, and natural or man-made obstacles that might affect wind flow. Each region was evaluated
on a scale from 0 to 10, where a score of 10 indicates terrain features highly favorable for wind energy
generation, such as coastal areas, rounded hills, elevation, open plains, and mountain gaps. For
instance, a region without a coastal area received a score of 0, reflecting its limited potential for wind
energy deployment. Conversely, regions with coastal areas unsuitable for offshore wind farm
construction—due to factors like inadequate water depth or excessive wave action—received scores
lower than 10, indicating suboptimal conditions.

The methodological approach ensured that the expert evaluations were grounded in significant
practical experience and aligned with the specific attributes of the study's geographical focus. The
results of these assessments are systematically presented in Table 5, providing an objective analysis
of the terrain suitability across the studied regions. This selection and evaluation process underlines
the importance of leveraging expert knowledge in the terrain analysis to ensure the reliability and
relevance of the findings in the context of wind energy optimization.

Table 5. Terrain Suitability Assessment of Thirteen Locations.

Coastal
Areas

Rounded
Hills

Open
Plains

Gaps in
Mountains

Elevation

Average
(Terrain
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Suitabilit
y)
1. Baha 10 10 10 10 10 10
2. Riyadh 0 10 10 0 5
3. . Northern 0 0 0 10 10 4
Region
4 Jouf 0 5 5 10 10 6
5. Madinah 5 10 5 10 10 8
6. Qassim 0 5 10 0 0 3
7. ' Eastern 10 0 0 0 0 5
Region
8. Hail 0 5 0 10 10 5
9. Jazan 10 10 0 10 10 8
10. Makkah 10 10 5 10 10 9
11. Najran 0 5 0 10 10 5
12. Tabuk 10 10 5 10 10 9
13. Asir 10 10 10 10 10 10

4.2. Data Sources for Wind Power Density (Criterion 1) and Wind Speed (Criterion 2)

In our analysis, we utilized wind resource data that encapsulate both the average wind power
density and average wind speeds across thirteen regions in Saudi Arabia, measured at an altitude of
100 meters. This data spans from 2011 to 2021, offering a decade-long perspective that provides a
robust foundation for understanding the temporal stability and geographical variation of wind
conditions. The selection of a ten-year period is critical in mitigating the high temporal and
geographical variability inherent in wind patterns, thereby ensuring that our assessment reflects both
seasonal and annual variations in wind energy potential.

The choice to focus on average wind power density and average wind speeds was driven by the
need to provide a stable and representative measure of wind energy potential that accounts for long-
term trends rather than short-term fluctuations. These averages are particularly relevant in the
regions studied, where, despite the global challenge of wind variability, the temporal and
geographical variations are relatively subdued. This lesser variability is attributed to the consistent
climatic conditions across these regions, characterized by continued periods of stable and predictable
wind patterns. This stability makes averages a reliable metric for assessing wind energy potential in
these areas.

The source of wind data was the Saudi Arabian National Center for Meteorology, an entity
recognized for its comprehensive and standardized meteorological recordings. This source is deemed
reliable due to its systematic and consistent methodology in data collection and its long-standing
reputation in climatological research within the region (Saudi Arabian National Center for
Meteorology, 2022). Furthermore, the data have been compiled and are presented in Table 6, ensuring
transparency and ease of access for further analysis. This systematic presentation aids in the scrutiny
and validation of our data utilization approach, reinforcing the justification for the chosen data range
and source in capturing the intricacies of wind dynamics pertinent to wind energy projects in Saudi
Arabia.

Table 6. Data Provided to All Experts: Response of One Expert is Shown in the Last Two Columns.

Criteria (=objectives=attributes) Given by Ranking and Rating Given by
The Analyst One DM
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Location/Regio |fi’ =Average| fy = Average 0 . Ranking of Rating of
ns Wind Power | Wind Speed f3 - Tel'rr.am Alternatives Alternatives
(Alternatives) | Density (%) ) Suitability | DM No.5: | by One DM
. m st (maximized) ..
j=12...13 (maximized) | (maximized) Uj* = Ujs* (maximized)
1. Baha 378 7.34 10 5 0.78
2. Riyadh 467 8.15 5 6 0.77
3. Northern 383 7.46 4 10 0.67
Region
4. Jouf 425 7.76 6 7 0.75
5. Madinah 519 8.31 8 2 0.87
6. Qassim 424 7.83 3 9 0.69
7. FRastern 407 753 2 12 0.65
Region
8. Hail 401 7.65 5 8 0.71
9. Jazan 212 5.36 8 13 (worst) 0.55
10.Makkah 461 8.05 9 4 0.85
11. Najran 307 7.12 7 11 0.67
12. Tabuk 662 8.18 9 1 (best) 0.97
13. Asir 434 8.02 10 3 0.85
Range (Worst - | 1) 660 5.36-8.31 0-10
Best)

N UNITED ARAB *
EMIRATE

Figure 1. Wind Speed GIS of Saudi Arabia.

4.3. Explanation of The Selection of Experts for the Rating and Ranking of Wind Locations

We selected a diverse panel of thirty DMs, who have expertise in the energy field and wind
energy. Experts’ backgrounds include eDiscovery energy consultants, ACWA Power Saudi Arabia
project managers, assistant professors in electrical engineering at King Saud University, renewable
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energy experts at the Ministry of Energy, and an electrical engineering professor at Al Madinah
University. See web supplement VI for list of experts.

4.4. Ranking and Rating of Wind Locations by Thirty Experts

In our experiment, we presented the experts with the list of 13 distinct locations along with their
three criteria as presented in Table 6. The experts were asked to rank all locations® (alternatives) and
then to rate each location within 0.01 to 0.99 range where 0.01 is the worst (hypothetical/possible case)
and 0.99 is the best (hypothetical/possible ideal case). This detailed process aimed to harness expert
judgment in quantifying and prioritizing the potential advantages and disadvantages of each location
for wind farm development, ensuring an informed decision-making framework. A sample of the
data provided to each DM is shown in the first four columns of Table 6. The corresponding responses
by one of experts (we randomly selected expert no. 5) are exhibited in Table 6 in bold in the last two
columns.

In this section, we use commonly used average rating of each location using the 30 experts’
responses as shown below. However, in Section 8 of this paper, we will show a more advanced

method for combining DMs ratings.
Sum of Ratings by DMs for This Location

Number of DMs (=30)

4.1

Average Rating of a Given Location =

4.5. Normalized Values of Three Criteria to be Used in MCDM Models

Table 7 shows normalized values of three criteria presented in Table 6.

Table 7. Saudi Arabia Regions Normalized Criteria to Be Used in MCDM Models.

Criteria
. = Normalized
Alternatives fi=Normalized Average f . f>=Normalized Average
. ) .. _w. | Average Wind Speed )
(Regions) Wind Power Density (W) (ﬂ) Terrain Suitability Ratings of
(maximized) S (maximized) 30 DMs
(maximized)
1. Baha 0.37 0.67 0.99 0.54
2. Riyadh 0.57 0.94 0.38 0.64
3. Northern 0.38 0.71 0.26 0.25
Region
4. Jouf 0.47 0.81 0.50 0.54
5. Madinah 0.68 0.99 0.75 0.87
6. Qassim 0.47 0.83 0.13 0.32
7. East
| astem 0.43 0.73 0.01 0.17
Region
8. Hail 0.42 0.77 0.38 0.43
9.Jazan 0.01 0.01 0.75 0.02
10.Makkah 0.55 0.90 0.87 0.73
11. Najran 0.22 0.59 0.62 0.23
12. Tabuk 0.99 0.95 0.87 0.99
13. Asir 0.49 0.89 0.99 0.76
Used Range in
. 0.01-0.99 0.01-0.99 0.01-0.99 0.01-0.99
normalization

5. Experimental Design for Testing MCDM and GDT Models

5.1. Selected MCDM Methods for Comparative Analysis

5 We collected the ranking for purpose of helping DMs to be consistent, but we did use only ratings.
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After preliminary experiments, we selected the following MCDM methods for comparative
experiments. These methods were most effective in their given category using the minimum no of
parameters.

(a) Linear additive utility function Value function (LV) with no criteria value functions, LV with
one value function (LV-1V) for all criteria, and LV with k value functions (LV-kV) for k no. of
criteria.

(b) Concave GDT model without any value functions (GDT-1), GDT-1 with one value function
(GDT-1-1V), and GDT-1 with k value functions (GDT-1-kV).

(c) Basic GDT (mixed concave/convex) model without any value function (GDT-2), GDT-2 with one
value function (GDT-2-1V), and GDT-2 with k value functions (GDT-2-kV).

(d) Keeney multiplicative utility without any value function (SMU), with one value function (MU-
1V), and with k value functions (MU-kV).

(e) AHP.

(f) Mean Absolute Deviation-Goal Programming (MAD-GP) (We found that the most effective
approach for minimizing to the goal, or the ideal point was MAD-GP).

To reduce the no. of parameters, we considered several simplifications of different models: first,
we considered using default values of equal weights; second, for goal values, we considered using
default values of equal highest goal, i.e. 0.99 for all goals; third, we considered using no value
functions, i.e., v(y) =y for all methods, then using the same one-parameter v(y), Eq. (2.4) for all criteria.

5.2. Validation Process

As discussed before, to validate our results, we used 70% of the data for assessing the parameters
of the given model while using the remaining 30% of data for testing the model. Then, we compared
the ranking of these 30% of data to those of the DMs. This approach ensures that our conclusions are
not based self-prophesy of the training data but is based on external validation of unused data.

5.3. Optimization for Assessing All Models

The general formulation for all models is shown below, where for each model’s utility function,
U, given in Tables 1-3. Here, Uj* is the average of all DMs ratings of location j given in Table 6.

minimize SSE = Z?zl(e;’)z + Z;-‘zl(ej_)z (5.1)
Subject to:
Ui+e —e =U" forj=1,2,3,...,n (5.2)

U; = (utility function of the given MCDM model in Tables 1-3) forj=1,2,3, ..., n
Liwi=1,¢e" >0, 20, w; =0,a; >0 foralliand.
-1<2z<0,0<zx<1,(zx—-2z) < 1.

where e/ represents the positive prediction error (deviation) for alternative j, e represents the
negative prediction error for alternative j, and n represents the total no. of alternatives.

For example, the optimization formulation for the (GDT-1-1V) model, applied to the 13 MCDM
alternatives in Table 7, is presented below, where the right-hand side shows the average ratings from
30 decision-makers for each location.

minimize SSE = Z?zl(e;’)z + Z;-‘zl(ej_)z

Subject to:
U, +ef —ef =054

U, +e; —e; =0.64
U; +e; —e; =0.25

d0i:10.20944/preprints202411.1503.v1
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U13 + e]-_l-g - 81_3 == 0.76
Uy = 23w+ f& + 2 (|3 we « 8 - TR £

witw,+wy;=1, e 20, 20, w;20,a>0 ,-1<z<0.

) forj=1.2,..13

After solving this problem using an optimization program, we find the solution is: wi=0.5054,
w2=0.1959, ws=0.2987, z=-0.99, and a=1 (note a=1 means linear value functions). This is an extremely
concave GDT-1 utility function because z=-0.99 is at its extreme value.

5.4. Computation Environment for Optimization for Assessing Parameters of All Models

All optimization problems were run on a personal laptop. The CPU of the used laptop is the 13t
Gen Intel(R) Core(TM) i7-13700HX, which can operate at 2.1 GHz by default, but can boost up to 5
GHz. The RAM of the laptop we used is 16 GB. We installed Extended Lingo/Win64 Release 20.0.23
as our software for optimization. The license we have for Lingo (the optimization software) is
educational license, which allows us to have unlimited constraints and variables. The default
generator memory as 32 MB for the Lingo is enough to run our programs.

6. Results of Using 100% of Data and Comparison of MCDM Methods

6.1. Minimizing the Sum of Squares Error

We employ the sum of squares error (SSE), Eq. (5.1), measuring the deviation between the
predicted utility values by the MCDM model vs. the actual assessed utility values by expert DMs.

6.2. MCDM Models and Their Parameters

We consider 28 MCDM models as shown in Table 8. We have formulated each model in
accordance with the specifications outlined in Section 5. We used Lingo software to solve each
optimization problem (but any other optimization software can also be used). We assess parameters
of the given model by minimizing SSE using the same give data set which was used for all models.
For example, for GDT-2-kV model, the optimization finds the following parameters: (w1, w2, ws, a1,
a2, a3, z, zx).

Table 8. The SSE, LV% error, and the assessed parameters of each MCDM model using 100% of data
and testing the model on the same 100% of data.

. Model for three criteria and the
No. Given Default values of R
Model Assessed Parameters Solutions LV %
Model of Parameters; and wunknown L. . SSE Rank
No. Para arameters Found by Optimization Using Error
P 100 % data
1 Lv- 0 wi=w2=w3=0.33 U=y3033 * f; 0.2711 100.00% | 27
=w2=w3=0. =):70. : . B
Equal-W v ! ! ’
MAD-
GP- wi=w2=w3=0.33, 3
=70. ; —0.99 . .849
2 Equal- 0 form form fo3=0.99 U=2;033%|f;—0.99| 0.23 84.84% 26
W-G
LV-1V- o U=%}033xf" 0
3 Equal-W 1 wi=w2=w3=0.33, a (unknown) o= 1528 0.1309 48.28% 22
Z-MAD-
U=Y3033xf+2Y7033x|f, —
P- = — =(). i i i i
4 c 1 wi=wz=ws=0.33, z, 0.99] 0.0565 | 20.84% | 12
Equal- for=fer=fc3=0.99 7=-0.2963
W-G
GDT-1- U=Y3033*f;+2z(|X30.33* f; —
5 1 wi=w=w3=0.33, z [ 1% 0.0961 | 35.45% | 18
Equal-W _
z=-0.99
GDT-1- U=33033xf+z(|¥30.33 *
6 1V- 2 wi=w2=w3=0.33, z, & fE=TE 22D 0.0641 | 23.64% | 14
Equal-W 7z=-0.864, a=1.218
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U=Y3033xf +2z(|¥3033*f, —
GDT-2- £33 + 2, (1 - [13(1 -
7 2 =w2=w3=0.33, z, L x t .0961 459 1
Equal-W wi=w2=w3=0.33, z, zx £)0% Z¥3033f,) 0.096 35.45% 8
z=-0.99, zx=0
U=X}wf;
8 LV 3 W1, W2, W3 w1=0.67886, w2=0.06201, | 0.1526 | 56.29% | 24
w3=0.25914
U=Y}w; *f; o
9 AHP-LV | 3 Wi, W2, W3 Wm0, wam0 40, we=0.20 0.2960 | 109.18% | 28
MAD-
W1, W2, W3, U=Y3w;*|fi—0.99] N
10 GP- 3 far=far=fcs=0.99 wi=0.6789, w2=0.06201, ws=0.2501 | 01226 | 9629 oo| 24
Equal-G
LV-kV- o U=33033xf" o
11 Equal- W 3 wi=w2=w3=0.33, a1, a2, oG o1=0.9494, 023547, cs=1.1 01024 | 37.77% | 21
— V3 a 3
VIR0 0T
12 1V- 3 wi=wz=w3=0.33, z, zx, & ffa ) 0,33"_1'2 30.337) ! 00579 | 21.36% | 13
i i Y i
Equal-W 2=-0.99, 2x=0, 0:=0.001
U=3}w*f*
13 LV-1V 4 W1, W2, W3, & wi=0.2001, w2=0.5534, ws=0.2465, | 0.0968 | 35.71% | 20
a=2
U=Y3w = fi+z(|Z3w; « fi —
14 GDT-1 4 Wi, W2, W3, Z Iz 7) 0.0692 | 2553% | 16
wi1=0.5054, w2=0.1958, w3=0.2987,
z=-0.99
Z-MAD- g;}lZ?Wi*ﬁﬂZ?wi*lﬁ—
15 GP- 4 Wi, W2, W3, Z Wi=0.2832, w2=03968, ws=03200, | 00489 | 18.04% | 10
Equal-G 2=-0.3293
U=Y3033%f"+ 30.33
GDT-1- a ZIL_F 0.3:*]21") ge ’
16 kV- 4 wi= w2=ws3=0.33, z, a1, a2, a3 J; i 0.0353 13.02% 8
2=-0.8894, c1=0.5729,
Equal-W
00=4.283, 03=0.9706
Keeney- 1+ KU =TT4[1 + Kwif]]
17 1: 4 wi, w2, ws, K wi=0.130, w2=0.176, w3=0.1007, | 0.0496 | 18.30% | 11
SMU K=10
U=Y3w*f&+z(|Z3w; = fi* —
GDT-1- I 7)) 0
18 Y 5 Wiy W2 WS, 2, & Wi=0.5054, w2=01959, wi=0.2087, | 0112 [ 3577% | 23
z=-0.99, a=1

U=Y}w*f +Z(|Z?Wi * fi —

I £"]) + (1 - T3 - fi)ve -

19 GDT-2 5 W1, W2, W3, Z, ZX Y3iwifi) 0.0688 25.38% | 15

wi1=0.5214, w2=0.1796, w3=0.2990,
=-0.9567, zx=0.43313

Keeney- 1+ KU =[I3[1 + Kw;f]
20 2: 5 wi, wa, ws, K, wi=0.0651, w2=0.3263, w3=0.0855, | 0.0474 | 17.48% | 9
MU-1V K=10, a=1.35
U=Y3033xf£" +2(]2?0.33 »
GDT-2- fiai _ Hi3fi0.33*ai|) + Zx(l _
21 kV- 5 wi=wa=w3=0.33, z, zx a1, ce, o | [13(1— £) %3 - ¥ 30.33£) 0.0304 1121% | 6
Equal-W 7=-0.6560, zx=0.1440, 0u=1.0001,
00=3, 0:=0.9441
U= Z? wi * fiai
22 LV-kV 6 W1, W2, W3, Q1 02, 03 w1=0.1403, w2=0.6042, w3=0.2555, | 0.0781 | 28.81% | 17

o1=1.37, a2=3, a3=1.1415
U =afx*+af? +af? +bf, +
bfy + bfs + cififo + Cofafs +

QU- cfifs+d
) a, = a, = as, a; = a, =az =0.00000001 o
23 E:gqttgal 6 by = b, = by, ¢y, ¢y, Cay d b, = b, = by = 0.2973 0.0261 9.63% 3
a ¢, = 0.1125,¢, = 0.000000001,
c; = 0.0486,

d = —0.2286
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U=3iw = f& +2(|ZFwi = f5 —

GDT-2- I £)) + 2.1 - T13(1 -

24 v 6 W1, W2, W3, Z, ZX, & fHOYi=Y 3w fi*) 0.0276 10.18% | 5
wi1=0.1145, w2=0.6892, ws=0.1963,

2=-0.7084, zx=0.2916, a=2.062

U=33wi 5 +z(|Z3w * 1=

CDT-L I £))

25 w 7 W1, W2, W3, Z, 1, 2, O3 wi=0.1901, w2=0.5664, ws=0.2434, | 0.0341 | 12.58% |7
z=-0.7943, 1=0.9051, =2.556,

as=1.452

Keeney- 1+ KU =TIE[1 + Kw, £

26 3 7 w1, w2, ws, K, o, oz, ae wi=0.07227, w2=0.2421, w3=0.1141, | 0.0267 | 9.85% |4

MU-kV K=10, a1=0.8378, 2=2.097, ct=0.780

U=Yiw 5 +2(|Z3wi £~

Hj fiwl-ai ) -:ZX(](; _ H?(l —

GDT-2- [V Riw

27 KV 8 Wi W WS, 2, 2% G, 0, 05 wi=0.3474, wz=6.56)79, ws=0.1847,
7=-0.6759, zx=0.3241,

1=0.8260, 02=2.594, ox3 =2.185

U= aiffx® + arff +asff +

bifi + byfs + b3fs + i fifo +

Gfofs +efifs +d
a; = —0.00000001546

a, = 0.1325,b; = 0,b, = 0,
by = 0.00416, ¢, = 0.0854,
¢, = 0.00000005991

c; = 0.16604,d = 0

0.0254 9.37% 2

28 QU 10 ay,Q,,0a3,by, by, b3, c1,C5,C3,d 0.02505 | 9.24% 1

6.3. Measuring Linear Value Utility Percent Error (LV%)

To compare all different models with respect to a same benchmark, we calculate the LV% error
using LV model with equal weights (LV- Equal W), where U = 0.33f1 + 0.33f2 + 0.33fs. Find SSE of
this given U for the given data. Then, find SSE of each given model using optimization for the same

set of data.
SSE of a Given Model

0 = *
LV% SSE of LV with equal weights 100 (6.1)

This metric enables us to quantify the relative performance of each MCDM model compared to
the baseline of LV with equal weights.

6.4. Assessing of Models Using 100% of Data Set, SSEs, and Their Relative Errors by LV%

Table 8 presents each model along with its no. of parameters. Table 8 also shows SSE of each
model, its ranking compared to other models, and its assessed parameters. Note that because in this
section, we use 100% of data, models with more parameters generally have smaller SSE and LV%
errors. However, we will show in out-of-sample experiments of the next Section, ranking by 100% of
data (which is the gold standard in MCDM analysis) provides very inaccurate results.

The SSE values for the best fitting MCDM models using 100% of data for each given no. of
parameters is shown in Figure 2 and are explained below.

Zero Parameter: The MCDM model using Equal-W-G is used as the basis for comparison of
different models, the LV% of this model is 100%.

One Parameter: The MCDM model Z-MAD-GP-Equal-W-G emerged as the most accurate
model fit to the data, delivering the lowest SSE when a single parameter was considered.

Two Parameters: When dealing with two parameters, the model GDT-1-1V-Equal-W
outperformed others, displaying the lowest SSE.

Three Parameters: The model GDT-2-1V-Equal-W fit the data, achieving the lowest SSE when
the no. of parameters was set to three.

Four Parameters: The model GDT-1-kV-Equal-W fit the data, achieving the lowest SSE when the
no. of parameters was set to four.
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Five Parameters: The model GDT-2-kV-Equal-W proved to be the best fit to the data, with the
lowest SSE, when handling five parameters.

Six Parameters: The model QU-Equal-a&b fit the data, achieving the lowest SSE when the no.
of parameters was set to six.

Seven Parameters: For seven parameters, MU-kV was the top-performing MCDM model,
exhibiting the lowest SSE.

In general, when using 100% of data, the model associated with the elbow point can be selected.
This is the inflection point where models with more parameters have negligible improvements in
their SSEs. The selection of elbow point is consistent with choosing a parsimonious model. For
example, in Figure 2, GDT-1-kV-Equal-W with four parameters can be recommended because it is
associated with the elbow point. However, out-of-sample experiments of the next section, will be
needed to verify actually which model is the most accurate for the given set of data.

0 2 S

N\ N\ N O N\
v > © A b
N N\ Y % % N v~ N % o
IS N N RS &L
R N A A A ©
< &N ~ < &S
SN NN A
Q'\ Q'\ Q& Q&
€} o ¢ ¢

Figure 2. Using 100% of the data. SSE for the best 10 MCDM Models. The no. of Parameters Range
From 0 to 8, and then 10; They are Shown in Parentheses After Each Model Name. .

The model QU with 10 parameters exhibited the best fitting model because it has the lowest SSE
for 100% of the data, but in the next section, we will discuss that it is actually the worst model in out-
of-sample experiments.

7. Results of 30% Out-of-Sample Data on Randomly Replicas: Validation Process

In this section, we use six replicas of 70% randomly selected data from 100% data set. Here, we
have 13 locations, and we used nine randomly selected locations as 70% (to assess parameters of the
model) and the remaining four locations as 30% (to test the accuracy of the assessed parameters).
Specifically, for each of sex replica, we assess the parameters of each model using its 70% data. Then
we used the assessed parameters of each model to measure how accurately the model performs on
the remaining 30% of data (which were not used to assess the parameters). Then, we present the
average of six replicas for 30% of data. For example, for GDT-2-kV model for the first replica, we used
the randomly selected 70% of the data, then we found parameters (w1, w2, ws, a1, az, as, z, zx) by
minimizing SSE as explained before. Then, we use the obtained parameters to see how accurately
these assessed parameters can predict the ratings of the remaining 30% of alternatives which were
not used in obtaining the parameters.
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In Table 9, the no. of parameters varies from 1 to 10. The sixth column shows average SSE of six

replicas of random samples based on 70% of the data was used to determine the parameters of each
model. Then the obtained parameters of different models which were applied to the remaining 30%.
Note there are total of nine parameters in all different models: w1, w2, ws, a1, a2, a3, z, zx, and K.

Table 9. Average Accuracy of Six Replicas of 30% of Out-of-Sample: Using SSE to Compare MCDM
Models where Parameters of Each Model was Obtained from its 70% Training data (In-sample).

Given Default Ave o .
No. values of | Solution of Unknown Parameters based | SSE of Lv% Ranking
Model of . Error of | of
Model Parameters; and | on 70% of data (only the parameters of | Six
No. Par unknown one replica i ted) Repli Ave Models: 1
a. plica is reported). eplica | cop is the best
parameters S
1 LV-Equal-W | 0 wi=w=w3=0.33 U=%2033xf 0.0797 | 100.00% | 23
2 gﬁizg}f oo [wwew033 [ U=357033 1 - 099 10120 [1260.76% | 27
LV-1V- o U=%}033xf" 0
3 Equal-W 1 wi=wo=wi=033,a [ S 0.0465 58.34% | 18
_v3 . 3 -
Z-MAD-GP- wimwamwi=0.33, | U= 2i 033+ fi+ 257033 «1f; ,
4 Faualw-Gg | ! 7. fui=frfs—0.99 0.99] 0.0153 19.20% | 2
q ’ 77 | 2=-0.2956
GDT.1 U=3%2033xf; +2z(|23033«f, —
5 Equal-W 1 wi=w2=w3=0.33, z | T} £°%3|) 0.0206 25.85% | 6
7=-0.99
U=37033xf*+2(|2}0.33 % f* -
GDT-1-1V- wi=w2=w3=0.33, 3 033 ! ¢ ¢ o
6 Fqual-W 2 20 [Br ) 0.0197 2472% | 5
7=-0.8641, a=1.22
U=3%2033xf; +2z(|23033«f, —
e 3 £0.33 _TT13(1 — £ 1033 _
; SDTI%V 5 wi=w2=w3=0.33, nlgfl D) +z.(1-TI; - f) 00206 | 25.85% | 6
qual- 7, 7x %20.33f;)
7=-0.99, zx=0.001
U= 213 wi * fl 0
8 LV 3 W1, W2, W3 Wi—0.7463. wr0.0927. wr=0.161 0.0622 78.04% | 21
9 AHP-LV 3 Wi, W2, W3 U=Xiwi+f 0.07779 | 97.60% | 22
> wi1=0.4, w>=0.4, w3=0.20
MAD-GP- wi, w2, ws, | U=X3w; +|f, —0.99| 0
10 Equal-G 3 fe1=f6:=163=0.99 w1=0.7463, w2=0.0927, w3=0.161 13029 11634.76% | 28
LV-Kv- wi=w2=w3=0.33 U=Y3033x+f"
11 3 ’ ! i 0.0461 57.84% | 17
Equal-W a1, o2, o3 @1=0.592, 02=3.58, 03=2.45 °
U=3%2033xf*+2z(|23033* f* —
e 3 £0.33%a 3,1 _
1 GDT-2-1V- | . wi=w=w3=0.33, | [I3f; )+ z(1-TT3 (1 0.0299 37500 | 14
Equal-W Z, ZX, O f%)033 —¥30.33f% )
7=-0.99, zx=0, 0=0.001
U= 213 wi * fia o
13 LV-1V 4 W1, W2, W3, 0 Wi=0.2001, wa0.5847, ws=0.2152. =2 0.0399 50.06% | 16
U=Y3w*fi+z(|Z3wi = f; —
3 Wi
14 GDT-1 4 W1, W2, W3, Z I ;™)) 0.0224 28.11% | 9
wi1=0.5061, w>=0.1784, w3=0.3155, z=-
0.99
U=Y3w;=fi+zYsw; *|fi —0.99]
15 ZMAD-GP- | 4 | ) ) wy 2 wi=0.1869, wi=0.7432 ws=0.3571, 7= | 03219 | 403.89% | 26
Equal-G
0.37981
U=33033xf"+2(|23033xf" -
GDT-1-kV- wi=w2=w3=0.33, 3 o_ég*ai ¢ ¢ o
16 Equal-W 4 7. 0. o, 05 3, D 0.0128 16.06% | 1
2=-0.862, 01=0.787, 0=3, 13=0.977
Keeney-1: 1+ KU =[I7[1 + Kw;f]]
17 MU - 4 w1, w2, w3, K wi=0.0498, w>= 0.3119, w3=0.07998, | 0.0284 35.63% | 13
K=10
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GDT-1-1V

Wi, W2, W3, Z, O

U=Y3w*f& +2(|ZFwi £~
)
wi1=0.0917, w>=0.7432, w3=0.1651, z=-
0.99, a=2

0.0187

23.46%

19

GDT-2

W1, W2, W3, Z, ZX

U= Z?wt * f; +Z(|Zi3w,- * fi —
6" +z(1-TT1P = fiyvi -
Tiwif;)

w1=0.5063, w>=0.1783, w3=0.3154,
7z=-0.999, zx=0.00000998

0.0231

28.98%

11

20

Keeney-2:
MU-1V

wi, w2, w3, K, a

1+ KU =[I3[1 + Kw;f#]
wi=0, w2=0.6862, w3=0.7160, K=5.45,
0=2.54

0.0544

68.26%

20

21

GDT-2-kV-
Equal-W

wi=w2=w3=0.33,
Z, ZX, 1, 02, 03

U=33033+f%+2(|3}033 %" —
I A3 ) + 2, (1 =TT 31 -

f;ai ) 0.33 _ Z ? 033f;al )

7=-0.8559, zx=0.144, 0,=1.0001, 0:=3,
03=0.944

0.0247

30.99%

12

22

LV-kV

Wi, W2, W3, 01, 02,
o3

U=3iw*f*
wi1=0.001, w>=0.7678, w3=0.2312,
o1=1.89, ax=3, 03=2.95

0.0529

66.37%

19

23

QU-Equal-
a&b

a, =a; =as,
bl = bz = b3,
€1,Cp,C3,d

U=afx?+aff+aff +bfy +bfy +
bfs +aififa t cafafs + c3fifs +d

a =a; =az = 0,

b1 = bz = b3 = 0.09005,

¢, = 0.0699,c, = 0.1228,

¢3 = —0.000000000492

d = —0.000000000528

0.0386

48.43%

15

24

GDT-2-1V

Wi, W2, W3, Z, ZX, O

U=33wi*f& +2(|ZFwi * £ —
I £ + z(1-TT A - i)W -
Tiwif?)

w1=0.001, w2=0.8782, w3=0.1208,
7z=-0.9181, zx=0.0533, 0=2.062

0.0196

24.59%

25

GDT-1-kV

Wi, W2, W3, Z, O,
o2, 03

U = X7 wy« f5 + 2(|5F wy £ -
i

I £)

wi1=0.0568, w>=0.8296, w3=0.1136,

7z=-0.9051, 01=0.001, 02=3, a3=3

0.0239

29.99%

10

26

Keeney-3:
MU-kV

wi, w2, w3, K, a1,
o2, 03

1+ KU =[I}[1 + Kw; ;"]
wi=0.01153,  w2=0.5013,
K=10,

@1=0.149, @2=2.778, a5=0.709

w3=0.0761,

0.138

173.15%

24

27

GDT-2-kV

Wi, W2, W3, Z, ZX,
a1, 02, 03

U=33w; =+ z(|Z3w; = £ —
I £ + ze(1-TIE @ = £ -
Tiwif)

w1=0.0565, w>=0.8301, w3=0.1134,
7z=-0.9061, zx=0.001, o;=0.001,
o3=3

02=3,

0.0221

27.73%

28

QU

10

aq,a;,as, by, by,
b3, cq,C5,C3,d

U= aiffx? + ayff + asff +bify +
byfz + bsfs +cifafo + cafafs +

cfifs +d
a; = —0.00000003,

a, = 0.4664,
az = 0.00000000154,

= —0.000000000154,
= —0.0000000834,
—0.0000000602,

¢; = 0.00624, ¢, = 0.1423,
c; = 0.0000000165,

d = —0.0000000432

SRS
w N =
ol

0.1534

192.47%

25

In Table 9, the best-performing model is GDT-1-kV with four parameters. Here this solution
means that while the general utility function is a concave function of the three value functions, the first
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and the third value functions are concave, but the second value function is convex.  This solution
contradicts the common theoretical understandings in MCDM and decision making that assume
value functions and utility functions are concave.

The SSE values for the best-performing MCDM models for the given no. of parameter based on
30% out-of-sample are presented in Figure 3 and Table 9 are explained below. Note that the
parameter values given in Table 9 and explained below are based on the first replica; however, Ave
SSE and LV% error, and rankings are based on average of seven replicas.

N o N N N N N N N N
Q N v < ™ 2 © A > N
N oS N & N S8 N R & O
\ Q N \ N N > X ™ o
v v v v "\ N !
o S N 3 3 S
W Oov ¥ & W ® S S [
< < N N &
S &,\, /\,ﬂ/ < N
Q Q Q Q
s © © ©
~
A

Figure 3. Average SSE of Six Replicas for 30% Out-Sample Experiments. Top Ten MCDM Models for
The Given No. of Parameters in Parentheses are shown.

One Parameter: For one parameter, Z-MAD-GP-Equal-W-G model (using parameter z=-0.2956)
was the most accurate predictor with the lowest SSE = 0.0153 (LV% error = 19.20%).

Two Parameters: For two parameters, the model GDT-1-1V-Equal-W (using parameter z=-0.8641,
a=1.22) outperformed other two-parameter models, where average SSE =0.0197 (LV% error = 24.72%).

Three Parameters: The model GDT-2-1V-Equal-W (using parameter z=-0.99, zx=0, @=0.001) had
average SSE = 0.0299 (LV% error = 37.52%).

Four Parameters: The GDT-1-kV-Equal-W model (using parameter z=-0.862, a1=0.787, a2>=3,
a3=0.977) had the best performance, attaining the minimum SSE with four parameters where average
SSE = 0.0128 (LV% error = 16.06%). Note that this model was ranked 8t when 100% of data was
used in Table 8, but here is ranked 1.

Five Parameters: The model GDT-1-1V (using parameter w1=0.0917, w2>=0.7432, ws=0.1651, z=-
0.99, a=2) had average SSE = 0.0187 (LV% error = 23.46%).

Six Parameters: The model GDT-2-1V (using parameter w1=0.001, w2>=0.8782, ws=0.1208, z=-0.9181,
zx=0.0533, @=2.062) had average SSE = 0.0196 (LV% error = 24.59%).

Seven Parameters: GDT-1-kV (using parameter w1=0.0568, w>=0.8296, ws=0.1136, z=-0.9051,
a1=0.001, a>=3, a3=3) had average SSE = 0.0239 (LV% error = 29.99%)
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Ten Parameters: For ten parameters, the QU MCDM model exhibited the highest average SSE =
0.1534 (LV% error = 192.47%).

7.2. Discussion of the Best MCDM Method and Its Application to Wind Farm Problem

The best model for the data used in this paper is GDT-1-kV-Equal-W; this model uses equal
weights (as default values) and k value functions plus z having a total of k+1 parameters (in this
application k+1=3+1=4) parameters. In out-of-sample experiments of six randomly selected replicas,
this model has the best (the minimum) SSE of 0.0128 (where LV% error = 16.06%). The parameters of
most replicas were similar for GDT-1-kV-Equal-W model, for example in one replica, z =-0.862, a1 =
0.787, a2 =3, a3 = 0.977, where the given default values of w1 =0.333, w2 = 0.333, ws = 0.333 were used®.
This solution has profound meanings which cannot be easily found using classical MCDM methods.
Here, the weights of importance are not critical (using default equal weights); however, we can
observe that although all criteria are increasing but they have different meanings. For first criterion,
a1 = 0.787 where value function, v(f1), is concave (in average wind density) meaning diminishing in
return. For the second criterion, a2 = 3 where v(f2) is highly convex (in average wind speed) meaning
increasing in return. And for the third criterion v(fs), as = 0.977, is concave but almost linear (in
conducive terrain) meaning almost constant in return. Now, we explain the meaning of z = -0.862,
this means that the Utility function, U, is highly concave in (v(f1), v(f2), v(f3)); which is consistent with
economical models preferring non-extreme points to extreme points; however, v(f2) is convex; this
results in a mixed concave/convex utility function. Furthermore, here, we observe that assessing
utility functions by direct ranking and rating of alternatives is far superior in out-of-sample
experiments than those MCDM methods that assess the parameters of the utility function directly
(not using real alternatives (e.g., assessing additive MAUFs parameters and also the direct assessment
of weights of importance as is done in AHP).

Applying this GDT model resulted in the ranking of locations as: 1. Tabuk, 2. Baha, 3. Najran, 4.
Northern region, 5. Asir, 6. Madinah, 7. Makkah, 8. Hail, 9. Jouf, 10. Riyadh, 11. Eastern Region, 12.
Qassim and 13. Jazan regions.

8. Discussion of Group Decision Making and Its Resolution by New MCDM-GDT

In the application to wind-farm location selection, we used the average of ratings of 30 experts
(DMs) for each given alternative (location). The problem of using average of ratings is that it is linear
and does not consider the deviation of different DMs’ ratings. Here, we provide an extension based
on MCDM-GDT that gives more credit to the majority of DMs who are more consistent in their ratings
with each other while extreme ratings are less credited. We do this by using GDT-1 model which is a
concave function’. We have not found any papers in the literature addressing this issue of nonlinear
aggregations of DMs’ ratings; however, for a technical approach to this problem see Lopez-Morales
(2018) and for a broader approach see Davey, Ann, and David Olson (1998).

In this section we apply MCDM-GDT approach for aggregating multiple DMs’ ratings of
different alternatives. Suppose that there are n alternatives for j=1, 2, ..., n and Q no of DMs for g
=1,2, ..., Q. Suppose that u,; is the rating value of alternative (e.g. location) j given by DM no. g
(DM,) where ratings are normalized form of 0.01 to 0.99.

Suppose that w, is the importance given to the DM; where Zgzl w, = 1. Using these weights,
we can define the LV of multiple DMs in Eq. (8.1). LV is a simple composite approach based on
weighted rating of multiple DMs.

W=3 w12 )

6 The meaning of this solution is that the utility function, U, is concave in v;= f,*

. forall i, where flal is

a. : a . . .
concave, f, > isconvex, f; ° is concave (because a<1 is concave and a>1 is convex).
7 Tt is, however, possible to give more value to extreme DMs by using a convex GDT-2 by setting z=0, or

using a mixed concave and convex model in GDT-2 where both z and zx are used.
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Here, LV is a weighted linear function. When weights are equal, this function is the same as
average function. LV may result in incorrect ratings of locations because the ratings of some DMs
could be substantially different from others. That is, the varying priorities inherent in data from
distinct (out of normal range) DMs may hold greater significance on the LV values of different
alternatives. Relying on LV disregards the proper consideration of dispersion of the data; for example,
two alternatives with equivalent LV may have substantially differing levels of dispersion. We
propose to measure and use these dispersions for the proper ranking of alternatives using MCDM-
GDT applied to the multiple DMs problem. This model incorporates dispersions of different DMs;
such that more priority will be given to DMs who are more consistent with each other (those who
have more similar ratings).  First, we define the geometric value (GV) for the multiple DMs problem.

GV; = ]'[g:l u:j. forj=1,2,...,n (8.2)

GV is a concave function of consequences without using any parameters. As dispersion of u,
decreases, GV approaches LV; when all u, are the same, GV =LV.

Now, we can define geometric deviation (GD) for each alternative as the difference between LV
and GV.

w .
GD; = LV; — GV, = Zqul Wqllgj — ]'[3=1 u, ! forj=1,2,...,n(8.3)

GD approaches 0 as dispersion decreases. The aggregate utility of multiple DMs based on GDT
is defined as:

Uy =LV; +2GD; = (1 + 2)LV; — 2GV;  forj=1,2,...,n  (8.4)

where -1 < z < 0. This satisfies the first-order stochastic principle in risk problems (Malakooti, 2018,
2024; Malakooti et al., 2021); and it also satisfies non-dominancy (efficiency) for the multiple DMs
problem. It is evident that the z-value represents the degree of emphasis on dispersion by the DMs;
a smaller z (towards -1) indicates a greater emphasis on minimizing dispersions. That is, using z =
0 implies that dispersions of different DMs do not matter, and using z = -0.99 means that dispersions
matter, such that the effect of extreme DMs is minimized. Theoretically, z cannot be lower than -1
because the solution can be inefficient (dominated) (Malakooti, 2018, 2024; Malakooti et al., 2021).

One can suggest using standard deviation (SD), as in mean-variance, to measure dispersion
instead of GD used in GDT. However, mean-variance violates first-order stochastic dominance (and
here the dominancy or efficiency principle; see K. Borch, 1969). This means that using SD might lead
to selecting dominated points. Conversely, utilizing GD can uphold first-order stochastic dominance.
A small example is presented below to show this concept. For example, suppose that we have four
DMs and two locations. The four DMs have rated location a1 as 0.99, 0.8, 0.7, and 0.7, and location a2
as 0.9, 0.8, 0.7, and 0.7, respectively. Here, we assume the weights of importance of all DMs are the
same, i.e.,, w, =0.25forall u,; forg=1,2,3, 4. See Table 10.

Table 10. Example to show the differences between SD and GD when using dispersions.

Usp(z=-0.99), Uan(z=-0.99),
LV | SD GD

wg | 025 | 025 | 0.25 | 0.25 U=LV-0.99SD U=LV-0.99GD

a; 1099 08 | 07 | 07 |0.798 | 0.118 0.680 0.008 0.789

a; | 09 | 08 | 07 | 07 |0.775 | 0.083 0.693 0.004 0.771

Note that a, is dominated by a; based on the non-dominancy (efficiency) principle. However,
using SD here results in selecting a, which is a dominated alternative.

Now, we apply, the multiple DMs GDT approach to the wind location problem. In the wind
farm selection, we have n = 13 locations and Q = 30 DMs. First, we assume that we assume the
weights of importance of all DMs are the same, i.e. w, =1/30forg=1,2,3, ..., 30. Also, we use z = -
0.99 to give more importance to similar ratings closer to the average. According to Table 11, Tabuk
is the best and Jazan is the worst alternative.
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Table 11. Rating of 13 Locations by Equal weights and z =-0.99.

Region Tabuk | Madinah Makkah Asir Riyadh Jouf Baha
Ranking 1 2 3 4 5 6 7
Northern Eastern
Region Hail Qassim Najran Jazan
Region Region
Ranking 8 9 10 11 12 13

For this application, the ranking of locations remains the same across different z values, from 0
t0-0.99. These results indicate that most experts in our experiment exhibit minimal dispersion in their
ratings, thus, their differences have little impact on the rankings. Their ratings closely align with one
another, reflecting their expert opinions.

Nevertheless, to demonstrate an example that the rankings will change depending on
alternatives and DM, in the following, we select ratings from 10 experts (out of 30) who have the
largest dispersion with each other and apply them to five locations that also have the most
dispersions. Again, we assign equal weights for DMs, ie.,, w; =w, =w3 =+ =w;, = 0.1. The
aggregate utility values are presented in the table below, demonstrating how the rankings shift with
varying z-values. See Table 12 that shows for z = -0.99, Riyadh is no. 1, and Asir is ranked as no. 2,
while for z = 0, these ranks are reversed.

Table 12. Comparison of Aggregate ten DMs with varying z = 0, -0.5, and -0.99 values for five
conflicting regions.

Regions No. z=0 Ranking z=-0.5 Ranking z=-0.99 Ranking
2.Riyadh 0.6942 2 0.6822 2 0.6705 1
3.Northern Region 0.4805 4 0.4641 3 0.4480 3
6. Qassim 0.4928 3 0.4638 4 0.4355 5
7. Najran 0.4786 5 0.4586 5 0.4390 4
8. Asir 0.7403 1 0.6943 1 0.6493 2

The regions presented in Table 12 demonstrate how rankings of alternatives may change as z
changes. Looking at regions Riyadh, Asir, Northern Region, Qassim, and Najran, we can see ranking
changes from using z = 0 (not using dispersions) and z = -0.99 (using dispersions such that the effect
of extreme DMs is minimized). The average aggregate does not consider the dispersion in ratings,
but GDT will account for those disparities.

9. Conclusions and Future Work

Although the idea of sample vs. out-of-sample testing for validating models is well-known in
the literature, but in this paper, for the first time, we provided its application for evaluating and
ranking MCDM methods based on real-world experiments. We applied this approach for rating
MCDM alternative wind farm locations for the renewable energy sector in Saudi Arabia. Using
sample vs. out-of-sample, we evaluated several well-known MCDM methods including our newly
developed MCDM-GDT model.

In this paper, we developed, MCDM-GDT method by adopting the ideas of a risk model called
Risk-GDT which was developed by (Malakooti 2018, 2024; Malakooti et al., 2021). Special cases of
MCDM-GDT include important MCDM models such as additive, multiplicative, concave & convex
functions. To simplify, the assessment process, we showed its different parametric special cases by
using default values of parameters. MCDM-GDT has (2k+2) parameters. However, it can be
simplified to one parameter by using default values. We illustrated that how to find the parsimonious
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MCDM-GDT model with the least no. of parameters to solve and analyze a given MCDM problem.
We start by one parameter (using z) and start going up one parameter at a time up to (2k+2)
parameters. Based on out-of-sample experiments, for this application of wind location, we found that
k+1 parameters were sufficient to assess the best fitting model: GDT-1-kV (see Table 4). This model
is a mixed concave/convex function where the utility function is a concave function of three criteria
value functions, but the second criterion has a convex value function while the other two value
functions were concave. We suggested that this is surprising result that contradicts theoretical
assumptions in MCDM and decision making which assume concavity is underlying behavior.
Overall, for the same no. of parameters, different special cases of MCDM-GDT outperformed other
MCDM models.

For wind location problem in Saudi Arbia, we developed the objective measurements (metric)
of three criteria for the evaluation of thirteen locations. We used the ratings of the 30 experts for the
wind locations and then applied sample vs. out-of-sample MCDM approach to select the best
location.

Furthermore, we also develop a nonlinear aggregation of experts’ ratings based on MCDM-GDT
and ranked alternatives. This MCDM-GDT model for aggregating experts’ assessment is also new to
the literature; and it has the advantage of minimizing the effects of extreme opinionated experts while
not eliminating their opinions.

Future research in this area can include experiments with additional real-world datasets and
with a variety no. of criteria and alternatives. Also, one can consider exploring the performance of
other MCDM models in out-of-sample experiments and compare them to MCDM-GDT. For other
renewable energy problems, we suggest considering the identification and quantification of
appropriate criteria and the application of MCDM methods for evaluating energy saving alternatives.
We also proposed a generalization of MCDM-GDT model (Eq. 3.16) which includes also minimizing
distance to idea points and maximizing distance to nadir points; this model can be further
investigated.

Supplementary Materials: The following supporting information can be downloaded at the website
of this paper posted on Preprints.org.

Abbreviation
SSE Sum of Squares Error
Wi Weights of importance of criteria i where i=1, 2, ..., k
fi Normalized value of f (actual value) for criteria i and alternative j
F; Normalized value of all criteria for alternative j where j=1,2, ..., n
vilf?) Value function of criteria ¢
a; Parameter of power value function vi(f;)
LV Linear Value Utility function
AHP-LV Linear Value Utility function using AHP—process to assess weights
LV-kV Additive Linear Value Utility using k different value functions
LV-1V Additive Linear Value Utility using one value function
MU-kV Keeney: Multiplicative Utility functions using k different value functions vi(f)) = f;*
SMU Keeney: Simplified Multiplicative- Utility function where vi(f;) = f;
MAD-GP- Weighted Mean Absolute Deviation-Goal Programming (MAD-GP); for f;; default
General values of 0.99 are used
Z-MAD-GP Z-Goal Programming (Malakooti (2014, pp.99-108))
QU Quadratic Utility function (shown for three criteria, k£ = 3)
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GV Geometric Value function (GV <LV)

GD Geometric Dispersion function

GDT-1 Geometric Dispersion Theory model

XV X-geometric Value function (LV < XV)

XD X-geometric Dispersion function

GDT-2 Basic Geometric Dispersion Theory model

LVg-kV Linear function with & value function

GVg-kV Geometric Value with & value function

GDg-kV Geometric Deviation Value with £ value function

XVe-kV X-geometric Value with & value function

XDg-kV X-geometric Deviation Value with & value function

GDT-1-kV GDT-1 with k different value functions

GDT-2-kV GDT-2 with k different value functions

LVg-1V Linear function with one value function

GVg-1V Geometric Value with one value function

GDg-1V Geometric Deviation Value with one value function

XVe-1V X-geometric Value with one value function

XDg-1V X-geometric Deviation Value with one value function

GDT-1-1V GDT-1 with one different value functions

GDT-2-1V GDT-2 with one different value functions
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