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Abstract: The paper investigates some similarity measures in interval bipolar neutrosophic
environment for multi-attribute decision making problems. At first, we define Hamming and
Euclidean distances measures between interval bipolar neutrosophic sets and establish their basic
properties. We also propose two similarity measures based on the Hamming and Euclidean
distance functions. Using maximum and minimum operators, we define new similarity measures
and prove their basic properties. Using the proposed similarity measures, we propose a novel
multi attribute decision making strategy in interval bipolar neutrosophic set environment. Lastly,
we solve an illustrative example of multi attribute decision making and present comparison
analysis to show the feasibility, applicability and effectiveness of the proposed strategy.
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1. Introduction

In order to deal with problems involving indefinite and uncertain information, Zhang [1, 2]
proposed the bipolar fuzzy sets (BFSs) that utilize the idea of positive and negative preferences of
information where the value of membership grade of a component of BFS belongs to [-1, 1]. Later,
Ezhilmaran and Shankar [3] proposed the bipolar intuitionistic fuzzy sets (BIFSs). Deli et al. [4]
defined the bipolar neutrosophic sets (BNSs) as the generalization of fuzzy sets [5], BFSs [1, 2],
intuitionistic fuzzy sets [6], BIFSs [3] and neutrosophic sets [7], etc. In the same research, Deli et al. [4]
presented some operations including the score, accuracy, and certainty functions and two weighted
operators to develop a bipolar neutrosophic multi-criteria decision making (MCDM) method. Dey et
al. [8] investigated a technique for order preference by similarity to ideal solution (TOPSIS) strategy
for multi-attribute decision making (MADM) problems in bipolar neutrosophic setting to obtain the
best alternative.

Similarity measure is an important decision making device for many MADM problems such as
investment [9, 10], pattern recognition [11], supplier selection, construction project selection [12], etc.
Deli and Subas [13] and Sahin et al. [14] presented MCDM strategy using correlation coefficient and

Jaccard vector similarity measures, respectively. Ulucay et al. [15] proposed four similarity measures
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namely, Dice, weighted Dice, hybrid and weighted hybrid similarity measure of BNSs and applied
them to solve MADM problems. Pramanik ef al. [9] presented several projections measures such as
bidirectional and hybrid projection measures of BNSs and established their basic properties. In the
same research, Pramanik et al. [9], developed three novel algorithms for MADM problems in BNS
environment.

Deli et al. [16] and Mahmood et al. [17] grounded the concept of interval bipolar neutrosophic
sets (IBNSs) by extending the idea of BNSs [4] and interval neutrosophic sets (INSs) [18]. In same
paper, Deli et al. [16] defined score, accuracy and certainty functions of IBNS and IBNS weighted
average operator and IBNS weighted geometric operator to aggregate the IBNSs and finally,
presented a MCDM algorithm. Mahmood et al. [17] defined the union, complement, intersection, and
containment of IBNSs and defined some aggregation operators to establish a MADM strategy for
IBNSs. In 2018, Pramanik et al. [19] proposed weighted cross entropy measures for bipolar and
interval bipolar neutrosophic sets and established their basic properties. Using the weighted cross
entropy measures, Pramanik et al. [19] also developed two new MADM strategies. Recently,
Pramanik et al. [20] defined correlation coefficient and weighted correlation coefficient measures of
IBNSs and established their basic properties and developed a novel MADM strategy with interval

bipolar neutrosophic information.

Research gap:

MADM strategy based on some new similarity measures in interval bipolar neutrosophic set
environment.

Motivation:

The above-mentioned analysis presents the motivation behind proposing new similarity
measure based MADM strategies for MADM problems in IBNS environment.

The objectives of the paper are as follows:

1. To define Hamming distance and Euclidean distance measures and prove their basic
properties.

2. To introduce a new similarity measure and prove its basic properties.

3. To establish three new MADM strategies based on Hamming distance measure, Euclidean
distance measure and a similarity measure using on minimum and maximum operators in
IBNS environment.

To deal with the research gap, we propose novel similarity measures for solving MADM

problems with interval bipolar neutrosophic information.

The remaining of the article is organized as follows. Section 2 presents some concepts
concerned with BFSs, BIFSs, BNSs, and IBNSs. Section 3 introduces new similarity measures based
on Hamming and Euclidean distances. Section 3 also introduces new similarity measures between
two IBNSs on the basis of maximum and minimum operators and establishes their properties.
Section 4 develops three novel MADM strategies in IBNS environment. Section 5 presents
algorithmic representation of the developed three MADM strategies in interval bipolar neutrosophic
set environment. Section 6 demonstrates an illustrative example to show the applicability and
effectiveness of the proposed strategy and then comparison analysis is presented. Finally, some

remarks and future scope of research are provided in the concluding section.

2. Preliminary
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In this section, we recall several basic definitions and properties of BFSs, BIFSs, BNSs, IBNSs

respectively, which are useful for the presentation of the paper.

2.1 Bipolar fuzzy sets

A BFS [1, 2] F is characterized by a positive membership function u(x) and a negative

membership function i (x) where xeX. A BFS F is expressed as follows:
F={x (5 (0, 17 () | xeX)

where p;, (x):X — [0, 1] and pz(x): X — [-1, 0] for each point xe X.

2.2 Bipolar intuitionistic fuzzy sets
Assume that X is a non-empty set, then a BIFS [3] G in X is expressed as:

G =, (84 (), 85.(x), 45 (), 26 (x)) | xeX).
where 6;(x), 2;(x): X — [0, 1] and 5, (x), A,(x): X — [-1, 0] for each point xe X such that

0<85(x)+ 25 (x) <1and -1< 6, (x) + A, (x) <0.

2.3 Bipolar neutrosophic set

A BNS [4] H in X is presented as follows:

H = {x, (o, (x), B3 (), 77 (), @ (), By (), 77, (%) ) | xe X)
wherea,, (x), B, (x),7,;(x) : X > [0, 1] denote the truth, indeterminate, and falsity membership

functions respectively of an object xe X corresponding to H. o, (x), B, (x), v, (x): X — [-1, 0]

signify the truth, indeterminate, and falsity membership functions of an object xe X to some implicit

opposite property associated with H.
2.4 Interval bipolar neutrosophic set
An IBNS [16, 17] K in X is represented as follows:

K=ix, <[infa;(x),supa;(x)],[inf Bi(x),sup By ()L [inf 7, (x), supy;(x)]> e X)
[inf e (x), sup ety (0], [inf B (), supBi (0], [inf 7z (x), supy ()]

where K is characterized by positive and negative truth-membership o (x), a™ (x);

indeterminacy-membership 8 (x), 8~ (x); falsity-membership y* (x), y~ (x) functions respectively.
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at(x), @),y ()c[01a (x), B (x),7y (x) <[-1, 0] for all xe X with the conditions 0<

supa”® (x)+sup B (x) +supy’ (x)<3, and -3<supa” (x) +sup B~ (x) +supy  (x)<0.

Definition 1. Ref. [16, 17]: Consider L and M be two IBNSs in the universe of discourse X. We
call L is contained in M i.e. L < M if and only if

inf a; (x)<infa,, (x), supa; (x)<supa,, (x), inf B, (x) 2inf g, (x), sup B, (x) = sup B, (x),
infy; (x)2infy,, (x), supy, (x) Zsupy,, (x), infa; (x) 2infa,, (x), supa; (x) =supa,, (x),

inf B, (x)<inf B,, (x), sup B, (x)<sup B,, (x), inf o, (x)<inf a,, (x), supy, (x)<supy,, (x),

for all xe X.
Definition 2. Ref. [16, 17]: Suppose L and M are two IBNSs defined over X. Then we say L = M if
and only if

infa; (x) = infaj, (x), supa; () =supa;, (x), inf ; (x) =inf B, (x), sup B; (x) = sup B, (x), inf 7} (x) =
infy;, (), sup7; (x) = sup 7, (x), infa; (x) = infa,, (x), supa; (x) = supa,, (x), inf B; (x) = inf B, (¥)
sup B, (x) =sup B, (x), inf o, (x) =inf «,, (x), supy, (x) =supy,, (x), for all xe X.

Definition 3. Ref. [18]: The complement of an IBNS L= {x, < [infa; (x), supa; (x)]; [inf B, (x),
sup f; (x)]; [infy; (x), supy,; ()]; [infer; (x), supa, (¥)]; [inf B, (x), sup B, (x)]; [infy, (x), supy, (x)]>
| xe X} is represented as LC = {x, < [infa,. (x), supa,. (x)]; [inf B (x), sup B, (¥)]; [infy . (x),
supy,c (x)]; [infe . (x), sup o e (x)]; [inf B (x), sup B (x)]; [infy . (x), supy,c (x)]>|xe X} where
infa;, (x) = infy; (), supa;; (x) = supy; (x), inf B (x) = 1 - sup B} (x), sup fi: (v) = 1 - inf B} (v)
infy . (x) =infa;, supy,. (x) =supa, (x), infa, (x)=infy, (x), supa . (x) =supy, (x), inf . (x) =-1
- sup B, (x), sup B,c (x) =-1-inf B, (x), infy . (x) =infe; (x), supy . (x) =supa, (x) for all xe X.

3. Similarity measures between IBNSs

Definition 4: Let two IBNSs L and M in X = {x1, x2, ..., xm} be represented by L= {x;, [infer; (xi),

sup a; (xi)], [inf B, (i), sup B, (x)], [infy, (xi), sup y, (x)], [inf e, (xi), sup a; (xi)], [inf B, (xi),

sup B, ()], [inf y, (i), supy, (xi)] | xe X} and M = {xi, [inf ), (xi), sup «,, (xi)], [inf B,, (x1),

4
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sup B, ()], [infy,, (xi), supy, (x)], [infa, (xi), supa, (x)], [infB, (x) sup B, (x)], [infy, (xi),
supy,, (xi)] | xi € X}, where 0< supa; (x)+supf, (x) +supy;, (¥)<3;-3<supa; (x)+sup S, (x)+

supy; (x)<0; 0<supa,, (x) + sup B, (x) + supy,, (x)<3; and -3<supa,, (x) + supf8,, (x) + supy,

(x) £0. Then, we define the Hamming and Euclidean distances between L and M as follows:
(i). The Hamming distance
linf o (x;)—inf a, (x,)|+[supa; (x;)—supa, (x,)|+]|inf B, (x;)—inf B, (x,)[+
Di(L,M)= 14 Isup B, (x;)—sup By, (x,;) | +|inf y; (x,)—inf yy (x;) [+ [supy; (x;)=supy, (x;) |+ 1)
1220\ Jinf a; (x;)—inf a (x,) [+ |supa; (x;)=supa, (x,) | +]inf B, (x,)—inf B (x,)|+
Isup B (x;)—sup B (x,;) |+ [inf y; (x;)—inf y3, (x;) | +[supy; (x;)—supyy (x,)|
(ii) The normalized Hamming distance
linf o) (x,)—inf oy, (x;) [+ |supa; (x,)—supay (x,)|+|inf B; (x;)—inf B (x,) |+
Dz(L,M)=L§ [sup B (x;)=sup By, (x;) | +[inf y, (x;)—inf y 3, (x;) [ +[supy; (x,)—supy, (x,) |+ ()
12m j=1 linf o, (x;)—inf oy, (x;)[+|supa, (x;)—supa,, (x;) | +|inf B, (x;)—inf B, (x;) |+
Isup B (x;)=sup B, (x,) | +[infy, (x;)—infy, (x;)|+|supy (x;)—supy, (x;)]
(iii). The Euclidean distance

A
% _”él [(inf @] (x;)~ inf ()c,|*4()cj.))2 +(supaj(x;)- sup()c,|*4()cj.))2 + (inf B, (x;)— inf ﬁ,|*4()cj.))2 +

Ds (L, M) = [(sup i (x,) - sup B, (x,))” + (inf 7 (x,)~ inf 77, (x,)) + (sup 7} (x,) = sup 7y, (x,))” + ®)
(inf o (x;)—inf ac,fd(xj))2 +(supa,(x;)—sup oc,fd(xj))2 +(inf B, (x;)—inf ﬁ,[d(xj))2 +

(sup B, (x,)=sup By, (x))* + (inf 7, (x,) = inf 7, (x,))* + (sup y; (x,) = sup,, (x,))’]

(iv). The normalized Euclidean distance

% £ [linf a; (x,)—inf ey, (x)" + (sup ey (x;)=sup ety (x;))" +(inf B (x;)=inf By, (x,))" +
m J=!

(sup B (x,)—sup By, (x,))? +(inf y; (x,)—inf 5 (x,)* +(sup 7} (x,) = supy5; (x,))° + @
(inf o} (x,)—inf @, (x;)* +(sup @ (x;)—sup a,, (x,))* +(inf B, (x;)—inf B, (x,))* +
(sup B (x,)—sup By, (x,))* +(inf ; (x,)—inf yy, (x,))° +(sup 7; (x,)=sup 75, (x,)*]

Ds (L, M) =

However, if we consider wj = (w1, we, ..., wn) be the weight vector of the objects xj (j =1, 2, ..., m),
then, the weighted Hamming and weighted Euclidean distance measures are defined as follows:
linf o/ (x;)—inf @, (x,)|+[supa; (x;)—supa, (x,)[+|inf B; (x,)—inf B, (x,)|+
Ds(L,M)= 14 [sup 3, (x;)=sup By, (x,) |+ |inf 7, (x;)=inf y, () [ +[supy  (x))=supyy, (x))[+ | (5)
125\ |inf a; (x,)—inf oy (x;) | +|supa; (x;)—supay (x,)|+|inf B (x,)—inf B, (x;) |+
Isup B; (x;)=sup By, (x;) |+ |inf y (x;)—inf 7y (x;) |+ [supy; (x;)—sup yy (x;)|

1

% % w[(inf & (x;)—inf oc,f,(x,))2 +(supoz,f(xl.)—supoc,;(x/))2 + (inf B, (x;)—inf /3,\*4()c/))2 +

(sup B} (x,)—sup By, (x,)) +(inf 77 (x,)—inf 7}, (x,)) +(sup y; (x,) = sup 7 (x,))” + (6)
(inf o} (x,)—inf &, (x,))* +(sup & (x;)—supa,, (x,))* + (inf B, (x,)—inf B, (x,))* +
(sup f; (x,) = sup By, (x,)* +(inf y; (x,)—inf 7y, (x,)) +(sup 7; (x,)—sup 7y, (x, )]

Ds (L, M) =

If we take w = (1/m, 1/m, ..., 1/m), the Egs. (5) and (6) are reduced to Hamming and Euclidean

distances, respectively.
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Theorem 1. The above defined distance measures D: (L, M) (I =1, 2, 3, 4, 5, 6) between [, M
satisfies the following properties:

P O<Di(L,M)<1,(1=1,2,3,4,5,6)

(P2) Di(L, M)=0,ifand onlyif L=M, (I=1,2,3,4,5,6)

P3)Di(L, M)=Di1(M, L), (1=1,2,3,4,5,6)

(P4)IfLcMcCN, Nisan IBNS in X, then Di (L, M)<Di (L, N) and Di (M, N)<D: (L, N), (=1, 2,

3,4,5,6).

Proof

(P1) Clearly, from the definitions, we have 0<D: (L, M)<1, (I=1,2,3,4,5,6).

(P2) If info; (x) =infa,, (x), sup e, (x) =supa,, (x), inf B, (x) =inf B,, (x), sup B, (x) =sup B,, (x),
infy; () = infy}, (%), sup7; (¥) = sup, (x), infa; (¥) = infary, (x), super; (x) = supaty, (x), inf B (x) =

inf B,, (x), sup B, (x) =sup B,, (x), infa; (x) =infea,, (x), supy, (x) =supy,, (x), for all xe X, then D: (L,

M)=0,(1=1,2,3,4,5,6)and conversely.
(P5) From the above definitions (1 - 6), we have Di (L, M)=D:i (M, L), I=1,2,3,4,5,6).

(Ps) Consider, L € M < N, then we have inf a; (x) < inf «,, (x) < inf a, (x),
sup o, (x) < sup a, (x) < sup a, (), inf B (x) = inf B, () = inf B, (x),
sup 8, (x)zsup B, (x)2sup By (x), infy; (x) 2infy, (x) 2infyy (x), supy; (x)2supy, (x)zsupyy (x),
infa; (x)2infa,, (x)2infa,, (x), supa; (x)=supa,, (x)2supa, (x), inf §, (x)<inf g, (x) <inf B, (x),
sup fi; (¥) < sup By (¥) <sup By (x), inf 7, (¥) <inf y; (¥) <inf 7y (¥), sup 7; () < sup 7, ()
<supy, (x) forall xe X. Forr=1, 2, we have
linfa; (x,)-infoy, (x;) "< linfa; (x;) -infay(x;) IY, | supa; (x;) - supa,, (x;) "< | supa; (x;) -
supay(x;) It Linf B (x;)-inf By, (x,) I*< Linf B/ (x;)-inf B3 (x;) I*, | sup B, (x;) - sup B, (x;) I"<|
sup B (x,)-sup B (x) I, Linfy; (x,)-infyj (x,) 1< Linfy; (x,) - infy (x,) |5 | supy; (x,) -
supy, (x;) I"'<Isupy/(x;)-supyy(x;) Iy linfa, (x,)-infa, (x;) "< linfo, (x;)-infay(x;) |7, |
supa, (x;)-supa, (x;) "<l supa,(x;)-supa,(x,) It I inf B, (x,)-inf B, (x,;) I*<|inf B, (x,)-
inf By (x,) Ir, | sup B; (x,)- sup By (x,) 1< | sup B; (x,)-sup By (x,) I, | infy; (x,) -

infy, (x;,) I'<linfy, (x;)-infyy(x;) 7, I supy,(x;)-supy, (x;) I*<|supy,(x;)-supyy(x;)Ir
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By adding the above inequalities, we have Di (L, M) <Di(L,N),1=1,2, ..., 6.

Again, we have,

linfay, (x;)-infay (x;) "<l infa; (x;) -infay(x,) |1, | supay, (x;)-supay(x;) "< | supa; (x;) -
supay(x;) It Linf B, (x;)-inf By (x;) "< | inf B/ (x;)-inf By (x,) I*, | sup By (x;)-

sup By (x;) I"<Isup B, (x;)-sup By (x;) Ir, linfyy (x,)-infyy(x;) "< Tinfy; (x,)-infyy(x;) 17 |
supy, (x;)-supyy(x;) "<l supy,(x;)-supyy(x;) Iy linfa, (x;)-infay(x;) I"'<|infa, (x;)-
infa, (x;) |7, I supa,, (x;)-supa,(x;) I'< I supa, (x;)-supay(x;) Ir, inf B, (x;)-

inf By (x,) 1< 1 inf B (x,)-inf By (x,) |7, | sup By, (x,) - sup By (x,) 1< | sup f; (x,) - sup By (x,) I,
Linfy,, (x;)-infyy(x;) I*<linfy; (x;)-infyy(x;) It I supy, (x;)-supyy(x;) I*< I supy,(x,)-

supyy (x;) I, by adding the above inequalities, we get Di (M, N) <Di(L,N),I=1,2,..,6.

Example 1. Assume that L =<[0.2, 0.5], [0.6, 0.8], [0.5, 0.8], [-0.6, -0.3], [-0.7, -0.5], [-0.8, -0.3] > and
M = < [0.3, 0.5], [0.2, 0.5], [0.3, 0.7], [-0.6, -0.1], [-0.7, -0.2], [-0.9, -0.1] > be two IBNSs, then we
determine D1 (L, M) and Ds (L, M) as follows.
Di (L, M) = 1<0.2—0.3+0.5—0.5+0.6—0.2+0.8—0.5+0.5—0.3+0.8—0.7+(—0.6)—(—0.6)+>
12 \[(=0.3) = (=0.1) | + ] (=0.7) = (=0.7) | +] (=0.5) = (=0.2) | + | (=0.8) — (=0.9) | + | (=0.3) — (=0.1) |
=0.1583,
] 2 2 2 2 2 2 %
—[(0.2-0.3)> +(0.5-0.5)> + (0.6 - 0.2)* + (0.8 - 0.5)* + (0.5 - 0.3)* + (0.8 - 0.7)* +
Ds (L, M) = |12 i i i i = 0.2021.
((<0.6) = (<0.6))> + ((<0.3) = (=0.1))* + ((=0.7) — (<0.7))* + ((=0.5) — (=0.2))* +
((~0.8) = (=0.9))* +((=0.3) = (-0.1))*]

Definition 5: Let L and M be two IBNSs in X = {x1, x2, ..., x4}, then we propose two similarity
measures between L and M based on the defined Hamming and Euclidean distance measures as
given below.

linf o} (x;)—inf ey (x;) [ +[supa; (x;)=supay (x;)[+]inf B, (x,)—inf By (x;) ]+
SMi(L,M)=|_ 14 [sup 3, (x;)=sup By, (x;) [ +|inf y (x;)=inf yy, (x;) [+[supy,(x,))=supy, (x,) |+ \ (7)
122 linf &) (x;)—inf a, (x;) |+ |sup e, (x;)=supa, (x;)|+|inf B (x,)—inf B, (x,)|+
I'sup B (x;)—sup By, (x;) |+ inf y; (x;)—inf y,, (x,)[+|supy;(x;)—supy (x,)|

n %

% ) wl(inf o] (x;)—inf ., (x;))* + (sup a; (x;)—sup aty; (x;))* + (inf B, (x,)—inf B, (x,))* +

(sup B (x,)—sup B, (x,)* + (inf 77 (x,)—inf 7, (x,)* + Gup ¥} (x,) = sup 7}y (x,)° + ®)
(inf a; (x,)—inf ay (x,)* + (up a; (x ;) —sup &, (x,))* + (inf B; (x,)—inf B, (x;)° +
(sup B; (x,) - sup By (x,)* + (inf 77 (x,)—inf 77, (x,))* + Gsup 77 (x,)—sup vy (x,)°]

SM: (L, M)=1-

It is clear that the bigger the value of SM; (L, M) (j =1, 2) represents L is more similar to M.
Definition 6: Consider L and M be two IBNSs in X= {x1, x2, ..., xu}. The similarity measure on the

basis of minimum and maximum operators is defined as follows:
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min (inf @; (x,),inf ¢, (x,)) =~ min(supe; (x,),supa,, (x,)) min(inf B; (x,),inf B,,(x,))
max (inf o (x,),inf @}, (x;) max(supa; (x,),supo,, (x;)) max(inf B; (x,),inf B, (x,))
min (sup B, (x,),5up By, (x;) | min (inf y; (x),inf y;, (x,))  min (supy; (x,),5up7y (x,)
) max (sup S, (x;),sup By, (x,))  max (inf y; (x;),inf y,, (x;)) ~ max (supy; (x;),sup ¥y (x;))
QL M) = é I | min((inf gy (), (Cinf @y () min (“supar; (), (~supary, (x)) ©)

max(((—(inf a, (x,)),(=inf &), (x,)))  max (((sup(—ex, (x;,)),sup(=a,, (x;)))
min (-inf §; (), (=inf B, (x)) . min(((=sup B (x)), (=sup By (x))
max (((—inf f, (x;)),inf(= B, (x;))) ~ max ((=sup B, (x,)),(=sup B, (x,)))
min (-inf y, (x)), (=inf y,, (x)))  min (((=sup 7, (x))), (=sup 7, (x)))
max (((—=inf y, (x,)), (=inf 7, (x;))) ~ max((=supy,(x,)),(=supy,, (x,))

Theorem 2. The interval bipolar neutrosophic similarity measure Q1 (L, M) should satisfy the
following properties:

QN O0<Qi (L M<T;

(Q2) i (L, M)=1,if L=M;

(Q3) Qi (L, M) = Q1 (M, L);

Q4)If LcEMCN, thenQi(L,N) < Qi(L, M)and Q1 (L, N) < Qi (M, N) for an IBNS N in X.

Proof

(Q1) From the definition 9, we have 0< Q1 (I, M)< 1.

(Q) Ifinfa; (x) =infa,, (x), supa; (x) =sup a,, (x), inf 8, (x) =inf B, (x), sup B, (x) =sup B,, (x),
infy; () = infy}, (), sup7; (¥) = sup, (x), infar; (¥) = infary, (x), super; (x) = supaty, (x), inf B (x) =

inf f;, (x), sup f; (x) = sup B, (x), infy; (%) = infy;, (x), supy; () = sup 7y (x), for all xe X, then

obviously, Q1 (L, M) = 1.

min (inf ; (x,),inf &r,(x;)) ~ min(supe; (x;),supe,, (x;)) min(inf B, (x,),inf B, (x,)) .

max (inf a; (x;),inf @y, (x;) max(supa; (x;),supa,(x;)) max(inf 8, (x,),inf B, (x,))

min (sup f; (x).sup 5 (x)) | min (inf y; (x,).inf 7, (x)) | min (supy; (x).supyi ()

(Q) Q1 (L, M) = 14 max (sup B; (x;),sup By (x;))  max(inf y; (x;),inf yj, (x;))  max(supy; (x;),supyy (x;))
127 i=1 min(((-inf o, (x)), (=inf @, (,)))  min ((=supa, (x)),(=supay, ()

max(((=(inf &, (x,)),(—inf a,, (x,)))  max(((sup(-a, (x,)),sup(—a,, (x,)))

min (Cinf B, (), (=inf B, (x)))  min ((=sup B, (x)), (=sup B, (x))

max (((—inf B, (x,)),inf(- B,,(x;)))  max(((=sup B, (x,)),(=sup B, (x,)))

min (((-inf y, (x,)), (=inf y,, (x,))) + min (((—supy, (x;)),(=supy, (x;)))

max (((—inf 7, (x,)),(—inf 7, (x;)))  max(((=supy,(x,)),(=supy, (x,)))

min (inf o, (x,),inf &; (x,)) . min (sup«,, (x;),supa; (x,)) . min (inf By, (x,),inf B; (x,)) .
max (inf @), (x,),inf @/ (x;) max(supe,, (x,),supa; (x;)) max(inf B, (x,),inf S; (x,))
min (sup B, (x,),sup B, (x,)) . min (inf ¥ar (x,),inf ¥ (x,)) . min (sup Y (x),8upy; (x,)) N
g | manGup Bl Cesup B () max Gt 7 Go)vint 7 () max (up, (w7 () |Z 9y (M, L),
=1 min(((-inf &y, (), (=inf e, () min ((=sup @, (), (=supa, (x,)))
max(((—(inf &, (x,)), (=inf o (x;)))  max (((sup(—a,, (x;)),sup(—a; (x;)))
min (=inf B, (x)), (=inf B, (x)))  min(((=sup By (x)),(=sup B, (x))
max (((—=inf B, (x,)),inf(- B, (x;)))  max (((—sup By (x;,)),(=sup B, (x,)))
min ((=inf y,, (x)), (= inf y, (x)))  min((=supy,, (x))),(~supy, (%))
max (((—inf y,,(x,)),(=inf 7, (x;)))  max (((=supy, (x,)), (=supy,(x)))
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(Qs) Let, LEMCN, then infa; (x)<infa,, (x)<infa, (x), supa; (x)<supa,, (x) <supa, (x), inf
B, (x)zinf B, (x) 2 inf B (x), sup B, (x)2sup B, (x) 2 sup B (x), infy, (x)2infy, (x)2infyy (x),
sup y; (x) = sup y,, (x) = sup 7, (x), -infa; (x) <-inf e, (x) <-inf ay (x), -sup a; (x) < -sup g, (x) <
-sup o, (x), -inf B, (x)2-inf B,, (x) = -inf B, (x), -sup B, (x)=-sup B,, (x)=-sup B, (x), -infy, (x)=-inf

Yy (X)=-nfy (x), -supy, (x)2-supy,, (x)=-supy, (x) for every xe X. Using these inequalities, we
have the following similarity measures:

inf o (x) | supe/(v) | inf B (x) | sup B (v) | inf 7y (x) | spyi(x)

Qi (L, M) = o[ inf ay(x) supay(x) inf B(x) supB(x) infy;(x) supy;(x)
M Cinf o () | (Cswpag(e) | (inf By () | Csup By (6) | (infy(5) | (supzy ()
(=inf o, (x))  (=supay,(x)) (-inf B (x))  (=supf;(x)) (-infy;(x)) (=supy;(x))
1 ?'nf a{(xi) + Supa{(xi) + i.nf ﬁ;i(x’) + Supﬁ{/(xi) +i.nf F/\Z(xi) + SupF,E(xi) n
Qi (L,N)= z inf ay(x) supay(x) inf B;(x;) supl;(x) inf F; (x;) supfF; (x,)
n A\ Cinfap(n) | Cswpap(n) | Cinf () | CswpBi(n) | (i 7)) | (Cswpry ()
(—inf oy (%)) (=supay(x)) (=inf B/ (x)) (-supfB;(x)) (~infy;(x)) (-supy;(x))
infay,(6) | supar (x) | inf By(x) | supBi()  inf7y(x) | supya()
Q1 (M, N)= o[ infay(x)  supay(x) inf B, (x) supBy(x) infyy(x) supyy(x)

P
121 5 Cinfay, () | (-swpay, (v) | (inf fy(x)) | (swpfu(e) | (Cinfra(s) | (supya()

(=infay(x))  (=supay(x)) (=inf B, (x)) (=supfy,(x)) (=infy,(x)) (=supy, (%))

Since, we have

infa;(x) _ infa;(x) suwpa;(x) _ swpo;(x) infpy(x) _ inffy(x) supfy(x)
infoy(x,)  infay(x)  supay(x,)  supay(x) infp(x,)  infB;(x) supB(x)

sup 3, (x,) . infyy(x,) < infy,, (x;) . supy y (x;) < supy,, (x;)
sup B, (x,) infy; (x,) infy;(x;) supy; (x,) supy; (x;)

(Cinfa, (v) _ (Cinfa, ()  (swpe, () _ Cswpay(x) | (Cinffy(x) _ (inffy,(x)
(—infay(x)  (=infay, (x,)  (=supay(x,)  (=supay(x,) (-infpB,;(x)  (-infB;(x,)

(Csup By (x) _ (Csup By, () (infyy () _ (infyy, () | (Csupyi(x)) _ (supyy, ()
(—sup B, (x,))  (=supfB.(x)  (=infy,(x)) ~ (=infy,(x))  (=supy;(x,)  (=supy,(x,)

we can obtain that Q1 (L, N) < Q1 (L, M).

Similarly, we have
infa; (x;) < infa, (x;,) supa;(x;) < supa,, (x;) inf B (x,) < inf By (x;,)  suppBy(x,)
infay(x) ~ infaj(x) " supay(x)  swpay(x) infB(x)  infB(x) " sup B (x)

<

sup By (x,)  infyy(x) _ infyy(x)  supyy(x) _ suwpyy(x) (cinfe,(x)) _ (infay, (x)
sup By (%)~ infy, () infyy (o) osupy (x) o osupyy (x) o (minfoy(x))  (-infay(x))
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(csupa; () _ (supay, (x) | (Cinff(x) _ (inf By (x))  (supBy(x) _ (sup By (x)
(—supay(x,))  (=supay(x,)) (=infB;(x,)  (=infB,(x) (=supfB;(x))  (-supB,(x))

(=infyy (x,)) < (-infyy (x;))  (=supyy(x,)) S(—supy;v(xi))
(—infy; (x,)  (=infy, (x)  (=supy ()  (=supy, (x,))

Therefore, we obtain Q1 (L, N) < Q1 (M, N).

Example 2. Suppose that L =< [0.2, 0.8], [0.1, 0.2], [0.2, 0.7], [-0.4, -0.3], [-0.5, -0.3], [-0.8, -0.5] >
and M =<[0.4, 0.6], [0.5, 0.8], [0.3, 0.9], [-0.8, -0.1], [-0.8, -0.6], [-0.6, -0.4] > be two IBNSs, then the
similarity measure Q1 (L, M) between L and M is given by

o) (L,M)=LX 04 08 05 05 08 09 —(-0.8) —(=03) \=0.5155.
120\ —05)  -(03)  -(06) -(-04)
—(08) —(<0.6) —(-0.8) —(-0.3)

02 06 01 01 02 07 —(-04) (0.

However, if we consider the importance differences in the independent components (ie.,

positive and negative truth-membership a* , a” , indeterminacy-membership B, g~ and

falsity-membership y*,y” where o, 8%, 7y" <[0, 1], ™, B, v~ <[-1, 0]) in a IBNS, we can

input the weights of the independent components in Eq. (9). Therefore, we define another similarity

measure between L and M as follows:

. min (inf a; (x,),inf a,, (x,)) et min (sup a; (x,),sup ,,(x,)) N

max (inf «; (x,),inf o, (x;) max (sup o, (x,),sup o, (x;))
+ min (inf B (x),inf B () . min (sup B (x,),sup By, (x)))
max (inf B; (x;),inf By, (x,)) max (sup B; (x;),sup By (x,))
i o+ min (inf y; (), inf yy (x) . min (up y, (x),supyy () (10)
i=1 max (inf y; (x,),inf 7 (x;)) max (sup y; (x,),sup ¥ (x;))
- min( ((=inf a; (), (=inf @y (x,))) - min (=sup &, (x,)), (=sup @y (x;))
max( ((—inf e (x,)), (—inf a,; (x,))) max (((=sup a, (x,)),(=sup &, (x;)))
- min ((~inf B, (x)), (=inf( By, (x)) - min ((=sup B, (x),(=sup By (x))
max (((—inf B, (x,)), (—inf B, (x,))) max (((=sup B, (x,)), (=sup B, (x,)))
o min ((zinf y, (x,)), (=inf y,, (x)) - min (=sup y, (x,)), (=sup 7, (x:))
max (((—inf y; (x,)), (=inf 7, (x;))) max (((=sup 7, (x,)),(=sup 7, (x,)))

where y*,¢",n" , k", 07,77,y ,e ,n ,k ,0 , 7 are the weights of the independent

components in a IBNS and y " +e"+n" +x"+o " +1"+ y "+ +n +x +0 +7 = 1. Especially,

when y'=¢"=n"=k"=0"=1"=y =g =n =k =0~ =1 =1/12, Eq (10) reduces to Eq. (9).

Furthermore, if we consider the importance dissimilarities in X = {x1, x2, ..., X}, we require to
consider the weight of every point xi (i = 1, 2, ..., n). Therefore, we construct another similarity

measure between L and M as given below.

10
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. min (inf o} (x,),inf @y (x) | . min (sup &; (x)sup @y (x,)

max (inf a; (x,),inf a,, (x;) max (sup o (x,),sup a,;(x,))
- min (inf B, (x),inf By (x)) . min (sup B, (x,),5up By (x,))
max (inf B, (x,),inf B, (x,)) max (sup B, (x,),sup By (x,))
o+ min (inf y; (x,),inf y,, (x)) . min (sup y; (x),5up 7y (x) (11)
max (inf ; (x;),inf 7} (x,)) max (sup 7 (x;),sup 7, (x;))
- min( (- inf o, (x)), (=inf &y, (x)) - min (=sup a; (x)), (=sup & (X))
max( ((—inf &} (x;)), (—inf &}, (x,))) max (((=sup e, (x,)), (=sup a,, (x;)))
- min (((~inf B, (x)), (=inf( B, (x,))) .- min ((=sup B, (x)), (=sup By (x))
max (((—inf S; (x;)), (=inf B}, (x,))) max (((—sup B (x,)), (=sup B (x,)))
o mmin (((=inf y, (), (=inf y,, () - min ((=sup 7, (%), (=sup 7, (x,)))
max (((—inf y; (x;)), (—inf 7}, (x;))) max (((=sup 7, (x,)), (=sup 7, (x,)))

+

Qs (L, M) = éwi

Here, wi be the weight of each object xi (i=1, 2, ..., n) such that 0<wi<1 and éwi =1.Ifw=(1/n

1/n, ..., 1/n)T, then Eq. (11) reduces to Eq. (10).

Theorem 3. The interval bipolar neutrosophic similarity measure Qj (L, M), j = 2, 3 should also
satisfy the following properties:

QN O0<Q (L, M)=<1;j=2,3

(Q2) Qi (L, M)=Q (M, L);j=2, 33

(@) Qi (L, M)=1,if L=M;j=2,3

(Q4)If LCMCN, thenQi(L, N) < Q(L,M)and Qi (L, N) < Qj(L,M),j=2,3for L, M, Nin

X.
Proof

The properties of the Theorem 3 can be established in the same way as the Theorem 2.

Example 3 Suppose that L =< {x1, [0.2, 0.8], [0.1, 0.2], [0.2, 0.7], [-0.4, -0.3], [-0.5, -0.3], [-0.8, -0.5]},
{x2, [0.4, 0.9], [0.1, 0.3], [0.6, 0.9], [-0.5, -0.2], [-0.5, -0.1], [-0.8, -0.3]} > and M = < {x1, [0.4, 0.6], [0.5, 0.8],
[0.3, 0.9], [-0.8, -0.1], [-0.8, -0.6], [-0.6, -0.4] },{x>, [0.1, 0.7], [0.2, 0.4], [0.2, 0.6], [-0.4, -0.1], [-0.7, -0.3],
[-0.6, -0.2]} > be two IBNSs in X = {x1, x2}.

If the weight values of the independent elements in a IBNS are y "= 0.05, ¢"=0.05, n"=0.07,

k'=0.07, c'=01, =01, y =01, e =0.1, n7=0.07, «x =0.07, o~ =0.11,7" = 0.11, then the

similarity measure Q: (L, M) between L and M is given by

—(=0b +(0.1) -(0.D +(0.07) -5,
—(-0.8) -(-0.3) —(-0.8)

0.2 0.6 0.1 0.2 02 0.7
Q2 (L, M) = —x (O'OS)W+(0'05)ﬁ+(0'07)E+(0'07)E+(0'l)a+(0'l)ﬁ+(0'l)

N | —

—(-0.3)

~(-0.6)
(0.07) ~Cos +(0.11)

—(-0.8)

—(-0.4)
+(0.11) o)

0.1 0.7 0.1 0.3 0.2
+(0.05) — +(0.05) —+(0.07) — +(0.07) — +(0.1) —+
0.03) 0.4 ( )0.9 ¢ )0.2 .07 0.4 ( )0.6

+(0.11) —(=06 +(0.11) -0

—(=04 +(0.1) —(0.h +(0.07) i) +(0.07) —(=0.0 Y ~03)

028 0.1
0.9 —(-0.5) —(-0.2) —(=0.7) —(-0.3)

= 0.5845.
Assume that the weight vector of the attributes is w = (0.3, 0.7)T and the weight values of the

independent elements in a IBNS are y "= 0.05, ¢"=0.05 n°=0.07, k*=0.07, ¢"=0.1, 7= 0.1,

11
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x =01 &=01 n =007 x =007 o =0.117 = 0.11, then the similarity measure Qs (L, M)

between L and M is computed as follows.

Qs (L, M) = 0.3x[(0.05) % +(0.05)%+ (0.07)% +(0.07)% +(0.1)% +(0.1)g%+ ©.1) __((__(()):)) +(0.1) :E:gg +(0.07) :E:gg +
(0.07) "_((:(())36 )) +(0.11) "_(("_(())Z)) +(0.11) :E:g::;]+o.7x[(o.05) %+ (0.05)% +(0.07)%+ (0.07)% +(0.1)% +
(0.1)%+(0.1) __((__(())?) +(0.1) :E:g; +(0.07) :E:g;; +(0.07) __((:(())13)) +(0.11) __((__(())Z)) +(0.11) :E:gg]

= (0.5899.

4. Interval bipolar multi-attribute decision making strategies based on the proposed similarity

measures

In this section, we present three novel similarity measures for MADM problem in interval
bipolar neutrosophic environment. Consider Y ={Y1, Y2, ..., Yu}, (n22) be a discrete set of m feasible

alternatives, Z ={Z1, Z», ..., Zx}, (n>2) be a set of attributes under consideration and wj be the weight

vector of the attributes such that 0<w<1 and w; = 1. Three MADM strategies are presented in

j=1
compact form as follows.

Step 1. The decision maker assigns the rating of performance value of alternative Yi(i=1, 2, ...,

m) with respect to the predefined attribute Z;j (j=1, 2, ..., n)in terms of interval bipolar neutrosophic

values pij = < [infa,;, supa; |, [inf B;, sup B; ], [infy;, sup y;] [infe,, supa; ], [infB;, sup B, |,
[mf}/;, Sup?’;] > =<[aijsb,'j]S[Cijad,‘j]S[eijsJrfj]3[7}]‘3s,‘j]S[t,'jsuij]S[vljsW,‘j]> 7 1 = 1/ 2/ eeey mr] = 1/ 2/ vy N The

interval bipolar neutrosophic decision matrix[D, can be presented as follows:

ij]mxn

zZ, Z, .. Z,
N Y, Pu  Pun - Pu
[Dij]mxnz Y, Py Pxn - Po
Ym pml pm2 pmn

Step 2. The interval bipolar neutrosophic positive ideal solution (IBN-PIS) can be defined by
utilizing a maximum operator for the benefit attribute and a minimum operator for the cost attribute

as follows:

Yo =(la), b Lle) 4 Lle), £ 10y s LI u LDy, wil) = < [{ Max(ay) j € Hi; Min(a) |j € Ha),
{ Max(b,) |j € Hi}; Min(b,) lj € H2}], [{ Min(c,) |j € Hi; Max(c,) |j € Hz}, { Min(d,) |j € H};
Max(d;) 1Ij € Hz}], [{ Min(e;) |Ij € Hi; Max(e,) Ij € Ho}, { Min(f}) |j € Hi}; Max(f}) lj € Ha}],

[{ Min(r;) Ij € Hi;; Max(r;) |j € Hz}, { Min(s,) |j € Hi}; Max(s;) |j € Ha}], [{ Max(¢;) |j € Hy;

12
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{Min(z;) Ij € H}, { Max(u;) |j € Hi}; Min(u,) |Ij € H2}], [{ Max(v;) |j € Hy; { Min(v,) |j € Hz2},

{Miax(wij) lje H}; Miin(wij) lje H2}]1>,j=1,2, ..., n,

where Hi1 and H: are benefit and cost type attributes, respectively.
Step 3. In the step, we propose three similarity measures between an alternative Yi,i=1,2, ...,
m and the ideal solution Y* as given below.

., la,—a; |+|b,—b; |+|c,—c; |+|d,—d; |+|e,—e |+]|f,—f |+
SMi (Yi, Y*)= I_L Z]WJ—< Y J i J i J i J ij J ij j (12)

12 Jj= Iy =r, [+ ]s, =5 |+t =t |+ uy—u; [+ v, =V, [+]w; —w] |
1
1 n +32 b b+ 2 +32 d d+ 2 +312 +32 A
SMz (Yi, Y =1- Eﬁ]wj[(aif_af) + (b =b;) +(c;—c;) +(dy—d;) +(e;—e;) +(f; = f;) + (13)
, =
(rg =1 )+ (sy =) + (1 —1,)" + (uy—u;) + (v =) +(w, —w))?]
. N . N . N . N
. mln(aij,aj+) Lt mln(bij,bj+) - mln(cij,cj;r) et mln(dij,dj+) .
max (a;,a;) max (b;,b;) max (c;,c;) max (d;,d;)
. N . N . N . N
0 Y)= tw , min(e;,e;) g min (f;, /") - min(7;,7;") e min (s;,s;) 14
=i + + + +
i=l max (e;,e;) max (f;, f;) max(7;,7; max (s;,s ;)
. N . N . N . N
- mln(tij,tj+) . mln(uij,uj+) o mln(vij,vj+) - mln(wij,wj+)
max (¢;,1;) max (u,,u ;) max (v;,v;) max (w,, w;)

Step 4. Using the weighted similarity measures SM: (Yi, Y*), SMz (Yi, Y*) and Q (Y3, Y*) the
ranking order of the alternatives is obtained and the best alternative is selected. The bigger value of
SMi (Yi, Y*) reflects the better alternative. Similar result holds for SM: (Yi, Y*) and Q (Y;, Y*).

5. Algorithmic representation of the proposed MADM strategies in interval
bipolar neutrosophic environment

We present three MADM strategies in algorithmic form using the following steps:

Step 1. The decision maker provides the interval bipolar neutrosophic decision matrix[lND,j]mxn .

Step 2. IBN-PIS is computed from the specified interval bipolar neutrosophic decision

matrix[D,]

mxn *

Step 3. The weighted similarity measures SM1 (Yi, Y*), SMz (Yi, Y*) and Q (Y, Y*) between each
alternative Yi, i=1, 2, ..., m and the ideal solution Y* are computed respectively, using Eqs. (12), (13)
and (14).
Step 4. Rank the alternatives based on the descending order of SM1 (Y3, Y*), SM2 (Y3, Y*) and Q (Y3,
Y+),i=1,2, ..., m.

i. Based on SMi (Y;, Y*), the highest value of SM1 (Yi, Y*) indicates that Y;,i=1, 2, ..., m is the
best alternative.

ii. Based on SM: (Y;, Y*), the highest value of SM: (Y;, Y*) reflects that Y;,i=1, 2, ..., m is the
best alternative.

iii. Based on Q (Y;, Y*), the highest value of Q (Yi, Y*) signifies that Yi, i=1, 2, ..., m is the best
alternative.

Step 5. Choose the most desirable alternative.
13
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Step 6. Stop.
Representation of the proposed strateqy is shown in Figure 1.

Decision maker |, Step 1: Construct the interval

bipolar decision matrix

Step 3: Compute Step 2:

weighted similarity

measures
Step 5: Select the best
5| Step 4: Rank the >
. option
alternatives
Step 6: Stop

Figure 1. Conceptual representation of the proposed strategies
6. Illustrative numerical example

Consider a decision making problem discussed in [17, 19] where there are four possible
alternatives to invest money namely: a food company (Y1), a car company (Y2), a arm company (Y3),
and a computer company (Ys). The investment company must take a decision based on the three
predefined attributes namely: growth analysis (Z1), risk analysis (Z2), and environment analysis (Z3)
where Z1, Z: are benefit type and Zs is cost type attributes [21]. Suppose the weight vector of Zi, Z»,
and Zs is given by w = (w1, w2, ws) = (0.35, 0.25, 0.4) [17]. Now the decision making steps are shown as
given below.

Step 1. The decision maker evaluates the alternatives Yi,i=1, 2, 3, 4 based on the three attributes
Z;,j=1, 2, 3 in terms of interval bipolar neutrosophic decision matrix as follows:

Zi
Y, [[0.4,0.5],[0.2,0.31,[0.3,0.4],[-0.3,— 0.2],[~0.4,— 0.3],[~0.5,~0.4]]
Y, [[0.6,0.71,[0.1,0.21,00.2,0.3],[=0.2,— 0.1],[-0.3,— 0.2],[~0.7,— 0.6]]
Y,  [[0.3,0.6],00.2,0.3],[0.3,0.4],[-0.3,— 0.2],[0.4,— 0.3],[0.6,~0.3]]
Y, [[0.7,0.8],[0.0,0.1],[0.1,0.2],[—0.1,—0.0],[—0.2,—0.1],[—0.8,—0.7]]

w

7>

[0.4,0.61,[0.1,0.3],[0.2,0.41,[~0.3,~ 0.1],[0.4,— 0.2],[~0.6,~0.4]]
[[0.6,0.71,[0.1,0.2],[0.2,0.31,[~0.2,— 0.1],[~0.3,— 0.2],[-0.7,—0.6]]
[0.5,0.61,[0.2,0.3],[0.3,0.4],[0.3,— 0.2],[-0.4,— 0.3],[-0.6,—0.5]]
[[0.6,0.71,[0.1,0.21,[0.1,0.3],[~0.2— 0.1],[~0.3,— 0.1],[-0.7,-0.6]]

<O
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[0.7,0.91,[0.2,0.31,[0.4,0.5],[-0.3, 0.2],[-0.5,— 0.41,[~0.9,~0.7]]
[[0.3,0.61,[0.3,0.5],[0.8,0.91,[-0.5,— 0.3],[0.9,~ 0.8],[~0.6,—0.3]]
[0.4,0.51,[0.2,0.41,[0.7,0.9],[-0.4,— 0.2],[0.9,~ 0.7],[0.5,0.4]]
[[0.6,0.71,[0.3,0.41,[0.8,0.97,[0.4,— 0.3],[~0.9,— 0.8],[~0.7,~0.6]]

SIS

Step 2. Determine the IBN-PIS (Y*) from the interval bipolar neutrosophic decision matrix as follows:

<[a1+,b1+],[cl+,dl+],[ef, AL sy LI u LIv,wy ] >= <[0.7, 0.8], [0.0, 0.1], [0.1, 0.2], [-0.3, -0.2], [-0.2,
-0.1], [-0.5, -0.3];

<[a2+,b2+],[c2+,d2+],[e2+,f;],[rz‘,sz‘],[tz',u;],[vz‘,wz‘] >= <[0.6, 0.7], [0.1, 0.2], [0.1, 0.3], [-0.3, -0.2], [-0.3,
-0.1], [-0.6, -0.4];

<[a;,b;],[c;,d;],[e;,f;],[r;,s;],[t;,u;],[v;,w;] >= <[0.3, 0.5], [0.3, 0.5], [0.8, 0.9], [-0.3, -0.2], [-0.9,

-0.8], [-0.9, -0.7].

Step 3. We calculate the similarity measures SM1 (Yi, Y*), SMz (Ys, Y*) and Q (Y3, ¥*),i=1,2,3, 4
between each alternative Yi,i=1, 2, 3, 4 and ideal solution Y*as follows:

SMi (Y1, Y*) =0.8354, SM1 (Y2, Y+) = 0.9050, SM1 (Y3, Y+)=0.8812, SM1 (Y1, Y*) = 0.9208,

SMo (Y1, Y*) =0.7798, SM2 (Y2, Y*) = 0.8646, SM2 (Y3, Y*+) = 0.8599, SMa (Y1, Y*) = 0.8655,

Q (Y1, Y*)=0.6728, Q (Y2, Y*)=0.7443, Q (Y3, Y*) =0.7165, Q (Y1, Y*)=0.8229.

Step 4. We rank the alternatives based on the descending order of SM1 (Yi, Y*), SMz (Y;, Y*) and Q (Y5,
Y+),i=1, 2, 3, 4 as follows:
(i) We observe that SM1 (Ys, Y*) > SMi (Y, Y*) > SM1 (Y3, Y*) > SMa (Y3, Y*), the ranking order of
the alternatives is obtained as Ys > Y2 > Y3 > Y1. Therefore, Y4 is the best option.
(i) We see that SM2 (Ys, Y*) > SM2 (Y2, Y*) > SM2 (Y3, Y*) > SM2 (Y1, Y*), the ranking order of the
alternatives is obtained as Ys> Y2 > Y3 > Yi. Consequently, Y4 is the best choice.
(iii) We see that Q (Ys, Y*) > Q (Y2, Y*) > Q (Y3, Y*) > Q(Y3, Y*). Thus the ranking order of the
companies is Y4 >Y2>Y3>Yi1. Obviously, Yais the most desirable alternative.
Step 5. Thereby, the computer company (Y4) is the most suitable option to invest money.
Note 1. We observe that similarity measures SM1 (Yi, Y*), SMz (Y;, Y*) and Q (Y3, Y*),i=1, 2, 3, 4 yield same
ranking order. Based on the proposed similarity measures we find that the computer company (Y4)

is the most suitable company to spend money. The comparison of the proposed similarity measures
SM (Yi, Y*), SM2 (i, Y*) and Q (Y3, Y*),i=1, 2, 3, 4 is presented in the Fig. 2.

15
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EE sm,(y,, Y)
B sm,(Y,, Y)
Hl QY. Y)

Similarity measure values

Y1 Y2 Y3 Y4
Alternatives

Figure 2. Comparison of the results obtained from proposed strategies

Note 2. Mahmood et al. [17] obtained the best alternative via score function in interval bipolar
neutrosophic environment on the basis of weighted arithmetic average operator. Pramanik ef al. [19]
studied weight cross entropy measure to find the best option. It is to be observed that proposed
strategies obtained the same ranking order as the method discussed by Mahmood et al. [17].
However, Pramanik ef al. [19] obtained different ranking order. We present the comparison of the

results obtained from the different strategies in Table 1.

Table 1. Comparison of the proposed strategy with other existing strategies

Measure strategies Measure values Ranking order = Best option

Proposed SM1 (Yi, Y*) SM (Yi, Y*) =0.8354 Ya>Y2>Ys> Y1 Y
SMi (Y2, Y*) =0.9050
SM (Y3, Y*) =0.8812
SMi (Ys, Y*) =0.9208

Proposed SM: (Y;, Y*) SMa (Yi, Y"=0.7798 Ya>Y2>Ys>Y4 Ys
SM:2 (Y>, Y*) =0.8646
SM:2 (Y3, Y*) =0.8599
SM:2 (Ys, Y*) =0.8655

Proposed Q (i, Y*) Q (Y3, Y*)=0.6728 Ya>Y2>Ys> Y1 Y
Q (Y2, Y*)=0.7443
Q (Ys, Y*)=0.7165
Q (Y4, Y*)=0.8229

Weighted cross entropy C (Yi, Y*)w=0.0606 Yi>Ys>Yi>Ye Y2

16
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measure [19] Cis (Y2, Y*)w =0.0286
Cis (Y3, Y*)w =0.0426
Cis (Y4, Y+)»=0.0423
Mahmood et al.’s 5(B,)=0.2574 Yi>Y1>Ys> Y2 Ya
method [17] S5(B,)=-0.837

S(B,)=-0.454
S(B,)=0.8050

7. Conclusion

We have defined Hamming and Euclidean distance measures of IBNSs and proved their basic
properties. Using the proposed distance measures, we have developed new similarity measures for
MADM problems. We have also defined similarity measures using the maximum and minimum
operators of IBNSs and proved their basic properties. Then, we have developed three novel
strategies to solve MADM problems in interval bipolar neutrosophic setting based on the proposed
similarity measures. Comparison analysis with other existing strategies is presented. We hope that
the proposed similarity measures of IBNSs can be applied in the field of practical decision making
such as brick selection [22], fault diagnosis [23], logistics center location selection [24], renewable
energy project selection [25], teacher selection [26], weaver selection [27], etc.

Author Contributions: “S. Pramanik and P.P. Dey conceived and designed the experiments; S. Pramanik performed the
experiments; F. Smarandache analyzed the data; S. Pramanik and P.P. Dey wrote the paper.”
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