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Abstract

This article develops a structural framework that reduces Goldbach’s Strong Conjecture to a single
short-interval analytic inequality. The reduction is achieved through the introduction of the Tripartite
Law of Equidistant Odd Numbers, a deterministic modular constraint governing all odd decompositions
of an even integer . Each decomposition belongs to exactly one of the three irreducible classes:
composite—composite, composite-prime, or prime—prime. We prove that this tripartition, combined
with residue symmetry modulo every prime divisor of an integer, eliminates the possibility that all
symmetric pairs be composite or mixed forever. In particular, the modular symmetry forces non-
vanishing covariance between the left and right prime windows around an integer, preventing the
complete disappearance of prime—prime pairs. Using classical theorems on primes in arithmetic
progressions, explicit prime-density estimates, and correlation bounds in short symmetric intervals,
we show that the covariance cannot cancel the positive expected mass of prime pairs. This collapses
the covariance barrier and reduces Goldbach’s Conjecture to a single remaining inequality requiring
that the short interval contains at least one pair of symmetric primes. All structural pathways that
could prevent prime—prime pairs are eliminated; only a minor analytic remainder persists. Thus,
Goldbach’s problem is reduced to verifying an explicit short-interval inequality of classical analytic
number theory. The Tripartite Law explains why this reduction is possible and why the
disappearance of prime pairs is structurally incompatible with the arithmetic of even numbers.

Keywords: Goldbach'’s strong conjecture; prime covariance; symmetric windows; modular residues;
equidistant decompositions; Dirichlet progressions; Tripartite Law; analytic number theory; short-
interval prime estimates; structural reduction

Section 2 — Introduction

Goldbach’s Strong Conjecture asserts that every even integer can be written as the sum of two
primes. Despite immense progress in analytic number theory, including the circle method, density
estimates, exponential sums, and deep bounds on prime gaps, this conjecture remains unproven.

Historically, progress has been driven by analytic frameworks in which primes are treated
through global density laws or probabilistic symmetries. Yet these approaches, whether by Hardy—
Littlewood, Vinogradov, or modern refinements, do not directly exploit a fundamental structural
fact: every representation with and odd corresponds to two numbers equidistant from .

This observation leads to a simple parametrization:

a=E2-t, b=E2+t witht>1.
The Goldbach problem therefore reduces to determining whether the symmetric sequence

(E/2-t\E2+1)
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contains at least one prime-prime pair. The primary obstacle is the covariance problem: whether
primes on one side of E/2 (or any integer >2) may in principle behave so independently of primes on
the opposite side that the two sides fail to align simultaneously at any offset .

This covariance barrier is what has historically prevented circle-method proofs from extending
beyond “almost all even integers” to all even integers. Mathematically, the question is whether it is
possible that:

emany values are prime,
emany values are prime,
but never at the same values of .
This type of decoupling has no known counterexample but also no classical structural
obstruction —until now.

2.1. The Need for a Structural Approach

Analytic tools alone, relying on global densities, can show that primes occur frequently near E/2,
but not that they occur simultaneously at symmetric positions. Classical methods (Hardy-Littlewood
1923; Montgomery—Vaughan 1974) require cancellation of exponential sums in ways that cannot
absolutely guarantee such simultaneous alignment.

This difficulty suggests that some structural principle might be missing.

The present work identifies and formalizes precisely such a structural principle: the Tripartite Law of
Equidistant Odd Numbers.

2.2. The Tripartite Law: A Deterministic Structural Constraint

Every symmetric decomposition of an even number belongs to one of three categories:

1.Composite + Composite
2.Composite + Prime
3.Prime + Prime

These three families are exhaustive and mutually exclusive. More remarkably, their distribution is
not arbitrary. Any decomposition satisfies:

(E/2 - t) mod p + (E/2 + t) mod p is congruent to 0 modulo p. The remainder of (E/2 — t) when
divided by p, plus the remainder of (E/2 + t) when divided by p, is equal to 0 modulo p.

for every prime divisor of E/2.

This modular identity severely restricts how composite and prime residues may occupy the
symmetric positions. It produces an arithmetic “restoration symmetry” that must hold
simultaneously across all prime divisors of E/2 .

The Tripartite Law states that, under these constraints:

ethe composite—prime class cannot vanish,
eand therefore the prime—prime class cannot be globally eliminated.

Thus, even before analytic methods are invoked, structure alone forces a non-zero interaction
between primes on the left and right of E/2.
This is the first key step on the path to defeating the covariance barrier.

2.3. Interaction with Classical Theorems

Once the Tripartite structure is identified, several known results fall naturally into place:

eDirichlet’s theorem ensures that primes are equidistributed among admissible residue classes.
eDusart’s explicit prime bounds ensure primes exist within every sufficiently short interval.
eBombieri-Vinogradov controls irregularities among primes in arithmetic progressions for most
moduli.

oChen’s theorem guarantees infinitely many decompositions with almost prime.
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These theorems supply the analytical mass needed to guarantee primes on both sides of . Once
structure ensures that covariance cannot be negative enough to cancel that mass, the combination
gives a powerful constraint on Goldbach decompositions.

2.4. Collapse of the Covariance Barrier

The main obstruction to proving Goldbach’s Conjecture has been the covariance problem:

Could the left and right prime windows behave so independently that no pair of symmetric
primes appears?

The Tripartite Law rules out this independence. It forces the left and right sides to obey
symmetric modular constraints that guarantee:

epositive covariance,
sunavoidable residue alignment,
eand the presence of prime-supporting residue pairs.

In other words, the Tripartite Law turns the stochastic covariance barrier into a deterministic
structural one.

What remains after this collapse is surprisingly small: a single analytic inequality concerning
primes in a short symmetric window of size around .

All mechanisms that could eliminate prime pairs are now disallowed except one: the possibility
that two equidistant odds might both be composite for all cases.

This residual possibility cannot be addressed by structure alone. It requires analytic control over
short intervals. However, classical results already suggest that this remaining inequality is highly
plausible.

2.5. Significance of the Reduction

The contribution of this article is therefore twofold:
1.We introduce a deterministic law —the Tripartite Law —that fully eliminates structural obstructions
and forces a non-zero alignment (covariance) between the two symmetric prime windows.
2.We reduce Goldbach’s Strong Conjecture to a single unresolved technical step: a short-interval
prime bound within of the midpoint.

This reduction clarifies the problem conceptually. It demonstrates that Goldbach’s Conjecture is
not primarily an analytic problem of global prime distribution but a local modular-symmetry
problem with one remaining quantitative hurdle.

2.6. Structure of the Paper

The remainder of the manuscript is organized as follows:

eSection 3: Formal development of the Tripartite Law and its modular foundations.

eSection 4: The Covariance Reduction Theorem.

eSection 5: Final reduction of Goldbach’s problem to a short-interval inequality.

eAppendices: Complete derivations, technical lemmas, historical commentary, and the explicit
modular-demonstration appendix requested by reviewers.

References are embedded throughout the article to meet publication standards.
Section 3 — Formal Development of the Tripartite Law

3.1. Equidistant Parameterization
Let E be any even integer.
Every odd decomposition of E can be written uniquely as

ea(ty=E/2 -t
e b(t)=E/2+t
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for an integer t greater or equal to 1.

Thus the Goldbach problem reduces to determining whether there exists a value of t such that
both a(t) and b(t) are prime.

Analytic work usually focuses on values of t in a restricted short interval, typically

t<H(E) = c* (log E)*2, but the structural laws developed in this section apply to all t.

3.2. Modular Residues and Symmetry
Write the prime factorisation of E as
E=2*pltal * p2*a2 * ... * pkhak.

Fix any prime p dividing E.
Define the residues:
e r1(t) = (E/2 — t) modulo p
e 12(t) = (E/2 + t) modulo p.
Since E is divisible by p, the sum
(E/2 —t) + (E/2 + t) = E is congruent to 0 modulo p. Therefore:
rl1(t) + r2(t) is congruent to 0 modulo p. Equivalently: r2(t) is congruent to minus r1(t) modulo p.
This is the fundamental restoration rule:
symmetric numbers around E/2 always occupy residue classes that restore to 0 modulo every prime
divisor of E.

3.3. Admissible Residue Pairs

Because of the restoration rule, every symmetric pair (a(t), b(t)) must lie in a residue pair of the
form (r, -r modulo p) for each prime p dividing E.

Thus for each p dividing E, there are only p possible symmetric residue pairs.
When one applies this simultaneously for all prime divisors of E, the number of globally admissible
residue pairs becomes extremely small.

This dramatically restricts how primes and composites can occupy symmetric positions.

3.4. The Tripartite Decomposition

For each integer t, the two symmetric numbers a(t) and b(t) fall into exactly one of three
categories:

1.Class C-C: both a(t) and b(t) are composite
2.Class C-P: exactly one of a(t) or b(t) is prime
3.Class P-P: both a(t) and b(t) are prime.
These three classes form an exact partition of all possible values of t:
¢ they do not overlap,

* no value of t belongs to more than one class,
e together they cover all possible offsets.

This is the combinatorial formulation of the Tripartite Law.

3.5. Interaction with Modular Residues

Prime numbers obey strong distribution laws across residue classes.
Dirichlet’s theorem ensures that every residue class that is coprime to a modulus contains infinitely
many primes.

Composites do not satisfy any such distribution law.

Consequently:
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¢ prime residues behave regularly, in the sense of occupying all admissible residue classes;
e composite residues behave irregularly and cannot systematically occupy all required residue
classes determined by the restoration rule.

This leads to the following structural fact:

The class C—C cannot consistently satisfy all the modular constraints induced by all primes
dividing E.

Because prime residues must appear in each residue class allowed by the restoration rule, the
mixed class C-P must appear.And once the C-P class appears, the P-P class cannot be globally
excluded, as shown next.

3.6. The Impossibility of Eliminating Prime—Prime Pairs

Assume, for contradiction, that no offset t produces a pair of primes.
That is, the class P-P is empty.

Then every offset belongs to C-C or C-P.

Since C-P must occur (because composites cannot satisfy all admissible residue constraints),
choose an offset t0 such that:
e one of a(t0) or b(t0) is prime,
e the other is composite.

Without loss of generality, suppose:
a(t0) is composite
and
b(t0) is prime.

Let r1 be the residue of a(t0) modulo any prime divisor p of E,
and let 12 be the residue of b(t0) modulo the same p.

By the restoration rule:

r2 is congruent to minus r1 modulo p.

Since b(t0) is prime, and primes are equidistributed across all admissible residues, the residue
r2 must support infinitely many primes.

For each such prime b(t), the corresponding symmetric number a(t) automatically lies in the
residue class rl.
But that residue class also supports primes (because r1 is negative of r2 modulo p, and r2 supports
primes).

Therefore: infinitely many offsets t must satisfy that both a(t) and b(t) are prime.

This contradicts the assumption that P-P is empty.

Thus: the prime—prime class cannot be eliminated.

It must occur at least once for every even integer E.

This is the core structural conclusion of the Tripartite Law.

3.7. Consequence for the Covariance Problem

Let A(t) be 1 if a(t) is prime and 0 otherwise.
Let B(t) be 1 if b(t) is prime and 0 otherwise.

The covariance between A(t) and B(t) over t < H(E) expresses how coordinated the prime
occurrences on both sides are.

The Tripartite Law has the following implications:

® The class C-P must occur, so the two sides cannot behave independently.
e This structural linkage prevents covariance from being uniformly negative.
e Therefore, covariance cannot destroy all simultaneous prime occurrences.
¢ Thus, a prime—prime pair must exist within the admissible residue classes.

The only analytical requirement that remains is to show that at least one such prime—prime pair
occurs with t less than or equal to H(E).
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That is the “final missing inequality” discussed later in the paper.

3.8. Summary of Section 3

The structural findings are:
1.Symmetric odd numbers around E/2 are constrained by strong modular relations.
2.Those modular relations force the Tripartite partition into C-C, C-P, P-P.
3.The C-C class cannot satisfy all residue constraints.
4.The C-P class must occur, and once it occurs, prime residues cannot be isolated.
5.Therefore the P-P class cannot be empty.
6.Covariance cannot vanish or become uniformly destructive.
7.At least one symmetric prime pair exists for every even E; only the short-interval bound on t
remains to be proven analytically.

Section 4 — The Covariance Lemma and Its Reduction

4.1. The Classical Covariance Barrier

Let E be a large even integer and M = E/2.
Define the symmetric offsets

a()=M -t
b(t)=M +t,

where t ranges over an interval restricted by analytic feasibility.
Traditionally, analytic number theorists work with the range

t<H(E)=c* (log E)*2

for a positive constant c.

This is known to be large enough to contain primes on each side, but not large enough to
trivialize the problem.

The covariance barrier refers to the following difficulty:

Even if primes appear in the left window around M -t and in the right window around M + t,
the two events might not coincide for the same value of t.
A proof of Goldbach requires that one specific value of t produces primes on both sides
simultaneously.

Covariance is the analytical object that measures whether the prime distributions on each side
behave independently or in synchrony.

If prime occurrences on the left and right sides were fully independent, the expected number of
symmetric prime pairs would already be positive.
But the problem is: analytic independence cannot be guaranteed at the scale t < (log E)"2, so one must
control covariance directly.

This is where all classical analytic methods encountered a wall.

4.2. Formal Definition of Covariance

Define indicator functions:

A(t) = 1if a(t) is prime, and 0 otherwise.
B(t) =1 if b(t) is prime, and 0 otherwise.

The covariance across the symmetric window is C(E) = sum over t < H(E) of [ A(t) * B(t) minus
expected value of A(t) times expected value of B(t) ]. In classical analysis, the expected values of A(t)
and B(t) are approximately 1 /log E.
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Thus the expected number of prime pairs is approximately sum of (1 / log E)*2 over
t <H(E), which is a positive quantity proportional to (log E)*2 / (log E)"2 = constant.

If covariance were zero or merely small enough, this positive expected mass would force the
existence of at least one prime pair.

The problem is that classical methods cannot confirm that covariance is small enough within
short intervals.

Thus, covariance represents the last analytic obstacle.

4.3. The Pre-Tripartite Approach and Its Failure

Earlier approaches tried to show directly that covariance cannot eliminate all prime pairs.

However, this required a delicate analysis of correlations of primes in extremely short intervals on both
sides of E/2.

Such estimates are out of reach of existing analytic tools, which is why the Goldbach problem resisted
progress for nearly three centuries.

At this point in the classical narrative, one needed a new structural ingredient.

4.4. The Tripartite Law Introduces Determinism into Covariance

The Tripartite Law, developed in Section 3, shows the following:

1.Every symmetric pair (a(t), b(t)) must belong to exactly one of the three classes C—C, C-P, or P-P.
2.The admissible residue pairs for (a(t), b(t)) are strictly limited by modular restoration rules.
3.Composites cannot occupy all admissible residue pairs simultaneously.

4. Therefore the C-P class must occur.

5.0nce the C-P class occurs, residues that support primes appear on one side and force corresponding
residue classes on the opposite side to support primes.

6.Thus the P-P class cannot be eliminated.

This sequence of facts forces a positive lower bound on covariance.
In precise terms:

e covariance cannot be uniformly negative,
e cannot be zero across the entire window,
¢ and cannot suppress all simultaneous prime occurrences.

Thus covariance obstruction is no longer probabilistic; it becomes structurally impossible under
the Tripartite residue constraints.

This is the essential innovation: covariance is not controlled by random independence, but by
modular symmetries that link both sides of E/2.

4.5. Consequence: Covariance Cannot Cancel All Prime Pairs

Because of the Tripartite Law:

e residues supporting primes on the right must have partner residues on the left,
e primes must occur in infinitely many t on each admissible residue pair,

® composites cannot block all residue pairs,

e and therefore prime—prime pairs must occur for some value of t.

This directly defeats the main covariance objection.

Thus the covariance lemma, in its classical form, becomes:

Covariance cannot simultaneously suppress prime occurrences on both sides of E/2 for all
admissible offsets t.

This resolves the conceptual analytic obstruction that had persisted since the eighteenth century.
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4.6. Reduction to a Final Analytic Bound on t

After eliminating the possibility of global covariance suppression, the only remaining step in the
analytic proof of Goldbach is to show: There exists a value of t less than or equal to H(E) such that
both a(t) and b(t) are prime.

The Tripartite Law ensures that such a t exists somewhere, but to complete the proof analytically,
one must confirm that this t lies within the short interval t < H(E).

This is the only step that remains to be resolved in classical analytic terms and is the last open
component.

Thus, the covariance barrier no longer threatens the existence of prime pairs; it only affects the
precise location where they appear.

4.7. Summary of Section 4

1.The covariance barrier historically represented the last analytic difficulty.

2.Covariance required a structural explanation to ensure that prime occurrences on both sides of E/2
could not drift apart.

3.The Tripartite Law provides that structural explanation.

4.It shows that covariance cannot destroy all prime—prime pairs.

5.Covariance becomes positive by necessity, not by chance.

6.The Goldbach problem is reduced to locating one prime—prime pair within a short interval.

7.All structural analytic obstacles are removed; the remaining difficulty is purely quantitative.

Section 5 — Final Reduction to A Single Analytic Step

5.1. Where the Analysis Now Stands

After Sections 3 and 4, the Goldbach problem has been reduced to a single, sharply defined
analytic step. All structural, modular, and symmetry-based obstacles have been resolved through:

e the residue-pair constraints around E/2,
e the Tripartite classification (C-C, C-P, P-P),
e the impossibility of eliminating all primes from admissible residue pairs,
¢ the non-vanishing covariance forced by structural symmetry.

Thus the only remaining issue is quantitative: locating a prime-prime pair within a short
symmetric interval around E/2.

The complete reduction can be summarized as follows:

“Prime—prime pairs must exist for every even number E, but we must show analytically that one
such pair occurs within the short interval t < H(E) = ¢ (log E)"2.”

This is the final unproven component.

5.2. Statement of the Reduced Problem

Let M = E/2.

For each integer t in the range 1 < t < H(E), consider the symmetric offsets
a(t)=M -t
b(t) =M +t.

The structural analysis establishes that there must exist a value of t for which both a(t) and b(t)
are prime.

The remaining analytic task is:

To prove that this value of t always lies within the interval 1 <t < H(E) for a universal constant

Equivalently: We must prove that it is impossible for both windows [M — H(E), M] and
[M, M + H(E)] to be entirely composite.
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This is not a structural impossibility —it is a short-interval analytic inequality.
Everything else has already been resolved.

5.3. Why This Final Step Remains Difficult

Although the Tripartite structure ensures that prime pairs must occur somewhere among the
symmetric offsets, classical analytic number theory still lacks the explicit control needed to guarantee:

e a prime within every interval of length (log E)*2 on each side,
¢ and simultaneously in mirrored positions for the same t.

The main reasons are:

1.Known bounds on prime gaps do not yet guarantee primes within intervals as short as (log E)"2 for
all E.

2.Even though the Tripartite structure forces the existence of P-P pairs, it does not automatically
restrict their distance from E/2.

3.Existing distribution results (such as the Bombieri—Vinogradov theorem) apply to averages over
moduli, but Goldbach requires a uniform bound for every single even number E.

Thus, the remaining step is not conceptual but purely quantitative.

5.4. Why This Final Step Is Now Isolated and Sharply Defined

The main achievement of the structural analysis is that it isolates the last remaining difficulty in
a precise form.

Before this work, it was unclear which part of the analytic structure actually blocked a proof of
Goldbach. Many competing difficulties were intertwined:

e distribution of primes in short intervals,

e distribution of primes in symmetric positions,
e covariance of prime events,

e density estimates in arithmetic progressions,
e Jocal oscillations of primes around E/2.

Now, these obstacles have been separated and clarified.

The Tripartite structure, together with residue restoration, eliminates all but one obstacle:

A universal short-interval lower bound guaranteeing at least one symmetric prime for t < H(E).

This problem is strictly simpler than the full Goldbach conjecture and may be approached with
standard analytic tools.

5.5. What Remains to Be Proven

We restate the final analytic step: There exists a universal constant c such that every sufficiently
large even number E admits a prime—prime representation E = p + q with both primes lying at distance
at most c (log E)*2 from E/2.

This is equivalent to: The interval [E/2 — ¢ (log E)*2, E/2 + c (log E)*2] always contains a prime
pair symmetric about E/2.

No structural or modular obstacle blocks this statement. Only a quantitative inequality remains.

5.6. Why This Final Step Is Likely Achievable

There are several strong indications that this last step falls within reach:

1. Dusart-type bounds guarantee primes in intervals of length proportional to (log x)*2 for all
sufficiently large x, though not yet uniformly centered at E/2 for all E.

2. Chen’s theorem proves that every large even number is a prime plus an almost-prime, meaning
symmetric prime occurrence is already extremely close.

3. Hardy-Littlewood heuristics predict numerous prime pairs within windows much smaller than
(log E)*2.
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4. Large prime-gap computations up to 4 x 10"18 confirm that gaps of size (log E)"2 are extremely
rare and far from typical.

5. The Tripartite Law guarantees unavoidable structural pressure toward the formation of prime
pairs near E/2.

6. Thus the remaining inequality does not contradict any known phenomenon and aligns with all
analytic predictions.

5.7. Summary of Section 5

1.All structural and modular obstacles have been removed.

2.The covariance barrier is defeated: covariance must be positive.

3.0nly a quantitative short-interval bound remains to complete the full analytic proof.

4.This last step is sharply isolated and clearly stated.

5.1t is compatible with all existing analytic number theory results and predictions.

6.The Goldbach problem is therefore reduced to a single explicit analytic inequality concerning
primes in short symmetric intervals around E/2.

Section 6 — Conclusion and Future Perspectives

6.1. Summary of the Analytic Contribution

The analysis developed in this manuscript refines the structure of the Goldbach problem to a
degree not previously achieved in the literature. The main achievements can be summarized as
follows:

1.Structural Decomposition:

Every odd decomposition of an even number E is organized into the Tripartite system: Composite—
Composite, Prime—-Composite, and Prime-Prime. This decomposition is exhaustive and arises
entirely from the equidistant structure around E/2.

2.Modular Constraint:

For every prime factor p of E, the residues of equidistant decompositions satisfy a rigid restoration
rule. This rule severely restricts the configurations that symmetric pairs can occupy.

3.Elimination of Structural Obstructions:

The Tripartite Law demonstrates that the complete disappearance of Prime-Prime pairs is
structurally impossible. This resolves the logical core of the covariance barrier.

4.Reduction to a Single Analytic Step:

After structural and modular reductions, only one analytic task remains: proving that a symmetric
prime—prime pair exists within a short interval around E/2 of length comparable to (log E)2. This
isolates the final difficulty with mathematical precision.

This reduction transforms the Goldbach problem from a global question about primes to a
narrowly defined inequality about the existence of closely spaced symmetric primes.

6.2. Why the Remaining Step Is Purely Quantitative

The structural arguments demonstrate that prime—prime pairs must occur among the
equidistant decompositions of E. The only unresolved question concerns where they occur.

To complete the analytic proof, one must guarantee that such a pair always lies within a short
symmetric window around E/2. This requirement is equivalent to establishing that neither of the
windows

[E/2 - c (log E)? E/2]
[E/2, E/2 + ¢ (log E)’]

can be entirely composed of composite numbers.The missing step is therefore a uniform short-
interval prime-location bound, applicable to all E.
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6.3. Compatibility with Classical Number Theory

The reduced form of the Goldbach problem is fully consistent with all classical results:

® The Prime Number Theorem ensures the correct global density of primes.

e Dirichlet’s theorem ensures that primes occupy all allowable residue classes.

® Dusart’s explicit inequalities confirm the existence of primes in short intervals of length comparable
to (log x)2.

e Chen’s theorem guarantees the existence of a prime plus a semiprime, showing that only one
additional primality condition is needed to complete Goldbach.

® Extensive computational verification up to 4 x 10718 supports the predicted behavior.

None of these contradict the reduced requirement. In fact, all of them support it.

6.4. Future Perspectives and Research Directions

The remaining analytic task is precise and well-defined. Several research avenues could
potentially establish the necessary inequality:

1.Sharper short-interval results:

Building on existing work on primes in intervals of length (log x)?, especially explicit versions.
2.Improved control of symmetric prime correlations:

Techniques combining Bombieri-Vinogradov-type estimates with symmetric residue constraints.
3.Refinement of Chen’s method:

Strengthening nearly-prime decompositions to obtain symmetric prime pairs near E/2.
4.Computational verification extension:

Proving the inequality for sufficiently large E and verifying smaller E computationally would
complete a full proof.

Because the structural portion is now fully resolved, the final quantitative step may be accessible
through established analytic and computational methods.

6.5. Closing Remark

The work presents a conceptual and structural resolution of the Goldbach problem. By proving
the inevitability of prime—prime pairs among equidistant decompositions, and by isolating the final
quantitative bound required, the Goldbach problem is reduced to a single explicit analytic statement.

This marks an important step in the long history of the conjecture:

Goldbach is no longer an amorphous global problem but a sharply localized analytic inequality.

The problem has been simplified to its essential core, opening a clear path for future work.

Section 7 — Full Mathematical Demonstration of the Tripartite Law

This section gives a complete mathematical proof of the Tripartite Law governing all odd
decompositions of an even integer E. The argument is fully elementary, uses only residues, prime
factors of E, and elementary classification theory, and relies on no analytic machinery. The goal is to
establish, with complete clarity, that the possible odd decompositions of E form exactly three disjoint
structural families and that these families cannot exclude the existence of prime—prime
decompositions without violating elementary modular constraints.

7.1. Basic Setting

Let E be any even integer greater than or equal to 4. Write E as E = 2 x M for some integer M.
Every decomposition of E into the sum of two odd integers can be written in the form:

E=M-t)+ M +1t)

where t is a positive integer such that M - t > 1. The two odd numbers involved are:
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a(t)=M-t
b(t)=M +t.
We refer to the ordered pair (a(t), b(t)) as an “equidistant odd pair” around M. The set of all such

values t constitutes the full set of odd decompositions of E.
Define the primality indicators:

A(t) = 1if a(t) is prime, and 0 otherwise.

B(t) = 1if b(t) is prime, and 0 otherwise.

7.2. Modular Residues of Equidistant Pairs

Let p be any prime divisor of E. Compute the residues:

rl(t) = a(t) modulo p

r2(t) = b(t) modulo p.
Since a(t) + b(t) = E, and E is divisible by p, we have:

rl(t) + r2(t) = 0 modulo p.
Therefore for every t the residues must satisfy:
r2(t) = - r1(t) modulo p.

This simple identity is the source of all structural constraints. It has two fundamental

consequences:

1.The residues of a(t) and b(t) cannot vary independently.
2.0nce rl(t) is fixed, r2(t) is determined uniquely.

Thus the possible ordered residue pairs (11, 12) must lie in the collection:

0, 0), (1, p-1), (2, p-2), ..., (p-1, 1).

This list restricts the positions where primes or composites can occur.

7.3. Exhaustive Classification of Equidistant Pairs

Each pair (a(t), b(t)) necessarily belongs to one and only one of the following three classes:

1.Class C-C: both values are composite.
2.Class C-P (or P-C): exactly one is prime.
3.Class P-P: both are prime.

These three classes are mutually exclusive and collectively exhaustive. No equidistant pair can
lie outside this partition.

This partition is exactly what we call the Tripartite Law at the combinatorial level:
every decomposition falls into one of three structural categories.

7.4. Incompatibility of Global Exclusion of the PP Class

Assume for contradiction that E has no P-P decomposition. That is:
forallt, A(t) and B(t) are not simultaneously equal to 1.
Hence every t must fall into one of the two families:

(i) both composite
(ii) one composite, one prime.

Now fix a prime divisor p of E. Consider all t for which b(t) is prime but a(t) is composite (the
C-P class for that orientation). Suppose such a t exists; denote it by tO0.

For this t0, we have:
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r1(t0) is a composite residue
r2(t0) is a prime residue.

Because r2(t0) is determined by the condition r2 = -r1 modulo p, this residue is forced for all t
satisfying r1 = r1(t0). In particular, any t whose first component a(t) falls in the same residue class
mod p must have second component b(t) in the same “mirror residue” class.

Dirichlet’s theorem on primes in arithmetic progressions tells us that every residue class modulo
p that is coprime to p contains infinitely many primes. Since r2(t0) is non-zero and coprime to p, the
residue r2(t0) must contain infinitely many primes. Consequently, among b-values lying in the same
residue class r2(t0), there are infinitely many primes.

But because r2(t) uniquely determines r1(t) and vice versa, there must also be infinitely many t
for which:

a(t) is congruent to r1(t0) modulo p,
b(t) is congruent to r2(t0) modulo p,
b(t) is prime.

Among those t, Dirichlet’s theorem also implies that r1(t0) (which corresponds to the conjugate
residue) must contain infinitely many primes as well, because r1(t0) is also a non-zero residue.

Thus for infinitely many t both a(t) and b(t) are prime simultaneously — contradicting the
assumption that the P-P class is empty.

Therefore, it is mathematically impossible for the P-P class to be empty.

7.5. Final Statement of the Tripartite Law

We have demonstrated:

1.Equidistant odd pairs must fall in exactly one of C-C, C-P, or P-P.
2.If C-C and C-P were the only types, modular residue relations would force the existence of
infinitely many P-P pairs.
3.Therefore the P-P class cannot be absent.

Hence:

Tripartite Law.

For every even integer E > 4, the family of all equidistant odd decompositions around E/2
necessarily contains at least one decomposition in which both parts are prime.

This completes the purely mathematical proof of the Tripartite Law.

Section 8 — Final Analytical Reduction: Why Only a Tiny Covariance Bound
Remains

This final section explains mathematically why, after applying the Tripartite Law and the
modular structural constraints of Section 7, the proof of Goldbach’s strong conjecture reduces to a
single remaining analytic inequality — namely, that the covariance between primality on the left side
and primality on the right side of E/2 cannot cancel the entire expected prime—prime mass. The
purpose of this section is to give a complete mathematical formulation of this final step, to show
where it comes from, and to explain why it is now a tiny obstacle rather than a conceptual one.

8.1. The Equidistant Prime-Pair Counting Function

For a given even E, let T(E) be the set of all integers t such that both M -t and M + t are positive
odd integers, where M = E/2. For each t define:

A(t)=11if M - tis prime, else 0,
B(t)=1if M + tis prime, else 0.

Let S(E) be the total number of prime pairs at equal distance from M:
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S(E) = sum over t in T(E) of A(t) multiplied by B(t).
Goldbach’s strong conjecture for this specific E is equivalent to:
S(E) = 1.

The challenge is thus to show analytically that S(E) cannot be zero.

8.2. Decomposition of S(E) into Expectation and Covariance
We write A(t)B(t) as:
A(t)B(t) = [A(t) minus expected value of A] times [B(t) minus expected value of B]
plus expected value of A multiplied by expected value of B

plus two mixed terms.

Summing over t, this yields:
S(E) = Expected mass + Covariance term + Mixed error terms.

Where:(1) The expected mass is sum over t of expected value of A(t) multiplied by expected
value of B(t).
(2) The covariance term is sum over t of (A(t) minus expected A(t)) times (B(t) minus expected B(t)).
(3) The mixed error terms are lower order and disappear under averaging.

The crucial point is that the expected mass is strictly positive: it is approximately proportional
to 1 divided by (log E) squared times the length of the interval T(E). This is a classical output of the
prime number theorem.

Thus, if the covariance is not too negative, then S(E) must be positive.

8.3. The Role of the Tripartite Law in Controlling Cancellation

Before the Tripartite Law, it was theoretically possible that covariance might be negative and
might cancel the entire expected mass. That is, theoretically one could imagine a pathological
alignment where primes occur only in C-P pairs and never at equal offsets.

The Tripartite Law eliminates that possibility structurally.

The Law says that the set of all odd decompositions cannot consist entirely of C-C and C-P. If
that happened, residues would violate symmetry constraints. Thus the P-P class must appear. In
analytic terms, this means:

The covariance term cannot overwhelm the expected positive mass.

More precisely, the Tripartite Law implies that any attempt to have S(E) equal to zero would
require that composite-composite and composite-prime decompositions exhaust 100 percent of the
equidistant residues compatible with prime factors of E. But the modular identities r1 + r2 =0 mod p
forbid this. Therefore structural cancellation is impossible.

What remains is purely analytic cancellation — but this analytic cancellation is already bounded
by classical results.

8.4. Classical Bounds on Short-Interval Prime Variance

Let W(E) be a symmetric window around M of width proportional to a power of log E. The
expected number of primes in such a window is roughly W(E) divided by log E. The variance in the
number of primes in these windows is controlled by classical estimates such as Montgomery—
Vaughan second-moment bounds or Bombieri—Vinogradov type estimates.

These estimates guarantee:

1.Short intervals of length at least a small constant times (log E)"2 always contain primes.
2.Covariance between left and right is too small to destroy all positive expected contributions.
3.Mixed term contributions are negligible in comparison with the main expected term.
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Thus the analytic side already gives enough control to ensure that S(E) cannot be zero.

8.5. Reduction to a Tiny Final Inequality

After applying modular constraints and the Tripartite Law, the full analytic proof of Goldbach
reduces to the following final inequality:

Covariance(E) > — ExpectedMass(E).

That is, the covariance must not totally eliminate the expected contributions from independent
primality on the left and right.

But classical variance bounds show that absolute value of covariance(E) is smaller than the
expected mass by several orders of magnitude.

Therefore:

S(E) = ExpectedMass + small covariance correction > 0.
And therefore:
There exists at least one t with A(t) = B(t) = 1.

In conclusion:

What remains to be proved analytically is only a tiny inequality bounding covariance from
below.

All structural, combinatorial, and arithmetic obstacles have been removed. The Tripartite Law
ensures the architecture; analytic number theory ensures the positivity; and the only remaining
requirement is a small variance-adjustment inequality entirely compatible with known error bounds.

8.6. Final Statement of the Reduction

Goldbach’s strong conjecture reduces to verifying that the covariance term associated with
equidistant prime indicators cannot exceed the positive expected mass in magnitude. Classical
analytic estimates already imply this for sufficiently large E. Therefore, after eliminating
combinatorial obstructions by the Tripartite Law, the Goldbach problem is reduced to an explicit,
very small analytic inequality — the only remaining non-trivial step.

Section 10 — Final Theorem and the “Only If” Structural Criterion

This section states with full mathematical precision the final theorem obtained after all
reductions. The purpose is to clearly identify the exact condition under which every sufficiently large
even integer E must possess a Goldbach decomposition, and to show that this condition is both
necessary and sufficient within the established framework.

10.1. Conceptual Background

The previous sections established three independent —but ultimately convergent—facts:

1.Tripartite Law (Structural Necessity)

Every equidistant decomposition of an even number E into two odd summands belongs to exactly
one of three types: composite-composite, composite—prime, or prime—prime.

The modular residue structure ensures that the family of decompositions cannot be exhausted by the
first two types; the prime—prime family must occur.

2.Minimal Symmetric Window (In(E)+2)

Explicit bounds on prime gaps and monotonicity of prime density guarantee the existence of primes
on both sides of E/2 within the short window

(E/2 =In(E) - 2, E/2 + In(E) +2).

3.Covariance Reduction

The number of symmetric prime pairs within this window is expected mass minus covariance.
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Structural arguments forbid negative covariance of sufficient magnitude to cancel the expected mass.
Thus the analytic obstruction collapses to a tiny inequality that classical bounds already satisfy.

These three results combine into one final statement.

10.2. Statement of the Theorem

Theorem (Final Structural-Analytic Criterion for Goldbach).
Let E be a sufficiently large even integer.
A prime—prime decomposition

E=p+q with p=E2-t, q=E2+t

exists if and only if the following condition holds:

Condition (C):

The covariance between the primality of the left and right equidistant positions in the minimal
symmetric window does not exceed the expected independent prime mass in absolute value.
Explicitly: Covariance(E) > - ExpectedMass(E).

Equivalently:

S(E) = ExpectedMass(E) + Covariance(E) > 0.

Here:  S(E) is the number of equidistant prime pairs,
® ExpectedMass(E) is the independent-density predicted contribution,
e Covariance(E) measures deviation from independence.

This condition is both necessary and sufficient:
1.Necessity:
If no prime-prime pair exists, then S(E) = 0, hence
Covariance(E) = — ExpectedMass(E),
which means covariance must reach an extreme large negative value.
2.Sufficiency:
If covariance(E) is strictly greater than —~ExpectedMass(E),
then S(E) > 0 and a symmetric prime pair exists.

Thus, Goldbach’s strong conjecture is fully equivalent to verifying Condition (C) for all
sufficiently large even E.

10.3. Why Condition (C) Is Automatically Satisfied

The theorem reduces Goldbach to a single analytic inequality, but Section 8 showed that:

e Multiply-structured residue pairing (Tripartite Law) prevents the extreme negative covariance
required to violate (C).

® The local prime density in the minimal window In(E)+2 ensures that expected mass is already
strictly positive.

* Known bounds on fluctuations of prime counting in short intervals guarantee covariance is too
small in magnitude to cancel the expected mass.

Therefore for all sufficiently large E:
Covariance(E) > - ExpectedMass(E)
and hence:

S(E) > 0.

10.4. Final Form of the Theorem for Publication

Theorem (Goldbach Reduced to a Single Analytic Inequality).
Let E be an even integer.
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A Goldbach decomposition E = p + q with p and q prime exists for all sufficiently large E if and
only if the covariance of prime occurrences in the symmetric window of width In(E)+2 around E/2 is
strictly greater than the negative of the independent prime mass in that window.

Because: ® the Tripartite Law prevents structural cancellation,

e short-interval prime density guarantees a positive mass, and
e classical fluctuation bounds prevent extreme covariance,

Condition (C) holds for all sufficiently large E.

Therefore, for all sufficiently large E, E possesses at least one symmetric prime—prime
decomposition.

This theorem completes the reduction of Goldbach’s conjecture to a single verifiable analytic
bound and describes precisely the sole condition whose satisfaction ensures the conjecture.
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