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Abstract

The formulation of quantum field theory in Minkowski spacetime, which emerges from the unification
of special relativity and quantum mechanics, is based on treating time as a parameter, assuming a fixed
arrow of time, and requiring that field operators commute for spacelike separations. This procedure
is questioned in the context of quantum field theory in curved spacetime (QFTCS). In 1935, Einstein
and Rosen (ER), in their seminal paper [1] proposed that "a particle in the physical Universe has to be
described by mathematical bridges connecting two sheets of spacetime" which involved two arrows of
time. We further establish that the quantum effects at gravitational horizons aesthetically involve the
physics of quantum inverted harmonic oscillators that have phase space horizons. Recently proposed
direct-sum quantum theory reconciles the ER’s vision by introducing geometric superselection sectors
associated with the regions of spacetime related by discrete transformations. This new understanding
of the ER bridges promises a unitary description of QFTCS, along with observer complementarity.
Furthermore, we present compelling evidence for our new understanding of ER bridges in the form of
large-scale parity asymmetric features in the cosmic microwave background, which is statistically 650
times stronger than the standard scale-invariant power spectrum from the typical understanding of
inflationary quantum fluctuations when compared with the posterior probabilities associated with the
model given the data. We finally discuss the implications of this new understanding in combining
gravity and quantum mechanics.

Keywords: gravity and quantum mechanics; black holes; early universe cosmology and cosmic
microwave background; ER=EPR; quantum gravity

1. Introduction

General Relativity (GR) and Quantum Mechanics (QM) formulate the rules of macroscopic and
microscopic physical worlds. QM has been successfully merged with the principles of special relativity
(SR) and has evolved into quantum field theory (QFT), which has formed the basis for the emergence
of what we know now as the standard model (SM) of particle physics. The success of QFT formulation
is widely celebrated with quantum electrodynamics, showing an excellent agreement with precise
observations of atomic spectra, and 2012’s discovery of the Higgs boson at the Large Hadron Collider
(LHC). The main pillars of QFT are locality, unitarity, and renormalizability. The unification of quantum
mechanics and special relativity involves quantizing classical fields in Minkowski spacetime, a process
known as second quantization, which builds upon a deeper understanding of quantum principles.
According to QM, the structure of the Schodinger equation reflects the fact that time is a parameter (not
an operator) in contrast to the spatial position attached to the position operator. Wigner, in 1932 [2],
showed that time-reversal symmetry must be implemented by an anti-unitary operator, which further
shaped our understanding of time in quantum theory. Another notable aspect of quantum theory
lies in the way we define a positive energy state with respect to an arrow of time. QFT formalism
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imbibes both of these concepts, along with the causality condition of operators corresponding to
spacelike distances that must commute, which ensures compatibility with SR. Thus, even in QFT, time
is treated as a parameter in the same way as in QM. The second quantization mimics the position
and momentum uncertainty relations of QM with the field and its conjugate momenta. The rest of
the developments are further building blocks such as Feynann propagators, interactions, scattering
matrices, etc., which comprise essential elements of perturbative QFT.

Following the historical footsteps, it is logical to expect that beyond the SM of particle physics
and the GR, the immediate new physics one can think of is quantum field theory in curved spacetime
(QFTCS). While the QFT in Minkowski spacetime and development of SM was under progress, seminal
work of Einstein & Rosen (ER) in 1935, Schrodinger in 1956 [3], have shed light on the troubling aspects
of QFTCS if one strictly follow the guidelines of quantum theory such as fixing the arrow of time.
The seminal works of Hawking on QFTCS in the Schwarzschild black hole (BH) [4,5] inspired by the
investigations of Zeldovich and Starobinsky [6,7] have led to the issues of unitarity and information-
loss paradoxes. Unitarity loss that occurs in the standard formulation of QFT in curved spacetimes
(with event or apparent horizons) is associated with pure states evolving to mixed states in the
observer’s causally accessible physical world [8-10]. To be more precise, the standard framework of
QFTCS implies an entanglement between "point particle states" across the spacetime horizon, leaving
observers on either side accessing only mixed states, even though globally together form a pure state.
Due to the fact that an observer causally cut off from a region of spacetime, it is often accepted that
unitarity is lost in curved spacetime, i.e., the fate of any observer’s accessibility is only to mixed states,
not pure states. The challenge here is whether we can formulate a new understanding of QFTCS where
pure states evolve into pure states in a way that every observer’s description of the causally accessible
physical world is complete. This question was first posed by Schrédinger in 1956 [3] in the context
of an expanding Universe, and it has been the formidable barrier to constructing a successful theory
of quantum gravity [11]. Even after decades of research and numerous explorations of Planck-scale
quantum gravity', the fundamental questions about QFTCS, such as the loss of unitarity and black hole
information paradox [12,13], still loom around. The emergence of these issues challenges our current
approach to quantizing fields in curved spacetime. Traditionally, frameworks aiming to unify gravity
and quantum mechanics, such as string theory, loop quantum gravity, and others, have suggested
that a not-yet-discovered theory of quantum gravity will restore unitarity and ultimately resolve the
black hole information paradox at Planck scales [10,14-16]. In contrast, recent work by Gerard 't Hooft
emphasizes that the path to quantum gravity may lie in a deeper understanding and reformulation of
QFTCS [17]. Similar perspectives are emerging in the investigations of Witten [18], Giddings [10], and
others, who have also underscored the need to revisit the foundational structures of quantum theory
in the presence of gravity. Decades of effort have not yielded a fully unitary formulation of QFTCS,
suggesting that gravity may compel us to reconsider the very foundations of quantum mechanics. We
propose a perspective that redefines our understanding of quantum mechanics and quantum field
theory by introducing a new structure of Hilbert and Fock spaces, each associated with discrete regions
of spacetime of a given manifold.

In this paper, we highlight the crucial observations of Einstein-Rosen (ER) in an attempt to
combine GR and QM [1]. The basic essence of ER investigation is the incompatibility between gravity
and quantum theory due to the possibility of two arrows of time describing one physical world. ER
demanded that there should only be one physical world, but they were not in favor of choosing an
arrow of time by hand. Since the QM and standard QFT requires fixing the arrow of time (or the
arrow of causality) [19,20], to solve the particle problem in GR, ER conjectured that a description of the

Throughout this paper, our reference to Planck scale quantum gravity aligns with the conventional expectation of a
renormalizable, ultraviolet (UV) complete quantum theory of gravity, applicable up to and beyond Planck length scales,
where the graviton is typically treated as a fluctuation around Minkowski spacetime. However, if one aims to develop a
Planck-scale quantum gravity framework within a curved spacetime context (i.e., treating graviton fluctuations around
a curved background such as de Sitter space), it becomes crucial to address the foundational issues of quantum fields in
curved spacetime, which is the central focus of this paper.
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particle (quantum field) in one physical world has to be described by mathematical bridges between
two sheets of spacetime. A similar conclusion was obtained independently by Schrodinger in 1956 [3]
and "t Hooft [21] in 2016 in the context of cosmological (de Sitter) and black hole (BH) spacetimes. The
occurrence of two arrows of time in an attempt to describe one physical world is not only limited to
the (quantum) physics at the gravitational horizons but also bound to occur in the context of phase
space horizons of an inverted harmonic oscillator (IHO). The seminal work of Berry and Keating (BK)
in 1999 [22] uncovered the intricacies in the quantum physics of IHO. As a way out, they proposed
the identification of phase space regions. There is an intriguing similarity between BK’s proposal in
the context of quantum IHO phase space and Schrodinger and ‘'t Hooft’s proposals in the context
of quantum physics at gravitational horizons. In other words, the first quantisation of IHO and the
second quantisation in curved spacetime are fundamentally related. The purpose of the paper is
to juxtapose all these foundational developments that independently emerged across decades and
identify the universal features connecting them.

We discuss the relations between ER bridges and analogous proposals in different contexts
with the recently developed framework of direct-sum quantum theory and its applications to early
Universe cosmology, and BH physics [23—-29]. Direct-sum quantum theory is based on the discrete
spacetime (such as parity (P) and time reversal (7)) (a)symmetries of the physical system to formulate
a description of the quantum state as a direct-sum of components corresponding to (geometric)
superselection sectors (SSS) of Hilbert space. Geometric SSS are Hilbert spaces that describe quantum
states corresponding to regions of physical space related by discrete spacetime transformations. If a
Hilbert space is a direct-sum of geometric SSS, a state vector in that Hilbert space becomes a direct-
sum of components, each corresponding to geometric SSS. The same applies to operators in the
Hilbert space. This is called the geometric superselection rule. We show that the "direct-sum" is the
mathematical bridge that matches the expectations of ER bridges in describing one physical world with
two arrows of time. The two arrows of time here operate at the parity conjugate regions of physical
space embedded with the geometric construction of SSS. This framework restores unitarity in curved
spacetime, and it is tested against the latest observations of the cosmic microwave background from
the Planck satellite data.

The paper is organized as follows. In Sec . 2 we provide an overview of the concept of time as we
understand it through QFT in Minkowski spacetime and how the whole subject is developed with
(quantum) harmonic oscillator physics and highlight the undercurrent role of the inverted harmonic
oscillator (IHO) in the standard model (SM) of particle physics. In Sec. 3, we discuss the quantum
physics of Berry and Keating’s IHO and connection to the non-trivial zeros of the Riemann zeta
function. We present in particular the conceptual conundrums associated with the quantization of IHO.
In Sec. 4, we analyze the discrete spacetime symmetries of curved spacetimes and their essential role
in understanding quantum fields in curved spacetimes. We show in particular how quantum fields in
curved spacetime require understanding the quantum physics of IHO. We also discuss the origins of
ER’s proposal of mathematical bridges, which has links with later discoveries by Schrodinger (1956)
and 't Hooft (2016). In Sec. 5, we present the basic elements of direct-sum quantum field theory (QFT)
and demonstrate the new understanding of spacetime with geometric SSS. In Sec. 5.3, we study the
implications of direct-sum quantum theory for understanding IHO and show how the construction
resonates well with BK’s quantization proposal. In Sec. 6, we uncover the relation between ER bridges
and the direct-sum QFTCS in the contexts of Rindler, de Sitter, and Schwarzschild spacetimes. In
Sec. 7, we provide observational support for our new understanding of ER bridges with early Universe
cosmology that leads to temperature fluctuations in the cosmic microwave background (CMB). In
Sec. 8, we summarize by highlighting important aspects of our studies and outline future directions.
Furthermore, we discuss non-trivial implications for the open challenges we have in all the theories of
Planck scale quantum gravity[30,31].
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Throughout the paper, we follow the units i = ¢ = 1 and metric signature (— + ++). Throughout
this paper, we use a dot over a variable to indicate differentiation with respect to the time parameter ¢
and a prime over a variable to denote differentiation with respect to conformal time 7.

2. Quantum Fields in Minkowski Spacetime and Examples of (Inverted) Harmonic
Oscillator Physics

Before we step into the concerning issues of QFTCS in the next sections, it is useful to recall some
specific foundations of QFT in Minkowski spacetime. The elements of foundations we discuss in this
section are not only the textbook material [32], but also the core concepts of current investigations
[19,33]. QFT in Minkowski spacetime (merge of QM and special relativity) is about formulating
quantum fields on the manifold defined by

ds? = —dt% +dx?, (1)

where £, is the parametric time coordinate and x denotes 3 dimensional space. The spacetime (1) is
invariant under discrete transformations such as parity P and time reversal 7

T:ty— —tp, Pix— —x )

However, at its foundational stage relies on the following steps:

*  Assume an arrow of time ) : —c0 — oo

e Define a positive energy state with respect to the arrow of time: |¥); = e =€ [¥)

¢  Field operators for space-like distances must commute. For example, let us take a Klein-Gordon
(KG) field; we have

[6(x), $(y)] =0, (x—y)*>0. 3)

®  The canonical commutation relations between the field and its conjugate momenta are

[$(tp, %), Ty (tp, y)] = i6°(x—y) (4)

It is already noted in [19,33] that the arrow of time in QFT in Minkowski spacetime is strongly
associated with the conventional structure of Schrodinger equation

AY) _ g 5

where H is the Hamiltonian operator. We could have "—i" instead of "+i" on the left hand side of
Schrodinger equation (5). If we change "+i" with "—i" everywhere in quantum theory, we essentially
change our notion of the arrow of time, which is typically t, : —co — oo, but it gets changed to
tp : 00 — —oo with the —i convention. So practically no results of observables such as scattering
amplitudes and decay rates would change with this [19].

The Schrodinger equation, though it is widely taught as a non-relativistic QM, we borrow the
concept of fixing the arrow of time and the definition of positive energy state from it when we construct
the QFT. The essential step that merges QM with special relativity is the mathematical operation (3),
which quantum mechanically preserves the basic lessons we learn from special relativity, i.e., there
cannot be any communication between space-like distances. All these steps guide us in expressing the
field operator in the following well-known structure

R N d%k
$(x) = ¢(tp, x) = /%WW

[ak e~ ikotpikex | ot pikoty ~ikex ©)
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where the first term with the annihilation operator ay is a positive energy term, whereas the second
term with the creation operator alt is a negative energy term with respect to the assumption of the
arrow of time ¢, : —c0 — 0. The relation between QM and QFT also lies in the elegant extension of the
single quantum harmonic oscillator to an infinite collection of quantum harmonic oscillators. Indeed,
let us consider an example of a KG field in 1+1 dimensions

23l [ G2 - () -}
2o S| (5) <)

This is a continuous approximation of n harmonic oscillators separated by an infinitesimal distance s,
which is known as a lattice model

dP, 1
Ske = /dtp{ l( B(fp ) 57(47n+1 — ¢u)” — ’”Z‘P%} } 8)

In the limit n — co and s — 0 the action (8) becomes (7). The important lesson in this simple step is the
understanding of the gradient term in the KG action, which represents the coupling between infinitely
many harmonic oscillators. The mass term and the kinetic term are analogous to the single harmonic
oscillator case given by the Lagrangian

SHO = %/dt [qz — (Uqu} (9)

Here we can relate the mass m with the frequency w by equating the relativistic energy with unit
quantum energy E = mc? = hw. We can easily now extend the KG field to 1+3 dimensions as

sk =5 [ dtp{ [ & Kafp) <V¢>2m2¢21} (10)

which is again an infinite collection of harmonic oscillators in 3 spatial dimensions. What if we consider
the case w — iw? (i.e., @*
This would turn the harmonic oscillator into an IHO and the corresponding field to tachyonic field

= —w? > 01in (9) and correspondingly m — im? (i.e., y?> = —m? > 0in (7).

(i.e., infinite collection of coupled IHOs)

swo=3 [l - o], s =} fanf fa(32)'- (2) -]}

and the KG field into a tachyonic field

ST = / dtp{ [ #x [(at) (Vsb)z—(—#)«pz]}, 2> 0. (12)

The IHO and the tachyonic field configurations play a fundamental role in the standard model of
particle physics. The famous Higgs potential

/\ 2
VH = _‘uZHH+ Hsm"’ T(H-]- Hsm) (13)

where Hym = %heieh here is the Higgs field which is a complex scalar field (SU(2) doublet) with 4

components, #2; > 0 which is not the physical mass of the Higgs boson and Ay > 0 (dimensionless)
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2
indicates the self-interaction of the Higgs field. The potential has two degenerate minima v = 44/ K—Z

This is due to the Z, symmetry Hgyn — —Hgm of the potential (13). Substituting %, = Ayo? and
adding a suitable constant (— %04 since it does not affect the dynamics) to the potential in (13), we
obtain the famous Mexican-hat form of the potential, which still carries the tachyonic mass term

A 2
vy =2 (H;mesm - vz) : (14)

The physical mass of the Higgs boson in the SM arises from perturbative expansion around the minima
of the potential in the unitary gauge as (after the so-called spontaneous symmetry breaking and the
subsequent absorption of 3 Goldstone bosons by the W* and Z bosons, resulting in the electroweak
symmetry breaking)

1 0 1 55 3 AH 4 2 2
Hipn = — , Vo = =-m Agoh —¢;, m; =2A . 15
sm \/i (’l) +¢h> on > h(Ph + Agon® + 4 (Ph n HO ( )

where m? is the physical mass of the Higgs boson. Examining (13) with (12), we can clearly see that
the Higgs field before the spontaneous symmetry breaking should be viewed as an infinite collection
of self-interacting IHOs. After the Z, symmetry breaking (subsequently the electroweak symmetry
breaking), what we see is the massive (physical) Higgs field ¢, which can be seen as an infinite
collection of harmonic oscillators in Minkowski spacetime. The tachyonic instability (IHO physics)
plays a significant role in SM. It is usually studied as a non-perturbative transition from false vacuum
to the true vacuum using an instanton solution obtained in Euclidean spacetime (t, — itp) [34]. In the
SM,, for all the practical calculations, understanding the IHO physics is not needed, even though its
relevance is absolutely clear in its construction. This is because the majority of the standard model
calculations involve expanding the Higgs field perturbatively around the minimum (15). However, it
is worth noting here is that the quantum physics of IHO is an absolutely non-trivial subject in QM
that surfaced from the seminal works of Berry and Keating [22], also it is still an active subject of
investigation across the spectrum of problems in theoretical physics [35].

The appearance of IHO physics is not just limited to SM of particle physics, but it does appear in
QFTCS and plays a significant role in shaping our understanding of unitarity. In the later sections, we
will discuss in detail the physics of IHO and its relation to the fundamental understanding of nature.

2.1. Time Translations and Killing Vector of Minkowski Spacetime:

Understanding the symmetries of spacetime is fundamental in GR. Minkowski spacetime, as a
maximally symmetric solution, possesses the highest possible number of continuous symmetries, each
associated with a Killing vector field. If a vector ¢¥ is a Killing vector of a given manifold endowed
with a metric (M, guv) then the Lie derivative of the metric tensor along ¢* vanishes as

(Le8)uv = 1 0rguw + §r0ul™ + 8un 0 =0

(16)
= Vuly+ Vil = 0.

In Miknowski spacetime there are 10 generators associated with spacetime translations, rotations and
Lorentz boosts. We particularly focus on the generator of time translations

9 \#
g = () =(1,0,0,0) (17)

oty
which is a Killing vector of Minkowski manifold. For every continuous symmetry there is a conserved
quantity by Noether theorem. The time translation symmetry gives the following conserved energy
(E)

E = / B0 = / Br 7O, (18)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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where 0 is the zeroth component of conserved current [# and T% is the 00th component of energy-
momentum tensor T#". The crucial point we must notice here is that the Killing vector (17) retain its
property (16) under the time reversal transformation ¢, — —t,. Thus, the conserved energy IE remain
the same under t, — —t,. This is not surprising as the time reversal operation is (discrete) symmetry
(2) of the Minkowski manifold (1).

3. Review of Inverted Harmonic Oscillator (IHO), Quantization and Riemann
Hypothesis

As we have seen in the previous section, Higgs Mexican hat potential (13) indicates the first
appearance of IHO in SM physics. As we will further demonstrate in the later sections, in the context of
early Universe cosmology, the inflationary quantum fluctuations, which manifestly appear in terms of
canonical quantum variables (known as Mukhanov-Sasaki variables) [36], can be understood through
QFT in terms of inverted harmonic oscillators (IHOs). Even in the context of Black Hole physics, IHOs
are found to be the fundamental building blocks to describe Hawking radiation [35,37,38]. The role
of IHOs even extends to the Rindler spacetime and also in the context of the quantum Hall effect,
molecular physics, and even in biophysics (See [35,39] and references therein). Moreover, the quantum
aspects of the IHO manifest in relation to the nontrivial zeros of the Riemann zeta function [40]. This
section provides a comprehensive brief review of IHO physics, quantization, and its non-trivial relation
to the Riemann zeta function. In particular, we emphasize how foundational questions regarding the
quantization of the IHO are intimately connected to the challenge of establishing its energy spectrum
as corresponding to the nontrivial zeros of the Riemann zeta function. The elements discussed in
this section, especially the wave functions and phase space regions of the IHO, are closely tied to the
physics of quantum fields in curved spacetime, which we will develop in the sections that follow.

In 1999, M. V. Berry and J. Keating (BK) found a remarkable relation between the energy spectrum
of the IHO and the zeros of the Riemann zeta function [22] along Re[s] = 1/2. This is in line with
Hilbert-P6lya’s conjecture [41]. The following classical Hamiltonian describes the IHO

Wi 2\ s P L
tho - 2 (P q )l p m' q mwq (19)

The Hamiltonian equations of motion are

~_aHiho ;__aHiho
= P T

(20)

Like the Harmonic oscillator case, the IHO is symmetric under P7T,ie. t = —t, § = —§ with a crucial
difference that energy is not bounded from below, which lead us to interpret it as an instability. The
classical solutions of (20) can be written as

He - Yp p =++/|E|coshwt, §=+,/|E|sinhwt, E >0
2 p=++/|E|sinhwt, §=++/|E|coshwt, E <0

1)
where w > 0 and Ew characterize the energy of the physical system, which can be both positive (E > 0)
and negative (E < 0).> Since the physical system can span a range of infinitely positive and negative
energies, the Hamiltonian of the IHO is said to be unbounded from below. This is a clear contrast with
usual quantum mechanics, where we always deal with physical systems whose energies are bounded
from below (even when we have situations where the potential is negative). Since the potential of
IHO is unbounded from below (can take infinite negative values), there are conceptual limitations to

2 In the case of a harmonic oscillator, where position and momentum are harmonic functions of time, the system energy is

positive definite
_ W2 2 s s :
Hyo = > (p +4q ), P =/|E|cos(wt), §=+/|E|sin(wt) (22)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.
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treating IHO as a scattering problem [42]. The phase space trajectories in Figure 1 define four regions
separated by phase space horizons or separatrices [38,42] p = £|§]|

<
Il
=)

sinh(wt), § = \/|E| cosh(wt), t : —co — oo (Region], E < 0)

p = /|E|sinh(wt), § = —1/|E| cosh(wt), t : 00 — —oco (RegionIl, E < 0)
(23)
p =1/ |E| cosh(wt), § = —1/|E|sinh(wt), t : —o0 — oo (RegionIIl, E > 0)

p = —y/|E| cosh(wt), § = —4/|E|sinh(wt), t : 00 — —o0 (RegionIV, E > 0),

where we can notice the behavior of position and momentum swap when changing from a region of
negative energy to positive energy and vice versa. The arrows of time in (23) define the arrows of
phase space trajectories in Figure 1.

One can rewrite (19) in terms of the so-called canonically rotated coordinates

w ptq P—1q
H. Q-P+P-Q), Q , P 24
iho 2 ( ) \ﬁ ﬁ (24)
which is known as the Berry-Keating Hamiltonian [22] whose motion equations give the following

solutions
_ w
Q=Que”!, P="Pye ', Hy=QoP= S E- (25)

From the phase space trajectories of IHO Figure 1, we may conclude that the Hamiltonian is unbounded
and the system is highly unstable. Depending on the initial conditions, the phase space exhibits doubly
degenerate time evolutions with both positive and negative energies, separated by phase space
horizons or separatrices [38,42] § = £4. Furthermore, we can also notice that the doubly degenerate
trajectories are associated with opposite arrows of time (t : —c0 — coand  : c0o — —0o0) together with
the following discrete transformations

Q—-Q, P——-P, t— —t (26)

which leaves the Hamiltonian (24) invariant. It is worth noting that (26) with t — —t in (25) becomes
the PT transformation in our notation. Furthermore, the positive and negative energy regions in
Figure 1 are related by

Q—FP, P—+Q = p—F4, §— xp. (27)

An interesting observation in IHO phase space in Figure 1 is that a parity transformation P : § — —4§
alone does not take us from Region I to Region II; we must apply simultaneously the time reversal
T:t— —t

As a consequence of Heisenberg’s uncertainty principle, we have

| =i, [Q,P|=ih, Hy, = —ihw (QaQ + ;) . (28)

v

4,
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Figure 1. Phase space of inverted harmonic oscillator representing doubly degenerate positive and negative
energy solutions in (21) and (25). The negative energy trajectories are givenby Q >0, P <0and Q <0, P >0
whereas the positive energy trajectories are Q > 0, P > 0 and Q < 0, P < 0. These double degenerate trajectories
are related by (26) whereas the positive and negative energy regions are related by (27).

Notice in Figure 1 that the parity conjugate regions of physical space, with opposite arrows
of time, are separated by the lines of phase space horizons or separatrices § = =£|j|. Quantum
mechanically, IHO has been understood in two ways [43]: (i) With the BK’s quantization: by applying
the identification for doubly degenerate points in phase space (Q, P) and (—Q, —P) along with
boundary conditions based on the dilatation symmetries. Interestingly, these lead to matching the
spectrum of IHO with the non-trivial zeros of the Riemann zeta function along the line Re[s] = 1/2.
(ii) Considering the IHO as a scattering problem with incoming and outgoing states. This allows the
quantum states to reflect and tunnel from one region to another region. However, this consideration
faces fundamental challenges at the foundational level due to the presence of phase space horizons [42].
Furthermore, the connection between IHO and the Riemann zeta function is unclear in the scattering
approach. Notice that the analysis of IHO’s Wigner function® and the corresponding conditions for
scattering, it was found in [42] that the tunneling from the left (E < 0) to the right region (E < 0) of
phase space depicted in Figure 1 is not possible unless one invokes an evolution of quantum states
from negative to positive energy. QM does not allow this because the E < 0 and E > 0 regions of
phase space involve distinct time evolutions. On the other hand, BK’s quantum description of IHO
suffers from issues related to quantum chaos [44] because Hamiltonian is unbounded with regions
of phase space containing different arrows of time. Furthermore, BK’s identification and boundary
conditions lack physical and (phase space) geometrical understanding.

The position Q and momentum P wavefunctions of the IHO Hamiltonian operator (for the region
Q > 0and E < 0) are [22,38,41]

. _ (4 IE
i i ilE|

< \Qlf%%/ ¥(P) = ! |P|~2- 0 (2h) 7 (4 iz;)

1"(1 - Zh)

27th V2rh
3 Wigner function is a function of position and the momentum, it is a quasi-probability that describes quantum states in a
phase space from which we can derive position space and momentum space wave functions of the Hamiltonian. In the
context of IHO (24) the Wigner function is defined as

We(Q,P) = ﬁ /_c:dy e—iPy/h <Q+ %)*’7\*% (Q, %)Mf%

Y(Q) = (29)

—_

;

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202410.0190.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 August 2025 d0i:10.20944/preprints202410.0190.v2

10 of 54

which satisfy the orthogonal and completeness properties [38,39]. The wavefunctions as a function
of p and 4 can be found explicitly, along with a detailed discussion of probability densities without
any singularities at the phase space horizons, can be found in [38,39,45]. The wave function of IHO
becomes delocalized with time evolution. Thus, one cannot have the usual interpretation of a particle.
This resonates with the situation in describing quantum fields in curved spacetime, where we cannot
have usual particle interpretations as we will discuss in the later sections.

Notable features of quantum IHO are

e  With the quantum mechanical limitation |Q| > /g and |P| > £p such that {o/p = 277}, the energy
spectrum of IHO becomes discrete. Counting the number of states between 0 and |E| > 0 one gets

_ B LB L7
N(E) = o (Ing = 1) +3 (30)

which matches with the average number of non-trivial zeros of the Riemann zeta function
4 (% + iT) for T > 1 with the identification T — ‘%

®  The relation between IHO energy eigenstates and Riemann zeros was shown to be more than a
coincidence with the analysis of scale transformations and the discrete symmetries of the IHO's
phase space, which form the dihedral group[46] D, of order 8. These symmetries render a
boundary condition (for either E > 0 or E < 0)

1 iE 1  iE
12, 2 _ = 1272 4 = =
Q C(Z h)‘f’(Q)—i—P C(z—i- h)‘I’(P) 0. (31)
The condition (31) implies the position and momentum wave function are time reversals of each
other [22]. However, the geometric and physical interpretation of this condition in association
with the entire region of phase space was stated as an open problem by Berry and Keating [22].
*  The wavefunction ¥(Q) is also an Eigen function of Weyl reflected Laplace-Beltrami operator

1 iH 1 il
-0 (342 (14 22

"
e BK proposes identifying the discrete set of points in phase space, which are (Q, P),and (—Q, —P).

with positive definite Eigenvalues (% +5 ) .

This is very much similar to the antipodal identification in dS spacetime proposed by Schrodinger
and the one of 't Hooft in the context of Schwarzschild spacetime [3,21]. As we will discuss in
the later sections, the antipodal identification is similar to the ER’s mathematical bridge. Thus,
what BK proposes is another "mathematical bridge" to join the IHO’s phase space regions with
opposite arrows of time.

e  The phase space of IHO has several symmetries, the most important symmetry is the dilatation
defined by the following scaling transformation

Q—e'Q, P—e P (33)

which preserve the Hamiltonian (24). This is called the hyperbolic scaling symmetry. The
generator of these scaling transformations is known as the Hamiltonian vector field defined by

0 d
This dilatation operator’s (also called Liouville operator) (34) eigenfunction (¥ p) has a universal
structure
Q A
¥o(Q ) = (§) s(ar) @)
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where ¢g(QP) is an arbitrary function of the scale invariant quantity QP. The Wigner function of
the BK Hamiltonian (24) has the following generic structure as well

Q iE/h
We(@ P =Ne(F)  awiep), 36

where g (QP) is an arbitrary function modulated along constant QP curves in the phase space
and N is a normalization constant. Thus, if we have a physical system that deals with eigenfunc-
tions of dilatation (36), we can anticipate the role of IHO physics. We witness this in the context
of QFT in black hole, de Sitter, and Rindler spacetimes that we shall discuss in the next section.

4. QFT in Curved Spacetime: Discrete Symmetries, Unitarity Loss, and New
Insights

In flat spacetime, QFT is elegantly formulated by decomposing the field into Fourier modes,
where each mode behaves like a harmonic oscillator with a well-defined frequency. This framework
rests on the presence of a global timelike Killing vector field along with a presumption on the arrow of
time, which guarantees a definition of energy and particle states. The vacuum and excited states of the
field are then naturally described in terms of the quantized energy levels of these oscillators. However,
in curved spacetime, particularly in the presence of event or dynamical horizons, such as those
associated with black holes, de Sitter or accelerated observers (as in the Unruh effect), the situation
changes dramatically. The lack of a global timelike Killing vector makes the notion of a unique vacuum
ambiguous, and the field modes evolve with time-dependent or even imaginary frequencies near
the horizon. These features suggest, as the central idea of this paper, a shift from ordinary harmonic
oscillators to IHO. The IHO has a hyperbolic potential, unlike the parabolic potential of the standard
harmonic oscillator. Its solutions exhibit exponential instability rather than bounded oscillations,
mirroring the behavior of quantum field modes near horizons. In fact, studies of quantum fields in
Rindler, de Sitter, or Schwarzschild spacetimes often reduce to analyzing effective IHO dynamics.
This inverted potential captures crucial aspects of horizon physics, such as mode amplification and
thermal particle creation. Furthermore, the IHO structure underpins the Bogoliubov transformations
that relate different field quantizations (e.g., between inertial and accelerated observers), leading
to phenomena like Hawking radiation and the Unruh effect. The logarithmic phase singularities
and time asymmetry of the IHO reflect the causal disconnection and thermality introduced by the
horizon. In this light, the IHO is not just a mathematical curiosity but a fundamental component in the
description of quantum fields in curved spacetimes. It represents a shift from conservative, oscillatory
systems to unstable, scattering-like systems that encode the irreversible and horizon-induced nature of
quantum phenomena in gravity. Thus, while harmonic oscillators are central to flat spacetime QFT,
IHOs become indispensable in curved spacetimes where horizons, their deep thermodynamic and
quantum implications, come into play.

Quantizing fields in curved spacetime builds directly upon the foundational techniques of quan-
tum field theory in flat Minkowski spacetime, as outlined in the previous section. In this section, we
focus on a conceptual overview of QFTCS, emphasizing key developments in the contexts of de Sitter
space, Schwarzschild black hole (SBH), and Rindler spacetime. We also highlight the role of quantum
fluctuations in inflationary cosmology, which offer important observational consequences. Beyond
reviewing the foundational literature, we draw attention to several enduring conceptual challenges,
particularly those related to discrete spacetime symmetries, that have complicated the formulation of
a consistent and unitary QFTCS. Crucially, we demonstrate how a common mathematical structure
emerges across these spacetimes, tied to the hyperbolic nature of their coordinate transformations and
the associated inverted harmonic oscillator dynamics governing field modes near horizons. These
(a)symmetry-related structural insights serve as a conceptual bridge to the new framework we propose
in the following sections.
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4.1. QFTCS in BH Spacetime

The ER paper [1] of 1935 is the first work in history that looked for quantum effects in curved
spacetime. ER attempted to formulate quantum theory in SBH spacetime described by

-1
ds? = — (1 - 2GrM>dt2 + (1 — —ZGrM ) dr? + r*dQ? (37)

where d()? = d6? + sin? 0d¢? describes two dimensional sphere, (t, r) are time and radial cordinates.
There is a coordinate singularity at the Horizon r = r¢ = 2GM, and the physical singularity is at r = 0.
ER noted that one cannot write quantum theory in a spacetime with a coordinate singularity. Thus,
they found a new coordinate system to remove coordinate singularity by a redefinition of the radial
coordinate as

r=u*+2GM = u € [—o0,c0] (38)

which renders the SBH metric (37) in to the following form

2 2
ds? = — <uz+usz> a2 +4 (uz + zcm) du® + (u2 + 2GM) d0?. (39)

These new coordinates (¢, i, ,6, ¢) which we call the Einstein-Rosen coordinates represent the space-
time r > 2GM since u = ++/r —2GM and u € [—o0, =|. In the Schwarzschild coordinates (¢, 7, 6, @),
the metric (37) is invariant under discrete transformations such as parity and time reversal defined by

T:t——t, P:(6,¢9) > (m—0,14+¢), r—r. (40)
The discrete symmetries in the Einstein-Rosen coordinates are
T:it——t, P:(0,9) > (m—0,m1+¢), r—r, PV:iu— —u. 41)

where P"" is a new "parity" transformation that requires a new interpretation, which is what the ER
paper was about. As ER demands both # > 0 and u < 0 could represent two sheets of spacetime, but
in reality, there is only one exterior > 2GM. So they proposed an aesthetic solution

A particle in the physical world should be represented by the mathematical bridge between two sheets
of spacetime.

However, the ER metric has a peculiarity in comparison with the Schwarzschild metric (37) in the
following two aspects

© Ve
r—2GM
4u?(u? +2GM *sin2 0 — 0. Since —¢d*x is a measure of the volume integral, if
u—0 8 &

it vanishes for a finite radius, we cannot define consistently any action for matter fields in

r—2GM —> u—0 -

= r‘é sin? 6 (for (37)) while for the Einstein-Rosen metric \/— g

Schwarzschild spacetime.
e  There is an additional discrete symmetry 1 — —u which is absent in the (37) metric (See (40)).

We can reduce this additional discrete symmetry by the following identification
t—= —t<—u——u (42)

But still, we are left with the first problem about ,/—g, which cannot be solved with the ER metric
form. Kruskal-Székeres solves the above two problems and gives us the same number of discrete
symmetries as the original Schwarzschild metric, as can be seen below.
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The Kruskal-Székers (KS) coordinates (U, V)
r t—r r t+vr
U= +4GM/[1 - 2GM‘exp<—4GM>, V= +46My /|1 - 2GM‘exp<4GM> (43)
which obey
UV = 16~ 'G2 M2 (1 - L) exp(L) L (44)
2GM 2GM)" Vv 2GM

remove the r = 2GM. ER worried about the appearance of two identical sheets of spacetime when one
aims to describe a quantum field in the exterior of the Schwarzschild BH (SBH). With the redefinition

u+v vV-u
T= X=—— 4
27 2 (45)
The SBH becomes YCM
ds? = =Ll (—de + dX2> + 12402 (46)
From (44) we can notice that
Uu<o,v>0 uUu>o,v>0
r>2GM = , r<2GM = (47)
uUu=o,v<o U<o0,vV<o
where we can notice the following discrete symmetry in both regions r < 2GM and r > 2GM
T—--T—= U—-UV-—>-V=X—-X (48)
Thus, the PT operation in KS coordinates become
P:6,¢9) = (m—0,n1t+¢), T:T—-T,X——-X (49)

This implies there are two arrows of time T : Fro0o — o0, to describe the exterior (interior) of the
SBH related by discrete transformations. If we consider one arrow of time, say T : —o0 — oo, to
do quantum physics with positive energy states, then one ends up with another physical spacetime
with the opposite arrow of time and negative energy states. Though Einstein-Rosen uses a different
coordinate system (39) to write the Schwarzschild metric non-singular at ¥ = 2GM, the sheets of
spacetime describing r > 2GM are similar to what we describe here in terms of KS coordinates. Most
importantly, the two sheets representing the same physical world (outside the SBH) are related by
discrete coordinate transformation (U — —U, V — —V). Since in the near horizon approximation (46)
looks very similar to some "flat" spacetime metric as

ds? = —dT? +dX* + r2d0? (50)
r~2GM

With its resemblance to "Minkowski" we can perceive the form of the metric (50) to realize quantum
fields in this spacetime. For this, as we learned at the beginning of Sec. 2, we must define a positive
energy state and an arrow of time for “T” here. Thus, we can interpret the ER concerns as the
appearance of a (quantum mechanically) negative energy state that comes by reversing the arrow
of time (T — —Tie, T : co — —oo in the (naive writing of) Schrodinger equation (in the r ~ 2GM
approximation) i% = E|¥). Thus, we have both positive and negative energies possible due to the
discrete symmetry (47). The conceptual conundrums here are

e Ifwechoose T : —c0 — co we first break by hand the symmetry of the metric (46). Then we
are bound to interpret the parallel identical regions (47) by the transformation (48), either a
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nonphysical or a parallel Universe. This is the interpretation that the majority of developments
have adopted ever since the seminal works of Hawking [4,5,14,47,48].

*  ER paper emphasized the importance of defining only one physical region, but without breaking
any of the discrete symmetries of the manifold. ER, conjectured:*

A quantum field in physical space has to be described by mathematical bridges between two sheets of
spacetime

In the later sections, we shall return to the new conception of time reversal that can describe the same
positive energy state with the opposite arrow of time.

4.1.1. Occurrence of IHO in BH Physics:

Here, we would like to highlight how the physics of IHO is most relevant for the subject of
QFTCS in the BH spacetime. We illustrate this by the massless scalar field example, which is also an
important tool used in the original work on Hawking radiation [4]. Due to the spherical symmetry of
Schwarzschild spacetime, one can expand the massless scalar field in spherical harmonics as

Yem (0, @) (51)

@y, (U, V
$(uv, 6, g) =y Pl

Thus, the massless Klein-Gordon field action in near horizon approximation along with neglecting the
effective mass term for a sufficiently large BH becomes

s — / AUAV D, (—9udy) D (52)

The solutions for the field &, for the case U < 0, V > 0 are
Dy (U, V) = Ay (—U) /5 4 B, VH/x (53)
where « = ﬁ. It is easy to check that (53) are the eigenfunctions of the Killing vector of the

1 ] 0

that generates time translations. We can immediately notice the similarity between the structure

Schwarzschild manifold

of the boost operator in Schwarzschild spacetime (54) and the dilatation operator of BK IHO (34).
Furthermore, in Black hole physics, the appearance of IHO can be intuitively seen through the behavior
of Kruskal coordinates U, V (43) as a function of ¢ (with U decaying exponentially and V growing
exponentially with t), which scale similarly to P, Q of IHO as a function of ¢ (25). It means any solution
for @y, (U, V) would have a similar scaling behavior as the phase space wavefunction (or Wigner
function) of IHO. In other words, the KS manifold (46), whose discrete symmetries can be explicitly
seen through (47) and (48), is analogous to the phase space of IHO, which carries a similar set of
discrete symmetries (26) and (27). 't Hooft has explicitly derived the gravitational backreaction effects
between in going state (at position Vj;, around r < 2GM) and out going state (at position Uy, around
r 2 2GM) near the horizon of SBH and applied first quantization, which yielded [52,53] (See Section
6.1 in [24] for a relevant derivation that is more apt to the context of physics we discuss in this paper)

[Vin aout 8nG

, L 55
b O3 Sy (55)

4 Einstein-Rosen paper is literally about the quantum mechanical understanding of Schwarzschild horizon, but the paper is
differently understood and often classically interpreted (with GR modifications or introducing exotic matter on the right
hand side of Einstein equations) in the literature [49-51]. In this paper, we stick to uncovering the original motivations and
deriving new (quantum) interpretations.
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where r¢ = 2GM is called the Schwarzschild radius. The above result is obtained from the GR
equations of motion with the partial wave expansion

Uout = AGM Y UMY/ (0, ¢),  Viy =4GM Y VIEYL(6, 9) (56)

where Y,fl’s are the spherical harmonics. From (55) and (43), one can deduce that the following
Hamiltonian, which is analogous to IHO, describes the quantum effects in the Black hole horizon (See

[37,38] for more details)
HBH — h(")zBH (uoutvi V uout) (57)

The Eq. (57) establish the connection between IHO and quantum effects in gravity and the need for

understanding ER bridges.

4.2. QFTCS in de Sitter Spacetime

After 20 years, Schrodinger in 1956 encountered a similar conundrum in the context of "Expanding
Universes" in de Sitter (dS) spacetime [3]. We can understand this by the following dS metric in the flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) coordinates

1
H27?2

1

ds*> = —dt* +a?(t)dx* = T’

(—drz +dx2), a(t) = eft = — Rys = 12H2.  (58)
where Rjs is the curvature scalar of de Sitter space and 7 = f % being the conformal time. One
thumb rule in physics is to make use of symmetries. The origin of physical conundrums often occurs,
throwing away any symmetries by hand. Similar to SBH, dS spacetime, too (58), describes the physical

world with two possible arrows of time given by

H>0 t:—o00o—00 — 7<0
Expansion of Universe — (59)

H<0, t:co——00 —= 7>0

In the same manner, we can have the contracting Universe (decreasing scale factor), which can also be
formulated with two arrows of time

. . H<0, t:—o00—0c0 — 7>0
Contracting Universe —- (60)

H>0, t:oo— —00 = 7<0
The dS spacetime (58) is invariant under the discrete symmetry P7T
T:1T—w—-—17T—>t——tH——-H P:x— —x (61)

Since de Sitter is a maximally symmetric spacetime, one can use it to build various topologies. de Sitter
spacetime in closed FLRW coordinates is expressed with scale factor a(t) = cosh(Ht) and the positive
spatial curvature k = |H| > 0 as

2
dSz = —dtz + COShZ(Ht) |:1d;__12r2 + r2d02:|
) (©2)

1 dr
= —dt? + = cosh?(Ht) L 22 + sin Xd()z}

where r = % siny € [O, %) The Ricci scalar for the above metric is R = 12H? where H here is the

asymptotic (constant) value of the Hubble parameter as ¢t — +co suggested by

a 6H2
Heloseq = = Htanh(Ht), R = 12H oq + 6Helosed + —5— = 12H?. (63)
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With the definition of conformal time T
1 1 1
= —cosh™ ' ———— 4
(1) 77 08 (cos(HT) ) (64)
The metric (62) becomes
d? = 1 (—drz +dy? + sin? anz) (65)
cos?(HT)

In this picture, the Universe evolves from contraction to expansion (bounce), which is compatible with
two arrows of time

t:—00— 400, H>0, (T:%—)—ﬁ)
Contraction to Expansion — - - (66)
The dS metric (58) in the static coordinates (5, ) can be expressed as [54]
1
2 _ 2.2\ 7.2 2 2002
ds® = —<1—H T )dts +md?’ +7r dQ)
1 o 2 (67)
- (—4dUdV + (1+UV)%d0 )
H2(1-UV)
where
~ 1-Hr - 1-— Hr
_ 4 ,—Ht _ 4 His
U(r,ts) = te 1T H V(r,ts) = te 1T Hy (68)

All of this indicates that we can identify the scale factor as the classical or thermodynamic clock, which
can be compatible with two arrows of coordinate time. We will learn later that coordinate time acts as
the quantum mechanical time parameter.

In the standard description of QFTCS in de Sitter spacetime, one often chooses T < 0 (or Poincaré
patch [55]) (for (58)), which breaks the discrete symmetry (61) by a strict assumption on the arrow of
time. In literature, [56-64], T < 0 and T > 0 choices are usually considered as causally disconnected
entangled Universes where unitarity (pure states evolving into pure states) is lost for an observer
living in either of the Universes. This approach has led to the construction of so-called thermofield
double states in the dual Minkowski and dual FLRW spacetimes [57], which share close similarities
with Maldacena-Susskind’s proposal of ER=EPR [48] in the context of AdS BHs that we shall discuss
later.

4.2.1. Occurrence of IHO Physics in de Sitter Spacetime:
The action for the massless KG field

1
4) — m@(’[‘, r/ 9/ q0> (69)
in closed de Sitter can be expressed as
1 g
S¥6 =5 / drd’x \ﬁ[(arcp)z — 10,0 0,® — (—pizff) qﬂ (70)

where 7;; is metric correspinding to d¥3 = dx? + sin? xdO?. Comparing (70) with the structure of
(12), we can deduce easily that massless scalar fields in de Sitter (closed FLRW) are tachyons with an
effective time-dependent mass

paogs = H cos(2HT) > 0 (71)
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Extending this to a massive KG field we will get
yfff = H?cos(2HT) — m?a?

_ bt g 22
o m-a
which is a tachyonic in behavior for large H (high curvature) and a < 1 (in the units of current value of
the scale factor set as a9 = 1), which is the scenario for the early Universe. We can do a similar exercise
for the massive KG field ¢ = — %@ for de Sitter in flat FLRW coordinates (58), which gives us

S8 = %/dT dx {(arq>)2 — (V)2 — (—jiZg(1)) ‘Dz} (73)

with )
1 m
~2 _
flege(T) = = (2 - H2> (74)

From which we can deduce 9
m? < H?> = ﬁgffz?x). (75)

Again, we can compare (73) with (12) and deduce that the massless fields and sub-Hubble m? < H?
massive fields have the tachyonic instability with the mass square term, which is negative compared to
the positive mass square term of the standard KG field. This is the same as IHO instability discussed
in Sec. 3.

Also in the context of static de Sitter spacetime, the null coordinates (68) do have a scaling behavior
with time f; similar to the Schwarzschild case (43). Thus, a quantum field in static coordinates of de
Sitter also involves the IHO physics. Furthermore, similar to the Schwarzschild BH case, the static de
Sitter too has a killing vector

- 0 ~ 0
K = oy, _H(vw—uaa) (76)
which does indicate a lack of a unique global arrow of time.

4.3. QFTCS Versus Rindler Spacetime

Rindler spacetime elegantly mimic the spacetime horizons in curved spacetime. This is why QFT
in Rindler spacetime that leads to Unruh radiation is analoguous to the Hawking radiation in SBH [65].
The essence of Rindler spacetime can be understood by starting with 1+1 dimensional Minkowski

spacetime
ds? = —dt? + dz? (77)

The Rindler spacetime can be realized as

2_p 1 o z = le® coshatg, t= lesinhaty (RightRindler)
25 —t° = e =
a2 z=—1le% coshaty, t=le"sinhatg (LeftRindler)

— | ds? = e (—dt} +d2?)

(78)
o Lo t = etk coshaZ, z= le"rsinhag (Future Kasner)

2 _ _1at _ 1 atg o;
a t = —ze"kcoshal, z= ;e"ksinhai (PastKasner)

= | ds? = ¢2R <_dt%{ + d@z)
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We can express the whole Rindler spacetime ds> = —dUgd Vg in a coordinate system defined by
1 —au 1 av : s
Ug = —Ee <0, VR = Ee >0 (Right Rindler)
1 1
Ur = —e ™ >0, Vg =—-¢"<0 (LeftRindler)
1 - (79)
Ugr = Ee”” >0, Vk = Eem’ >0 (Future Kasner)
1 1
Ur = —Ee_”” <0, Vr = —Ee‘w <0 (PastKasner)

where

u=tp—¢, v=tr+g¢ (80)
Ur=t—2z, Vrg=t+z

We can visually see the structure of Rindler spacetime in Figure 2.

4.3.1. IHO Analogy with Rindler Spacetime

IHO physics in Rindler spacetime is very appealing. As we have seen with the above steps,
coordinate redefinitions of 1+1D Miknowski metric create 4 regions of flat spacetime (See Figure 2) by
the discrete transformations on the null coordinates

Ug = i%eg’tﬂ, Vg = i%eﬁw (81)

Juxtaposing (81) with (44), (68), we can observe the similarities associated with exponential scaling
of null coordinates with parametric time. Thus, a quantum field in Rindler spacetime is very closely
related to the phase space wave function of IHO, which we shall discuss in more detail in the later
sections.

Figure 2. The figure represents the Left, Right (z> > #?) and Future, Past (t? > z?) regions of Rindler spacetime. The
curved lines in the Left and Right regions are constant acceleration ae~ curves with arrows of time t : co — —oco
(Left) and tg : —oo — oo (Right). Future and Past Rindler with arrows indicate changing z : +c0 — Foo,
tR : Foo — £o0. The Fuzzy colored lines indicate the Rindler Horizons for Left (Yellow), Right (Green), Future
(Cyan), and Past (Pink).
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4.4. Inflationary (Quasi-de Sitter) Quantum Fluctuations

Inflationary spacetime is, by definition, a quasi-dS in character [66]. Thus, the spacetime during
inflation would depart slightly from the metric (58) by the non-zero slow-roll parameters

d /1 H é
edt(H>_HZ’ W*E (82)

that gauge the adiabatically evolving Hubble parameter H = £. Inflationary cosmology requires
an additional new (scalar) degree of freedom that must be added to GR, which can be done either
by a scalar field or modification of gravity (Starobinsky’s R + R? inflation, for example). The metric
fluctuations (g,y = $uv + dguv) and the scalar field fluctuations (¢ = ¢ + d¢) around the background
dynamics in flat FLRW spacetime (g,v, ¢) lead to primordial seeds of temperature fluctuations and
polarization features in the CMB [67]. These fluctuations can be realized by a metric of the form

ds? = a*(1) ( — (14 2®)d® + [(1 - 2¥)6; + hi]-]dxidxf> . (83)

where ® and ¥ coincide with the Bardeen potentials in Newtonian or Longitudinal gauge. h;; is the
transverse and traceless spin-2 fluctuation. Using the perturbed linearized Einstein equations (ij and
0i components), we get the following constraints

=Y, Y+H®=_¢dp (84)

N —

using which we get the second-order perturbed action for metric scalar fluctuations during inflation as
5(2)5 _ 1 d d3 2 432 12 a 2 85
s= 1o Ta xa H2 ¢e=(00)°|, (85)

where{ =Y + %(54) is the curvature perturbation [68]. We write the above action in the canonical form
as

1 1
5?8, = 5 /desx Vs (—3% +07 — (_ngf)) Vs, Hops = = (2+2e+1) (86)

where Vs = a%g is called the Mukhanov-Sasaki variable, which effectively represents a scalar field
with time-dependent negative mass square term since during inflation € < 1, # < 1. This time
dependent mass of V) is a manifestation of gravity causing quasi-dS expansion. Thus, inflationary
quantum (scalar) fluctuation in terms of the Mukhanov-Sasaki variable (Vjs) is related to IHO physics
which was first discussed in [36]. Similarly, graviton fluctuations during inflation are also described by
inverted harmonic oscillators as we can deduce from the following second order action

1 1
s@g, = 3 /drd3x up, (—a% + 0% — (—yfff))uh, Wy = —(2+2e) (87)
where the tensor fluctuation /;; expanded in terms of the polarization tensor eisj as

hij: 2 eisjuh (88)

s=x,+

4.5. Unitarity of Standard QFTCS: Echoing Ideas from Einstein-Rosen, Schrodinger and 't Hooft

In all the spacetime manifolds we discussed in the previous sections, which are BH, Rindler, de
Sitter, and inflationary spacetimes, we witnessed identical degenerate regions of spacetimes just related
by discrete transformations. Historically, QFT in curved spacetime [69] has always been carried out
by choosing one of the regions as physical to the real world description. For example, in the context
of BH spacetime, Hawking’s assumption [4] is only the regions U < 0, V> 0and U > 0, V < 0 are
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considered to be physical. In the context of dS and inflationary spacetimes, the common practice is to
choose T < 0 for an expanding Universe [65]. This procedure not only breaks the symmetries of the
manifolds but also the unitarity and observer complementarity.

Schrédinger demanded that there cannot be two expanding Universes; there should only be one
Universe, which is similar to ER, who demanded one physical world. There cannot be two exteriors
to SBH. Analogous to ER bridge Schrodinger proposed the so-called antipodal identification (i.e., to
identify (7, x) and (—7, —x) to represent a single physical event), often called the Elliptic interpretation
of de Sitter space. To be more precise, Schrodinger insists the two realizations of expanding Universe
in dS spacetime (59) or (66) should be seen as one Universe, not two. According to this, the past light
cone of one observer has to be identified with the future light cone of another observer at the antipodal
point. Schrodinger’s conjecture is:

Every event in dS has to be described by thin, rigid rods connecting the antipodal (P°T conjugate) points in
spacetime

We notice the one-to-one correspondence between ER bridges and Schrodinger’s rods. After 60 years,
following the seminal works of Norma G. Sanchéz and Whiting [70], Gerard 't Hooft, too, arrived at
a similar idea in the context of SBH [21] i.e., to identify (U, V) and (—U, —V) together with parity
conjugate points (6, ¢) and (7w — 6, 7w + ¢). In the recent formulations, 't Hooft called the parallel
region outside (r > 2GM), which is obtained by U — —U, V — —V, as "hidden" region of SBH and
interpreted that these regions contain quantum "clones" [71]. This is analogous to Israel’s thermofield
double states [72] formalism, which augments the physical Fock space states with "fictitious" dual Fock
space states related by the same discrete transformation.

All these developments spanned over 90 years, and have a common goal of achieving unitary
quantum physics in curved spacetime defined by:

An imaginary observer bounded by a gravitational horizon has to witness pure states evolving into pure states.

Another concept called observer complementarity is tied to the unitarity definition above, which
requires different observers in curved spacetime to share complementary information in the form of
pure states. This leads to information reconstruction beyond the spacetime horizons that the observer
cannot causally access. Both unitarity and observer complementarity are the essential requirements for
QFTCS and quantum gravity.

Unitarity is broken in standard QFTCS because an entangled state across the spacetime horizon
(both inside and outside regions) is realized through the vacuum structure of the curved spacetime

i W

|0>H = 20(3/52 |n>inside & |n>0utside/ |n>inside ® |n>0ut € Hglobal = Hinside ® Houtside (89)
n—=

This leads to a local observer accessing only part of the entanglement (mixed state) and it is violation
of unitarity [14,64]. The emergence of (89) is deeply connected to the treatment of spacetime regions
bounded by gravitational horizons as open quantum systems. This is known as the central dogma in
cosmology and black hole physics [47,58]. Furthermore, unitarity in standard QFTCS is broken also
because of time reversal symmetries in dS and BH spacetimes allow us to describe physical world with
two arrows of time for both inside and outside the horizon. As we discussed earlier, this has led to the
conundrum of entangled Universes separated by spacelike distances. All the investigations over the
decades have admitted the inevitability of unitarity loss in curved spacetime unless a new physics is
built from an unknown theory of quantum gravity at Planck scales. Even then, the particle description
problem initiated by ER remains unsolved. Thus, QFTCS remains one of the deepest problems in

theoretical physics that impedes the progress in achieving quantum gravity [10].
With all the significant developments in cosmology and astrophysics, both in theoretical and
observational aspects, the importance of discovering the true nature of quantum fields in curved
spacetime is the need of the hour. Every development of this subject, starting from Zel’dovich and
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Starobinsky’s revelation of particle production in cosmological backgrounds [73], Starobinsky’s later
formulation of cosmic inflation and the generation of quantum fluctuations [66,74,75], Hawking’s BH
radiation (that was followed from Starobinsky’s work on Kerr BHs [7]) [4] has pushed significantly the
field of theoretical and observational physics.

ER’s proposal of the mathematical bridge later evolved into classical possibilities and interpreta-
tions of wormholes connecting different universes or space-like distances in a single universe with the
need for exotic matter or modifications of gravity [49-51,76,77]. However, the paper of ER is majorly
concerned with gravity and quantum mechanics in the sense of QFTCS in the vicinity of gravitational
horizons. The exact realization of "a mathematical bridge" (quantum mechanically) to represent a
physical Universe has been unclear over these decades. Our recent attempts in this direction show a
promising outcome both from theoretical and observational points of view, which forms the crux of
this paper.

5. Direct-Sum Quantum Theory and Geometric Superselection Sectors

The preceding discussion highlighted how Schrodinger’s antipodal identification, Einstein—Rosen’s
insistence on a single physical universe, and 't Hooft’s reinterpretation of black hole horizons all con-
verge on a deeper, unresolved tension in quantum field theory in curved spacetime: the apparent
breakdown of unitarity when gravitational horizons are involved. These ideas suggest that what
appear to be causally disconnected or duplicated regions, such as the two asymptotic exteriors of a
Schwarzschild black hole or antipodal points in de Sitter space, may, in fact, represent different facets
of a single, global quantum event. This observation motivates a radical departure from the traditional
Hilbert space framework, where quantum states are localized to a single causal patch. Instead, we
propose a direct-sum Quantum Theory, in which physical states are defined across parity and time
conjugate regions, encoding complementary information accessible to distinct observers. This structure
not only respects the observer complementarity principle but also opens a pathway to restore unitarity
without invoking unknown Planck scale physics. In what follows, we develop the mathematical and
conceptual foundation for this extended quantum framework.

5.1. Direct-Sum Quantum Mechanics

In the previous section, we discussed how SBH and dS spacetimes can allow a description of
one physical world with two arrows of time. Similar realization occurs even with the Schrodinger
equation, which is an order differential equation in time

9¥)

i—t =H|Y) =€), tp:—o00— (90)
oty

where H here is assumed to be time-independent parity symmetric Hamiltonian for simplicity. The
Schrodinger equation (90) sets the definition of positive energy state with a presumption on the arrow
of time

), = e 0 |¥)y, £>0, tp 1 —00 — 00 (91)

P

Suppose one assumes an opposite arrow of time; an equivalent definition of a positive energy state

becomes
[¥)t, = el ¥y, £ >0, ty 100 = —co (92)

This would emerge from the Schrodinger equation with a sign change of the complex number, which
is obvious because we reversed the arrow of time.
O|Y -
oty
The entire QFT is built on the definition of a positive energy state. Thus, one must define an arrow
of time before specifying the quantum theory. Thus, there is an ambiguity in fixing the arrow time,

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202410.0190.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 August 2025 d0i:10.20944/preprints202410.0190.v2

22 of 54

which is associated with whether to have "+i" or "—i" in the description of the Schrodinger equation.
Nature does not distinguish between "+i" and "—i"; Quantum theory (without gravity) is known to be
time-symmetric. Thus, it does not matter what convention we use for the arrow of time; we would
arrive at the same physics. This is what a recent work by J. Donoghue and G. Menezes shows [19],
that is, the entire QFT can be reconstructed with —i convention with opposite arrow time by replacing
everywhere +i with —i.

This crucial observation is the basis for building a direct-sum quantum theory, which removes
the requirement of defining an arrow of time to declare a positive energy state. We formulate here the
description of a quantum state by (geometric) superselection rule [23-26,29] involving PT.

V(x)
1wy, = e 190, Y] 1w, = e,

/

PT Mirror

L _ (1)
lw)_ﬁ(lw*>®l‘¥’))_\/§<lw_)>

Figure 3. The picture depicts the new understanding of quantum harmonic oscillator in a direct-sum Hilbert
space. Time is a parameter in quantum theory. In contrast, the spatial position is an operator. A quantum state
here is described by a direct-sum of two components in parity conjugate points in physical space.

Here, we formulate a quantum state as a direct-sum of two orthogonal components® [¥ )

_ 1 _ 1Y)
I¥) = ﬁ(|‘f’+>@|'f—>)— ﬁ(l‘l’_>) (94)

that are positive energy states with opposite arrows of time at parity conjugate points in physical space
governed by the direct-sum Schrodinger equation [24]

0 (Yo [(As 0\ (¥4
()= (0 ) (%) "

defined in a direct-sum Hilbert space H = H; @ H_. The Hilbert spaces H4 are called geometric
superselection sectors (SSS) describing quantum states in the parity conjugate regions. Here H =
Hy (%4, p+) © H_(%_, p_) is the time-independent Hamiltonian of the physical system split as a
direct sum of two. The position operator here becomes & = % (£4 @ £_) with eigenvalues being

¥+ = x 2 0and x— = x < 0. Similarly, the momentum operator becomes p = %(ﬁ‘F ® p-) with

P+ = Fi %. The (95) can also be written as

) ~
ZEH’” _ (H+ 0\ (%)
—i%r{’_) 0 A )\|¥-)

Note that direct-sum operation is different from superposition.

(96)

N———

5
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The — sign in (95) or (96) indicates the state [¥ ) evolves with the opposite arrow of time ¢, : co — —oo.
With direct-sum QM, we describe the wave function and the probabilities as

i 1 —i&t — >
1 |T+>06 it \/E"P+(X+>€ , X+ =x20
Y(x)=—((x xX_ . - ) 97
(1) = 25 (el |)< o it Ly (rod® r _x<0. (97)
V2
and 1 0 .
/ dx(¥[¥) = E/ dx_(‘f’_|‘{’_>+§/ dxy (Yo |¥,) =1. (98)
e o 0
The canonical commutation relations are
(X4, pe] = xi, [%4, 2] =[p4, p-] =[24, p-] =[P+, 2] =0 (99)

We note that P77 operations remain the same irrespective of any coordinate translations. Thus, one can
shift the origin x = 0, but the direct-sum quantum theory is unaltered. Once we divide the quantum
state by the above direct-sum operation into sectorial Hilbert space, we can still perform individually
time reversal and parity operations in # . The 7 operation in each SSS turns the positive energy
states to negative ones and changes the direction of momenta, whereas the P operation changes only
the direction of momenta.

5.2. Direct-Sum QFT in Minkowski Spacetime

Minkowski spacetime ds? = —dt%7 +dx%is PT symmetric (f, — —tp and x — —x). Thus, extend-
ing the first quantization approach by direct-sum Schrodinger equation to the second quantization
is straightforward, and we call it direct-sum quantum field theory (DQFT) [23,25]. For example, the
Klein-Gordon (KG) field operator now becomes a direct-sum of two components as a function of P

o1 (g0
¢(x)—ﬁ<0 43_> (100)

conjugate points

where 3
sy [k 1 kx| ik
)= [ G g lron el
(101)
5 _ [Pk 1 Sikx gt ik
-0 = [ Gy g rome ™ el
where k - x = —kot, + k - x and the creation and annihilation operators obey
{a(i)k, a-gi)k} =1, [a(i)k/ azer)k} = [a(i)k, a(:':)k} =0. (102)
This gives a new causality condition
[#+(x), $-(=y)] = 0. (103)

along with the standard condition, which demands the operators to commute for space-like distances

[$+(x), $=(y)] =0, (x—y)*>0. (104)

Note that the ¢ are field operators exclusively defined for parity conjugate points in physical space
with positive energy states defined with opposite arrows of time. The direct-sum of these two
operators results in the description of the quantum field (100) everywhere in Minkowski spacetime.
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The construction here is based on P7T and any Lorentz transformations and translations on (100)

preserve P77 symmetric feature of DQFT Minkowski vacuum?®
0y = [ 0+ /m 0)m =0 0_)m =0 105
0)m = 103 )’ akl0)m =0, ayl0-)pm =0. (105)

Correspondingly, the Fock space of DQFT is a direct-sum of geometric superselection sectors (SSS)
F = Fy & F_ describing quantum states in parity conjugate regions of Minkowski space’. The
two-point function in DQFT is given by

OBIP()10) = 3051 () (¥)]0- s + 2 ael0[p-(~x)p (—x) 10 )y (106)

A similar structure is followed for the propagator, which is a time-ordered product of two field
operators. Thus, the propagator of a quantum field between any two points in Minkowski becomes
the sum of two terms, each describing the field propagation in parity conjugate regions of physical
space. In DQFT, all the interactions are divided into direct-sum; for example, a cubic interaction would

look like
Ay AfPL 0O
Aot A 107
37 =3 ( 0 ¢ 107)

This means we will never have any mixing between ¢ and ¢_. As a consequence, all the standard
QFT calculations extended to DQFT give the same results, which is obvious because of P7 symmetry
of Minkowski spacetime (See [23,25] for more details). Furthermore, it is important to note that any
entangled state in DQFT splits according to the direct-sum vacuum structure (105). Because of the PT
based geometric SSS, the Reeh-Schlieder theorem that reveals the entanglement properties of quantum
fields in Minkowski [78] can be applied in DQFT separately to each geometric vacuum |0+ )y [25].
This elegant construction would become extremely useful to retain unitarity in Rindler as well as
various curved spacetimes, which we show in the later sections. According to DQFT, the standard
model degrees of freedom, such as particles (|SM)) and antiparticles (|[SM) get represented according
to the direct-sum split of the SM vacuum.

|OSM> _ <|OSM+>> |SM> — 1<|SM+>> |m> — 1<SNI+>> (108)

|0sm-) V2 \[SM-) V2 \[SM-)
Note that the geometric superselection rule is the same for all Fock spaces of the SM degrees of freedom,
i.e., the parity conjugate regions are uniquely defined for all states of the SM. We provided DQFT
quantization of a real scalar field, but construction is very straightforward for the complex scalar,
fermion, and gauge fields. Every quantum field is written as direct-sum of two components, which are

PT mirror images of each other spanning the entire Minkowski spacetime. Thus, we can easily extend
the standard quantization [79] to DQFT as follows:

e Complex scalar field operator ¢, in DQFT is expanded as
.1 . X 4>k 1 k- k.
¢c = ﬁ (‘Pc-l— D ¢c —)r Qe+ = / — = = [a(i)keﬁk Y4 bzri)k(?q:lk 1, (109)

(27)%/2 \/2]ko|

Positive energy state in vacuum |0p, ) is |¢x) = e €t|¢y)o whereas in [0y ) it is |¢x) = ef|¢r)o. Here in this notation
ko =Eand k = |k|.

In spatial 3D, parity is a discrete transformation totally different from rotation. In spherical coordinates, parity operation
takes a point at a radial distance r to its antipode i.e., (6, ¢) — (7 — 6, 7 + ¢) which can never be achieved by rotations.
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where [, p.—] = 0, (1) aEr Dk and by, bEr L are canonical creation and annihilation
operators of the parity conjugate regions (denoted by subscripts (.)) attached with geometric SSS.

All the cross commutation relations of 4., az 1) and by, bf

(+) vanish.

¢  Fermionic field operator in DQFT becomes

N 1 . A
Y= *(1P+@1P—)

(110)
Z/ 3/2 N I[ (i)kug(k)eilk'x*d;f(i)kvg(k)e””]

where § = 1,2 correspond to the two independent solutions of (K + m)us = 0and (—K + m)vs = 0
corresponding to spin-i%. The creation and annihilation operators of geometric SSS of Fock

space here satisfy the anti-commutation relations {Cs(:lz)k/ c;r( ﬂ:)k} =1, {05(1)1« c;r( :I:)k} =
{Cs(q:)k, Cs(i)k} = 0 leading to the new causality condition {l/’}+, 1/3,} =0

¢ The vector field operator in DQFT expressed as

d3k ik-x ik-x
eV lc(iA)kei kx4 czrjm)keqE k ] (111)

A 1,4 A
Ay=—(Au@A_y), Axy= / ————
M \ﬁ( M H) H (2n)3/2 2|k0| H
where e,(f) is the polarization vector satisfying the transverse and traceless conditions. The

creation and annihilation operators ¢4k, ¢ ( « satisfy the similar relations as (102).

£1)
All the SM calculations remain the same because all the interaction terms are split into direct-sum
in the following way.

03 0 Ot 0
Lo~ Oy = ( s(;m 3 ) Ly~ Oy = ( SMy ) (112)
SM_ ~

Here, Oy, is an arbitrary operator involving any SM fields and their derivatives.  Evidently, the
DQFT framework does not alter the QFT calculations in Minkowski due to the spacetime being PT
symmetric. If we compute any scattering amplitude, say, N particles to M particles, the DQFT gives

AN=M(po,—py) + ANZM(—p,, py) ANM(
+

2 7 - AIX%M(_PW pb)/ (113)

ANoMm = Pa, —Pb)

where p,, p, witha =1,---Nand b = 1, - - - M represent the 4-momenta of all the states involved
in the scattering. A represents amplitudes as a function of 4-momenta of initial and final states
computed in both vacuums |0gps+ ). Notice that the in (out) states in |0gps+ ) come with the opposite
sign, which is due to the arrow of time being opposite in both vacuums. The amplitudes A+ are equal
at any order in perturbation theory due to the P77 symmetry of Minkowski spacetime. The famous
CPT (charge conjugation C, Parity [P, and Time reversal T) invariance of scattering amplitudes [32]
also holds in both vacuums, which means

AT AT ANTM (= pa py) = AN (po, = py) (114)

Pa,—Pp) = —Pa, Pp),

This is attributed to the fact that the CIPT operation of any scattering process would turn the outgoing
anti-particles into in-going particles and vice-versa [32]. In the standard description of QFT, though
an arrow of time is assumed (as discussed in Sec. 2), CPT invariance holds in all particle interactions.
The discrete operations here (in the contexts of CPT invariant scattering processes or CIP violating
decays in weak interactions) are defined in terms of momentum space (see the discussion in chapter

8 Remember that any derivative operators must be split into components joined by a direct-sum operation.
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11, from page 225 of [32]). To be precise, the charge conjugation operation C conjugates the charge, the
parity P operation changes the 3-momenta k — —k, the T operation interchange the ingoing state as
an outgoing state and vice-versa along with k — —k.

In the framework of DQFT, once we express the quantum field operator as direct-sum of compo-
nents in geometric superselection sectors (100) (based on P7T), we can apply the discrete transforma-
tions such as the parity P in each SSS in the following manner

PHP~! = Pp, P~ @ PH_P~!

. d3k 1 " ik
Py, P! 2/({“<+)ke""+ﬂb)ke kx}

27)*2 \/2]k|

&k 1 Cikx ot k.
_/ 27_[ 3/2 2|k | {a( )— K€ ! x+a(,),k€l x:|

(115)

where we applied the effect of parity P operation that changes 3-momenta k — —k and position
x — —x. Notice in particular that the creation and annihilation operators in (115) correspond to —k.
Similarly, the time reversal operation T in each geometric SSS can be deduced as

TT ! =T, T 1@ T T ?
dk 1

T, T :/7
P = [ G il
&k 1 kx|t ik
_/ 27_[ —73 2|k ||: )_kel X_|_a(_)_ke [ x}

where we can notice the change i — —i in the mode functions due to the anti-unitary character of time
reflection. Also the 3-momenta changes as k — —k. These are PT operations in QFT, which reflect in
changes in Fourier modes and coefficients (the creation-annihilation operators).

7zk-x t ik-x
+a(+)_ke } (116)

(BT)$(PT)"" = (PT)$+(PT) ™" @ (PT)$-(PT) "

X - a3k 1 i L
(PT)$ (PT) ! = / 20 VA o™ +af, o]

271)%/% \/2[ko|

(PT)é ([qu)—l — / ﬂ#

_ (27_[)3/2 /2|k0|
The CPT invariance, CP violations of SM are associated with implications of discrete spacetime
transformations in Fourier space, which differ from the P7 operations in DQFT, which are tied to
spacetime (geometric) symmetry of the Minkowski manifold and the geometric superselection rules.

(117)

[a(i)keikvc +a'(r7)ke—ik~x}

To make this distinction apparent, we use different notation for P, 7 (geometric aspect) and the
C, P, T (on scattering states). Furthermore, the meaning of these operations in the form of vacuum
structure can be understood through the following steps

04) = (PT)0-)(PT) ™" = apx—a_x

01) = (PT)[04)(PT) ! = a4y 1 — a4 (118)
0-) = (PT)[0-)(PT) ™ = a_ 1, —a_x

Therefore, the CPT invariance and CIP violations in weak interactions of the standard model remain
the same in the DQFT picture. The standard model vacuum in DQFT is CPT invariant as

(CPT)|0sm) (CPT) " = (CPT)|0swm, ) (CPT) " & (CPT) |Ogp— ) (CPT) " = [0gm)  (119)
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i+

I+ I+

Figure 4. The DQFT representation of Minkowski spacetime in terms of compactified coordinates T, =
arctan(t, +r) +arctan(tp —r), Ty € (—m+R — m+ R) and R = arctan(t, +r) — arctan(t, —r), R € (0, 7)
where r is being the radial coordinate. The left and right triangles are P77 conjugates of each other. A quantum
field operator in DQFT is a direct-sum of two components corresponding to parity-conjugate regions of physical
space, with positive energy states defined with opposite arrows of time.

In summary, we presented a new understanding of quantum (field) theory with a direct-sum
(mathematical bridge) between P7 conjugate sheets of spacetime. Figure 4 depicts the conformal
diagram of DQFT in Minkowski spacetime. Using the geometric superselection rules formulated by
parity conjugate regions of physical space, we have successfully incorporated two arrows of time in a
single quantum state description. DQFT does not change the practical results in SM particle physics,
but it gives a new feature of understanding the role of "time" in quantum theory. We will witness in
the next sections that this structure will lead us to a novelty of building the connection between gravity
and quantum mechanics, and tackle the new challenges associated with problems like IHO.

5.2.1. The Concept of Geometric Superselection Sectors (SSS):

We employ this concept for quantization of IHO and in different contexts of QFTCS in the
upcoming sections. Here, we clarify further the meaning of geometric SSS in the abstract mathematical
form.

Let H be the total Hilbert space of the quantum theory to describe the evolution of a quantum
state in a spacetime with disjoint regions related by discrete spacetime transformations. Then, we
define a decomposition:

H=EMN, (120)
1

where each H,; is a geometric superselection sector corresponding to a region related to others via a
discrete transformation. A generic state |¥) € H is expressed as:

¥) =D ),  [¥)eH; (121)
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and operators O act block-diagonally:

0= @ Oi, O,‘ : Hi — 7‘[1'. (122)

This structure imposes a geometric superselection rule: transitions between sectors H; and H; (i # )
are forbidden by symmetry, as no local operator connects them. The direct-sum structure provides
a mathematical realization of ER bridges, interpreting entanglement across spacetime regions with
opposing arrows of time not via geometric wormholes, but through correlated states in this extended
Hilbert space. This notion of geometric SSS is straightforwardly applicable to Fock spaces as well. We
discuss this part in detail in the later sections.

5.3. Direct-Sum Quantization of Berry and Keating IHO

This section aims to elucidate how we can build a new construction of quantum IHO with direct-
sum operation, which echoes consistently with the absolutely crucial observations made by Berry
and Keating, B. Aneva [22,46]. As discussed in Sec. 3 and as we can see in Figure 1, the regions of
phase space are related by the following discrete group of transformations, which form the dihedral
group[46] Dy of order 8

Ti:lefﬁ, P/:iPQZ
1 f " (129
T:Q =-5 P= —Qf

along with —Tft and — TZ:t that include transformations in (26) and (27). These transformations include
dilatations and preserve the quantization conditions Q > £, and P > {p discussed in Sec. 3. Due to
the presence of regions related by discrete operations, we formulate quantum theory with geometric
superselection sectors in the phase space. This observation was also recently made in a work on
generalized Born oscillators, which contains BK IHO as a special case [80]. The relation between IHO
Hamiltonian (19) and the Weyl reflected Laplace-Beltrami operator (32) motivates us to write positive
(E > 0 = +E) and negative energy (E < 0 = —E) quantum states as direct-sum of two components
corresponding to direct-sum Hilbert space (Hy,)

_ (-F) Fipo ) _ 4B g gy E)

|‘Pih0 - (|‘cho > ® }‘Piho >) (iq;l(hoE)>>’ Hino = Hiho ® %iho (124)
iho

The doubly degenerate trajectories in phase space imply a further direct-sum split of the above states

into the respective components as

- 1 - - _ - -
¥ = f(w& Do) HOE=H e,
(125)
‘TE/:;E)> - (WIU )@ \‘Ifg‘tE)», HE) = Hgn )@Hgv )

The rules of direct-sum quantum theory rely on dividing the physical space by parity operation, which
we do separately for all the regions of the phase space. In particular, the regions Il and IV of the phase
space individually contain parity conjugate regions (+4) (See Figure 1). But in contrast, the regions I
and II together cover £4.

We split the position and momentum operators of the entire phase space as

A 1 A A A A

Q= 7 (Q(H;) ® Q(fE))/ Qur) = 7 (QueQw), Qrp 7 (Qr® Q) 26
o 1 /4 o A N 1

P= 7 (P(+E) D P(fg))/ Py = 7 (P Prv), Pp) = 7 (Pr@ Prr)
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with the only non-zero commutation relations being
Qi Prt] =in,  [Quv, Prv] = —in
[Q111, Prpi] [Qrv, Prv] (127)

(Q1, By) =ih, [Qu, Pyy] = —ih

which can be realized with four commuting sets of creation and annihilation operators. With (126) the
Hamiltonian of IHO (19) split into direct-sum of four components describing the four regions of the
phase space in Figure 1. Finally, the quantization of IHO is governed by the direct-sum Schrédinger
equation of the following

~(+E
Zhat (’Tzho >> — <Hi(h+o ) A( ) <|Tzho >> (128)
|1Piho > 0 tho |Tzho >

which describes the evolution of positive and negative energy quantum states. Due to the doubly
degenerate regions I (II) and II (IV) related by (26) in the separatrix phase space (Figure 1), the states
|¥3;F) would then be governed by

E ~(+E E
ind (!‘Y&Ep) _ <H§I+I ) ?+E)> (’T&E?) BB _ AP g e
ot |1Y1V > 0 v }‘PIV >
) )
) )

_ (A" 0 NI\ pen_pen o gln
0 _tho } III

where the Hamiltonians correspond to each region are functions of corresponding position and momen-
tum operators (126). Since the positive and negative energy regions are related by the transformations
(27), the position and momentum wave functions in the region I (II) and III (IV) swap with each
other (i.e., Fourier transform in the region I (II) becomes inverse Fourier transform in the region 111
(IV) and vice versa). Working out (128) we obtain

ol (5~ 1) e (Q1)+Q}{12€<2 )2 s (Qui) =0

130
oie(1- 1By 0+ aipr(L+ 1) iy (0
h ( g 2 h (+E)(QIV)* 7

which generates the zeros of the Riemann zeta function { % +iT ). The above relations (130), though
they seem similar to the BK’s quantum boundary condition (31), there is a significant difference, which
is "geometrical interpretation”. In direct-sum quantization, using phase space geometric SSS, we obtain
the geometric interpretation, which is a drawback in Berry and Keating’s proposal [22,46]. Direct-sum
quantization, by splitting the full phase-space Hilbert space geometrically into SSS, would bring a
resolution to the issue of quantum chaos in describing the quantum dynamics of IHO [22,44]. In short,
what we achieved here is a description of the IHO quantum state (See (124) and (125)) by mathematical
bridges (direct-sum) between various sheets of phase space with different arrows of time.

6. Quantum ER Bridges and Unitarity in Schwarschild, de Sitter, and Rindler
Spacetimes

In this section, we delve deeper into the consequences of the direct-sum quantum theory for
quantum field descriptions in curved spacetime, with particular attention to Rindler spacetime, which
represents Minkowski spacetime from the perspective of a uniformly accelerated observer[25]. Re-
markably, Einstein and Rosen’s work also touches upon quantum physics in Rindler like spacetimes,
emphasizing the necessity of constructing "mathematical bridges" to unify seemingly disconnected
regions [1].
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6.1. The Mathematical Bridges in Rindler Spacetime

Just as phase space horizons in the IHO provide a foundation for geometric quantization with SSS,
the Rindler horizons (See Figure 2) serve as the natural basis for defining DQFT in Rindler spacetime.
A KG operator in Rindler spacetime is split into 4 components

~

AllRindler

f (P @ dr)) @ ﬁ (¢r @ dp) (131)

with respect to a direct-sum Fock space corresponding to a direct-sum vacuum defined by a commuting
set of canonical creation and annihilation operators (details can be found in Ref. [25])

Fr=(FLOFR) & (Fr® Fp), [0) =([0)L®[0)r) S (10)r ©[0)p) (132)

In DQFT, we write the KG operator in Minkowski and Rindler spacetimes as

L1 1 (¢+ 0
= — @ _ = — ~
=R e9) \/§<0 ¢_>
1 . R 1 (¢r O
= — @ = — ~ ,
V2 (4)R 47L) V2 ( 0 (PL)
where the subscripts L, R represent field operators expressed in the Left Rindler and the Right Rindler
coordinates, respectively. Since the Future and Past regions of Rindler spacetime (See Figure 2)contain

individually parity conjugate regions, we expand the scalar field operator in Minkowski (77), Future,
and Past Rindler spacetimes as

22> t2 Minkowski (133)

.1 1 (¢+ O
¢=(¢+@¢):< b >
2 V20 )] Minkowski (134)

_ 1 sy 1 (g 0
- 2(¢F+@¢F7) \/E( 0 4'\)1:)

and

>
|
5l

A 1 (¢+ 0
pr @)= ( 5 )
\/E 0 ¢- t<—|z| Minkowski (135)

1. X 1 (¢pr O
= — @ _ = —= ~
ﬁ(QDPJr ¢p ) \6 < 0 ‘PP—)
If we quantize a field in (77), according to DQFT, the Minkowski vacuum is a direct sum of two, as we
split the quantum field into two components by parity and time reversal, similar to the 4-dimensional
case (100). As a consequence of this construction, the Minkowski vacuum (|05s)) looks like a pair of

quantum states in Rindler spacetime that follow from the Bogoliubov transformations. For example, in
the context of Left and Right Rindler regions, the Minkowski vacuum can be written as

(136)

lgkp >A+ At
|0M>_<|OM+>_ A k|ep[ ( i ) RS- ]‘OR>
|0 7> /S’EP At A'l' 0
Hp \/@\ exp | = | 3,05 )Cipli(—p) |1O00)

Here (a, BR) and (ak, ') Bogoliubov coefficients, (cLP, czp) and (CRp/ c;r{p) are creation and an-
nihilation operators corresponding to the Right and Left regions of Rindler spacetime. Thus in

this framework any maximally entangled state |¢,) (pure state) is split into two pure state com-
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ponents |,r), [yr) corresponding to the SSS Hilbert spaces of Left and Right Rindler regions
(Hm = Hr © Hr).
1

_ |leL>
[¥p) 7 <|¢pR>> (137)

This means the density matrix of the pure state is split into direct-sum of two pure-state density

matrices 1

P =15 (P%L @Pm) (138)

The Von Neumann entropies of the Left and Right states (|'¥ 1), [¥,r)) vanish because the Left and
Right are described by geometric SSS Hilbert spaces. Therefore,

Sp= _Tr[pleL lnplﬁpL] =0, Sr= _Tr[PleR lnptl’pR} =0 (139)
The Von Neumann entropy for [¥p) vanishes too since
S=S5;+Sg=0. (140)

This confirms the state [¥p) is a globally pure state, whereas |¥p;) and |¥pr) are pure states of a local
Rindler observer. Note that since the quantum theory on the Left and Right are constructed in SSS
corresponding to causally separated spacetime regions, an observer on the Left cannot access any
information on the right. However, the Left and Right regions are P77 conjugates of each other but
separated by Rindler horizons. Though the Left observer cannot access the Right region causally, by
observing the pure states [¥p ), the observer can reconstruct the pure states of the Right region. Thus,
both observers share complementary pieces of information in the form of pure states. In this respect,
the Rindler horizon acts like a "P7 mirror". We can further extend this to the entire Rindler space,
which includes both Future and Past, along with Left and Right. Following (131), any maximally
entangled pure state now becomes a direct-sum of 4 pure state components whose individual Von
Neumann entropy vanishes; thus, we have a unitary description of QFT in Rindler spacetime.

6.2. The Mathematical Bridges in Quantum Black Hole

We arrive at a novel perspective on quantum fields in the Schwarzschild black hole background,
where direct-sum structures provide a coherent mathematical bridge between two disconnected sheets
of spacetime. First of all, let us recall the fact that the interior r < 2GM and exterior r > 2GM
are not of the same kind because we cannot treat the time in the same way in the interior and the
exterior. Since, in quantum theory, time is a parameter (not an operator), we cannot do the same
quantum theory everywhere. Furthermore, we can notice that the interior and the exterior are related
by discrete operation U — —U, V — V, which takes us from region I to III in Figure 5, whereas
the transformation U — U, V — —V takes us from region II to IV. What this all mean is switching
X—=T,T— XorX — —T, T — —X respectively. All of this indicates that the Hilbert spaces of
the interior and exterior of SBH are geometric superselection sectors (SSS), suggesting the KG field
operator becomes a direct-sum of two components according to the rules of DQFT.

For quantizing a scalar field in SBH spacetime, we first perform the expansion of the KG field in
spherical harmonics

o, v,0,9) = ¥ Il Vyio ) (141)
{,m

where Y/, (6, @) are spherical harmonics. Upon substituting (141) in the massless KG field action in
SBH spacetime, we can integrate out the spherical harmonics and realize that the effective action for
the field ¢y, (U, V) can be viewed as massless KG field in 2D in near horizon approximation (for a
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sufficiently large black hole) (See [24] for more details). We can now quantize the field ® = ¢y, (in
near-horizon approximation), promoting it to be an operator as

1

7 \2 (D111 8 Prv) (142)

D =Dy D (Dint =
r~2GM

(Prodn) e

where ext and in subscripts indicate the components of the field operator correspond to exterior and
interior regions of SBH as defined in (47). The field operator in (142) corresponds to the Fock space
with the corresponding geometric SSS as

F=(FreFu) & (Fi1 & Fv) (143)

where the labels I, II represent P77 conjugate (defined by (49)) regions of the exterior r > 2GM and
the labels I11, IV indicate P7T conjugate regions of the interior r < 2GM. Explicitly, the geometric SSS
to quantize the field in SBH spacetime are defined for the exterior region r > 2GM as

Q:(0,¢9), t:—o00—o0

RegionI:{ T = ’1 — sw e sinh(4h;), X = ’1 — e cosh(z5;)
T:—00— o0
(144)
Q:(mr—06, m+¢), t:o0— —oc0
RegionIl :{ T = ’1 — 5w e sinh(45;), X = — ’1 — & emH cosh( ;)
T:00—
For the interior region r < 2GM, the geometric SSS are
at:(6,¢), t:—w—0 QO (7'( 0, t+¢), t:0—>00
Region ITI*
X4 = ‘1 — 2GM etc smh 4M ‘ e4GM cosh W
(145)
Q (-6, m+¢), t:co—=0, Q ¢), t:0— —o0
RegionIVi : .
Xy = ‘ o eic: sinh(4%7), Ti=— ’1 — 5wz |e%oM cosh(147)

Note that Regions III and IV are divided into times: t : Foo — 0 (III", [V ) and t : 0 — +oo
(III~, IV*). Fort : Foo — 0, III" and IV~ are the parity conjugate regions of the interior. Interior 11"
regionis X4 > 0,Ty >0, Q" : (6, ¢) whereas interior [IV™is X_ <0, T- <0, Q™ : (mr— 6,71+ ¢).
Therefore, the symmetry (49) is preserved. Similarly when ¢ : 0 — oo the region (III~, IV ™) preserve
the same symmetry (49). This mean II]~ region covers X_ <0, T_ >0, Q™ : (m — 6,7 + ¢), where as
IV covers Xy >0, T4 <0, Q" : (6, ¢). Therefore, for both t : Foo — 0 (III*, IV )and t : 0 — +o0
(III~, IVT) the symmetry (49) is preserved for all times.

These are represented in the conformal diagram Figure 5, which has to be interpreted within the
context of our quantum theory (DQFT). We do not discard symmetries (49) in our DQFT construction;
thus, classical interpretations of parallel Universes, wormholes, and white holes are completely
irrelevant in our study.
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The field operators in the geometric SSS are expanded in terms of the corresponding creation and
annihilation operators as (applying the near-horizon approximation r ~ 2GM)

(146)

A k r . . . .
&, :/ d alke—l\k\TﬂkX +a}'kez|k|szkX:|
Var|k|t
. dk 7 ‘ ‘ , .
& :/ (_1)fankez|k|T71kX+ (_1)f+ma‘}'1k€71\k|T+sz}
Akt
k

i|k| T—ikX _'_a}rnkefﬂleJrikX]

. d r
Dy = /7 arprge
Var|k| L

¢ . . ¢ AR
[(71) apy e z\k\T+1kX+(71) +ma-lrvkez|k|T sz}

where creation and annihilation operators of each region satisfy canonical commutation relations.
Regions I and II are related by parity and time reversal P7 (49), which is why the mode functions
are related by the anti-unitary transformation i — —i. The following commutation relations hold as
Region I and II parity conjugate (time reversal) regions of the exterior

arg app | = |apg ajje| = 0. (147)
ok anwe] = |

The Regions I1I and IV are also related by P7T (49), which again explains the respective mode functions
change by the anti-unitary transformation i — —i. Similar to

Atk arve | = |k alye | =0 (148)
[ J=1 ]

The factors (—1)" and (—1)" are attributed to the properties of spherical harmonics associated with
parity and complex conjugation

You(m =0, 1+ 9) = (=) Yeu(8, @), Yiu(8, @) = (=1)" Y (6, @) (149)

Note that in regions I1] and IV we further have an implicit geometric superselection sector with each
individually having parity conjugation regions as per Figure 5. This is very much similar to the Future
and Past Kasner regions of Rindler spacetime (See Figure 2). To take this into account, we split further
the operators ajy, ary i to further commuting set of canonical operators as

. . . .
ape = ag© (1) ag = S =S © Oy (150)
¢ . . .
arvg = ajy, ® (1) ap, = Oy =Py ©Ppy-

To be precise, the time evolution of quantum field in the interior region r < 2GM has to be understood
through

By — { D @O 1000 (151)
Dr- Dy, |t| :0— o0
This is very much similar to the case of Rindler spacetime (See Egs. (134) and (135)). Recall that in
the description of DQFT, we do the combined transformation (T, X) — (=T, —X) with (6, ¢) —
(1t — 6, ™+ ¢). Thus, according to (150), a quantum field field is realized as direct-sum of a component
in Region Il at (6, ¢) and another component in Region IV (6, ¢) — (7 — 6, 7+ ¢) and vice-versa.
This is what is depicted in Figure 5.

In Hawking’s 1974 paper [4], the quantum field operator is written as a summation of interior and
exterior parts, which means making a superposition of interior and exterior quantum states. Since the
concept of time is not the same as we discussed earlier, one cannot write a superposition of quantum
states. Our direct-sum operation separates the Hilbert space geometrically into SSS, which avoids
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any superposition. This follows from the fundamental meaning of time in quantum theory. The
second assumption from the Hawking computation is that the interior and exterior components of
fields commute [Cﬁin, éext} = 0 based on the intuition that the ingoing state should be independent
of the outgoing state. This intuitive argument also led to the initial formulation of the information
paradox, which has evolved into many intuitive interpretations in the theories of quantum gravity
[14,47]. However, 't Hooft’s calculation of gravitational backreaction from GR and QM implies a
non-commutativity of the QFT operators

871G

b, Gort] =ith———
[Pin, Pext] "Rt 0+1)

(152)
which is extension of (55) in the context of second-quantization (DQFT) [24,29]. This consideration
would modify the initial formulation of information loss. The question of extracting what has formed
the BH requires a microscopic (quantum) picture of gravitational collapse, which is an open question
still now due to the lack of a concrete way to quantize fields in a dynamical (collapsing) geometry and
lack of Planck scale quantum gravity to explain final stages (high curvature regime) of the collapse.
The relation (152) is the most fundamental relation that joins gravity and quantum mechanics at the
horizon scale, and it is the key to progress in understanding BH physics. Computing the Bogoliubov
transformation between the Kruskal vacuum |0x) = |0;) @ |07;) and the asymptotic Minkowski
vacuum |0p1) = [Op4) @ |Op—) gives us the Hawking radiation given by the number density[24,29]

1

Npp = e2nwpy /xh _ 1

(153)

where the surface gravity term x = ﬁ which appears in Bekenstein’s Black hole thermodynamics
[81] gives the temperature of Hawking radiation to be Tpy = %.

T —>(9,(/))
— (7[—9,71'+ qo)

U V

Figure 5. The picture represents the spacetime conformal diagram of quantum SBH according to DQFT. It contains
four regions I, 11, I11, IV, which define geometric SSS to describe quantum fields in Schwarzschild spacetime
(applying the near-horizon approximation r ~ 2GM). In this picture, the region I (III) and II (IV) are related
by discrete transformation (U, V) — (—U, —V). The curved black lines with arrows represent integral curves
of killing vector 9; (54) in each region or in other words, these are the curves of T> — X? = constant > 0 (Region
Iand IT) and T? — X? = constant < 0 (Region III and IV). It is trivial to see an analogy between the spacetime
of Schwarzschild BH and the phase space of IHO (23). The red horizontal lines are identified with r = 0. The
quantum field components in the exterior are &; and &g at parity conjugate regions with opposite arrows of
time t : —o0 — coand t : co — —oo respectively. Whereas in the interior quantum field (component) &;,; evolve
according to (151).
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The result is the same even when calculating Bogoliubov transformation between vacuums of an
infinitely long time before and after SBH formation[65].

With DQFT, we achieve Hawking radiation in the form of pure states [29] because the density
matrix of the maximally entangled pure state is the direct-sum of the pure state components

PP = Pint D Pext (154)

corresponding to the exterior and interior regions of SBH, that define geometric SSS. Analogous to
(139), the Von Neumann entropy corresponding to the density matrices p;,; and pex; vanishes, thus pp
is the density matrix of a pure state. Recall that the concept of time in the interior is different from
the exterior, and we are describing here quantum fields spread across the horizon through geometric
SSS, such that unitarity is preserved. Thus, any observer who may only access one of the regions in
the conformal diagram (Figure 5) accesses the information in the form of pure states; thus, there is
no unitarity loss. Each observer accesses complementary information because fixing a vacuum in
any one of the geometric SSS uniquely fixes a vacuum in the rest because of the discrete spacetime
transformations that relate to different SSS. This is called observer complementarity [82], which is
consistent in the framework of DQFT. Furthermore, note that the conformal diagram in Figure 5
does not admit any interpretation involving a white hole or a parallel universe. All regions shown
are physical and correspond to the exterior and interior of a single Schwarzschild black hole (SBH).
The symmetry in Eq.(49) implies that regions I & II (and III & IV) are classically equivalent. From a
quantum perspective, they represent different phases in the evolution of quantum fields within the
SBH spacetime at the parity conjugate regions of physical space.

6.2.1. A New Understanding of ER=EPR

The ER=EPR conjecture, proposed in [48], posits a deep equivalence between quantum en-
tanglement (Einstein-Podolsky-Rosen correlations) and spacetime connectivity through ER bridges.
Traditionally framed within the context of AdS/CFT and thermofield double states, this idea links max-
imally entangled pairs of quantum systems through non-traversable wormholes connecting distinct
regions of spacetime. This framework of ER=EPR has been later taken forward to a more complex setup
of the gravitational path integral and holography that has resulted in so-called replica wormholes and
entanglement islands [83-86]. These later constructions fully concede to the idea that unitarity is lost in
QFTCS, and argue that some auxiliary states in the BH interior must lead to purification of states after
half of the BH is evaporated through Hawking radiation. These auxiliary states are associated with
states that belong to "islands," which are "gravitational regions" in the BH interior entangled with exte-
rior Hawking radiation, which course correct the entropy during the process of evaporation. However,
it is important to note that these "islands" emerge in the way saddle points are defined in the Euclidean
gravitational path integral, and they cannot be attributed to any physical states. Several investigations
[87,88] questioned the validity of extrapolating Euclidean path integral approaches to the Lorentzian
ones. All these investigations, however, overly rely on the tools of AdS/CFT, and the application to
asymptotically flat BH spacetimes is not well understood. Furthermore, these formulations adhere to
the goal of recovering the so-called Page curve [89], which again comes from accepting that unitarity is
lost, there is traditional entanglement between BH interior and exterior, like open quantum systems,
the entanglement entropy grows as BH evaporates, and some new physics (presumably unknown
quantum gravity) should bring the entanglement entropy to turn around towards zero after exactly
the half of the BH evaporated [14]. The Holography and string theory approaches [12,47], and loop
quantum gravity [16] are stuck to the idea that some Planck scale physics must save unitarity. We
emphasize an alternative notion that the problem of unitarity first emerged through naive quantization
of fields in curved spacetime, ignoring the discrete symmetries of the manifold, as we discussed in
Sec. 4.

In all the investigations that admit unitarity is lost and usual entanglement between BH interior
and exterior states, the basic fact that the concept of "time" in the interior and exterior is different is
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unnoticed at the quantum level. It is well known that the radial coordinate » behaves like time and
t becomes spacelike in the BH interior, which makes the interior Schwarzschild spacetime not static
but analogous to the Kantowski-Sachs cosmological metric [90]. All QFTCS construction requires
us to define a positive energy state with respect to an arrow of time, since time is not the same
in the interior and exterior of BH; one must have a different Hilbert space structure for these two
regions. This is exactly what our concept of geometric SSS does. Here, we present an alternative
and complementary formulation of ER=EPR grounded in DQFT. By studying quantum fields across
the Rindler and Schwarzschild horizons, we propose that the entanglement structure implied by
ER=EPR arises naturally through the direct-sum Hilbert space formalism, without invoking geometric
wormbholes. To be precise, the outcomes of DQFT (137) and (154) indicate a pure state (|'¥p)) is split
into direct-sum of two pure state components (|¥,y), |¥py) that geometrically evolve within and
beyond the Horizon as

¥p) = [You) ® [You) = 0p = pwH © PpH (155)

in the superselection sector Hilbert spaces. |[¥p) is a pure state here because the Von Neumann
entropies of the components oy, and ppp vanish. Thus, any density matrix of a pure state splits into
these interior and exterior sectors that preserve the unitarity for every local observer. This construction
is applicable also to de Sitter space, but also to spacetimes that are dynamical, in which case geometric
SSS must be defined for every constant time spatial hypersurface. The mathematical bridges in our
case are "direct-sum" operations connecting the regions (for example, left and right wedges of Rindler
spacetime or Regions I and II of BHs, see Figure 5), which are defined via discrete symmetries and
inverted harmonic oscillator dynamics. These offer a concrete realization of entanglement through
horizon-local quantum correlations. To be more specific, in DQFT, any entangled state is split as
direct-sum of various components in geometric superselection sectors that are connected by discrete
spacetime operations. What we mean by "horizon-local" here is that there is a pure state (component)
that keeps evolving as a pure state for any local observer bounded by the horizon. Any pure state
(component) beyond the horizon is a mirror state in the corresponding geometric SSS. Thus, any local
observer (defined by a region with a specific arrow of time) witnesses the horizon-local quantum
correlations with unitarity locally reinstated. This framework reshapes the ER=EPR correspondence in
terms of observable quantum field theoretic structures in real spacetime, offering new insights into the
nature of unitarity, observer complementarity, and the emergence of spacetime connectivity. All of this
is rooted in the fact that quantum fields in curved spacetime are a collection of IHOs; thus, the usual
particle description does not hold near the gravitational horizons.

In Table 1, we highlight the conceptual and mathematical parallels between the ER=EPR conjecture
and DQFT’s realization of it. It reveals how spacetime connectivity, typically attributed to wormhole
geometry, can alternatively be understood as a consequence of horizon-induced field entanglement
and symmetry structure, providing a fresh, horizon-local perspective on quantum gravity phenomena.
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Table 1. Relations between Maldacena and Susskind’s ER=EPR conjecture versus a new realization of ER=EPR
[48] via DQFT horizon-local entanglement structure. The notation with subscripts R and L denotes right and left
Rindler parts of spacetime, which in the Schwarzschild BH case correspond to Region I and Region II of Figure 5.

Aspect

ER=EPR (Maldacena-Susskind)

DQFT'’s realization of ER=EPR

Spacetime Setup

Two-sided asymptotically AdS
black holes and Holography

A single Schwarzschild black hole
that is asymptotically Minkowski

Entanglement Representation

Tensor product of two entangled
systems (H, HRg representing left
the right Rindler Hilbert spaces):
‘Hi ® Hg. Maximal entanglement
between two distant black holes

A single quantum field is direct-
sum of components in geometric
SSS: Hy @ Hg. So any maximally
entangled state is direct-sum of
components in geometric SSS of a
single BH spacetime.

Unitarity

Unitarity is lost for any local ob-
server in the left or right region

Unitarity is reinstated for any local
observer in the left or right

Einstein—Rosen

No geometric wormhole but a

bridge (non-

quantum field is abridged by
geometric superselection sectors
across horizons

Geometric Realization traversable wormhole) connects

two asymptotic boundaries

Forward in both left and right re- Opposite time directions in left

Time Flow gions in lobal AdS time) | and HEht wedges (e, Kruskal or
Thermofield double Hamiltonian . .
H — Hg + H, (which is Inverted harmonic oscillator struc-
Key Mathematical Tool D = R L ture near horizons, discrete sym-

changed from the usual Hrpp =

metry identifications
Hr — Hp) Y

Built into horizon local QFT: differ-
ent observers access complemen-
tary Hilbert spaces (geometric SSS)

Emerges from dual CFT entangle-

Observer Complementarity ment and bulk geometry

Entanglement encoded in field the-
ory structure across horizon, with-
out wormhole

Entanglement implies wormhole

Spacetime Connectivity connectivity (ER=EPR conjecture)

6.3. The Mathematical Bridges in de Sitter Spacetime

De Sitter spacetime, with its maximally symmetric and horizon structure, provides a rich arena
for exploring the foundations of quantum field theory in curved backgrounds. A key insight emerging
from our investigation is that, irrespective of the coordinate patch, whether described in the flat
FLRW form or in the static chart, a common mathematical structure underlies the quantum theory: a
direct-sum formulation of the Hilbert space. This formulation captures the essential parity and time
reflection symmetries intrinsic to de Sitter geometry and offers a natural way to define quantum states
that span across causally disconnected or antipodally related regions. In the subsections that follow, we
illustrate how this DQFT framework manifests concretely in both the flat FLRW and static coordinate
representations of de Sitter space, reinforcing the universality of the underlying mathematical bridges.

6.3.1. Direct-Sum QFT in Flat FLRW de Sitter

Quantizing fields in flat FLRW dS spacetime (58) is widely used in understanding physics related
to early Universe cosmology (cosmic inflation in particular). An often taken assumption in the literature
is fixing the arrow of time T < 0 before quantization. In DQFT treatment, we preserve the discrete
symmetry of spacetime T — —7 and x — —Xx at the quantum level by writing the KG field operator as
a direct-sum of the two components which belong to the parity conjugate points of the physical space.
For quantizing the KG field, we rescale the field with the scale factor ¢ — a¢ such that the KG action
gets to the form of IHO with time-dependent mass[36]

Sp = / drd®x ¢ <—a% +9'9; + i) ¢ (156)
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Then, in DQFT, we promote the field to an operator as
b= = (4 (1, X) @ (-7, —x))
\/E o _ | 157
" 43k lex . ex (157)
i = | o7 s n D ()™
where
A(i)k 1 Tikt B(i)k i i
Pk = ok <1$kT>e +m<1ih>e (158)

with A4, B(+); being the Bogoliubov coefficients. In the above relation, the creation and annihilation

operators satisfy [d(i)k, d{i)k} =1, {d(jF)k, d{i)k} = {d(jF)k, d(i)k} = 0 preserving causality and
locality. These commutation relations imply

PPk — Plapen = T = [Awul> = [Bapl> =1 (159)
The dS vacuum is
0
|0)4s = [0+ )as @ |0-)4s = <|O+>ds> (160)
10-)as

which we chose such that we recover the direct-sum Minkowski vacuum (105) in the short-distance
limit or sub-horizon k > |aH| (See (161) below), which we can call the direct-sum Bunch-Davies
vacuum. The choice of vacuum depends on the choice of mode functions. Imposing

1

A ﬁﬁi’“ = Ay =1 By =0. (161)

Pk

k> |aH|

Thus, the two components of a single quantum field corresponding to parity-conjugate regions of
physical space would then be given by

A a3k i ; i ;
— b Fiktxkx + b ,EiktFkex
b= [t () e oo

This construction joins mathematically the quantum field components ¢+ such that we have one
expanding Universe with two arrows of time (quantum mechanically). Thus, we create mathematical
bridges a 14 ER and Schrodinger’s thin rods we described in Sec. 4.

The two-point correlations in de Sitter spacetime are identical at parity-conjugate regions

1 n ~
ajds<0+|¢+('fr X)¢+ (T, X')[04)as =

1 5 R , [ dksinkg H?
a7d5<0_|¢_(_7’ —X) ¢ (_T/ _x)|0—>d5 = ?TH'

(163)

where ¢ = |x — X/|.

In Figure 6, |¢p4) = dAerk|O+>d5 and |¢p_) = dAEr_)k|O,)ds form the direct-sum state

9) = (A @ dl i) [0)as
_ 1 i)k 0 |0+ )as
val o dt ) \0)as (164

_ 1 1 _ 1 (lpy)
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The concept of the observer complementarity principle [9,82] is that all the observers should share
complementary information, maintain unitarity within the evolution of states they have access to.
We can achieve this in the context of de Sitter space, which is pictorially represented in Figure 6.
According to DQFT, every observer in de Sitter space has access to parity conjugate states (164). Thus,
at any moment of de Sitter expansion, the observer A accesses the states |¢), |¢—) from the antipodal
points. All the information beyond the horizon of A gets reflected within the horizon. Similarly, the
observer A’, A” can reconstruct the information beyond their respective horizons by accessing the
complementary states within the horizon.

This construction implies a maximally entangled two-particle (|¢1), [¢2)) (pure) state to be repre-
sented by two components corresponding to the parity conjugate regions of physical space give by

[23,28]
_ 1 wmm):1<>:m,nd$n|¢+l>®|¢+z>> 165
yro) ﬁ(w@ V2\ Sl 1) @ I92) (169

The density matrix of |¢15) is direct-sum of two pure states in the sectoral Hilbert spaces

1 1
P12 = 5P+(12) B 5P-(12) (166)

and their Von Neumann entropies vanish

Sni = —Tr (01(12) lnpl(lz)) =0, Snin=-Tr (PU(lz) lan(lz)) =0. (167)

This means we not only have observer complementarity but also have unitarity (pure states evolving
into pure states) being maintained for all the states within the horizon. This offers a new perspective
on the understanding of QFTCS in an expanding Universe, in contrast to the commonly perceived
notion that unitarity is lost in the early Universe [57,62-64].

- -
- -

] )
! |4_) |6.) \
1 G @=—p 000 @ e — ]
|‘ A/ A// .l

- ~

“ramm=" Shrmmm="

Figure 6. This figure illustrates three comoving (imaginary) observers A, A’, A” with the corresponding comoving
horizon radius ry = |% | at a moment of dS expansion. We have suppressed here the angular coordinates (6, ¢).
Points A’ and A” are on the horizon of A at antipodal sides of the horizon, that are spacelike separated, i.e., at
the angles (0, ¢) and (7t — 6, 7T + ¢) respectively. The dotted circles with the same rp; represent the respective
comoving horizons of A’ and A”. In the figure, |¢-), |$—) are defined in (164). In the case of exact dS spacetime,
both |¢) components would give equal two-point correlations at the parity conjugate points (163) due to the PT
symmetric dS vacuum (160). Whereas in the quasi-dS spacetime, we get unequal correlations (180) due to the PT
asymmetric quasi-dS vacuum (175).
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~ —_ (H,QD)
— (ﬂ—H,fr+ ga)

Figure 7. This is a conformal spacetime diagram that represents quantum dS spacetime where a quantum field
operator is expressed as a direct-sum of four components corresponding to geometric SSS corresponding to regions
I II, 111, IV. The regions I(II) and II(IV) are regions with opposite arrows of time-related by (U4, V) — (-U, —V).
Understanding of this diagram is analogous to the SBH case in Figure 5. Regions I and II represent the exterior,
and I1I and IV represent the interior of static dS spacetime (i.e, they are geometric SSS according to DQFT).

6.3.2. Direct-Sum QFT in Static de Sitter

Together with the symmetry (59), the metric (67) can cover the entire dS spacetime. Similar to
SBH and Rindler spacetime, the dS spacetime too has four regions related through discrete coordinate

transformations
U=—et" <o, V=0 (RegionlI)
U=e¢Ht >, y=—¢M" <0 (Region II) 168
U=ett>y, V=e¢M>0 (Region III)
U=—eH"<0, V=-¢M"<0 (RegionlV)

where i = t — 7, and @ = t + 7, with 7, = tanh™!(Hr,). DQFT in dS spacetime is analogous (by the
construction of geometric SSS) to Rindler and SBH spacetime, and it can be understood through the
conformal diagram of quantum dS spacetime depicted in Figure 7. Similar to the SBH case, we achieve
unitarity and observer complementarity in dS space due to the geometric construction of quantum
theory with SSS Hilbert spaces.

7. ERBs, Direct-Sum Inflation (DSI) and CMB

This section marks a pivotal point in our exposition, where the theoretical framework devel-
oped thus far, including inverted harmonic oscillator dynamics, quantum field theory in spacetimes
with horizons, and the direct-sum quantization formalism, culminates in potential observational
consequences. Specifically, we propose a novel connection between the mathematical structures under-
pinning DQFT and anomalies observed in the Cosmic Microwave Background [91], particularly those
related to parity asymmetry. Furthermore, we provide a new prediction for primordial gravitational
waves for the future observational probes.

The inflationary universe, modelled effectively by quasi-de Sitter spacetime, offers a natural
setting where the horizon-induced quantum correlations may leave imprints on primordial fluctuations.
In this context, we introduce the idea of Direct-Sum Inflation (DSI): a framework in which quantum
states spanning parity conjugated regions, connected via mathematical bridges akin to those in ER=EPR,
may manifest observable signatures in the large-scale CMB anisotropies. This opens a concrete avenue
for testing the deep theoretical ideas developed throughout this work, providing a possible empirical
handle on the quantum structure of spacetime near horizons.
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7.1. Direct-Sum QFT of Inflationary Quantum Fluctuations

Inflationary background by definition quasi-dS expansion, and it breaks the symmetry (61) of (59)
ie., (1, x) = (=71, —x) by the time-dependent slow-roll parameters (¢, 77) (82). Recall the fact that time
is a parameter in quantum theory (in the sense that time reversal is anti-unitary in character), which
we extensively discussed in Sec. 5. In the context of inflationary quantum fluctuations, we literally
promote the gravitational and matter (inflaton) field variables as operators around the dynamically
evolving quasi-de Sitter background. This is nothing but linearized quantum gravity, as extensively
discussed in [92], because we do the following operationally.

6Guy = 6T (169)

The curvature perturbation { =¥ + %54) is a collective description of metric and inflaton fluctuations.
Observationally, we relate the two-point correlations of { with the temperature fluctuations in the
CMB. In the framework of DQFT, we express every quantum field as direct-sum of two components,
which are geometrically attached to the parity conjugate regions of physical space, which give equal
two-point correlations (163) in the direct-sum vacuum (160). Since the time reversal symmetry (61)
is not the symmetry of quasi-dS spacetime, a naive physical expectation would be that the quantum
vacuum of quasi-dS spacetime could be such that the two-point correlations could be unequal at parity
conjugate regions of physical space.

In the quasi-dS spacetime, the MS-variable Vs (86), when promoted to an operator in DQFT,
becomes a direct-sum of two components

dk

Vs = —= (Vms+ @ Vms—), Vs = /(2”)3/2 bi, + Vi s +bf L Vi em X (170)

Nis

where V., = 7V¥2me(ivsi+1> (1 )(¢kr) andvE ~ 3 ety

vki%\/}xih(wkz)i( )§F ()(ijT)

S

= o85,(1+ Av) (71)

vE=3/2

where Hssl) (z) is the Hankel functions of the first kind and

o aHD ()

T i
ds _ [ - ,Fikt o — 7
Vit =/ ¢ <1¢ kT)’ M= (e+3) H(E) o

The mode functions of the curvature perturbation can be obtained by classical rescaling (by the factor

(172)

3
Vs=35

H
pr as)

H H
Tk = <_> Ve = (8012 80) ; (8= (—) Vi (173)

ap a¢p
We impose conditions of the vacuum such that we recover the DQFT Bunch-Davies vacuum in the
limit e — # — 0. The DQFT treatment gives two-point correlations for parity conjugate points in

physical space, which are unequal due to the asymmetric quantum vacuum imposed by the following
discrete transformation

T——-T=—t—>—t,H=>—-H €e— —€,1 = —7. (174)
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According to DQFT, inflationary quantum fluctuations evolve in P77 asymmetric quasi-dS vacuum

0
Ohgas = 104 g @10 )5 = (:g;:;z) a79)

leads to a single quantum fluctuation to evolve asymmetrically at parity-conjugate points. Thus, the
sign change in (173) indicates a geometric description of fluctuation at parity conjugate points (See the
right panel of Figure 9).

During inflationary expansion, these fluctuations become classical and leave their parity asymmet-
ric imprints as cold and hot structures in the two-dimensional CMB. This is nothing but holography,
the imprints of quantum gravity in the bulk on the boundary. This supports 't Hooft original idea of
quantum gravity in two dimensions that was propagated to the frameworks of string theory [82,93]
This is schematically depicted in Figure 9, and the actual data can be visualized in the bottom panel of
Figure ??. Computing the two-point correlations of MS-variable Vs, we obtain

N oA 1 N N
{Oqas|Vis Vims|Oqas) = 5 (Oqas+ Vs (T, X) Vs + (T, ¥)|0qds+)
1 X .
+ 5 (0qas— Vs — (=7, =x) Vs (=7, =y)|0qas-) (176)
_ [dk K, sinkL
~ ) k2n2 "V kL

where L = |x —y| and Py = 3 (|Vi ms+ > + | Vi ms—|?). This results in a power spectrum of curvature
perturbation corresponding to the parity conjugate regions of the CMB sky as [26-28] (See Sec. 7.3 for
more details)

Pre (k) /d3re Lo (0x|éx (A7, £3)8s (2T, £)[02) qas ~ Pr(1+ AP,) (177)

where P is the near scale invariant (SI) part of the power spectrum P;:

H? k™

where A; = 2.2 x 1077 is called the primordial power spectrum amplitude, and the scalar spectral
index ns = 1 —2¢ — 7 = 0.9634 + 0.0048 (Planck TT+TE+EE) at k. = 0.05Mpc ! from the Planck
data [94] and kg = T_l—TS =7x107° Mpc*1 is related to the distance from the CMB surface of last
scattering, and jy(z) are Bessel functions. and

APy = (1 —ns)Re

(D ( &
oH

: 2 Vs (k*) (179)
H( )

) (%) Vs

with Hv(sl) (z) is the Hankel functions of the first kind. The standard inflation (SI) prediction [68]
corresponds to AP, = 0, while the DSI one is given by Equation (177). Note that the power spectrum

3
vs=3

is the Fourier transform of the two-point function of curvature perturbation as shown in (176) and
(177), which contains two unequal contributions due to P7 symmetry of dS (58) is broken during
inflation. In other words our direct-sum vacuum [0y4s5) = [0445+) @® |Oggs—) is PT asymmetric. We
can express (178) as the two-point correlation of momentum modes as

qas (0 |Gt G0 )qas = (27)%6%) (k + k') kT Pg(l +AP,). (180)

During inflation, quantum fluctuations become squeezed as they are stretched to superhorizon scales,
which is analogous to IHO physics, as noted in [36]. This means, the modes when they are deep inside
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the horizon behave like they are ingoing "Minkowski" states (see (161)) and when they evolve, we
can understand (180) as pairs of outgoing entangled states with momentum k and —k. In DS, the
two-mode squeezed state can be obtained as
1 Be pt it
[Tk 1o eXp( - ﬁ bk,+b,k,+) 04 )qds | <|~1fs+q>>

¥so) = = 1o
* [¥sq)

k (181)
:B A ~
[T iy exp (g b, 675, ) 10-)qas

where |ocki > — |,B,jf > = 1 are the Bogoliubov coefficients constrained by the canonical commutation
relations of the MS variables Vy;s+. The derivation of (181) is fairly straightforward, applying the
steps in [36,95] to the context of DSI. The important observation here is that the similarity between
(181) and (136) or (137). According to (181), a pair of entangled fluctuations (correlated with opposite
momenta) is generated as two components in the geometric SSS of quasi-dS vacua (175). These two
components of (181) get stretched to superhorizon scales and produce an imprint in the CMB in the
form of parity asymmetry, which we shall discuss in the next sections. The parity asymmetry here is
entirely different from the theories that introduce parity-violating terms (for example, inflaton coupling
to Weyl tensor term as f(¢)e""P? W00 WF'P?), which do not effect at all the scalar power spectrum,
the scalar two-point correlations, by construction as it is widely shown in many works (See [96-99]
and references therin). This is because, due to the completely anti-symmetric character of €4 tensor,
the two-point scalar correlations would completely cancel out.

Applying the same DQFT quantization to the inflationary tensor modes (88) yields [27]
Pnt = /d3re’ik'rqu<01|fziji(ir, £x) e (£7, £X)|02) gas & Pr(1 £ APy) (182)

where . . 5 8H§3)<%)
(o) e am (R Lt

where r = % < 0.032 is the ratio of tensor to scalar power spectrum which is bounded from above
with the recent BICEP2 /Planck/Keck Array B-mode polarisation data [100,101]. The tensor power
spectrum of DSI (182) predicts here an asymmetric amplitude for two-point correlations of tensor

(183)

3

1/5:2

modes at the parity conjugate points of physical space. Again, this is distinct from the features of
tensor power spectra from parity-violating theories, which predict additional polarizations, chirality,
and cosmological birefringence features of primordial gravitational waves [99,102-104].

The parity asymmetry in the DSI implies suppression of power in the angular power spectra
(both in the scalar and tensor sectors) of even multipoles and an enhancement in the odd multipoles.
Therefore, our parity asymmetry is a new, distinct feature that we will study in the next sections.

7.2. Parity Asymmetry Versus Even-ODD asymmetry

Probes of CMB such as COBE, WMAP, and Planck have measured the angular correlations of

temperature fluctuations 7 (71) = ATTgﬁ) , which can formally be written as the sum of its symmetric

(even parity) S(71) and its antisymmetric (odd parity) A(71) components that can be expanded in
spherical harmonics as:

T(ﬁ) = Z A Yom

m

;
S(n) + A(#) (184)

= (aim + a?m)yfm(ﬁ)

where

[T () — T (—h)] = —A(—h) (185)

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202410.0190.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 August 2025 d0i:10.20944/preprints202410.0190.v2

44 of 54

where (—1) is parity P conjugate of (7). The spherical harmonics Yy, satisfy:
Yo (=) = Yo (70 = 0, 704 9) = (=1) V(6 9) = (1) Yy (2). (186)

which translates into a3, = Wm‘é:even and aft = Wm‘ﬁ:odd' Note that 7 (%), S(11), and A(#) are
modeled as stochastic random fields and are therefore per se neither a scalar nor a pseudo-scalar under
‘P transformations or isotropic under rotations R. By construction, given in 185, the decomposition
into S(71) and A(#) of the particular realization 7 (72) of the random field has a defined parity, but
they are not scalar or pseudo scalars. Cy is called the angular TT-power spectrum, whose even-odd

contributions are given by

C, = 1 Y agml? where a4, (T =A+S) = am(S) = agn  for £ =even (187)
2114

aym(A) = agy, for £=odd ’

or in other words, the S and A maps correspond to the even and odd multipoles ¢ of the total map 7:
1 1
—CA LS S _ _ 2 A _ _ 2
CZ—CZ +C€ ’ Cg = Cl=even = 20+ 1 ;|a3m| ’ CZ = Cr=odd = 2€+1;|afm| : (188)

According to (173), the geometric imprint of parity asymmetric fluctuation in the temperature results

m
TP (7)) = TS(7)(1 4 6T(R)), 6T(R) = —6T(—n) (189)
where
ST(R) = Y (=1)""0apYem (6, @) (190)
l,m

which positively contributes to odd ¢ and negatively contributes to the even ¢. Therefore, application
of DQFT to single-field inflationary scalar fluctuations (Direct-sum Inflation (DSI)) gives [26,28]

DSt — ¢l [1 n (—1)“1Acg] (191)

where the fractional asymmetric modulation AC, is

1 rfeedk (k\™',/k

where k. = 0.02k, is the cut-scale that corresponds to the largest angular scales in the CMB 6 > 6° or
£ < 30, k < k are the first modes that exit the horizon during inflation. The DSI quantum fluctuations
are non-Markovian in nature; therefore, the effect of these first modes on the small scales requires
further investigation (See Section 5.4 of [26] for more details). The standard SI angular power spectrum

1S:
© gk kK\™', [k
SI i2

Similar calculation for tensor power spectrum (177) results in the parity asymmetric angular power
spectrum for the B-modes as

Cibs = Clep [1 + (_1)Z+1AC£,BB} (194)

where g N )
C?,IBB: A kAt<k*> ]%<ks) (195)

and 1 kedk, (K\"., [k
ACE,BB:% A kAt<ks> TE,BB(kS)APu(k). (196)
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where T pp is the transfer function associated with B modes [105]. In the next subsection, we discuss
the observational evidence for the oscillation between even-odd angular power spectra (191). It is
worth noting that DSI is the first theoretical model that gives this effect and explains the CMB data
better. In the past, the majority of theoretical and observational studies interpreted low-¢ data as power
suppression at low multipoles [104], but these studies ignored the enhancement of power in the odd
multipoles as we have shown explicitly in [26] using the latest Planck 2018 data. Several Planck-scale
quantum gravity frameworks [106-108] and also phenomenological models [109-113] addressed this
"power suppression", though it is not what the CMB data is indicating to us, as we will see further.

7.3. Observational Evidence for DSI in the Parity Conjugate Worlds of CMB

In this section, we present the first observational test of DQFT in the context of primordial
cosmology, which is responsible for the temperature fluctuations in the CMB. To assess the significance
of the observed parity asymmetry in the CMB, we compare 10° simulated realizations of the data under
two models: the Standard Inflation (SI) model and the Direct Sum Inflation (DSI) model. We evaluate
the posterior probability p(M|D) of each model M given the data D. This approach contrasts with
the standard practice in the CMB community, which typically estimates the likelihood p(D|M)—the
probability of the data given a specific model—to assess the significance of low multipole anomalies.
However, this likelihood-based method presupposes the model and can lead to inflated uncertainties,
especially because the ACDM model with SI generally predicts more large-scale power than is observed.
This mismatch increases the sampling variance, thereby reducing the apparent significance of observed
parity anomalies. For example, the low measured quadrupole C; has p(D|M) = 2.62% while the
posterior value is 29 times smaller: p(M|D) = 0.09%, as shown in Table 2.

Here, following standard CMB analysis, we assume statistical rotational (R) isotropy to focus on
testing statistical parity (7). Under statistical isotropy, the two-point function and power spectrum are

defined as:
s Qoo 20 41
w[f] =< T (A1) T (f2) >= ) o Py[cos 6] (197)
(=2

where 0 = |1} — ip].

2.5
=== S| ¥2=37.0
=== DS| y2=16.4
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o
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Figure 8. Mean measured power spectrum C; (shown as Dy = ¢(¢ + 1) Cy /27, normalized such that the map has
unit pixel variance) from the Planck 2018 CMB temperature map (cyan line). The shaded cyan band shows the
68% spread from 10° realizations of the mean measured C,. The black dashed line corresponds to the Standard
Inflation (SI) model, i.e., the best-fit scale-invariant ACDM model primarily constrained by the high-¢ range
(80 < ¢ < 2500). The red dashed line shows the prediction from the Direct-Sum Inflation (DSI) model defined
in 191, with no additional free parameters. The blue line at the bottom shows the Bayes factor, logarithm of the
ratio of cumulative posterior likelihoods, log[Ppgi(< £)/Psi(< £)], as a function of ¢, demonstrating that the DSI
model is up to 150 times more likely than SI on large angular scales (¢ < 20).
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Figure 8 shows (in cyan) the normalized observed CMB power spectrum for the first multipoles
£ < 20. The data show a clear even-odd asymmetry and a low quadrupole C,. Both deviate significantly
from the scale-invariant prediction of standard inflation (dashed black line). Decades of analysis of
CMB data [91,94,114] with the following quantity

_ Zgrgzx f(f + 1)Cf:even
T4 £(0+ 1)Crepua

Ryp ~ 0.79 (198)

indicates that there is more power ( 20%) in the odd-multipoles compared to even ones for £;5x <
20 — 30 corresponding to 8 2 6 — 9° (In Figure 8 we show the results for ¢,y = 20, the result does
not vary much for £,,,, = 30 as it is shown in [26]). This means, on the very large scales, we exactly
witness the temperature asymmetries at the antipodal regions of the CMB sky (See the last panel of
Figure ?? and also Figure 1 of [26]).

Assuming ergodicity, we can instead search for statistical (an)isotropy or statistical parity
(a)symmetry in specific statistical quantities measured from the CMB maps. For instance, we can
define the directional two-point function as:

w(f] = (T (A1) T (A2)) (199)

where the expectation value (- - - ) is taken over all pairs of directions. We can then examine if w[d)] is
statistically (an)isotropic, meaning whether it remains invariant (or not) within sampling errors under
rotations R of §. Furthermore, we can investigate if w[0] is parity P — symmetric or antisymmetric—that
is, whether w[0] = fw[rx], within sampling errors. From the latest CMB data, we can deduce that
w([0] > 0, w[rr] < 0and w([0] # —w[7t] (See a left panel of Figure 9). Because P (parity) and R (rotation)
are independent symmetries—no combination of R transformations can reproduce PP—statistical parity
symmetry is entirely distinct from statistical isotropy, despite recurring claims to the contrary in the
literature (see, e.g., [115] and references therein).

This particular parity asymmetry result is significant to about 3¢ standard deviations (p-value of
0.7% in Table 2). Further evidence for parity asymmetry came from the low quadrupole C; (which
corresponds to a suppressed symmetric component as shown in Table 2 and Figure 8) and a negative
correlation at antipodal separations w[7| (also shown in Table 2 and Figure 9). Note that the scale
invariance characteristic of CMB is only statistically accurate for 8 < 1° (¢ > 800) close to the so-
called pivot scale k. = 0.05Mpc~!. The even-odd power asymmetry is related to parity, which is a
discrete transformation, not anisotropy. Unfortunately, it is interpreted as anisotropy in the literature,
which resulted in wrong deductions such as hemispherical or dipolar anisotropy or violation of the
cosmological principle [116,117]. A severe drawback of these deductions is the lack of sharp definitions
of statistical anisotropy and the mistaking of parity with anisotropy. It was shown in [26] that the
Universe is statistically homogeneous and isotropic but asymmetric by parity.

The statement that CMB is scale-invariant is associated with the observational fit of

2 (kedk 5[k k™!
Ci= o [ BR (5 )Pr0, Pr=ai() (200

convoluted with ACDM model for small angular scales ¢ 2 200.
Often, many cosmologists dismiss the importance of understanding large-scale features of the
CMB with a statement that the data fall within the cosmic variance

Cy

AC) = ——t——
(ZE + 1)fsky

(201)

of the standard cosmological model with (near) scale-invariance (200). This sampling variance errors
results directly from assuming gaussian statistics in the C, definition of Eq.187. In (201) fg, is the
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portion of the CMB sky considered in the analysis; usually, one masks the signals from our own galaxy
to avoid data contamination from local sources. This dismissal actually means the incompatibility
of (200) with the data, and it is necessary to search for a theory that gives low-cosmic variance and,
as such, fits the data better. The Ryt in (198) indicates CMB angular power spectra oscillate between
even-odd ¢ with decreasing amplitude. The literature of theoretical (and phenomenological models)
often ignored half of the multipoles (i.e., (odd)-¢) and interpreted data as indicating power suppression
at low multipoles[104,109]. This misinterpretation has led to numerous works of building speculative
models of inflation in the last decades. In a nutshell, both the theoretical and observational studies
have corroborated with mutual wrong interpretations over the last two decades and left the CMB
anomalies as an unresolved mystery.

Table 2. Parity posterior probability p[M|D] (x10?, i.e. in %) of a model given the data (based on 10° sky realiza-
tions of the data). Each line corresponds to a different CMB parity indicator. We compared two different models:
Standard Inflation quantum fluctuations with LCDM (SI) and direct-sum inflationary quantum fluctuations (DSI).
Data is estimated from the Planck 2018 masked SMICA component separation map. Very similar results are
found for the other maps. In the last column, 'ratio’ refers to the ratio of posterior probabilities (i.e., Bayes factor)
between the DSI and SI predictions. In the second column, we also show for reference the non-posterior likelihood

p[D|M].

Parity SI SI DSI ratio
indicator | p[D|M] | p[M|D] p[M|D] | DSISI
C 2.62 % 0.09 % 33% 37
RTT 1.0 % 0.7 % 39.5 % 56
w[rn] 3.89 % 1.12 % 45.3 % 40
Cy, RTT 0.12% | 0.003 % 1.96 % 653
w[r], RTT 0.45 % 34.6 % 77
wirn],Co 0.016%  2.65% 166

To assess the significance of the low-multipole anomalies, we need to evaluate the posterior
probability p(M|D) of each model M given the data D. This Bayesian approach contrasts with the
standard practice in the CMB community, which evaluates p(D|M)—the likelihood of the data under
the SI model. The latter approach tends to inflate uncertainties due to the excess power predicted
by ACDM at large scales, which increases sampling variance and thereby reduces the apparent
significance of observed parity asymmetry.

Table 2 shows that the DSI power spectrum in Eq. (191) is 650 times more probable to fit the data
than the standard scale-invariant (SI) inflation model. The posterior probability for the quadrupole
C, alone increases by a factor of 37 — from 0.09% to 3.3%. This represents a highly significant im-
provement. However, the DSI prediction for C; is still somewhat low (3.3%), which leaves room for
additional suppression of the largest-scale modes, as advocated in [118]. Furthermore, the direct-sum
mathematical bridges (ER bridges) between quantum field components at parity conjugate points
explain 20% excess of power in the odd multipoles (198). Similarly, even-odd power asymmetry de-
rived for inflationary graviton fluctuations (195), which serves as a test for DSI with future primordial
gravitational wave probes [119-121]. Towards the small angular scales in the CMB, parity asymmetry
becomes insignificant because high-frequency modes are less affected during inflationary expansion
compared to low-frequency modes. Finally, we depict our observationally consistent new understand-
ing of quantum fields in curved spacetime in analogy with ER bridges in Figure ??. Note that the
parity asymmetry we found in the CMB is different from the other recent parity-related investigations
[122], which are about small-scale effects due to specific modifications of gravity involving beyond
SM degrees of freedom. Parity asymmetry in our context is much more generic due to the combined
action of gravity and quantum mechanics. It is attributed to large (angular) scales and found to be
insignificant at small (angular) scales in the CMB [26].
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Figure 9. The left panel is for w(6) which highlights the temperature correlations at large angular scales § > 9°,
the CMB data lines are coloured lines with with 68% and 99% errors in the SMIC,,, data [94]. It is very clear that
the direct-sum inflationary (DSI) quantum fluctuations fit better (red-dashed line) than the standard inflation (SI),
which is a black dashed line, in particular, the anticorrelation at § = 180°. The right panel presents the physical
(schematic) picture of quantum fluctuations in DSI evolving asymmetrically at parity conjugate points in physical
space and leaving their imprints in the CMB when they leave the horizon.

8. Conclusions

The reconciliation of general relativity (GR) with quantum mechanics (QM) remains one of the
most pressing goals in theoretical physics. A core tension arises from their distinct temporal structures:
while GR describes spacetime dynamics via second-order differential equations, quantum theory,
especially in the presence of gravitational horizons, relies on first-order temporal evolution, which is
in the sense that quantum fields are usually defined through the assumption of positive energy state
according to Schrodinger equation and the arrow of time. This clash is nowhere more evident than
in settings involving event horizons, where issues such as unitarity loss, information paradoxes, and
observer complementarity remain unresolved [10,14]. Understanding gravitational horizons and the
associated quantum effects play a key role in deciphering the origin and evolution of the Universe
from the Big Bang to the present accelerated expansion [118,123-125].

We have examined the historically converging insights of Einstein and Rosen, Schrodinger, and 't
Hooft, and shown how they point toward a common foundational vision: the quantum description of
a single physical universe with consistent time evolution. A crucial element in this investigation is
the role of the inverted harmonic oscillators (IHOs), whose deep relevance to quantum theory was
highlighted in the seminal work by Berry and Keating [22]. We showed that IHOs naturally arise in the
quantum field-theoretic description of spacetimes with horizons, indicating that they are not merely
mathematical artifacts but fundamental to understanding quantum fields in curved backgrounds.

Nearly a century after Einstein and Rosen’s 1935 paper, key ideas about quantum gravity still
revolve around their central insight: the necessity of nontrivial spacetime connectivity to preserve
unitarity and causal consistency. The ER=EPR conjecture proposed by Maldacena and Susskind [48]
is a modern rephrasing of this idea in the language of quantum entanglement. Yet, unlike many
contemporary approaches that invoke multiple parallel universes or many-worlds interpretations, the
original perspectives of ER, Schrodinger, and 't Hooft remain grounded in a single, unitary physical
spacetime.

Adhering to this principle necessitates a reformulation of quantum theory, one that aligns with
the geometrical and causal structure of general relativity (GR). Many of the most profound questions
in theoretical physics, especially those at the Planck scale and beyond, remain unanswered because
they arise precisely at the interface between quantum field theory and curved spacetime dynamics °.

While numerous approaches to quantum gravity aim to extend the framework into the ultraviolet,
we adopt a complementary strategy: addressing foundational gaps in our understanding of quantum

9 This remains true even when considering quantum gravity in specific curved backgrounds such as de Sitter space [11].

© 2025 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202410.0190.v2
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 11 August 2025 d0i:10.20944/preprints202410.0190.v2

49 of 54

fields in curved spacetime. This path is not only fruitful but essential. As 't Hooft reminds us in a
recent article [126], “guessing does not often provide for the correct answers, and the best procedure
for improving our understanding consists of systematic studies of imperfections that can easily have
been overlooked.” !

Our investigation, grounded in direct-sum quantum theory and its application to IHOs, aims
precisely at these foundational issues, offering new directions for reconciling quantum mechanics with
gravity in a physically meaningful and observationally relevant way.

In this work, we explored a pathway to resolving these foundational tensions by proposing a novel
framework: direct-sum quantum field theory (DQFT). This construction stems from the longstanding
intuition, going back to Einstein and Rosen in 1935 [1], Schrodinger in 1956 [3], and "t Hooft in recent
decades [21], that a consistent quantum gravitational description of nature must involve two sheets of
spacetime, or equivalently, two time directions connected through a quantum bridge.

The key insight of this paper is that gravitational horizons (in black holes, de Sitter, and Rindler
spacetimes) induce a natural partitioning of Hilbert space into geometric superselection sectors (SSS),
each defined by discrete spacetime symmetries such as parity (P) and time reversal (7). These sectors
form a direct-sum structure, within which quantum fields remain globally unitary, even in spacetimes
where standard QFT predicts loss of information or thermality.

A unifying element in this picture is the inverted harmonic oscillator (IHO), whose quantum
properties were reviewed in Section 3, and which recurs across all horizon-based physics as a universal
effective degree of freedom. In Sec . 4 we showed that IHOs naturally encode the dynamics of quantum
fields near horizons, and for a successful description of quantum fields in curved spacetime, we
must necessarily understand our physical world with two arrows of time. In Sec. 5, we built the
direct-sum quantum field theory that gives a new understanding of spacetime based on discrete
transformations such as P7T. This particular quantization structure with two arrows of time at the
parity conjugate regions gives a new geometrical understanding of IHO phase space envisioned
by Berry and Keating [22]. Our construction gives an understanding of quantum fields in curved
spacetime with direct-sum mathematical bridges that connect the sheets of spacetime related by
discrete space-time transformations. These mathematical bridges not only retain the vision of ER, but
also restore the unitarity in curved spacetime. According to this framework, a pure state is a direct-sum
(not a superposition) of two pure state components that represent the nature of the state within and
behind the horizon (See (137), (154), (165) and also (155)). The entanglement gets spread across the
gravitational horizon in the form of pure states dictated by discrete spacetime transformations. This
means that an observer not only witnesses pure states evolving into pure states but also can reconstruct
the information behind the horizon. The gravitational horizons in our construction act quantum
mechanically as "mirrors" so that we not only achieve unitarity but also observer complementarity.
This constitutes a first important step towards a consistent construction of QFTCS, which is essential
for building quantum gravity [11,18].

In Section 6, we reinterpreted the ER=EPR conjecture [48] through the lens of DQFT. Rather than
requiring geometric wormholes, we argue that entangled quantum states bridging P7T -conjugate
regions realize mathematical Einstein-Rosen bridges within a single physical spacetime. This refor-
mulation not only preserves unitarity but naturally accommodates observer complementarity and
provides a field-theoretic underpinning to quantum connectivity across horizons. Historically, the
concept of a thermofield double state, introduced by Israel in 1976 [72], involved constructing a pure
quantum state in an enlarged Hilbert space that is a tensor product of two copies of the original space.
In this formalism, the second Hilbert space was considered fictitious, introduced merely to purify the
thermal density matrix of the original system. In contrast, DQFT gives a physical interpretation to both
sectors by identifying them with parity-conjugate regions of real spacetime. This reconceptualization

10 See also recent remarks by Peebles [127], emphasizing the foundational role of quantum fields in curved spacetime for

cosmology and astrophysics.
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removes the need for fictitious degrees of freedom and instead grounds the entanglement structure in
observable correlations across gravitational horizons.

Crucially, in Section 7, we applied this framework to cosmology, specifically, to the quantum
fluctuations generated during inflation. By formulating inflationary quantum field dynamics within
the direct-sum structure (which is named "direct-sum inflation (DSI)", we predicted the emergence of
parity asymmetry in the primordial power spectrum, a unique signature of quantum gravitational
effects. We showed that this prediction of DSI aligns with well-documented anomalies in the CMB,
notably the large-scale parity asymmetry observed in Planck data [26]. The statistical significance of
our result is 650 times better than the standard theory of inflationary fluctuations (See Table 2). We
also predicted the parity asymmetric primordial tensor power spectrum, which leads to large-scale
asymmetries in the B-model polarization data (See (194)). This would be a new prediction to test our
DSI formalism with the future detection of primordial gravitational waves [119,121]. Furthermore,
we expect that the DQFT could lead to new signatures in the context of even-odd gravitational wave
perturbations (the so-called quasi-normal modes [128-130]) in BH physics, in particular in the context
of dynamical BH horizons [131,132]. This is a new direction for our future investigations.

This connection between our deep theoretical structure and measurable cosmological data marks
a significant step forward. Just as parity violation in beta decay (the Wu experiment of 1957) reshaped
particle physics [133], the detection of parity anomalies in the CMB may hint at a new era in our
understanding of quantum gravity.

To summarize, the main highlights of our investigation are:

e  Starting with Einstein and Rosen in 1935 [1], Schrodinger in 1956 [3], and 't Hooft in 2016 [21],
all three emphasized the need for a description of quantum fields via two sheets of spacetime,
connected through mathematical bridges.

*  Discrete spacetime (a)symmetries play a key role in quantum theory. We proposed a new
formulation in which a single quantum state is defined across a direct-sum Hilbert space built
from geometric superselection sectors based on the discrete spacetime transformations. This
framework enhances our understanding of the Berry-Keating quantization of the IHO [22], which
is linked to the Riemann zeta function and to quantum chaos.

¢  Combining gravity and quantum mechanics requires a new understanding of time. The direct-sum
quantum framework provides this and naturally realizes the mathematical bridges envisioned by
Einstein and Rosen (see Figure ??).

*  Achieving unitarity and observer complementarity in curved spacetimes is a prerequisite for any
consistent quantum theory of gravity. DQFT satisfies this by constructing geometric SSS that
encode a new understanding of physics across the gravitational horizons.

¢ When applied to inflation, this framework predicts parity asymmetry in the primordial spectrum.
We showed that this explains the observed CMB parity anomalies and provides observational
evidence for underlying quantum gravitational phenomena.

Looking forward, the direct-sum quantum structure, rooted in spacetime symmetries and horizon
physics, offers a compelling bridge between the quantum and gravitational realms. It re-frames
spacetime connectivity not as a geometric accident, but as a consequence of a new type of fundamental
quantum entanglement across horizons.

Furthermore, Direct-sum quantum theory also clarifies the conceptual conundrums in quantizing
inverted harmonic oscillators (IHOs) and their connection to the Riemann zeta function (See. 5.3). This
development sets the stage for new developments in other related areas such as condensed matter,
quantum chemistry, and biophysics, where IHOs play an important role (See [39] and references
therein). Especially, if we can design an experiment that involves time-dependent IHOs, we could
create analogous conditions comparable to the context of early Universe inflationary quantum fluctua-
tions. This new step would establish a new platform for developing direct-sum quantum theory. In
particular, recent developments related to the observation of phase space horizons with BH analogue
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systems, such as surface gravity water waves [135], open new arenas for further exploring our new
understanding of ER bridges.
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