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Abstract 

In the framework of a multiplicative metric space. We have.discuss some 
Properties of convex.structures.in pseudo multiplicative metric space and 
have applieditheseiproperties toiobtain alfixed point results in complete 
pseudo. It would be interesting to prove .some.further results.in such 
metric.spaces with completeness.property. 
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1 Introduction and Preliminaries 

Fixed point theory is one of the most dynamic research area and has many 
applications in differential and integral equations. The most impressing result 
in this area was given by Banach in 1922. This result is called 
Banachicontractioniprinciple. Every contraction has a unique fixedivpoint in a 
complete metric.space. Due to elementary technique used in the proof by 
Banach and its usefulness in solving various problems in many areas, efforts 
have been.made for generalizing this celebrated result in many 
abstract.spaces and for various operators. 
In 1906, French mathematician M. Frechet carried axiomatic development of 
the notion of a matric.space. The metric.spaces play an important role.in 

thedgrowth of Functional Analysis.Inspired by the impact.of the.notiondof a 

metricdspace in Mathematics, several researchersiattempted various 

generalizationsdof thisinotion.such.as rectangular.metric spaces,semi-
metricispaces, quasi-metricispaces,  
Moreover Eniola Funmilayo kazeem [9] thedconcept ofda quasi– pseudo-
metric space was introduced and.some fixed point theorem was 
proven.Theiconcept of a b-metricispace.hasibeen studied Czerwick in 
[4,5]  andimany others iobtained imany fixed ipoint  results 
for single.and  multi-value.mappings. 
In.1970, Takahashi [15-16] introduced convexity in metric 
spaces  and.studied.certain.fixed-pointdtheorems.in.such metric.spaces.for 
non–expansive.maps. 
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The.convex structure on convex.spaces was studied by several authors after 
that. Ding[8] dealt with.the iteration scheme of Ishikawa in 1988 
to.constructifixed points of qusi-contractivei,generalized qusi-contractive 
andiqusi –non.expansive maps in conveximetric spaces.In 1989,Sahab .and 
Khan [13] extended some.known results of best approximation in spaces 
with.convex.structure. In 1998, Beg [1] .proved the existence of fixed points 
in.uniformly convex complete metric spaces.  
In 2003, Change and Kim et al. [2] demonstrated some convergenced 
theoremsdof the iterative sequences of Ishikawasdtype withverrors  metric s
paces for nonlinear.generalized quasi-contractive maps.In 2008,Ciric et al. 
[3] showed the strong.convergence ofdMann's iterative type.process.for 
pseudo-contractive maps in Hilbert spaces; in the same year, Wang and Liu 
used the iterative type process of Ishikawa with.errorsito 
approximate.theifixed point of twoiuniformly quasi-Lipschitzain maps 
in.conveximetric spaces. 
Fixed Point theorems in pseudo multiplicative metric space with convex 
structure are being.investigated.now days. The purposeiof this paper to find 
some new fixed point theorems in these metric spaces. 
Definition 1.[Pseudo Metric Space] 

LetiX is ainon-.empty set. Aifunction D: X × X →
+

 is called afPseudo 

multiplicativefmetric.Ififor.any x, y, z ϵ X is satisfied with.the following 

fconditions: 
 (𝑁1) xD(ix,x) = 0 , 
 (𝑁2) xD(x,y)i= .D(y,x) ,  
 (𝑁3) xD(x,z)i.≤ D(x,y)+D(y,z). foriall.x,y,zϵX 
Definitioni2.[PseudoiMultiplicative MetricfSpace] 

Let X is a set. A function D:X×X→
+

 isfcalled.a.Pseudof 

multiplicativeimetric iffforfany x,y,z ϵX , thedfollowing conditiondhold: 

(𝑡1)   dD(x,x) =i1, 
(𝑡2) D(x,y)i = D(y, x) , 
(𝑡3) D(x,z) ≤ D(x,y). D(y,z).  

Theniit is said.that functioniD is.a Pseudo.Multiplicative metricfon X. 

fDefinitionf3.  Let (X,D) befafpseudodmultiplicative.metricfspace  

Assumefthat {𝑥𝑛}  isfa sequencefin X and x ϵX. Then 

(i) Thedsequence {𝑥𝑛} in X isdsaid to bedconvergent x, if 

      𝐿𝑖𝑚𝑛→∞𝑑(𝑥, 𝑥)=1 

(ii)  Thefsequence {𝑥𝑛}fin X isfsaid to befa CauchyfSequence If forfany          

ϵ>1, therefexists afpositive  finteger 𝑛0 suchfthat d(𝑥𝑛, 𝑥𝑘)< ϵ 
 forfall  n,k>𝑛0  
(iii)  The Pseudofmultiplicative metricfspace is said to befcomplete if every 

Cauchy sequencefconverges to afpoint in it. 

(iv)iLet T: X→X be afmapping. The mappingfT isdsaid fto be 

sequentiallyfcontinuous if 𝑥𝑛 → x impliesfT(𝑥𝑛)  →T(x), as n→ ∞. 

Definition 4.[Multiplicative Contraction Mapping]  

Leti(X, D)dbe a multiplicativedpseudo metricfspace. Acmap T: X → X  is 

saidfto be a contractionfif therecacexists adnumber λiwith 0<λ≤ 1 suchdthat  

 D (Tx,Ty) ≤ [𝐷(𝑥, 𝑦)]λ 
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Definition 5.  
(i)  A.pointfx X , if Tx = x, isfa fixed.pointfof T    

(ii) It is saidfthat afpoint x X is aicommon.fixed pointfofiT and S:  

If Tx=Sx= x when T,S:X → X are mappings. 

Definitiond 6.[Self  Mapping]  

Let's make T a set.. A self - mapping on T maps itself from T. 

Definition 7. 

Suppose (X, D)iis a multiplicative  pseudo metricfspace. 

 A mappingfW: XX [0,1]X isfsaid tofbe.convexfon X, ififorieach  

 (x,y, )X X [0,1] fand u X 

 Di(u,iw(x,y,λ)) ≤ 𝐷(𝑢, 𝑥)λ.𝐷(𝑢, 𝑥)1−λ . 
A Pseudo–
MultiplicativeiSpace.Xfequipped withfConvexfstructureiW  isfcalled Convex P

seudo–MultiplicativeiSpace. Denoted (X,D,W). 

Definition 8. 
A sequence {𝑥𝑛} iskmultiplicative Cauchy, if forkeach >1, there existsk𝑁0

N suchkthat D(𝑥𝑛,𝑥𝑚)<  for eachkm,n≥𝑁0 
Definition 9. 

Admapping T: X → X itdis saidkto be continuous multiplicativedat the point 

x X iff T(𝑥𝑛)→T(x) for every sequence {𝑥𝑛} with 𝑥𝑛→x. 

Definition 10.  

Let Edbe a non- emptydsubset of MultiplicativeiSpace X. A mapping T:E→ E 

isksaid toibe a k-Lipschitzian if therekexists a  

k [0,∞) suchkthat D(Tx,Ty)≤ fD(𝑥, 𝑦)K,     x,yE. 

Theorem . [11] Let (X,𝐷𝑝) be aimetric space.of multiplication. Define  

𝐷𝑝:XX→ [0,+ ]    iby   

𝐷𝑝(x,y) = ln( p(x,y)) 

 Then (X,𝐷𝑝) iska metric.space. 

Theorem :[12] Let. (X,D) be aimetric space ofimultiplication anddlet  

f :X →X be a multiple.contraction. If. (X, D) is complete, f haska fixed 

pointithat.is unique. 

cLemma2.1f:-Letf(X,D,W) befa convex Pseudo.multiplicative metric space forlall x,y

X,   [0,1) the following property areisatisfied: 

a) vD(x, y) = D(x,w(x, y,)).D(w(x, y,),y) 

b)   D(x,w(x,y, )) =dD(𝑥, 𝑦)1−  

c)   iD(y,w(x,y, )) =D(𝑥, 𝑦)  
Proof:- 

a) Letix,yX.Then.  

    byidefinition.oflconvexistructure   

  iD(x,w(x,y, )).D(w(x,y, ),y) (D(𝑥, 𝑥) .D(𝑥, 𝑦)1− )(D(𝑥, 𝑦) .D(𝑦, 𝑦)1− ) 

because (X,.D) isipseudo-metric space.multiplicative. 

 Since D(x,x) =iD(y,y)= 1 ,so 
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iD(x, w(x, y,)).D(w(x,iy,),y) (1)D(𝑥, 𝑦)1− D(𝑥, 𝑦) (1)= iD(x, y) 

  D(x,w(x,y, )).iD(w(x,y, ),y) iD(x,y)  ______ (i)  

By 𝑡3 weihave 
iD(x, y)cD(x,w(x,y, )).iD(w(x,y, ),y)  _______ (ii) 

From (i) and (ii), wefget 

iD(x,y)l=iD(x, w(x, y, )).iD(w(x, y, ),y) 

b) Forievery x,yX Further. 

 dD(x, w(x, y, )) = D(𝑥, 𝑦)1−  

By definition ofiConvex Structureiwe.have 

This.implies iD(x, w(x, y, )) D(𝑥, 𝑥) .D(𝑥, 𝑦)1−  

    (1) dD(𝑥, 𝑦)1−  

iD(x,w(x,y, ))i  D(𝑥, 𝑦)1−          _____ (iii) 

and.using (a) weihave 

D(𝑥, 𝑦)1−  =dD(x, y).D(𝑥, 𝑦)−  

  =[ D(x, iw(x, y, )). dD(w(x, y, ),y)].D(𝑥, 𝑦)−  

But  

.D(w(x,y, ),y)fgD(𝑥, 𝑦) 𝐷(𝑦, 𝑦)1−  Thisiimplies 

.D(w(x,y, ),y)   D(𝑥, 𝑦)  

Therefore, . 

gD(𝑥, 𝑦)1−  [ D(x, w(x, y, )). iD(𝑥, 𝑦) ] d(𝑥, 𝑦)− , which gives 

iD(𝑥, 𝑦)1− gD(x, w(x, y, ))   _______      (iv) 

From (iii) and (iv) 

Hence.D(x,iw(x,y, )) =D(𝑥, 𝑦)1−  

 
C) By definition of convex.structure 

D(w(x,y, ),y)iD(𝑥, 𝑦) D(𝑦, 𝑦)1−  

  iD(𝑥, 𝑦)  (1). Thus 

D(w(x, y, ),y)  iD(𝑥, 𝑦)    _______    (v) 

By 𝑡3 

D(𝑥, 𝑦)  [D (x, w(x, y,  )) . D(w(x, y,  ), y)  ]  

  i[(D(𝑥, 𝑥) . D(𝑥, 𝑦)1− ) . (D(𝑥, 𝑦) . D(𝑦, 𝑦)1− ) ]  

   [D(𝑥, 𝑦)1− (1). D(𝑥, 𝑦) (1) ]  

iD(𝑥, 𝑦)  [D(𝑥, 𝑦) ] = D(w(x, y,  ), y) 

D(𝑥, 𝑦) D(w(x, y,  ), y)   _______  (vi) 

From i(V) andi(vi), we.get 
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D(w(x, y,  ), y) = D(𝑥, 𝑦)  

 
Lemmac2.2:-iLet. (M,D) beia Pseudo multiplicativelmetric Space KM be 

closed.subset ofvM.eLet T:KK be aisequentiallyicontinuousimapping .then 

D(x,T(K)) = 1 impliesexT(K). 
Proof:-iSince.T is a selfimapping and.K is closedisubset of M. So, T(K) is a 

closedesubset of K.iDue toedefinition ofidistance.of a point.of (M,D) from 
aesubset of (M,D).lWe.have  
 iD(x,T(k)) = inf {D(x,y)i:yT(k)} 
and sinceiit is.given.thatiD(x,T(k)) v=1, itherefore  

 iD(x,T(k)) = infi{D(x,y):yT(k) = 1   
Sequentiallyicontinuity of T impliesithat there existsfat leastionevdistance 
betweenix,y suchithat D(x,y) =1, 
whichein turniimplies.that x is allimit pointeofiT(k). SinceiT(k) is aeclosed 
subseteof M,therefore xT(k). 

Lemma 2.3:- Let (X,D) befa convex multiplicative.metricispace, then  theifollowing 

holdi: 

i) iD(x,iy)= iD(x,w(x,iy,
1

2
)).iD(w(x, y,

1

2
),y) , 

ii) iD(x, w(x, y,
1

2
))= iD(y,w(x, y,

1

2
))= iD(𝑥, 𝑦)

1

2 For allfx,yX 

Proof:- (i)iLet.x,yX, Byidefinition of convexness. 

 fD(x,w(x,y,
1

2
)).D(w(x,y,

1

2
),y)i≤(D(𝑥, 𝑥)

1

2.D(𝑥, 𝑦)1−
1

2).(D(𝑥, 𝑦)
1

2.D(𝑦, 𝑦)1−
1

2) 

Sincef(X,D) iis a multiplicativelmetricispace,so  

   D(x, x)=iD(y,y) = 1 

      ≤ (1).D(𝑥, 𝑦)1−
1

2).(D(𝑥, 𝑦)
1

2.(1). Thus 

  Di(x,w(x, iy,
1

2
)).iD(w(x, y,

1

2
),y) ≤iD(𝑥, 𝑦)1−

1

2.D(𝑥, 𝑦)
1

2 . so  

  D(x,w(x, y,
1

2
)).D(w(x,y,

1

2
),y)≤D(x,y)                      _________ (i) 

  iBy.definition.of Convexness 

   fD(x, iy)≤iD(x,w(x,y,
1

2
)).lD(w(x,y,

1

2
),y) _________ (ii) 

From. (i) and (ii) weiget  

   fD(xi,y)= fD(x,w(x, y,
1

2
)).Di(iw(x,y,

1

2
),y      iforiallfx, yX 

(ii)  Let.x,yX, By.definition of convexness.  

   iD(x, iw(x,y,
1

2
)) ≤vD(𝑥, 𝑥)1−

1

2.D(𝑥, 𝑦)
1

2 

fD(x,fw(x, y,
1

2
))  ≤  D(𝑥, 𝑦)

1

2      ________ (A) 

  andion theiother.hand 

   iD(𝑥, 𝑦)1−
1

2 =iD(x,y).D(𝑥, 𝑦)−
1

2 
  iBy(i) weihave  

  D(𝑥, 𝑦)
1

2 = [iD(x,iw(x, y,
1

2
)). iD(y,w(x, y,

1

2
)].D(𝑥, 𝑦)−

1

2 

 Fromi(A),eD(y,w(x, y,
1

2
) ≤ fD(𝑥, 𝑦)

1

2 

       ≤ [iD(x,w(x,y,
1

2
)).D(𝑥, 𝑦)

1

2].D(𝑥, 𝑦)−
1

2 

   D(𝑥, 𝑦)
1

2   ≤ iD(x,w(x,y,
1

2
))      ________ (B) 

From (A) and (B) weiget  
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gD(ix,w(x,ly,
1

2
)) = fD(𝑥, 𝑦)

1

2 

 iSimilarly,  fD(y,w(x, y,
1

2
)) = iD(𝑥, 𝑦)

1

2 

 Hence  

  iD(x,w(x,iy,
1

2
)) =fD(y,W(x,y,

1

2
)) = iD(𝑥, 𝑦)

1

2 

 

2 Main Results 

Infthis sectionfwe discuss some fixed pointftheorems infPseudo Multiplicative 

metric.spaces with convex structure. 

Theorem 1:- Let Yibe a non-empty.closed convexisubset of alcomplete 

ConvexiPseudo.multiplicativeimetric.spacei(X,D,W) .and f be.a isequentially 

continuousiself mapping of Y. if thereiexists  

k [0,
1

2
) such.that   

eD(x, f(y)i).iD(f(x),f(y))≤ D(𝑦, 𝑓(𝑥))𝑘                      _________ (1) 

foriall x,yY.Then.f hasiat.least one pointifixed. 

Proofe:-Using Pseudo multiplicative.convex structure definition weehave 

eD(x,W(x,y, ))l≤ D(𝑥, 𝑥) .D(𝑥, 𝑦)1−                         _________ (2) 

and   

viD(y,W(x, y,))≤ iD(𝑦, 𝑥) .D(𝑦, 𝑦)1−               _________ (3) 
SincevD(x, x) =iD(y, y) = 1 Consequently (2) .and. (3) 

 D(x,W(x,y, )).lD(y,w(x,y, )) .≤eD(x,y)                       _________ (4) 

Now.let 𝑥0Y. Define { 𝑥𝑛 } sequence.as follows. 

 𝑥𝑛= w(𝑥𝑛−1,f𝑥𝑛−1, ) ; n=1,2,3,……….             ________   (5) 

Since Y is.convex. so 𝑥𝑛Y and using (2), (4) and (5),weihave   

 eD(𝑥𝑛,𝑥𝑛+1) ≤D(𝑥𝑛, 𝑥𝑛) .D(𝑥𝑛, 𝑓𝑥𝑛)1−  and          l          _______ (6) 

 D(𝑓𝑥𝑛,𝑓𝑥𝑛+1) ≤ D(𝑥𝑛, 𝑓𝑥𝑛) .D(𝑓𝑥𝑛, 𝑓𝑥𝑛)1−                  l      _____ (7) 

Multiplying (6) .and (7)  

 D(𝑥𝑛,𝑥𝑛+1 ).D(f𝑥𝑛, 𝑥𝑛+1) ≤ D(𝑥𝑛, 𝑓𝑥𝑛)                   _______ (8) 

Now using 𝑡3, we.obtain 

D(𝑥𝑛, 𝑓𝑥𝑛 ) ≤ D(𝑥𝑛, 𝑓𝑥𝑛−1).D(f𝑥𝑛−1, 𝑓𝑥𝑛)                  _______  (9)  

     From (8) and (9),weiget 

          D(𝑥𝑛,𝑥𝑛+1).D(𝑓𝑥𝑛,𝑥𝑛+1) ≤D(𝑥𝑛,𝑓𝑥𝑛−1).D(𝑓𝑥𝑛−1,𝑓𝑥𝑛) 

           This implies  
D(𝑥𝑛,𝑥𝑛+1).D(𝑓𝑥𝑛,𝑥𝑛+1)

D(𝑥𝑛,𝑓𝑥𝑛−1)
  ≤  D(𝑓𝑥𝑛−1,𝑓𝑥𝑛)        ______  (10) 

Byisubstituting x for 𝑥𝑛 and y for 𝑥𝑛−1  in (1),weihave 
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D (𝑥𝑛,𝑥𝑛+1).D(𝑓𝑥𝑛,𝑥𝑛+1) ≤D(𝑥𝑛,𝑓𝑥𝑛−1) 
This impliesithat  

D(𝑓𝑥𝑛,𝑓𝑥𝑛−1) ≤ 
𝐷(𝑥𝑛−1,𝑥𝑛),𝑘

𝐷(𝑓𝑥𝑛,𝑓𝑥𝑛−1)
                    _____  (11) 

 Using (10) .and (11) 

D(𝑥𝑛,𝑥𝑛+1).D(𝑥𝑛+1,𝑓𝑥𝑛) ≤ 𝐷(𝑥𝑛−1,𝑓𝑥𝑛)𝑘                    _____  (12) 

Againiusing 𝑡3, we get 

D(𝑥𝑛−1,𝑓𝑥𝑛) ≤ D(𝑥𝑛−1,𝑥𝑛).D(𝑥𝑛,𝑓𝑥𝑛)          _____  (13) 

Combining (12) and (13), weihave 

D(𝑥𝑛,𝑥𝑛+1).D(𝑥𝑛+1,𝑓𝑥𝑛) ≤ [𝐷(𝑥𝑛−1,𝑥𝑛). D(𝑥𝑛, 𝑓𝑥𝑛)]𝑘 

By 𝑡3, weihave 

  iD (𝑥𝑛,𝑓𝑥𝑛) ≤ 𝐷(𝑥𝑛−1,𝑥𝑛)𝑘. 𝐷(𝑥𝑛,𝑓𝑥𝑛)𝑘 

  i𝐷(𝑥𝑛,𝑓𝑥𝑛)1−𝑘≤ 𝐷(𝑥𝑛−1,𝑥𝑛)𝑘 

Using pseudo multiplicativeiconvexistructure, weihave 

  iD(𝑥𝑛,𝑥𝑛+1)≤ 𝐷(𝑥𝑛,𝑓𝑥𝑛)1− ≤ D(𝑓𝑥𝑛,𝑥𝑛) 

 Thatiis, 

  D(𝑥𝑛,𝑥𝑛+1)≤  D (𝑥𝑛,𝑓𝑥𝑛) 

 Thusi 

  𝐷(𝑥𝑛,𝑥𝑛+1)1−𝑘≤ 𝐷(𝑥𝑛−1,𝑥𝑛)𝑘 

  iD(𝑥𝑛,𝑥𝑛+1)≤ 𝐷(𝑥𝑛−1,𝑥𝑛)
𝑘

1−𝑘 , whichiimplies 

  iD(𝑥𝑛,𝑥𝑛+1)≤ 𝐷(𝑥𝑛−1,𝑥𝑛)  ; wherei   = 
𝑘

1−𝑘
 

 so, 

iD(𝑥𝑛,𝑥𝑛+1)≤ 𝐷(𝑥0,𝑥1)
𝑛

 

 Similarlyi, weihave  

  D (𝑥𝑛+1,𝑥𝑛+2)≤ 𝐷(𝑥0,𝑥1)
𝑛+1

 

 Continuing in similar wayiwe obtain 

D(𝑥𝑛+𝑘−1,𝑥𝑛+𝑘)≤ 𝐷(𝑥0,𝑥1)
𝑛+𝑘−1

 

 
Using𝑡3, iweeobtain  

 D(𝑥𝑛,𝑥𝑛+𝑘)≤  D(𝑥𝑛,𝑥𝑛+1).D(𝑥𝑛+1,𝑥𝑛+2)………..D(𝑥𝑛+𝑘−1,𝑥𝑛+𝑘) 

   ≤ 𝐷(𝑥0,𝑥1)(
𝑛

+
𝑛+1

+
𝑛+2

+.……+ 
𝑛+𝑘−1

) 

   ≤ 𝐷(𝑥0,𝑥1)


𝑛

1−
𝑛

 

  

Since   0≤ <1 thereforeiwe get D(𝑥0, 𝑥1) =1 as n∞ 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 13 June 2019                   doi:10.20944/preprints201906.0123.v1

https://doi.org/10.20944/preprints201906.0123.v1


  lim
𝑛→∞

𝑑( 𝑥𝑛,𝑥𝑛+𝑘) =e1 

This.implies thati{𝑥𝑛} isiaiSequence.Cauchy iniY. Since.Yiis closed 

subset.oficompleteispace (X,D).so Y.is also complete.subspace. 

iConsequently{𝑥𝑛}𝑛=1
∞  Convergesitoia pointiz in Y. 

  lim
𝑛→∞

𝑥𝑛 = z 

Now.weiprove thatez is a fixed.point ofif. Because f is.continuous 

sequentially multiplicative thisiimplies 

 𝑥𝑛z  f𝑥𝑛fz    as   n∞ 

By 𝑡3, weihave 

D(𝑥𝑛,f𝑥𝑛)≤ 𝐷(𝑓𝑥𝑛−1,𝑓𝑥𝑛−1) . 𝐷(𝑥𝑛−1,𝑓𝑥𝑛−1)1− , 

Whichiimplies 

D(𝑥𝑛,f𝑥𝑛)≤  𝐷(𝑥𝑛−1,𝑓𝑥𝑛−1)1−  

Lettingin∞ We'reigetting 

D(z,fz) ≤  𝐷(𝑧,𝑇𝑧)1− ≤lD(z,fz) 

Hence D(z,fz) =i1 and we can deduce this from Lemma 2.2  z=f(z). 

Whichicompletes theiproof. 

Theorem 2:- Let Y be.a non-empty closed.convexlsubset of alcomplete 

ConvexlPseudo.multiplicative metriclspace(X,D,W) and f be a lsequentially 

.continuouslself.mapping of.Y. iflthere.exists k [2,4) suchithat  

D(x,fx).D(y,fy)≤ D(𝑥, 𝑦)𝑘     _________ (14) 

for.all x,yY. Then.flhas atlleast one fixedipoint. 
 

Proofe:-Let 𝑥0Y. Defineia.sequence {𝑥𝑛}iby 

 𝑥𝑛=w(𝑥𝑛−1,f𝑥𝑛−1, )   ;in=1,2,3,……... 

As Y islconvex, so 𝑥𝑛Y and from.the Lemma 2.1, We.get.the following iequation 

for   = 
1

2
 

D(𝑥𝑛,𝑥𝑛+1) = D(𝑥𝑛, 𝑓𝑥𝑛)
1

2    _________ (15) 
and  

D(𝑥𝑛,𝑥𝑛−1) = D(𝑥𝑛−1, 𝑓𝑥𝑛−1)
1

2   _________ (16) 

Byireplacing x with 𝑥𝑛 and y with 𝑥𝑛−1 in equation (14) welget 

D(𝑥𝑛,f𝑥𝑛).iD(𝑥𝑛−1,f𝑥𝑛−1) ≤ D(𝑥𝑛, 𝑥𝑛−1)𝑘                       _________ (17) 
Using.equations (15),(16) and (17) , we.have  

iD(𝑥𝑛, 𝑥𝑛+1)2.iD(𝑥𝑛, 𝑥𝑛−1)2 ≤D(𝑥𝑛, 𝑥𝑛−1)𝑘 
 

   D(𝑥𝑛, 𝑥𝑛+1)2≤D(𝑥𝑛, 𝑥𝑛−1)𝑘−2 

yD(𝑥𝑛,𝑥𝑛+1) ≤ D(𝑥𝑛, 𝑥𝑛−1)
𝑘−2

2  

yD(𝑥𝑛,𝑥𝑛+1) ≤ D(𝑥𝑛, 𝑥𝑛−1)  where  = 
𝑘−2

2
 , so 

yD(𝑥𝑛,𝑥𝑛+1) ≤ D(𝑥0, 𝑥1)
𝑛
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Similarly,  

 D(𝑥𝑛+1,𝑥𝑛+2) ≤  D(𝑥0, 𝑥1)
𝑛+1

 

Continuing.in a.similar wayiwe.get 

 iD(𝑥𝑛+𝑘−1,𝑥𝑛+𝑘) ≤yD(𝑥0, 𝑥1)
𝑛+𝑘−1

 

Using 𝑡3, we have   

D(𝑥𝑛,𝑥𝑛+𝑘) ≤yD(𝑥𝑛,𝑥𝑛+1).D(𝑥𝑛+1,𝑥𝑛+2)………D(𝑥𝑛+𝑘−1,𝑥𝑛+𝑘) 

                             ≤ D(𝑥0, 𝑥1)(
𝑛

+
𝑛+1

+⋯+
𝑛+𝑘−1

)    Thusi 

D(𝑥𝑛,𝑥𝑛+𝑘) ≤ D(𝑥0, 𝑥1)


𝑛

1−  

Since  0 ≤  < 1, therefore we.get  

 lim
𝑛→∞

𝐷(𝑥𝑛 , 𝑥𝑛+𝑘) = 1  

Thislimplieslthat {𝑥𝑛} is a.CauchylSequence in.Y. SincelY is aicomplete lspace 
subsetyclosed (X, D). so Y is also.a complete.subspace consequently {𝑥𝑛}𝑛=1

∞   
Convergeslto a point zyin Yland  

  lim
𝑛→∞

𝑥𝑛 = z 

Nowiwe prove.that z is a fixed pointiof f. Because.f is.sequentially 

continuous.multiplicative this.implies 

 𝑥𝑛 z     f𝑥𝑛fz    as   n∞ 

Also due.to  𝑡3 

D(𝑥𝑛,f𝑥𝑛)≤ 𝐷(𝑓𝑥𝑛−1,𝑓𝑥𝑛−1) . 𝐷(𝑥𝑛−1,𝑓𝑥𝑛−1)1− , which.implies 

D(𝑥𝑛,f𝑥𝑛)≤  𝐷(𝑥𝑛−1,𝑓𝑥𝑛−1)1−  

yLetting n∞ we.have 

D(z, fz)≤  𝐷(𝑧,𝑇𝑧)1− ≤vD(z, fz) 

Therefore.D(z, fz) = 1 and Lemma 2.2, Z = f(z) can be.deduced. Which 
complete thelproof. 

lTheorem 3:-Let Y.be a non-empty.closedlconvex.subsetlof a.complete 

ConvexlPseudo multiplicativelmetric spacei (X,D,W) and f.bela self-

mappinglof Y. Iflthere is a, b, c, k thatiexists 
2𝑏

𝑐
 ≤ b ≤

2(𝑎+𝑏+𝑐)

𝑐
       ________ (a) 

iD(𝑥, 𝑓(𝑥))𝑎.D(𝑦, 𝑓(𝑦))𝑏.D(𝑓(𝑥), 𝑓(𝑦))𝑐≤D(𝑥, 𝑦)𝑘      _________ (18) 

forlall x,yY. Then.f has atfleast onelpointffixed. 
Prooff:- Let𝑥0Y isiarbitrary. A sequence.isidefined {𝑥𝑛}𝑛=1

∞  T aifollows: 

 𝑥𝑛=W(𝑥𝑛−1,f𝑥𝑛−1,
1

2
)   ;  n=1,2,3, .........              _________ (19) 

SinceiY.isiconvex, so 𝑥𝑛Y forfall n . By.Lemma 2.1 and(19),iwe have 

 iD(𝑥𝑛,f(𝑥𝑛)) = D(𝑥𝑛, 𝑥𝑛+1)2                        _________ (20) 
 andi  
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iD(𝑥𝑛,𝑓(𝑥𝑛−1)) = D(𝑥𝑛, 𝑥𝑛−1)            _________ (21) 

For.all n , Now, by.replacement x with 𝑥𝑛 and y with 𝑥𝑛−1 in. (18)  

we.get 

iD(𝑥𝑛, 𝑓(𝑥𝑛))𝑎.D(𝑥𝑛−1, 𝑓(𝑥𝑛−1))𝑏.D(𝑓(𝑥𝑛), 𝑓(𝑥𝑛−1))𝑐≤D(𝑥𝑛, 𝑥𝑛−1)𝑘 

Forfall n .Therefore, ifrom (20) and (21) itifollow that 

D(𝑥𝑛, 𝑥𝑛+1)2𝑎.D(𝑥𝑛 , 𝑥𝑛−1)2𝑏.D(𝑓(𝑥𝑛), 𝑓(𝑥𝑛−1))𝑐≤D(𝑥𝑛, 𝑥𝑛−1)𝑘  ___(22) 

 forfall n .Let Y befnon-negativefnumber. fUsing.theiinequality 

Triangle,(20) and (21),We.have 

𝐷(𝑥𝑛,𝑥𝑛+1)2𝑐

𝐷(𝑥𝑛,𝑥𝑛−1)𝑐
≤ 𝐷(𝑓(𝑥𝑛), 𝑓(𝑥𝑛−1))𝑐 

For.all n . Likewise, ifor thefcase Y<0 wefhave 

D(𝑥𝑛, 𝑥𝑛+1)2𝑐.D(𝑥𝑛, 𝑥𝑛−1)𝑐≤D(𝑓(𝑥𝑛), 𝑓(𝑥𝑛−1))𝑐 

for all n . Thatiis why.we have for.each case 

 
𝐷(𝑥𝑛,𝑥𝑛+1)2𝑐

𝐷(𝑥𝑛,𝑥𝑛−1)𝑐 ≤ 𝐷(𝑓(𝑥𝑛), 𝑓(𝑥𝑛−1))𝑐                           ________  (23) 

Forieach n .Nowiform (22) and (23) it.follows.that 

𝐷(𝑥𝑛,𝑥𝑛+1)2𝑎.𝐷(𝑥𝑛,𝑥𝑛−1)2𝑏.𝐷(𝑥𝑛,𝑥𝑛+1)2𝑐

𝐷(𝑥𝑛,𝑥𝑛−1)𝑐 ≤ 𝐷(𝑥𝑛, 𝑥𝑛−1)𝑘 

Foriall n . Thatiimplies 

D(𝑥𝑛,𝑥𝑛+1)≤D(𝑥𝑛, 𝑥𝑛−1)
𝑘−2𝑏+|𝑐|

2(𝑎+𝑐)  

forfall n . From (a) 
𝑘−2𝑏+|𝑐|

2(𝑎+𝑐)
[0,1) and.therefore,{𝑥𝑛}𝑛=1

∞  is 

construction.Sequence in Y.So it's CauchylSequence.Since.Y isia 
complete.space. 

there.exist vY such.that lim
𝑛→∞

𝑥𝑛 =v. Now, by.applying x to vfand y with 𝑥𝑛 in 

(18). iWe.get  

iD (𝑣, 𝑓(𝑣))𝑎.D(𝑥𝑛, 𝑓(𝑥𝑛))𝑏.D(𝑓(𝑣), 𝑓(𝑥𝑛))𝑐≤D(𝑣, 𝑥𝑛)𝑘 

 for.all n . Letting n →∞ It follow.from the.aboveiinequality 

D(𝑣, 𝑓(𝑣))(𝑎+𝑐) ≤ 0 

Sincel(a+c)vis positive.itlfollows thatlD (𝑣, 𝑓(𝑣))  =1. Hencevf(v)l= v and 

complete.the.theorem. 
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